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Harmonic Mappings into Manifolds with Boundary

YUN MEI CHEN - ROBERTA MUSINA

1. - Introduction

In this paper we shall concentrate our attention on harmonic maps

between Riemannian manifolds. Our main interest is referred to target manifolds
C with boundary.

Our assumptions on the manifolds M and C will be listed in the next
section. To fix ideas, we can assume that M is a compact Riemannian manifold
without boundary, and that C is a compact Riemannian submanifold of the
Euclidean space R~ .

In the "smooth" case (namely, when 8C is empty or it is strictly convex),
the theory of harmonic maps has been developed by many Authors. The two
Reports by J. Eells and L. Lemaire (see [7] and [8]) are an exhaustive survey
on the results achieved in this context. The case when C has strictly convex
boundary was considered in [12].

In contrast with the smooth case, not much is known when the target
manifold C has boundary. In case dim M = 1, which corresponds to the case
of closed geodesics in C, some multiplicity results were proved by Marino and
Scolozzi in [16] and by Canino in [2]. A multiplicity result can be found in
[15] and in [18] in case M is the unit two-sphere and C is a three dimensional
manifold (namely, C = where Q is a bounded open set in R3 ). Finally,
some regularity results for energy minimizing harmonic maps are available in
the literature; we refer to the more recent papers by Duzaar [6] and Fuchs [11] ]
(see also the References there in).

As there are only a few papers on the "non-smooth" case containing
specialized results, and since a complete treatment of this subject is not available
in the literature, we start with some preliminary remarks. With respect to the
smooth case, we have to modify the definition of weak harmonic map, since
the boundary of the target manifold C acts as a unilateral constraint. From

Pervenuto alla Redazione l’ 1 Settembre 1989 e in forma definitiva il 27 Marzo 1990.
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this viewpoint, the notions and the tools of non-smooth Analysis look to be
quite natural for a general treatment of the problem under consideration. In
particular, our definition of harmonic map makes use of some notions which
were introduced by De Giorgi, Marino and Tosques in [5].

A weak harmonic map is by definition a "stationary point from below"
for the energy integral E(u) (see Section 2) on the class

that is, a map u of class is said to be harmonic if

The above definition extends the usual definition of harmonic map in case
C has empty boundary. From (1.1) we can see for example that every local
minimum for the energy integral on the constraint C) is a weak harmonic
map.

In Section 2 we investigate the general properties of solutions to (1.1) in
order to obtain a geometrical characterization of weak harmonic maps. Denoting
by Am the Laplace-Beltrami operator on M, we prove that a map u is weakly
harmonic if and only if AMU is normal to the manifold C in some weak

(distributional) sense.
The possibility to look at harmonic maps both from a variational and a

geometrical point of view is a useful tool in several circumstances. As a first
application we compute the Euler- Lagrange equations for the energy integral on
the constraint H 1 (M, C) (see Section 3), that is we characterize weak harmonic
maps as to be distributional solutions to a system of elliptic partial differential
equations. The result we achieve here extends a theorem proved by Duzaar in
[6] for energy minimizing weak harmonic maps.

In Section 4 we attack a problem which was first proposed by Eells and
Sampson in their celebrated paper [9]: given a smooth map uo : M --&#x3E; C, can
uo be deformed into a harmonic map um : M --~ C?

In [9] it is proved that this problem has a positive answer in case C has
empty boundary and non positive sectional curvature. Their result is obtained
by proving that the evolution problem

has a global regular solution u : R+ x M -~ C and u(., t) subconverges to a
smooth harmonic map M --; C as t -~ oo. Here A(u) : x TuG -+ T, ~ C
is the second fundamental form of the embedding of C into Rk at u. The
restriction on the curvature of C is in general necessary (compare with [10]) to
prevent the phenomenon of "separation of spheres". In the general case we may
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investigate the existence of weak solutions to (1.2) - (1.3). The more complete
results in this context are due to Struwe [20] for the case dim M = 2 and to
Chen-Struwe [4] for the higher dimensional case.

We follow here the approximation argument used in [3] and in [4] in
order to extend the existence and partial regularity results by Chen and Struwe
to the case of target manifolds with boundary. The main Theorem is stated in
Section 4.

