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Intermediate Spaces and the Complex Method
of Interpolation for Families of Banach Spaces.

EUGENIO HERNANDEZ (*)

1. - Introduction.

Recently, R. Coifman, M. Cwikel, R. Rochberg, Y. Sagher and G. Weiss
have developed a theory of complex interpolation for families of Banach
spaces ([3], [4]). They start with a family of Banach spaces associated

with the boundary of the unit disk d in C (the set of complex numbers)
and, for each complex number in the interior of d, they are able to define
an intermediate space with properties that are appropriate for interpolation.
(For a summary of this construction and its properties see section 2 below).
This method generalizes that of Calderon for pairs of Banach spaces ([2]).

In the same papers they proved that the intermediate spaces of .Lp spaces
are also L° spaces. Specifically if p is a measureable function defined on T,
the boundary of d, whose range is contained in [1, oo], then the intermediate
space at the point z, interior to d, of the family of Banach spaces {LP()},
$ E T, is LP(z), where llp(z) is the harmonic function on d whose boundary
values are l/p().

In this paper we continue the identification of other spaces of measurable

functions as well as spaces of vector valued sequences (this work was sug-
gested in [4]). More precisely, we identify the intermediate spaces of weighted
LP spaces, Lp spaces of Banach space valued functions, Lorentz spaces,

11 spaces of vector valued sequences, Sobolev and Besov-Lipschitz spaces.
This is accomplished by developing a theory of interpolation of Banach

(*) This work is part of the author’s dissertation which was completed at
Washington University in St. Louis. I wish to express my deepest gratitude to
my advisors, Richard Rochberg and Guido Weiss, for their invaluable help.

Pervenuto alla Redazione il 19 Giugno 1984.
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lattices that generalizes that of A. P. Calderon ([2)). Since only the general
theory is developed in [3], this work is a natural complement to that paper.

As for notation we systematically use the letter 0 instead of c2e to denote
an element of T - fz c- 0: lzl = -11. Also, P(0) will denote the Poisson

kernel of J for evaluation at z E 4, Qz(0) will denote the conjugate Poisson
kernel and Hz(0) = P,(O) + iQz ( o ) will denote the Herglotz kernel.

We assume that the reader is familiar with the basic facts of the real

and complex interpolation methods. Unless otherwise stated the norm on

a Banach space B will be denoted by II JIB

2. - The complex interpolation method.

We now describe the complex interpolation method for families of Banach
spaces and summarize some of its properties. Let {B(O)}, 0 E T, be a family
of Banach spaces associated with the boundary of the unit disk in C. We
say that this family is an interpolation family of Banach spaces (or inter-

potation family, for short) if each B(O) is continuously embedded in a Banach
space ( U, 11 Ilu), the function 0- IfbIIB(B) is measurable for each b E n B(O),
and if OeT

we have 11 b ll,,  k(0) /lbl/B(o), for all b E fl, where log+ k(O) e Li (the space P
is called the log- intersection space of the given family and U is called a con-
taining space).

We let N+(B(-)) be the space of all B-valued analytic functions of the
form

for which 11 gll . = sup Ifg(O)IIB(O) c&#x3E;o, where Vi c N+ and bj c fl, j = 1, 2, ..., m.
(N+ denotes the positive Nevalinna class for d (see [5], Chapter 2)). The

completion of the space N+(B(-)) with respect to 1I1I (X) is denoted by
Y(B(-)). (It is not difficult to show that Y(B(-)) is a closed subspace of
a Banach space of analytic functions). The space [B(O)],, which will also
be denoted by B(z), consists of all elements of the form j(z) for f E 5;-(B(-)).
A Banach space norm is defined on B(z) by
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v E B(z). It can be proved that (B(z), IIllz) is a Banach space and B is dense
in each B(z). The space B(z) is called an intermediate space of the family
{B(O)}, 0 E T.

This construction has the following two fundamental properties:

THEOREM (2.1). (Subharmonicity). For each g E F(B(-)) and each z E d
u·c have

THEOREM (2.2). (Interpolation theorem). Let T be a linear operator
which maps U continuously into V, where U and V are containing spaces
fog- the families {A(O)} and {B(O)}, respectively. Suppose further that T

m(lpS A into n B(O) with 11 Ta IIB(O)  M(O) IlaIIA(B) for all a E A, 0 E T, where
BET

log M(O) is absolutely integrable on T and A is the log-intersection space of
the family {A(O)}. Then, T maps A(z) into B(z) with norm not exceeding

The duality and reiteration theorems hold as well as an interpolation
theorem for « analytic » families of linear operators.

See [3] for details and proofs. In [3] a relation between this interpolation
construction and the complex interpolation method of Calderon is also

given.

3. - The fundamental inequality.

