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Translation Invariant Operators on Lorentz Spaces

LEONARDO COLZANI

Let Q be a locally compact non compact group equipped with left Haar
measure, and let 0  p  +oo, 0  q  +oo. We prove that every left or right
translation invariant linear operator bounded on the Lorentz space is
also bounded on (A similar result for compact groups, 0  p  2, and

q = +oo, has been recently proved by A.M. Shteinberg.) We also characterize
all left or right translation invariant linear operators bounded on when
0  p  1 and 0  q  +oo, and we obtain sharp estimates for Bochner-Riesz
means on the Hardy-Lorentz spaces HP,q (R N), when 0  p  1 and 0  q  +oo.

Let Q be a locally compact group, equipped with left Haar measure,
and let 0  p, r  +oo and 0  q, s  +oo, denote the space of left
translation invariant linear operators that map the Lorentz space into

continuously. In particular, operators in the spaces L~ p(S2), Lr,, (0), and
Lp,~ (S2), are known as operators of strong type, weak type, and restricted weak
type (p, r) respectively.

Inclusion relations between the spaces have been the object
of intensive study. For example, the inclusion C if u  v,

immediately gives us the inclusion LPr(0) C LP:’(f2) when s  q and r  t. It
is often a deeper problem to show that such inclusion relations are strict, and
the following result of M. Cowling and J. Fournier ([C-F]) is a good example
of this.

THEOREM A. For every locally compact infinite group K2 and every p,
with 1  p  2 or 2  p  +oo, one has the strict inclusions

and

A particularly interesting case of this theorem, and indeed the prototype
of it, is the result of M. Zafran ([Z]): If 1  p  2 there exists a convolution

Pervenuto alia Redazione il 10 Giugno 1986.
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operator on R N of weak type (p, p) but not of strong type (p, p). That is, if
1  p  2, there exists a convolution operator C satisfying

for all functions f in LP(Q); yet the stronger inequality

is false whatever the value of c.
The main aim of this paper, however, is-to prove that if we strengthen a)

to the inequality 
’

then we also obtain inequality b) (with c = 1). More generally we want to prove
the following.

THEOREM B. Let Q be a locally compact non compact group (equipped
with left Haar measure), and let 0  p  +oo and 0  q  +oo. Then every
left (right) translation invariant linear operator that maps the Lorentz space

into continuously, also maps LP(Q) into LP(Q).

Actually we prove a similar theorem not only for convolution operators
on non compact groups, but also for translation invariant sublinear operators on
some measure spaces a bit more general than the locally compact non compact
groups. Unfortunately our techniques do not always apply to the compact groups.
However, after this paper was completed, we learned that in 1982 G. Pisier
conjectured that every convolution operator bounded on is automatically
bounded also on if the group is compact and 0  p  2 ([P]). This
conjecture has been recently proved by A.M. Shteinberg ([Sh.]). More precisely,
we have the following.

THEOREM C. Let Q be a compact group and let 0  p  2. Then every
translation invariant sublinear operator that maps the Lorentz space 
into LO(i2) continuously, also maps LP(Q) into LP(Q). (Lo(i2) is the space of
Measurable functions on S2 with the topology of the convergence in measure.)

This paper is divided into four sections. Section 1 contains some definitions
and preliminary material, and in the main section, section 2, we prove theorem
B along with some extensions and corollaries.

In section 3 we give a complete characterization of the bounded left
or right translation invariant operators on the spaces LP,q(i2), when 0  p  1,
0  q  +oo, and is any locally compact, not necessarily non compact,
group. Extending previous results of S. Sawyer, J. Peetre, and D. Oberlin for
LP spaces (see [Sa], [B-L] pg. 170, and [0] respectively), we prove that every
right translation invariant linear operator bounded on is given by the
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+00

left convolution with a discrete measure E akðxk where is a sequence of
, , , ~ 

k=1 

points in SZ, and the sequence { ak } is in the sequence space tP,7 if 0  q  p,
or in .~’ if p  q  +oo. The characterization of the left translation invariant
linear operators is similar.