The authors would like to express their gratitude to J. Eells and A.

Verjovsky for the encouragement and the valuable suggestions on this subject.

2. - Weak harmonic maps

2.1 - Notation and preliminaries

Let k &#x3E; 1 be an integer. If u, v are two points in the Euclidean space Rk
we denote by u. v their scalar product. We shall denote by lul = (u. u) 1/2 the
norm in Rk . If El , E2 are two subsets of R~, we define

We denote by xE the characteristic function of a set E in R~, that is,
= 1 if u E E, = 0 otherwise in RB
Let (M, g) be a Riemannian manifold of finite dimension m. We assume

that M is compact and with empty boundary. We shall use standard notation for
the spaces LP(M, Rk), Rk). In case p = 2 we simply write HI instead
of W 1 ~2, and we denote I the norm in H 1. Let be the dual

space of We shall denote by ~ ~ , ~ ~ the duality product on H-1 
If C is any subset of Rk we set

Let u be a map in In local coordinates on M we
define 

- ......

-- 

r

where is the inverse matrix of and

The energy of the map u is by definition
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Let C be a closed subset of R~ . We shall say that a map u E H 1 (M, C)
is weakly harmonic if u is stationary from below for the energy integral on
Hl(M, C), that is:

Definition (2.1 ) can be rewritten in an equivalent way by using the concept
of subdifferential arising from non-smooth Analysis: setting

we see that a map u E H 1 (M, C) is weakly harmonic iff

In this paper we shall restrict our attention to the case when C is a smooth
manifold with boundary. More precisely, we assume that C is the closure of
an open subset of a supporting Riemannian manifold ,S which is isometrically
embedded into Rk . We require that S’ is (topologically) closed, and

The manifolds 8C, S are supposed to be smooth (of class C3). We also
need some bound on the geometry of C. Let us denote by ns and by IIaC the
nearest point projections on S, aC respectively. The projection IIaC is of class
e2 in a neighborhood of 8C and by assumption (2.3) the projection IIS is of
class C2 in a uniform neighborhood of C. We shall assume:

(2.4) there exists a uniform open neighborhood Uc of C in R k such that
the map I1s : Uc - S has bounded first and second order derivatives.

(2.5) there exists a uniform open neighborhood Uac of (9C in Rk such
that the map I1aG : 9C has bounded first and second order derivatives.

The above hypotheses are satisfied in some interesting cases, as for

example when C is a compact submanifold (with boundary) of R~ or when C
is the complement of an open and bounded set in Rk with smooth boundary.

We denote by Tu8C the tangent spaces to S and to Be respectively.
We denote by A the second fundamental form of the embedding of S into Rk
and by b the second fundamental form of Be relative to S. By assumptions
(2.4) and (2.5) the maps A and b are continuous on uC n S’ and Be respectively,
and
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We denote by w(.) an inner normal vectorfield to C relative to ,S with

w E S’k-1 ) and with bounded first order derivatives (compare with
assumption (2.5)).

For u in a suitably small neighborhood of C (also denoted by Uc), we
set , 

- - . - -

Notice that TIc is the nearest point projection of Uc into C. By the
assumptions (2.4) and (2.5), it results that IIC : Uc - C is (globally) Lipschitz
continuous on Uc. Consequently, by standard results on Sobolev spaces (see for
example [17]) we have that

and moreover, in local coordinates on M, we get

and

(see for example [13], Lemma A.4).

2.2 - Harmonic mappings and normal vectorfields

Let u be a point in C. The tangent cone to C at u is defined by:

In Lemma A.l (Appendix A) we shall give some equivalent definitions of
tangent cone. In particular, it turns out that TUC coincides with the contingent
cone introduced by Bouligand at the beginning of this century, and it coincides
with Clarke’s tangent cone (see for example [1]).