Let (M, dx) be a fixed measure space. Suppose that the function

p : 4 - [1, oo] is such that l/p(z) is harmonic on 4. A measurable function
F: T x X --&#x3E;- R is called p-admissible if f dOPz(O) IIF(O, .) IILP(Ð)  oo for some

z E 4 (and hence for all z). T

PROPOSITION (3.1). For a p-admissible function F we have

where 
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PROOF. We start by proving the inequality for p = 1. In other words,
we assume that F is 1-admissible and we want to show

The right hand side of the above inequality is a harmonic function on 4.
Since F is I-admissible, an application of Jensen’s inequality and Fubini’s
theorem imply that UF(Z, .) c El for all z E 4. Since uF is analytic, a theorem
of E.lBf. Stein and G. Weiss (see [10]) implies that the function 10gfluF(z, x) dx

M

is subharmonic. Since both functions have the same boundary values,
namely log IIF(O, .)/ILl’ the values of the subharmonic function must be

smaller than the values of the harmonic one. This proves inequality (3.1 ) .
To prove proposition (3.1), fix zo e A and let g &#x3E; 0 be a simple function

on M satisfying llgil,,,(z,,,  1, where (llp(z)) + (Ilq(z)) = 1.
Denote by a(z) the unique analytic function in d whose real part has

boundary values 1/q(8) and a(zo) ===ljq(zo). Consider g(z,x) === [g(0153)]aCz)I]Czo), zEd.
Simple calculations show f dOP,(O)Ioglg(O,x)l--logg(x). From here

and (3.1) we deduce T

Since I!g(o, .) ll,.(., I for all 0 E T, the above inequality together with
Holder’s inequality implies

From here, the fundamental inequality follows by observing that

II UJ;’(Zo, x) IILP(ZO) ’Sup Ifg(x) lu,(z,,, x) dxlg &#x3E;- 01 simple and /I gIILq(ZO)  1.
M

We remark that a particular case of inequality (3.1) is Holder’s inequality.
To see this take f, g E L1 and 0  s  1, and apply (3.1) to F(O,x) =

== f(x) X[O,2ns)(Ð) + g(x) X[2nS,2n)(()) at z = 0, where xE denotes the charac-

teristic function of the set E. The result is Holder’s inequality with p = 1/s
and q = 1 /1 - s.

4. - Banach lattices and examples.

A subclass X of the class of measurable functions on a measure space

(M, dx) is called a Banach lattice if there exists a norm )) ))x on X such that
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(X, II ))x) is a Banach space and if f E X and g is a measurable function
such that /g(x)/:S f (x) a. e. on M, then g E X and 119 11 x  lit/Ix.

Given a Banach lattice X on (M, dx) we present below a way to construct
others. Let p(x, t) be a real valued function defined on M X [0, oo] such
that cp(., 0) - 0 on M and for each x c M, p(x, t) is a concave increasing
function on t. Denote by gg(X) the class of measurable functions g on M
for which there exist À &#x3E; 0 and f E X with )) f )) x  1 such that

The norm of an element 9 E q;(X), denoted by II 9 II rp(X)’ is defined as the

infimum of the values of A for which the above inequality holds. It is well

known (j2), §13.3 and 33.3) that (q;(X), )) rp(X») is a Banach lattice.
We now give some examples of Banach lattices, which will be needed

in the sequel.

EXAMPLE 1. If X = li - li(3i), w is a positive measurable function
on M and qJp,w(x, t) == [W(X)]-l/Ptl/P, I  pcxJ, then qJp,w(Ll) coincides

with Lj§, the Lp space with respect to the weight w.

EXAMPLE 2. Let S E R, I  p  cxJ and qJp,s(n, t) = 2-antl/p, n e N. Then,
qJp,S(ll) is the space I§ of all real valued sequences a == (an)l such that

w 1/p

II a II ZZ = { 1 w [2sn Ian I -lp }lm  00. (When p=oo we write II a Ills == sup 2ns Ian I).n=1 ’P n 

When s = 0 we shall write lp instead of I§ for obvious reasons.

EXAMPLE 3. For x E (o, oo), P E R(p =1= 0) and I  q  oo we define

qJp,q(x, t) === Xl/q-l/p tl/q. If we consider the Lebesgue measure dx on the set
(0, 00), the Banach lattice qJp,q{Ll) - qJp,q(Ll(O, oo)) is the space Xp,q of all
measurable functions g on (0, oo) such that

What needs to be proved in examples 1 and 3 is straightforward;
example 2 is contained in example 1 by taking M = N with the discrete
measure and w ( n ) = 2snp, n e N.

5. - Interpolation of Banach lattices.