It is widely acknowledged that when p  1 a "good sobstitute" of Lp
spaces is given by the corresponding Hardy spaces. Hence in section 4 we
consider briefly translation invariant linear operators in the Hardy-Lorentz spaces
HP,q(R N), and we study in some more details the Bochner-Riesz means of
distributions in these spaces. In [S-T-W] E. Stein, M. Taibleson, and G. Weiss,
proved that when 0  p  1 the Bochner-Riesz means at the "critical index"

N/ p - (N + 1 ) / 2 do not map the Hardy space into but they do
map into (In particular this can be considered as an extension
of Zafran’s theorem to the case 0  p  1). We shall complement this result by
showing that when 0  p  1 and p  q  +oo, the Bochner-Riesz means at the
critical index do not map the Hardy space into Perhaps
this result is not directly related to the main theme of this paper, but, originally,
the study of these end point results for convolution operators motivated the rest
of this paper.
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want to thank Professors Bjorn Jawerth, ’Mitchell Taibleson, and Guido Weiss
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1. - Preliminaries

Let (S2, B , ~c) denote a measure space. The Lorentz space 
 p  +00,0  q  +oo, is the set of all measurable functions f on

SZ with quasi-norm t

where f * is the nonincreasing rearrangement of f . It will be convenient for us
to use an equivalent definition of namely

To check that these two expressions are the same, simply make the substitution
s = &#x3E; tl) and then integrate by parts. As usual, instead of 
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and we simply write respectively, and we denote by
L’(0) the set of all measurable essentially bounded functions f on SZ, with

Also, following the standard notation, we let lp,q and tP
2ES2

denote the spaces LP,q(N) and LP(N), where N is the set of positive integers
equipped with the counting measure, and we write and to

denote the corresponding quasi-norms of a sequence { ak } .
It is well known that if 1  p  +oo and 1  q  +oo, or p = q = 1, then

is a Banach space, and 11 - Ilp,q is equivalent to a norm. However, for
other values of p and q, is only a quasi-Banach space. In particular,

then 11 - Ilp,q is equivalent to a q-norm, and if 0  p  I and
0  q  +oo then I I IIp,q is equivalent to a r-norm, with r = Min{p, q}.

Lorentz spaces have a close relation with the real method of interpolation,
and in the sequel we shall use the following well known results. If
0  q, r, s  +oo, 0  po  P  pi  +00, and if (1 - + 

1/p, then (LPo,r(Q), LPt,S(Q»o,q = LP,q(Q). If 0  p  +oo, 0  r  q  s  +oo,
and if (1 - 8)/r + 0 /s = 1/q, then = LP,q(f2).

Also, it is well known that the dual space of I  p 

+oo, 0  q  +oo, can be naturally identified with the space LP~ q’(i2), where
p’ = p/(p - 1 ) and q’ = q/(q - 1 ) if 1 q+oo,q’=+oo 1.

For all these properties, and more on Lorentz spaces, see for example
[B-L], [H], and [S-W,2]. A proof that 11 - is a p-norm when 0  p  1 is
contained in [K] and [S-T-W]. A slight modification of this proof shows that
~ ~ is a p-norm also if 0  p  1 and p  q  +oo.

It turns out that Lorentz spaces, as many other quasi-Banach spaces, admit
some sort of "atomic decomposition". This case is very simple.

Let f be a function in  p  +oo, 0  q  +oo. Then there
exists a sequence of measurable functions such that:

~ 

+00 
_ 

The series r converges in the topology of if 0  q 
7=-oo

+00, or, more generally, in the topology of if 0  po  P  p i 
+00 and 0  q  +00.

This atomic decomposition is obtained simply by defining

We shall use this decomposition in the sequel. Here we want only to
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remark that from this decomposition we can easily obtain the well known

imbedding of the Lorentz space into if q  r.