The normal cone to C at u E C is by definition the negative polar cone
to that is

It is straightforward to show that
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Let u be a map of class C). We shall say that a map T C H1(M, Rk)
is an H’ 1 tangential vectorfield (TVF) to C along u if

Let a be a map in the dual space H-1 (M, Rk ) of We shall

say that a is an H-1 normal vectorfield (NVF) to C along u if

We point out that the appellative "H-1 normal vectorfield" gives only an intuitive
description of a distribution u E H-1(M, Rk) satisfying (2.6). Our definition is
justified by the fact that in case a is represented by an L2 function on M,
condition (2.6) is equivalent to:

Normal vectorfields have a variational characterization. For u E we

set

The functional Ic is the incatrix function of the constraint H 1 (M, C) in the

space Let u be a map in the subdifferential of Ic at the
point u E C is defined by:

It is not difficult to show that

and hence we get that u is weakly harmonic iff

In Appendix A (see Proposition A.5), we shall prove that

and hence from (2.’7) we obtain the following result.

COROLLARY 2.1. Let u E H1 (M, C). Then u is weakly harmonic if and
only if 4MU is an H-1 normal vectorfield to C along u.



371

This result will be the fundamental step for the computation of the Euler-
Lagrange equations for the energy integral on H1(M, C), and it will be used

- also in the choice of the approximating evolution equations for harmonic maps.

REMARK 2.2. Assume that the manifold C has empty boundary. Then the
projection rIC is smooth in a uniform neighborhood of C, and hence for every
ø E C°°(M, Rk) the map t --~ IIC(u + tO) (for (t~ I small) is a differentiable curve
in Classically, a map u E H 1 (M, C) is said to be harmonic iff

(see for example [8] and [19]). On the other hand, it can be easily proved that
(2.8) is equivalent to:

The same arguments which lead to the proof of Corollary 2.1 can be used in
order to show that (2.8) is equivalent to

and to: 0 E a-E(u). D

REMARK 2.3. Let us briefly consider the Dirichlet’s problem for weak
harmonic maps in case 8M is not empty. In this case, we denote by H-1(M, R~)
the space of continuous linear forms on HJ(M, Rk). For every fixed function
g E H1(M, C), we denote by the space of maps u E H 1 (M, C) such
that u - g vanishes on aM. A map u E HI (M5 C) has to be said weakly
harmonic iff u is stationary from below for the energy integral on H;(M, C),
that is: o

This definition can be rewritten in terms of subdifferentials, and a result similar
to Corollary 2.1 can be proved. C7

3. - The Euler-Lagrange equations

Weak harmonic maps u : M --; C are solutions to the differential inclusion

(3.1) 0 E a- E(u),

which by Corollary 2.1 is equivalent to

(3.2) Amu is an H-1 normal vectorfield to C along u.
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The equivalence between (3.1 ) and (3.2) allows us to compute the Euler-
Lagrange equations for the energy integral on H 1 (M, C). In other words, under
the assumptions on C in Section 2, we can characterize harmonic maps as to
be solutions of a differential equation.

THEOREM 3.1. Let u E H1 (M, C). Then u is a weak harmonic map if and
only if there exists a Radon measure A on M with

and such that

As in Duzaar [6] (compare with Corollary 2.9), it can be proved that for
a sufficiently regular harmonic map u it results

Let us notice that (3.3) implies

As it was already observed by Duzaar in [6], this inequality can be seen as a
concavity condition on C in points where the image of u "essentially" touches
the boundary of C.

Equation (3.4) is equivalent to:

The proof of this equivalence is based on the following facts. We first
recall that A(u)(T, T’) E Tu S for every u E C and for every T, T’ E TuS, and
that w(u) E TuS for every u E 8C. Finally, one has to use the fact that

H1(M, Rk) for every (D E L°° n H1(M, Rk), and 
is tangent to ,S at u(x) for almost every x E M.

PROOF OF THEOREM 3.1. Let u E H1 (M, C) be a solution to (3.4) - (3.3),
and let r E H1(M, Rk) be a TVF to C along u. For every real number R &#x3E; 0
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we define

Direct computations and Lebesgue’s Theorem easily show that TR - T in H 1
as R - +oo. Since TR E L°° n H’ and TR(x) E C for a.e. x E M,
we can use TR as a test function in (3.5) (which is equivalent to (3.4)) to get

Since A is a positive measure by (3.3), from the definition of tangent cone to
C we infer that  0 for every R &#x3E; 0. Passing to the limit as R ~ o0
we finally get (Amu, T)  0, and since T is an arbitrary tangential vectorfield
to C along u, this implies that Amu solves (3.2), i.e. u is weakly harmonic.