Let fx(O)}, with 0 E T, be a family of Banach lattices on a fixed measure
space (M, dx). For z E d we denote by [X(0)]z the class of measurable func-
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tions f on M for which there exist Â&#x3E; 0 and a measurable function

F: TXM -+R with 11 F(O, -) llx(o)  1 a.e. such that

We let 11 f 11 z = !/!t:(W be the infimum of the values of I for which such
an inequality holds.

LEMMA (5.1). ([X(O)lz, is a Banach lattice on (M, dx).

PROOF. The homogeneity of the norm is clear. The subadditivity is

not so clear. To prove it we proceed as follows. Let fn be a sequence of
co

functions in [X(O) Iz such that z  00. Then, given c &#x3E; 0, there
n=1

exist An and measurable functions Fn: T X M- R satisfying ii F,, (0, rp(X)  1,
An - lif.Ilz + --/2nand

n = 1, 2,.... Use proposition (3.1) with lVl = N, the discrete measure

on N and p =1 to obtain

00 

where A A.. Since (A,,, IA) IF,, (0, x)  1, a convergence in measure
n=1 n=l x(6)

argument (see [2 § 13.2 and 33.2) shows that the above series converges
to an element g(8, x) E X(8) such that llg(O, llx(o) 1. The inequality

oo z °v

(5.1) then implies that ,n lf.(x) e [X(O)]- and ) / j ] fn(r) ] / j  A  E ))fn )] z + e.n=1 n=1 n=1
00 

z 
00

Since e was arbitrary we deduce lf.(x)l c  II f n If z’ This proves the
n=1 n=1

subadditivity of the norm as a particular case. The only remaining property
of the norm that is not clear is that )] f)]z = 0 +f - 0 a.e. Assume )] f ]]z = 0.
For each integer n, there exist functions Fn : TxM--&#x3E;-R with )[Fn(0, . ) ))o  1

a . e. such that
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00 00

Then (1 /2 -) IF,,,(O, x) I llx(o) 1/n 2  oo. As above, a convergence in
n=1 M=l

measure argument shows that (1/n2) Fn(O, .) tends to zero a.e. as n --&#x3E;- 00.
Inequality (5.2) now implies f = 0 a.e.

It remains to be proved that ([X(0)1" IllIz) is complete. Let In be a
00

sequence of functions in [X(O)]z such that E IItnllz  oo. We have proved
M=l

00 oo z o0 00

that If.(X) I c- [X(O)IZ and 1111.11z- z. Thus, I!/.)oo, a.e.

n=l n=l ’ n=l 0o n=l

and we can consider f as the pointwise sum of the series E In. Since ( f (x) 
00 n =1 00

 E Iln(x)I we see that f E [X (8)]x. Finally, it is easy to see that fn con-
n=l n=1

verges to f in the space ([X(O)IZI II Ilz), which proves the completeness of
this space.

We now apply this interpolation construction to particular Banach
tattices. Let X be a Banach lattice on a measure space (M, dx) and let

{ggo}, 0eT, be a family of real valued functions defined on M x [0, 00),
measurable on 0, such that To(-, 0) =- 0 on M, a.e. 0, and for almost every 0
and for each x E M, rpe(x, t) is a concave increasing function of t. Suppose
further, that for some z E L1 (and hence for all)

for all x E M, t E [0, oo ) .

LEMMA (5.2). f/Jz(x, t) is a concave increasing f unction of t for all z E d,.
x E M. Moreover, qz(X) c [ggo(X)]z and the inclusion is norm decreasing.

PROOF. Let 0  tl  t2 and 0  A  1. Inequality (3.1) applied to a
two point measure space gives us

(1- À) 99.(Xl t1) + Àlpz(0153, t2)  exp {f dOPz(O) log 1(1- À) lp8(0153, t,) + Âlp8(0153, t2) I} .
T

The concavity of 99, now follows from the concavity of each rpe :
To prove the inclusion, take g E gg,(X) and 8 &#x3E; 0. Then, there exists.

f E X with IIflfx  1 such that
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Since, clearly, £Po(0153, It(.)1) EX(Ð) and 1£Po(0153, It(.)l)lIx(o)l, the definition

of [X(0)]z and (5.4) imply gE [£Po(X)]z and IIgllz  (1 + ë)/lgllJz(x), which

allows us to obtain the desired conclusion upon letting e - 0.