Throughout this paper we assume that the measure space (Q, B, 11) has a
family IT,,) of measure preserving transformations; i.e. each Ta is a measurable
transformation of Q into Q, and for every A in B, ~u(Ta ~ A) _ tz(A). We also
assume that the family has the following "mixing property": If A and B
are measurable sets of finite measure, n is a positive integer, and if - &#x3E; 0, there
exist T1, T2, ..., Tn, such that for every k = 1, 2, ..., n, we have

Note that this forces to be +oo.
If f is a measurable function on Q, we write for f (T,,,x). An

operator C on measurable functions commutes with the family of translations
IT,,,l if for every Ta and every I, in the domain of definition of we have

= C is sublinear if for every complex number A and every function
f and g we have I = and 11&#x3E;(1 + g)1 I  + An operator
tb that satisfies the above properties is called a translation invariant sublinear

operator. Translation invariant linear operators are defined similarly.
The example we have in mind is a locally compact non compact group

SZ with the family of Borel sets B and left Haar measure it. IT,, I is the

family of left translations. However, in this case the space (Q, B, is equipped
with another natural family of translations: the right translations. We shall
use both type of translations in what follows, but we want to emphasize
that only the left translations are measure preserving transformations if the

group Q is non unimodular. In any case, there is a close relation between
left and right translation invariant sublinear operators. Let us write the group
operation additively, and let us denote by A the modular function of «(1, 
If 0  p  +oo, we define the operator h on measurable functions on Q by

= Then it is straightforward to verify that Ip is an isometry
of  p  +oo, 0  q :5 +oo. Also, if (D is a left (right) translation
invariant sublinear operator on is a right (left) translation invariant
sublinear operator on and the operator quasi-norms of O and Ip(DIp are
equal. Using this result we shall be able to deduce general properties of the
right translation invariant sublinear operators from the corresponding properties
of the left translation invariant ones.

An important class of left (right) translation invariant linear operators on
a locally compact group is given by right (left) convolutions. If v is a complex
measure and f is an integrable function,

and
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2. - Operators on Lorentz Spaces

We are now ready to state the main results of this paper.

THEOREM 2.1. Let 0  q  p  +oo, 0  q  1, and let (D be a bounded
(not necessarily translation invariant) sublinear operator on the Lorentz space

Then (D can be extended to a bounded operator of into v,r(Q.),
for every r with q !5 r  Min 11, p}.

THEOREM 2.2. Let 1  q  p  +oo, and let 0 be a bounded linear

operator on the Lorentz space Lp’q(S2). Then if the adjoint of ~h commutes with
translations, 4S can be extended to a bounded operator of LP,’(L2) into 
for every r with q  r  p.

THEOREM 2.3. Let 0  p  q  +oo, and let 0 be a bounded translation
invariant sublinear operator on the Lorentz space Then (D also maps

into for every r with p  r  q.

Note that when (0.,8, J.L) is a locally compact group equipped with left
Haar measure, then a linear operator I&#x3E; is left translation invariant if and only
if its adjoint (D* is left translation invariant. Hence, putting together theorems
2.1, 2.2, and 2.3, we obtain theorem B in the introduction. Let us now pass to
the proof of these results.

PROOF OF THEOREM 2.1. Let f be in LP,q(Q). Then f is also in LP,r(Q.),
+00 

~ 

and we can decompose f as E c 2j , and
j=00

+00

{ E (2j/pf(2j))r}1 Note that for every j and every  

j=-m
Then, since the operator I&#x3E; is sublinear and the space is r-normed, we
have

Since the space is dense in the theorem follows.
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PROOF OF THEOREM 2.2. This theorem is an immediate consequence of
theorem 2.3 and the duality relations between Lorentz spaces.

We now come to the proof of theorem 2.3. In order to present the idea
behind this proof, we begin by proving a particular case of it. As we shall see
the basic idea involves expressing the LP quasi-norm of a- function g in terms
of the quasi-norm of a related function f.