Corollary 2.1 plays a crucial role also in the proof of the converse. Our
arguments are reminiscent of those used by Duzaar for the proof of Theorem
2.4 in [6].

Let u E H 1 (M, C) be a weak harmonic map. Assume that 0 EE H 1 (M, Rk )
is a tangential vectorfield to S along u with 0 = 0 almost everywhere on
(9C). Then it is clear that both Q and -0 are tangent to C along u (since
~~ ~ c~(u) = 0 on u-1 (aC)), and hence Corollary 2,1 gives 0,
that is

In the following we shall prove the existence of a bounded vectorfield
T e n Uc, Rk) having bounded derivatives, and such that

Notice that (3.8) and (3.9) imply

This remark, jointly with well-known composition theorems in Sobolev spaces
(see for example [17]) guarantees that T o u is an L°° n H1(M, Rk) tangential
vectorfield to C along u. Since u is weakly harmonic, by Corollary 2.1 we
infer that
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Consequently, there exists a unique positive Radon measure A on M such that

Let us notice that (3.7) implies

Moreover, using again (3.7), it is easy to prove that the measure A is independent
on the choice of the vectorfield T, that is, it only depends on the map u and
on the manifolds S’ and aC.

In order to prove the estimate:

we argue as in [6] (proof of Lemma 2.2). We fix a map 0 E C°° (R) with
0  9(s)  1, (J’(s)  0, = 1 if s  1 and 8(s) = 0 if s &#x3E; 1, and we set

Since aC is smooth, the map p is smooth in a neighborhood of aC. Moreover,
by assumption (2.5), it is bounded and it has bounded derivatives in a uniform

neighborhood of 8C, and

Here ~p denotes the gradient of p as a map defined on S, that is E Tz,S
T = d p(z)T for every T E TzS. For every - &#x3E; 0 small enough we set

Notice that for - small enough the map T, is well defined in a neighborhood
of 8C in S, it is of class LOO n Cl, it has bounded derivatives and it satisfies

(3.8). In addition, it satisfies (3.9) by (3.11). Consequently, we can take T = T~
in (3.10) to get
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We recall that the Radon measure A does not depend on e. For a positive test
function q with support in a coordinate chart for M we get

Here we have used the fact that r~9’(~)  0 on M, which gives:

We observe that as e --~ 0,

and

by (3.11 ). On the other hand, we can use:

to get w(u) . aa u = 0 a.e. on u-1(aC), and thus we obtainXa

by definition of the second fundamental form b. Finally, (3.12), (3.13) and (3.14)
yield in the limit

which completes the proof of (3.3).
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Using (3.3) and a density argument, from (3.10) we easily obtain

Let us now fix a tangential vectorfield 0 to S’ along u with 0 E 
Since T(U) - 0 E LOO n H1 (M), from (3.15) we get

On the other hand it is clear that both the maps +[§ - (T(u) . 0),r(u)] are

tangential vectorfields to C along u (because they are orthogonal to T(u) = w(u)
on u-1(aC)), and (r(u) . 0),r(u)) &#x3E; 0 since u is weakly
harmonic. This shows that

and concludes the proof of Theorem 3.1. D

4. - On the heat flow method

Let uo : M --&#x3E; C be a map of class Rk) for every p E [ 1, +oo). In
this section we study the evolution problem

where is the subdifferential of the energy integral on the constraint
Hl(M, C) (see Section 2.1).

In order to introduce a suitable notion of weak solution to the differential
inclusion (4.1), we observe that it is formally equivalent to:

(see Section 2.2). Our notion of solution to (4.1) is based on the geometrical
characterization of a-IC(u) given by Proposition A.5.

DEFINITION 4.1. A map u : R+ x M --~ C is said to be a global weak
solution to (4.1 )-(4.2) if the following conditions are satisfied:



377

for every testing function ~ with compact support in R+ x M, and such that

REMARK 4.2. As in Theorem 3.1, we can characterize global weak solutions
to (4.1 ) as solutions to a differential equation. Let u : R+ x M 2013~ C be a map
satisfying (4.3). Then u is a global weak solution to (4.1 ) if and only if there
exists a Borel measure A on R+ x M, with

and such that

We shall adopt the techniques in [4] to cover the case 8C fl 0. In [4] the
existence and the partial regularity of weak solutions to (4.1 )-(4.2) are obtained
by the penalty approximation which is used in [3] for the case C = Sn, and E-
regularity, the fundamental step which can be found in [21].