Let now I  p(0)  oo be a measurable function on T and for each
6 e T let wo(s) be a measurable function on M. Assume that for some z e d

(and hence for all)

a.e. x E M, where Ilp(z) is the harmonic function on 4 whose boundary
values are Ilp(O) (i.e. 1/p(z) = fdO(Ilp(O))P,(O). Lemma (5.2) together

T

with example 1 of section 4 implies -LP(’) c [L§§£°]z, and the inclusion is norm
decreasing. In this case the reverse inclusion is also true and it is a conse-

quence of proposition (3.1). To see this, take f E [L’(O)jz and e &#x3E; 0. Choose

a measurable function F: T X X-&#x3E; R such that F(O, -) c- -LD(o) with

and

Proposition (3.1) now implies

This proves the following result :

PROPOSITION (5.3). Let I  p(0)  oo be a measurable function of T
and f or each 0 E T let we(x) &#x3E; 0 be a measurable f unetion on M. If wz(x)  00

a.e. x, where wz is given in (5.5), we have [L)]z = L2)(z), z E L1, with equality
o f norms, where 1 /p (z) is the harmonic function on L1 whose boundary values
are 1 /p(e).

COROLLARY (5.4). Let 1  p(0)  oo and s(O) be two real values measurable
f unctions on T such that - oo  s(z) - j8(0)l’z(0)d0  00. Then, [ls(o) l-(’ )
where l/p(z) f (I lp (0)) Pz(f)) d0. T

T

This is an easy consequence of the above proposition and example 2
.of section 4. An argument similar to that used to prove proposition (5.3)
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can be applied to the Banach lattices given in example 3, section 4, to obtain
the following result:

PROPOSITION (5.5). Let p, q be two measurable functions defined on T such

that 1  q(o)  oo and 1 c p(o) c oo, o E T. Assume that l/p(z) =.fl lp (0) Pz(o) dO
T

and 1 /q(z) - fllq(O)P,(O)dO. Then, lx,(O),,(O)l’ = Xp(z), q(z) with equal norms,
c 1. T

We remark that to obtain this result we need to use proposition (3.1)
for q(8) and the measure space ([0, oo), dx/x).

6. - The relation with the complex method of interpolation.

Let B be a Banach space. A function defined on a measure space (M, dx)
with values in B is said ro be measurable if it is the limit almost everywhere
of « simple B-values functions ». A function with values in B is said to
be simple if it takes finitely many values, each on a measurable subset of M.
Given a Banach lattice X on .M we denote by X(B) the class of B-values
measurable functions f(x) such that IIf(x)lfB E X and we define IIfllx(B)
=== 1IIIf(x)IIBllx  oo. It is known that (X(B), IIlIx(B») is a Banach space

(see[2], 13.6 and 33.6).
We say that a Banach lattice X has the dominated convergence property

if, given f E X and {fn}:=l such that If.,,  If 1, n = 1, 2, ... and fn --+ 0 as
n --&#x3E; oo, then Ilfnllx ---&#x3E;- 0 as n - oo. Notice that all the Banach lattices

given in the examples of section 4 have the dominated convergence property.
A family of Banach lattices {X(O)}, 0 E T, is called an interpolation

family if it is an interpolation family of Banach spaces for which the

containing space is also a Banach lattice and lif(Xl 0) lix(o) is a measurable
function of 0 for all measurable f : M X T - R such that f(-, 0) E X(O) a.e. 0.

THEOREM (6.1). Suppose that {B(O)} and (X(0)), 0 E T, are nterpolation
families of Banach spaces and that in addition each X(0) is a Banach lattice
on M and# - nB(O), where B is the log-intersection of the family {B(O)}.

8eT

Then {X(O) (B(O))}, 0 E T, is an interpolation family o f Banach spaces and

[X(O) (B(o))]z c [X(O)]- (B(z)). If, in addition, we assume that [X(6)]x has
the dominated convergence property, the spaces [X(O) (B(O))]z and [X(O)]- (B(z))
coincide and their norms are equal.

PROOF. We check first that {X(O) (B(O))}, 0 E T, is an interpolation
family of Banach spaces. If U is a containing Banach space of the family
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{B(O)} and TT is a containing Banach lattice of the family (X(0 )) , the Banach
space V(U) is a containing space for (X(0) (B(O) )}. If tEn X(O) (B(O)),

ET 

the function Ilt(0153)IIB(B) is measurable in 0 for almost every x EM; by hypoth-
exits IItlfx(B)(B(B» - IIllt(0153) IIB«(J)llx(B) is measurable in 0. Finally, if f belongs
to the log-intersection space of the family fX(O) (B(O))}, we have

f(x) E nB (0) for almost every x c M; thus, (x) 1[ u  ku(0) 11 f (x) IIB(B) and
eeT

consequently Ilt(.) II u E n X(O). Moreover, flog+llt/lx(B)(B(O» do 00 implies
BeT T

which shows that Ilt(.) II u E X, where y denotes the log-intersection space
of the family fX(O)}. Since fX(O)} is an interpolation family we have If/If V(U)
 llku(O) ilf (x) 11 u l0) - kv(O) ku(O) I/t/lX(O)(B(O») where flog+ k v(O) ku(O) dO  oo.