Suppose that (Q, B, it) is a locally compact non compact group, and (D is
a right convolution operator with a kernel with compact support. Then I&#x3E; is a
left translation invariant operator that maps functions with compact support into
functions with compact support. We shall prove that if C maps into

then it also maps into Let g be a function with compact
support, and let be a sequence of points in S2 such that the supports of the
functions are mutually disjoint, and the same is true for the functions

+00

+ .)}. Finally let k-1/Pg(Xk + .). We claim that 1l/lIp,oo = Ilgllp.
k=l

Indeed, using Riemann sums for approximating the integral of the distribution
function of we have

but also

Analogously = Then if the operator (D is bounded on 
we have

Note also that the quasi-norm of (D as an operator on majorizes the
quasi-norm of (D as an operator on LP(Q).

Let us now pass to the proof of the general result. We start by establishing
a couple of lemmas.

LEMMA 2.4. If f is a function in LP(Q) and c &#x3E; 0, then there exists no
such that for every n &#x3E; no and every t with n-2  t  n-1 I we have

If f is not in LP(Q) and M &#x3E; 0, then there exists no such that for n &#x3E; no and
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we have

PROOF. The first part of the lemma easily follows from the inequalities

The proof of the second part of the lemma is similar, and we omit the details.

LEMMA 2.4. Let g be a simple function, 0  p  +oo, p  q  +oo, and
n &#x3E; 1. Then there exist T1, T2, ..., Tn, such that

PROOF. Let A be the support of g, and let - &#x3E; 0. There exist

Tl , T2, ..., Tn, such that for every n U Tj-IA)  6. Denote by Ak
j:jk

the set U Then if q = p and 1 ~ p  +oo, since the Ak’s are
j:jk

mutually disjoint,

if e is small enough. If 0  p  1 and again q = p, then we simply have
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This takes care of the case q = p. We consider now the case q = +oo. If

we obviously have

If we have

if c is small enough. The lemma is then proved also in the case q = +oo. The
remaining case, p  q  +oo, now follows by convexity. Indeed for every f in

n

and in particular for f = m k-1/PTkg, we have ,

k=1

PROOF OF THEOREM 2.3. Since is an interpolation space between
and it is enough to prove the theorem for the particular case

r=p.

Suppose the operator D is not bounded on Then for every M &#x3E; 0
there exists a simple function g, with llgllp = 1, &#x3E; M. Denote by A
the support of g, and by B(s) the set &#x3E; s}. By lemma 2.4 it is

n3

possible to choose n so big that M, for every t with
k=l

n-2  t  Also it is possible to choose Tl , T2, ..., Tn3, such that for every
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JT"’ 

where c and 8 are two positive constants we shall specify later. Using g and
n3

the Tk’s, we construct the function f = ~ k-1/PTkg. Then, if c is small enough,
k=l

by lemma 2.5 we have c(Log On the other hand we shall

prove cM(Log and this will contraddict the boundedness

and

if 6 is big enough. Also, for the same range of t, D(j, t) n D(k, t) is empty if
and, by the assumption. on the Tk’s, t)) &#x3E; ê. Then

if e is small enough. (Observe that the choice of c and 6 depends only on n
and M.) To conclude

When q  +oo the above proof can be simplified a bit. The idea is to split
Og into a + b, with a simple, &#x3E; M, and  e. The technical details
of the proof became easier. In the next remarks we shall show with examples
that essentially no hypothesis in our theorems can be weakened.
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REMARK 2.6. It is clear that theorem 2.1 holds for any measure space
(Q, B, and sublinear operator 1&#x3E;. However in theorems 2.2 and 2.3 the as-

sumption that the operator I&#x3E; commutes with some kind of translation semms
essential, as the following example shows. Let 1  p  +oo, 1  q  +oo, and
let 1 /p + = 1 /q + 1 /q’ = 1. If h is a function in U and

if g is a function in U define rq

rq

Then (1) is a linear operator bounded on but not bounded on if

r Q q. (This example is essentially taken from [S-W,1 ] .)
. REMARK 2.7. We proved in theorem 2.3 that every translation invariant
sublinear operator bounded on LP,q(Q), p  q, is automatically bounded also on

The converse is not true if 1  p  +oo. Consider indeed the following
example. Let (Q, B, be a locally compact group with non atomic left Haar
measure, let U be a non empty open set in Q of positive finite measure, and
let 1  p  +oo. Then the operator

is sublinear, commutes with left translations, it is also bounded on but
it is not bounded on if q &#x3E; p.