Similarly to the case 8C = 0, what we essentially do is to approximate
the differential inclusion (4.1) by a sequence of parabolic differential equations.

In order to define the approximating problems we fix a smooth,
nondecreasing function q such that q(s) = s for s  62 and rJ (s) = 262 for
s &#x3E; 482. By our assumptions on C, the function d(., C)2 has Lipschitz continuous
first order derivatives in a neighborhood of C. Then, if 6 is small enough, the
function u - C)2) is of class Cl,’(R k) and

ww ...

if d(u, C)  26. For k = 1, 2, ..., we define the functional

where
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and we consider the heat flow

with initial data (4.2).
By using Galerkin’s method, for every k we obtain the existence of a

solution uk to (4.8)-(4.2) satisfying

From the last inclusion we get also

and hence, by Sobolev embedding theorem, and using the a-priori estimates for
linear parabolic equations (see [14], Chapter 3), we infer that

for any p E [1, +oo).
In order to pass to the limit oo, we first point out the following

"energy estimate" (see [4], Lemma 2.1).

LEMMA 4.3. Let uo E H1(M, C). Then

From Lemma 4.3 we infer that there exist a subsequence of (u k)k (still
denoted by uk), and a measurable function u defined a.e. on R+ x M, such that

Hence, we first get that uk -&#x3E; u a.e. on R+ x M and u satisfies (4.3) and the
initial conditions (4.2). In addition, we get that

and thus we can deduce



379

The choice of the approximating evolution equations is based on the

following two Propositions, which will lead to our main Theorem.

PROPOSITION 4.4. Let Q be an open subset of R+ x M. If for a subsequence
(uk)k we have that

then

PROOF. From (4.10) we know that there exists a subsequence such that
as k -+ 00

Moreover, from (4.6), (4.8) and (4.11 ) we find that bounded
in Lloc(Q), and hence also atu k and V2Uk are. Therefore

and u satisfies (4.12).
In order to show (4.13), we consider again the vectorfields TE E C1 (S, Rk)

already defined in the proof of Theorem 3.1. We recall here that the vectorfields
T, have the following properties:

where c &#x3E; 0 is a constant depending only on C, and

(4.17) 7f(V) - xac(v)w(v) pointwise on S

as E -; 0. Let us fix any open set Q’ cc Q and any map Q E L2(Q’,Rk) with
0(t, x) E T.(t,x)C for a.e. (t, x) E Q’. In particular, we have that 0 E and

For every real number s we set s- := min(s, 0) and we define
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Since TIs has bounded derivatives in Uc, from (4.16) we get that for

sufficiently large k, 0’ k E L2(Q,R k) and 10’, k 1  cl4&#x3E;1 1 where the constant c

depends only on C. Moreover, from (4.14), the continuity of TE and Lebesgue’s
theorem we have that as 1~ -~ o0

Here we have used the fact that drls(u)o = 0 a.e. on Q’, since Q E Tus a.e. on
Q’. In addition, from (4.14), (4.16) and (4.17) we get that as E - 0,

by (4.18). Combining with (4.15) we get

We notice that for every e, k it results 01 k E Tn,.kC a.e. on Q’, and that
-(8t - NncukC a.e. on R+ x M by (4.8) and Lemma A.2. Hence, we
infer that (at - Øk &#x3E; 0 a.e. on Q’, which together with (4.19) implies

Since Q is tangent to C along u and Q is arbitrary, from (4.20) we easily get
the conclusion of the proof of Proposition 4.4. D

We introduce now the parabolic distance on R+ x M by

where x - ylg denotes the distance between x and y with respect to metric g
on M. As in [4], Section 3, we have the following result.

PROPOSITION 4.5. Let u : R+ x M --+ C be a map satisfying (4.3). If there
exists a closed C R+ x M, with locally finite m-dimensional Hausdorff
measure with respect to the parabolic metric 6, and such that

then u is a global weak solution to (4.1).