This proves the desired result. 
T

By an obvious density argument, the inclusion [X(O) (B(O))],., c [X(O)]z
(B(z)) will follow from the inequality

N

which is true for any g of the form g($, x) - Y Tl,($)f,(x), where Ij belongs
i=1

to the log-intersection space of the family (X(0) (B(0))) and Pj E N+. To

prove (6.1) we observe that for almost every x E M, fi(x) E nB (0) = and
(JET

consequently g($, x) E N+(fl) for a.e. x E M. By theorem (2.1) we have

a.e. x E M, where 119 = es e Tup IIg(O) Ilx(O)(B(O») (notice that we can always
assume Ifglloo* 0). Since IIllg(O, X)IIB(O)/IIglloo Ilx(o) 1, the definition of [X(O)]z
and (6.2) imply (6.1).

Before proving the reverse inclusion and the corresponding norm ine-
quality we need the following lemma. The proof of this lemma is a straight-
forward modification of the proof of a lemma that can be found in [2] (33.6).
Details can be found in [6].

LEMMA (6.2)..Assume that [X(O)]Z has the dominated convergence property.
Given e &#x3E; 0, let 8 be the class of simp le k E [X(O)]z(B(z)) such that there exists
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K: T X M --&#x3E; R with 11 -K(O, -) I for all 8 E T, satisfying

and such that the non-zero values of each k(0, . ) have positive upper and lower
bounds. Then, 1 81 8 is dense in [X(())]Z(B(z)).

We proceed now to prove the reverse inclusion. Let k E Se and write
N

lc(x) === ! X;(x) aj where aj E B(z) and the Zi are characteristic functions
1

of disjoint measurable sets on M. We can find yj E :F(B(.)) such that

7pj(z) - aj/llajIIB(Z)’ j = 1, ..., N, and IlVjll-: I + ê. Define

where k( 0, 0153) is the function corresponding to . k ESe. Since each ’lfJ i is a

limit of functions in N+(B(.)) one can show that g G Y(X(0)) (B( . )). An
elementary computation shows that g(z, x) = k(z) ; thus, k E [X(O) (B(O) )]z.
Moreover, II ’lfJi(O) IfB(B) IIVJi II 00 1 + 8 implies

Let now f E [X(0)]z(B(z)). By lemma (6.2) we construct a sequence

of functions k. E Be such that

and

m = 1, 2, .... By (6.4) the partial sum of the series converges to f in

[X(O)]- (B(z)). On the other hand, (6.5) and (6.3) imply that also
m=1

converges in [X(O) (B(O))], and its norm is smaller than (1 + s)3 llfllcx(O)II(B(z))
But the two series coincide and so we have f c- [X(O) (B(O))]z with norm not
exceeding (1 + s)3 lit 1B [X(O)]z(B(z». The result follows from here since s is

arbitrary.
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REMARK. We notice that, by taking B(0 ) = R for all 0 E T, theorem (6.1)
ensures us that, for z E 4, [X(0)]z = X(z), provided [X(e)]z has the dominated
convergence property.

7. - Interpolation of 1’(B) and lp spaces.

Let w be a positive measurable function on a measure space (M, dx)
and 1 :- p  oo. We say that f E Lw if

If B is a Banach spacc Ll (B) is defined as in section 6.
Suppose that p : T--&#x3E; [1, oo] is a measurable function and {wo}, 0 E T,

is a family of positive measurable functions on M such that

and

(7.2) there exist k: T -&#x3E; (0, oo) and w : M -+ R+(w &#x3E; 0) measurable such
that w(x)  k(O) wo(x) a.e. x E M, 0 e T, such that J dO log+ k(O)  oo.

We claim that {-L}y 9 E T, is an interpolation family of Banach lattices.
To see this observe that if f E Lwee we have f E L(O) and IIfIILP«J)  [k(O)]lIP(O)
II/IIL’P(Ø). Moreover, L(O) c L + La) and 1I/IILl +La)  II/IIj;1&#x3E;(Ø) fr all I 6.L(O)

we w -I-.L w 
w

(see [13], 1.9.3). Therefore, we can take U = .Lw -- L°° as a containing
space. The measurability of 0 -+ IlfIILP((J) follows from (7.1) and the meas-

urability of p. Finally, Ilfll u  [k(O)j81/P(O) 1ItIIL’P(Ø) for all .f EO n L:(O) and
Jlog+[k(O)J1IP(O)dO  oo. 

e OET

T

By applying thcorem (6.1) and proposition (5.3) we have the following
result

PROPOSITION (7.1). Let p: T -7 [1, oo] be a measurable function and

{wo}, 0 E T, be a family of positive measurable functions on M sactisf ying (7.1 )
and (7.2) and such that

Assume also that {B(O)}, 0 E T, is an interpolation jamily o f Banach spaces
such that n B(O) === p. Then [L§§[(-B(0))]z = L(§§[B(z) ) and their norms

eeT

coincide, where 1 /p (z) is the harmonic junction on L1 whose boundary values
are l/p(O).
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REMARKS. The proposition and the interpolation theorems of [3]
generalize an interpolation theorem for operators acting on .Lp spaces with
change of measures, due to E.M. Stein and G. Weiss (see [11]). By taking
wo - I and B(O) = R we obtain [L(l«(j)]z = La(z), which has already been
obtained in [3].