Examples of left translation invariant linear operators bounded on 
but not on if q  p  1, are also given in the next section.

REMARK 2.8. For translation invariant linear operators on the N-
dimensional torus TN(= R NIZN) one can quite easily prove the following
result.

Let cp be a continuous function on

Then if c 1 independent and f, we also have
C2~/~p. with C2 independent and I.

The proof of this result is by transference between and First
one has to transfer in a natural way the operators on to

continuous operators on By the theorems proved these operators are
also bounded on Then one has to transfer back there operators from

to LP(TN). Details are as in IS-W,2], VII.3. Then at least for this class
of convolution operators the theorem of A.M. Shteinberg can be extended to
the case 2  p  +00.
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3. - The case 0  p  1

In all this section we let (Q, B, denote a locally compact group Q,
not necessarily non compact, with Borel sets B, and left Haar measure it. The
modular function of (Q, is denoted by A, and we write the group operation
additively..

In [0] D. Oberlin proved that if 0  p  1, then the bounded right
translation invariant linear operators on the space Lp(S2) are precisely the

operators (D of the form

where is a sequence of points in SZ, and {ak } is a sequence of complex
+00 .

numbers with E laklp  +00. (See also [Sa] and [B-L], pg. 170, for the case
k=l

of operators on the torus and the real line respectively.) Later N. Kalton proved
that these operators are the only ones bounded on at least when is
a metrizable compact group. (See [K].)

. The purpose of this section is to extend these results and characterize the
right and the left translation invariant linear operators that are bounded on the
Lorentz spaces with 0  p  1 and 0  q  +oo. The results are the
following.

THEOREM 3.1. The right translation invariant linear operators bounded
on the Lorentz space LP,q(n), 0  p  l, 0  q  +oo, are precisely the operators
0 of the form

where is a sequence of points in Q, and {ak} is a sequence of complex
numbers in the Lorentz space if 0  q  p, or in P~ if p -5 q  +oo.

THEOREM 3.2. The left translation invariant linear operators bounded on
the Lorentz space  p  1, 0  q  +oo, are precisely the operators
(D of the form

where {xk} is a sequence of points in Q, and {ak} is a sequence of complex
numbers in the Lorentz space if 0 ~ q  p, or in .~’ if p!5 q 5 +oo.

If x is a point in Q, we denote by 6x the unit mass measure at x.
+00 

-

A discrete measure is a measure of the form E where { xk } is a se-
I

quence of points in Q, and { ak } is a sequence of complex numbers with
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If f is in L 1 (12), then

Thus the right translation invariant linear operators bounded on LP,q(L2), 0 
p  1, 0  q  +oo, are left convolution operators with discrete measures. In
the sequel we shall abuse notation slightly. To perform convolutions freely, by

we shall often mean The proof of theorems 3.1 and 3.2
is a bit involved, also because we do not have a complete analog of theorem
B for compact groups. Therefore, to make it more digestible, we break it up
into several easy lemmas.

LEMMA 3.3. Let (D be a bounded right translation invariant linear operator
+00

on  p  1, 0  q  +oo. Then there exists a discrete measure r, 
k=l+oo

such that for every f in LP,q(i2) we = (2:: akbxk) * f .
k=1

PROOF. Suppose first that the group Q is compact, and choose an r,

with p  r  1. Then if ~ maps into itself, it also maps 
into By the Shteinberg theorem, or even by the Nikishin-Stein theorem
and interpolation (see [GC-RF], is bounded on and by Oberlin’s
result C is the left convolution with a discrete measure. If the group 92 is not
compact and C is bounded on LP,q(K2), then, by theorem is also bounded
on Lp(S2), and again from the Oberlin result C is the left convolution with a
discrete measure.