PROOF. The proof is similar to the last part of the proof of Theorem 3.1 in
[4]. Let Q cc R+ x M be any fixed domain. Given R &#x3E; 0, let (Pj = 
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be a covering of En Q by parabolic cylinders PR~ (z j ) with z j E R and

such that r 2Hm(L n Q; 6), where Hm(A; 6) denotes the m-dimensional
jEJ

Hausdorff measure of A with respect to metric 6. Now we choose a cut-off
function 0 E Cr(R+ x M, [0, 1]) with support in P2 (o) and such that 0 = 1 on
Pi(0), and we set 

-~ I

Let Q be any testing function satisfying the conditions in (4.5) and with support
in Q. From (4.21) and (4.22) we have

As in [4] it can be proved that the third integral in (4.23) goes to zero as R --~ 0.
Noticing that inf(1 - 8 j ) -~ 1 a.e. on Q, we obtain (4.5), and Proposition 4.5 is

jEJ
proved. D

Now we can prove our main Theorem.

THEOREM 4.6. Let uo : M ~ C be a map of class Rk) for every
p E [1, +oo). Then there exists a global weak solution u : M - C to the evolution
problem (4.1)-(4.2) with E(u(t, .»  E(uo) and u, 8tu x M)BY-)
for any p E [l, oo), where the singular set Y- is closed and it has locally finite
m-dimensional Hausdorff measure with respect to the parabolic metric 8.

Moreover, as t --~ oo suitably, a sequence u(t, ~) converges weakly in

H1 (M, Rk) to a harmonic map M --~ C with energy E(uo).
The map is of class for any p E [ 1, oo), where has finite
(m - 2)-dimensional Hausdorff measure.

PROOF. As in [21], Theorem 6.1, we define

where the set TR(zo) and the maps Gzo and Q are defined in the Appendix B,
and Eo is a small positive number which will be determined in Lemma B.I.
The proof that X is closed and it has locally finite m-dimensional measure
can be obtained as in [21], proof of Theorem 6.1. One needs only to replace
the energy e(uk) in [21] by the penalized energy and the monotonicity
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formula proved in [21] for the case M = Rm, by the estimates given by Lemma
B, I .

For every point Zo fj. L there exists a radius Ro  min{ E0, to/2} such that
for a subsequence ul it results

By Lemma B.3 we have that there exists an open neighborhood Q of zo such
that the sequence is bounded in Lloc(Q). Hence, also kd(u k, C) is bounded
in LIOC(Q) by Lemma B.2, and thus we can apply Proposition 4.4 to get that
(4.12) and (4.13) hold in Q. Since zo is an arbitrary point in R+ x MBI, this
shows that the assumptions of Proposition 4.5 are satisfied, and hence u is a
global weak solution to (4.1)-(4.2) in the sense of Definition 4.1. In addition,
we can use Lemma B.3 to prove that

and hence by (4.21), Remark 4.2 and the parabolic regularity theory we get
atu, u, ~ZU C x 

This concludes the proof of the first part of the Theorem. The second part
can be obtained as in [4], proof of Theorem 1.5. We omit the details of the

proof. 0

REMARK 4.7. It would be of interest to investigate whether 

regularity can be achieved. For scalar variational inequalities such a result
is due to Frehse (Boll. Unione Mat. Ital. 6 (1972), 312-315).

APPENDIX A

In this section we prove some results about tangential and normal
vectorfields. We start with some preliminary remarks on tangent and normal
cones to a manifold with boundary.

LEMMA A,I. Let u be a point in C and T E R k. Then the following
statements are equivalent:

(iii) For every sequence En --~ 0+, there exists a sequence Tn - T such that

E C;
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(iv) For every sequence En - 0+ we have

-1.

(v) There exist sequences vn E C with vn --&#x3E; u, and En --+ 0+ such that

PROOF. If C is replaced by S (and u E 8B88), or by 9C (and u E aC),
the equivalence among (i) to (v) is obvious. For the same reason, the conclusion
of Lemma A. I is easily proved in case u E CB9C. Let us consider now the
general case u E C. The equivalence between (ii) and (iii), and the implication
(iv) ==* (v) are trivial. Now we prove that (i) - (iii). Assume that T fl 0. From

we get that for every sequence En 2013~ 0+ there exists a sequence
Tn -~ T such that vn := U+EnTn E S. If for a subsequence we have that vn E SBC
(otherwise, (iii) is proved), then we first get that u E 8C. Since w(u) is the

inner unit normal vector to 8C at u relative to S, and since vn = E SB 0,
we have that 

,

On the other hand, we know that that T . w(u) &#x3E; 0 since T E This shows

that T - w(u) = 0 which, together with T E implies that T e It follows

that there exists a sequence Tn such that Tg 2013&#x3E; and u + (=- aC C C, and
(iii) is proved.