COROLLARY (7.2). Let q : T - [1, oo] and s : T - R be measurable func-
tions on T such that s is bounded below and s (z) = js(0)Pz(0)d0  00. If

T

{B(O)}, 0 E T, is an interpolation family of Banach spaces such that n B(O) == fJ
we have (jET

with equality of norms, where

PROOF. Take M = N with the discrete measure and we(n) = 28(O)np(O)
if q(0)  oo and wo(n) = 2s(O)n if q(0) = oo and apply proposition (7.1). N

8. - Interpolation of Sobolev and Besov-Lipschitz spaces.

The definitions of Sobolev and Besov-Lipsichtz spaces that we shall
use are taken from [1] (chapter 6). Let S be the class of Schwartz functions
on Rn and let S, the dual of S, be the space of tempered distributions.
For s e Rand f E 8’ we define J81 = F-1{(1 + 1.12)8/2 f}, where Y denotes
the Fourier transform of f and F-1 its inverse. For s E R and I  p  oo
we define the Sobolev space, H§ = H(Rn) as the space of all f E 8’ for which
))f))§ = IIJs/llLP  oo. It is known that H§ is a Banach space.

PROPOSITION (8.1)..Let p : T -* ( I , cxJ ) and s : T -&#x3E; R be measurable

functions on T such that s is bounded. Then, (H§%I)), 0 E T, is an interpoa-
tion family 01 Banach spaces and if

1ve have
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with equivalent norms, where

an,d

Before proving this proposition we state the corresponding result for Besov-
Lipschitz spaces. Take a function 99 G8 such that supp T == {.ceR": 2-1  Ix [

00

 2) , g&#x3E;(X) &#x3E;0 for 2 -1  Ixl2 and 1 g&#x3E;(2-kx) - I (X =A 0) (the existence of
k= - 00

such a function is not difficult to prove). Define 99k, k - 0, ± 1, + 2,...
and V by

and

Evidently, 99k C- 8 and V E S. Let s E R, 1 c p, q c oo. We define the Besov-
Lipschitz space B:,q - B’,,,(R’) a,% the set of all f c 8 for which

In [12], M. Taiblesoll has given equivalent defiiiitions of these spaces for
s &#x3E; 0. In particular, he was able to prove that if 0  s  1, B’ oo lip(s)
and B§,_ = lip(s, p) ( see [12], theorem 4 ) . 

PROPOSITION (8.2). Let q : T -+ [1,00] and s : T -+R be measurable func-
tions on T such that s is bounded below and s(z) = f s(O) Pz(O) dO  00. Then,

T

if  p  oo, {Bs(o)(,)I, 0 E T, is an interpolation family of Banach spaces and

with equivalent norms, where

Before proving these two propositions we need three lemmas; these
three results are well known and can be found in interpolation monographs.
such as [1] and [13].

LEMMA 8.1. (1) If s1  82 we have Hp c H" (1 c p ;5 oo) and if f E H2,
))f))§i  C[1 + (2sa-s1)-1a )) f)))2 where C is independent of sl, 82 and p.

we have and if
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LEMMA (8.2). Let Ao, Al be an interpolation couple of Banach spaces
and a : T - (0,1), q: T - [1, cxJ] be two measurable functions. Let A(O)
= (Ao, AI) lX(O), «(0) be the intermediate space obtained by the K-method of
interpolation. Then,

for all

LEMMA (8.3). (1) .Let 1  p  oo, s E R. Then, there exist P : H* --&#x3E;- L’(l’)
and .R: L"(l,,2) ---&#x3E;- H’ , linear and continuous such that .RoP is the identity on H’ .v
Moreover, IfPlf, IIRII - 11(p - 1) as p- 1 and IIPII, IIRII -p as p--&#x3E;-c&#x3E;-.

(2) Let 1  p, q c oo, s E R. Then, there exist P : B;,q -¿.l:(LV) and
R: l:(L’P) - B§ linear and continuous such that R o P is the identity on BD,a.
Xoreover IJPII 1 and IIR!! "-I2(Q-l)/Q. 