LEMMA 3.4. Let 0  p  1, 0  q  +oo, and let g be a function on Q
 1, and  s. Then

PROOF. Choose 0  po  P  PI  1. Then, if i = 0, 1,

Hence by interpolation we also have
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if for every f in

, then the sequence { ~
k- 1

for everylsequence {ak } in 

Note that this lemma characterizes those discrete measures that convolve

LP(Q) into a result of some independent interest. A proof of this
lemma for metrizable compact groups appears in [K]. Our proof is essentially a
bilinear interpolation argument, applies to every group, and it is perhaps more
elementary. 

’

+00

PROOF. The first part of the lemma follows by testing the measure E 
~ 

k=l

against characteristic functions of very small open sets. The details, easy but
not completely trivial, are as in [0] (but see also the proof of the next lemma).

To prove the second part of the lemma decompose a function f
+00 

,

in as E f*(2j)gj, with llgjll.  2j, and 
j=-oo

+00

{ E Then, since the space is p-normed, using the
j=-oo

previous lemma we obtain

LEMMA 3.6. Let 0  p  1 and 0  g  +00. If for every f in we
+00

have then the sequence fP,q. if 0  q ~ p,
~ 

A:=l
or in p  g  +00.

+00

PROOF. By testing the measure E against characteristic functions of
A:=l

very small open sets we easily see that the sequence is at least in lV,q.
Then the lemma follows in the case 0  q -5 p. If q = +00, or if p  g  +00

+00

and the group 12 is non compact, and if the measure E convolves 
~ 

k=l
into itself, then by theorems B or C this measure also convolves into
itself. We thus conclude that the sequence is in and the lemma
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is proved also in this case. To complete the proof of the lemma we need to
consider the case of a compact group, and p  q  +oo. We can suppose the

group Q infinite and its Haar measure non atomic. This is what we shall need
in the rest of the proof.

We start by assuming, without loss of generality, c 1/2,
and that the sequence is non increasing. We also assume that all the
terms of this sequence are different from zero, otherwise the proof is eas-

n

ier. Let n be an arbitrary large integer. Our goal is to estimate E 10’klP. Let
~ 

k=l
n

ê be a positive constant much smaller than 
k=l

Then it is possible to find m &#x3E; n such  ê, and it is also

possible to find an open set U such that the sets x +!7,a:2+~,...~~-i 1 + U, . are
mutually disjoint. Let p,(U) = 6, and let q We can construct a function

f supported in U such that

Since we thus have
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Also, by the previous lemma,

Collecting these two estimates, and because of our definition of c we thus
obtain 

~--

The lemma then follows.

PROOF. This is an easy consequence of the p-triangle inequality for the
space 

Then

PROOF. Choose By the above lemma we have

The lemma then follows by interpolation.
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PROOF. We can suppose that the sequence is non increasing. Then
, - ...¡’,¿.I .

we can write , with IPj I  1 for every j, and
" -

Using the previous lemma and the fact that

is q-normed we thus have

PROOF OF THEOREM 3.1. By lemmas 3.3 and 3.6 every right translation
invariant linear operator C bounded on is the left convolution with a

+00

discrete measure E with {ak } in tp,q if 0  q  p, or with { ak } in fP if
k=l

p  q  +oo. Conversely, by lemmas 3.7 and 3.9 every such measure convolves
into itself.