To prove that (iii) ~ (iv), fix a sequence - 0+ and set 

+ EnT) - u). By (iii) there exists a sequence Tn 2013T with u + EnTn E C.,E,

Thus,

’1

where L is the Lipschitz constant of This shows that un - T and proves
the implication.

For the implication (v) ~ (i), fix two sequences vn E C, vn - u and
E -&#x3E; 0+, such that Tn : := ( 2013 u) &#x3E; T. This implies that T E TUS, since,E,
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and hence

It remains only to prove that w(u) - T &#x3E; 0 if u E aC. Since vn 2013~ E aC and
vn E C, we have

and the Lemma is proved. 0

LEMMA A.2. For every u in a suitably small neighborhood of C we have

PROOF. Fix any point u such that llcu is defined. For any fixed vec-
tor T E by (iii) of Lemma A,I we can find a sequence T with

IICu + e C. Since

we have klanl2 &#x3E; 2(u - TIcu) . Q n . Passing to the limit we finally get that
(u - T  0, and since T is an arbitrary tangent vector to C at flcu, the
Lemma is proved. D

LEMMA A.3. Let u E C) be a given map. Then for every sequence
Vn E H 1 (M, C) with vn fl u and Vn --; u in there exist a subsequence of Vn
(also denoted by vn) and a TVF T to C along u such that

PROOF. Setting

we have vn - u a.e. on M, Tn -~ T a.e. on M, and Tn 2013~ T weakly in H1 (M, Rk),
for a map T E (up to subsequences). SettingE,, = En -~ 0+,
the equivalence between (v) and (i) in Lemma A.1 leads to T(x) E a.e.

x E M, i.e. T is a tangential vectorfield along u. D

LEMMA A.4. Let u E and T E n LOO be a non-zero

tangential vectorfield to C along u. Let En ---&#x3E; 0+ be a given sequence. Then for
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n large, rIC (U + En T) E H1 (M, C) and rIC (U + u. In addition,

PROOF. Noticing that

from assumptions (2.4) and (2.5) we have that IIC(u + EnT) is well defined and
belongs to H 1 (M, C) for n large enough. The fact that easily
follows from (iv) of Lemma A. I and from the assumption T fl 0. The statement
(ii) trivially follows from (i). To prove (i) we define

,,, 4

Using the implication (i) &#x3E; (iv) in Lemma A.l, the Lipschitz continuity of
TIc and Lebesgue’s Theorem we get that vn -i T in L2(M, Rk). In order to
complete the proof of (ii) we extend rlac to a C I map fiac on R k with
bounded derivatives, and we set

Notice that TIc(u + enT) = lÎac(u + EnT) = TIac(u + EnT) a.e. on MBAn. Since TIs
is smooth, in local coordinates on M we have

Since we have supposed that T E Rk ), using Lebesgue’s Theorem and
the assumption (2.4) on S’ we get that for every coordinate a = 1, ... , m,

Here we have used
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which can be obtained by differentiating the identity dlZs(u)T = T. Similarly, we
have 

-:B , . ~-

and

By the definition of set An and by Lemma A.4 in [13] we get

and hence

Since the right side of (A.4) converges in Rk ), in order to get vn --~ T in
H 1 it suffices to prove that

Notice that for M there exists a subsequence vnk(x) such that for
all nk, either x E Ank and hence (9 Vn, (x) = or x E andYX. 09x"
hence = 9x,,, z,,,(x) by (A.3). In the first case, from (A.1 ) we get