Comments on the proof of the lemmas : Lemma (8.1) can be found in [1]
(theorems 6.2.3 and 6.2.4), and lemma 8.3 is theorem 6.4.3 of [1] (We notice
that P maps S’ to the space of all sequences of tempered distributions
and .R maps this space to 8’). To prove lemma 8. 2 we assume that the reader
is familiar with the K-method of interpolation. If a E A(o), the fact that
K(t, a) is an increasing function of t([13], p. 24), together with the trivial

00

equality f s-iX(O)Q(O)(dsjs) = llx(O)q(O) imply
1

which is the desired result.

PROOF OF PROPOSITION (8.1). Let 8oinfs(O); lemma 8.1 (1) shows

that H§(I) c H§jo and ]]f])§jo  C))f))§(i), for llil f G H§(i), where C is inde-

pendent of s(O) and p(9). By lemma 8.2 and Hljo&#x3E; = (H1°, HB)«o&#x3E;,po&#x3E; , where
l/p(O) = 1 - a(O), (see theorem 6.4.5(5) of [1]) we deduce that IIfIIHio+H
 [p(O)]l/p(o&#x3E;llfllHso for all fG Hlj&#x3E;. Thus, we can take U==Ho+H’::, as
the containing space and we have
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for all f G fl H§)I) . Since the measurability of 0 -+ IltllB) == IIJs(O)t/lp(O) is
OET

clear, we obtain the first part of the proposition. We notice that the log-
intersection space of the family {l(O)}, 0eT, coincides with I§+ = n l((J),
where 8+ = sup .9(0). OET

OET

We now prove the equality of the spaces. Since jP maps .H continuously
into LP(OBl(O») with norm bounded by M(Ð), where log M(Ð) is absolutely
integrable on T (this is due to lemma 8.3(1) and conditons (A) and (B)),
we use theorem (2.2) to deduce that P also maps [H§)I)] continuiusly into
[..p(°)(Z2 °))]z = LP(z)(Z(z») where 8(Z) _ f8(Ð)Pz(O)dO and Ijp(z) === f(lJp(O)Pz(O)dO

T T

(see proposition 7.1). On the other hand, R maps LP(z)(l(z») continuously
onto H§))). Consequently, RoP, which is the identity, maps [H§)§)] into
H8(z) Thus, [Hs(O)]’ is continuously embedded in Hs(z)

Now, R maps LP(O)(l(O») continuously into H§(I) and again, by the-

orem (2.2), it maps LP(z)(l(z») continuously into [H§(I)]. But the image of

LP(z)(ls(z») under R is H8(z) and so HS(z) c [Hs(O)] Since we have already
proved the reverse inclusion and its continuity, the open mapping theorem
yields the desired conclusion..

The proof of proposition 8.2 is very similar to the proof just given, but
it is obtained by using the result (B§ , B,oo)o,q == B,q, l  p  oo, 8 E R
(theorem 6.4.5(2) of [1 ]) . Details are left to the reader.

9. - Interpolation of Lorentz spaces.

Let (if, fl) be a measure space and for f e Lloc(M) define

where the supremum is taken over all measurable sets E in .lVl such that

,u(E)  t. If X is a Banach lattice on the halfline 0  t  00, we denote

by X’* the class of measurable functions f on M such that f** E X and write

Ifllx. = llf**iix-- That X* is a Banach lattice on .lVl is a well known fact

(see [2], 13.4 and 33.4).
We shall now briefly introduce the definition of Lorentz spaces, which

were first studied by G. Lorentz (see [1]). For a measurable function f
on a measure space (M, ,u) we introduce the distribution function of f as

m(a, f ) -- p(zj II(x) I &#x3E; al, a &#x3E; 0. The decreasing rearrangement of f is

defined as f * (t) = inf {a/m (or, f )  tl, t &#x3E; 0. If I  p  oo and 1  q  o0
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we let Lp,q be the space of all measurable functions f on (M, It) for which

If 1  p  cxJ, q = oo, we let Lp,oo be the space of all measurable f on (M, f-l)
such that Ilfllp 00 === sup t1IPf*(t)  00. It is well known that Ll 1 == Ll andt&#x3E;o 

Lp,q, 1  p  cxJ, 1  q  oo are Banach spaces. 
As a consequence of the equality f** (t) == ] It J f* (s) ds and Hardy’s

6

inequality one obtains the following result (see [9]), which shows that Lp,q
is a particular case of the spaces X* introduced above.

LEMMA (9.1). I f (M, fl) is non-atomic, 1  p  oo, and I  Q  00,
the spaces Lp,q and X p,a, where Xp,a is as in example 3 of seetion 4, coincides
and their norms are equivalent.