PROOF OF THEOREM 3.2. Let C be a left translation invariant linear

operator bounded on and let Ip be the operator defined by Ip f (x) _
Then Ip(DIp is a right translation invariant linear operator

bounded on and, by the previous theorem, Ip(DIp has the form
+00

E akf (-Xk + x), for appropriate {xk} and {ak}. Hence, by an
k=l

easy computation, 
1_-

4. - Bochner-Riesz means 
,

In this section (Q, B,,u) is the Euclidean space equipped with Lebesgue
measure. Here we want to consider briefly translation invariant linear operators
on certain Hardy spaces with Lorentz quasi-norms, and study in some more
details the Bochner-Riesz means of distributions in these spaces. Let us then
start with some definitions.

If o is an indefinitely differentiable function on with compact support
and = 1, and if f is a tempered distribution, we define the maximal
function ,M f (x) = * where as usual Ot(X) = We say

t&#x3E;o
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that a tempered distribution f is the Hardy space Hp’q(RN), 0  p  +oo, o 
q  +oo, if the maximal function N f is in the Lorentz space and we
set = 

It is possible to show that this definition of is essentially
independent of the test function 1/;, and also that these spaces admit many
other important characterizations. A general reference on the spaces 

is of course [F-S]. The first explicit definition of the spaces 
is, as far as we know, in [F-R-S].

Theorem B in the introduction has the following analog for Hardy spaces.

THEOREM 4.1. Every translation invariant linear operator that maps the
Hardy space Hp’q(RN), 0  p  +oo, 0  q .5 +oo, into continuously,
also maps HP(R N) into 

It is easy to reduce the proof of this theorem to theorem B in the
introduction (and also = if 1  p  +00 !). Therefore we
consider this theorem proved, and we turn our attention to the study of the
Bochner-Riesz means in the spaces 

The Bochner-Riesz means of index d &#x3E; 0 of a distribution in are

defined by (R6 f " (r~ ) _ ( 1 - ~ r~ ( 2 )~ f (r~ ), where of course" denotes the Fourier
transform. In [S-T-W] E. Stein, M. Taibleson, and G. Weiss, proved that when
0  p  1 and 6 = N/p - (N + 1)/2 (the "critical index"), these means are not
bounded on however they do map into (Actually
they proved much more than this.) We want here to complete this result with
the following.

THEOREM 4.2. Let 0  p  1 and p  q  +oo. Then the Bochner-Riesz
means of index 6 = N/p - (N + 1)/2 do not map into 

Before we start with the proof notice that since the Bochner- Riesz means
at the critical index are not bounded on the case q = +00 of this
theorem is an immediate consequence of theorem 4.1. Not so for the case

p  g  +00.

PROOF. For notational convenience we restrict our attention only to the
case N = 1 and 1/2  p  1. Let a = Xro,I/2) - (a is just the simplest

+00 
’

atom), and let f = E xk), where 0  ~  1 /p - llq and
k=2

is a very sparse sequence of points (e.g. Xk = exp(exp(exp k))). To prove
the theorem we only have to show that f is in but is not in

To prove that f is in we split f into fo + fl, where fo -
n

~ k-’/P(Log and /1 = f - fo. Let 1/2  po  p. Then, since
k=2

c, we easily obtain /lM/ollPo  n)- llq-6 , and also

Hence, by a standard interpolation argument,
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To estimate R1/p-l f one has to use the fact, proved in [S-T-W],
that ( 1 + Hence if the sequence is very

sparse, to avoid "big" interferences between the summands of the series

Note that ((I + I is a family of functions equidistributed, and
with supports "essentially" disjoint, and that the sequence 
is not in Q. Using techniques similar to those developed in the proof of theorem
2.3 it is now possible to show that the above series is not in We omit
the details.

Added in Proof

After this paper was submitted the journal "Functional Analysis and its

Applications" published a paper of A.M. Shteinberg with title "Translation-
invariant operators in Lorentz spaces" (Funct. Anal. Appl. 20 (1986), 166-168).
This short note contains the statements of the main results of this paper with
no proofs.

Also P. Si6gren has recently obtained some nice results on the translation
invariant operators on weak Ll. (P. Sj6gren, Translation invariant operators on
weak L’. Preprint.)
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