What we shall do now is to obtain a general interpolation theorem for
Banach lattices of the type X’* and use it, together with the above lemma,
to find the intermediate spaces of Lorentz spaces. For f E L1oc(O, oo) we
consider the operators

THEOREM (9.2). Let {X(O)}, 0 E T, be a family of Banach lattices on (0, oo)
contained in El.,,(O, oo) Assumed

for all f c X(O), where I (log Cj(O)) dO  oo, j = 1, 2. Then, the spaces
T

[X(O)*Iz and ([X(O)]z)* coincide and their norms are equivalent.

PROOF. Before starting the proof of [X(Ð)*Y c ([X(0)]z)"* we need the
following result:

LEMMA. Let F: T X M - R+ be measurable and assume that
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for same z E L1 (and hence for all z) . Then,

The proof of the lemma is an easy consequence of proposition (3.1),
for it follows that the left-hand side equals

which is majorated by

Let now f E [X(O)*].,;. Giveii - &#x3E; 0 we can choose F(0, x) with

I!F(O, .) Ilx(l/)  1 such that

whhore Ilf 11 -- denotes the norm of f as an element of [X(O)*],’r,. By the above
lemma

Moreover, IIF**(O, .) Ilx(o) === IIF(O, .) IIx(o)*  1 so that the above inequality
implies t** E [X(O)]z and Ilt**I’rx(o)]z:::;;: (1 + ë)lftllz . -The desired inclusion
and the corresponding norm inequality follow immediately.

We now prove the reverse inclusion. Given/e ([X(O)]z)* and Â&#x3E; Iltll([x(o)]Z)* 
we can choose F(O, t) with ))F0, . &#x3E;))xo&#x3E;  i such that

Proposition (3.1) implies
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where c(z) = exp {fdOPz(O) log c,(O)o,(O)I. Observing that
T

we deduce f*  8, f * + S, f * == S,(S, f*) = S,(f **). This inequality together
with (9.1) implies

where h(O, t) _ S2{F(0, .)) (t)jc1(0) c2(0). Define G(O, x) = h( 0, m( If(x) I, f )).
Using the fact that G*(O, t )  h(O, t ) we have G**(O, t ) = (81/*(0, .)) ( t ) 
 (81h(0, .)) (t) === 81S2F(0, .) (t)/C1(O)C2(O), so that condition (1) implies
)) G**(°, ° ) ))xo&#x3E; % )) F(°, ° ) ))xo&#x3E; % I . Hence

Moreover, using the inequality II(x) I  /* (m(II(x) 1, f)) and (9.2) we obtain

- c(z) h exp {dOPz(O) log G(O, x)l

which proves the desired result. r

To be able to apply the theorem to Lorentz spaces we need to find a
bound for the norms of the operators S i ,j = 1, 2 acting on X p,(1 (see the defini-
tion of Xp,q in example 3, section 4). This is contained in the following
result:

LEMMA (9.3). If Xp,q 1  p  00, 1;:£ q  00, is the Banach lattice of
all measurable functions f on (0, oo) such that

we have

and

f or all
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PROOF. As several of the properties of Lorentz spaces, this lemma
depends essentially on Hardy’s inequality: if q  1, r # 0 and f &#x3E; 0,

The original proof of (9.3) can be found in [7] (Chapter IX). An easier
proof can be obtained as an application of Jensen’s inequality and Fubini’s
theorem (see [8], page 256).

To prove the estimate for S1 we use Hardy’s inequality with
r - (q/p) - q  0 to obtain

To prove the estimate for 82 we use Hardy’s inequality for f = q/p &#x3E; 0
and f (s)/s to obtain

PROPOSITION (9.4). Let p : I’ - (1, 00) and q : T - [1, oo) be two meas-

urable functions on T snch that

and

Then, {Lp(B),q(f)}’ () E T, is an interpolation f amily of Banach spaces and

w-zth equivalent no’rm8, whe1’c

PROOF. To prove that {Lp(B),q(B)}’ 0 E T, is an interpolation family we
observe that (LI, LOO)cx(B),q(B) L." (0), q (0) where llp(O) = 1 - a(O) ([l], p. 113).
Then, we can take U - Ll + L°’ as a containing space and by lemma 8.2
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we have Ilfll u  [a(O)q(O)]l/a(O) rftlfp(o),q(O), for all fEn Lp(O),a(O), where
0 c- T

We now prove the equality of the spaces. By lemma (9.3) and condi-
tion (9.4) (1) we can use theorem (9.2) to obtain [X:(O),z(O)]Z = ([Xv(O),q(O)]z)*.
By lemma (9.1) and theorem (6.1) we have

On the other hand proposition (5.5) and lemma (9.1) imply

This proves the desired result.
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