If we are in the second case, from E OC we first get that
E aC. Moreover, from implication (i) ~ (iv) in Lemma A.1 we deduce

that

that is E Tu(x)8C. Then from (A.2) and (A.3) we get again
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Finally, since the limit of does not depend on the subsequence
vnk and the point x is arbitrarily, we conclude (A.5) from (A.6) and (A.7). The
proof of Lemma A.4 is complete. D

The next proposition gives a variational characterization of H-1 normal
vectorfields. We recall that for u E H1(M, C) the subdifferential of the indicatrix
function Ic at u is defined by

PROPOSITION A.5. Let u E H 1 (M, C) be a given map. Then

PROOF. For any a E we can find a sequence vn E H 1 (M, C)
such that vn Q u for every n, vn - u in and

By Lemma A.3 there exists a subsequence of vn and a TVF TQ to C such that

This shows that there exists a tangential vectorfield T~. E H1(M, Rk) with

lj = (u, r). In particular, if u is a NVF to C along u we immediately get
1,  0, i.e. u E a-IC(u).

Conversely, if T is any non-zero TVF to C along u with T E L°° n
then by Lemma A.4 (ii), there exists a sequence vn in H 1 (M, C)

such that

It follows that for a fixed a E (9-IC(u) we have

and hence (u, 7-)  0. Now, if T is any Hl-tangential vectorfield, we can define
a sequence of tangential vectorfields TR E as in (3.6), with
TR -~ T in H1 as R -&#x3E; oo. Since (u, TR)  0 for every R &#x3E; 0, we get in the
limit that (u, T)  0. Since T is an arbitrary TVF to C along u, we have proved
that a is a NVF to C along u, and Proposition A.5 is completely proved. p
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APPENDIX B

In this section we shall give some Lemmas for the solution uk to the

approximating equation (4.8).
We fix a positive constant p smaller than the injectivity radius of M.

For any point p E M, the geodesic ball Bp(p) is defined and diffeomorphic
to Euclidean ball Bp(O) c Rm via the exponential map. In normal coordinates

on Bp(p), the metric g on M is represented by a matrix (gi, j ) 1 i, j m with
g(O) = id. We may restrict uk to any such coordinate neighborhood, and regard
uk as a map on R+ x satisfying (4.8).

We fix a cut-off function Q E Co (Bp(o)) with 0  Q  1 and such that = 1
in a neighborhood of 0. Given any to &#x3E; 0, for every radius R  min{p, to/2},
we define the functions ~(R) _ ~t~ (R) and T(R) = by

where zo = (to, 0) and

We have the following monotonicity inequalities, which can be proved as in
[4], proof of Lemma 4.2.

LEMMA B.1. There exists a constant c &#x3E; 0 depending only on M and C,
such that for 0  R1  R2  min~ p, 0õ/2}, it results

~(R1 )  exp(c(R2 - Ri))C(R2) + cE(uo)(R2 - 

~(R1 )  exp(c(R2 - + cE(uo)(R2 - 

Similarly to the case aC = 0 we have the following result.

LEMMA B.2. Let uk : R+ x be a solution to (4.8), satisfying (4.9).
Then 8tek(uk), OMek(uk) E L2 (R+ x and for sufficiently large k we have
that 

- ’"’

almost everywhere on R+ x Bp(0), where the constant c &#x3E; 0 depends only on
M and C.
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PROOF. For simplicity of notation, we write u instead of uk and we set
Q = R+ x Bp(O). From the equation (4.8) we infer that

in the distributional sense, where

Since Ilc : C is globally Lipschitz continuous, from (4.9) it easily
follows that E LP(Q) for every p E [1, oo). Hence, by local estimates for linear
parabolic equations we get that VU E Lfoc(Q) for every p E [1,00),
and hence the first part of the Lemma follows immediately.

To conclude the proof, we first compare (4.6) with the equation (4.8) in
order to get that the following equalities hold a.e. on Q:

and

where the error term Rk is easily estimated by

for some constant c which depends only on M and C. Notice that for

d(u, C)  26, 
-7

and hence, for sufficiently large k, it results that

a.e. on Q, where
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Setting

by well-known theorems in Sobolev spaces (see for example [13], Lemma A.4),
we easily get that

Using this remark we see that almost everywhere on A we have

where c &#x3E; 0 is a positive constant depending only on M and S.
By the same way we have I  d(u, C)2 + a.e. on QBA, and

hence we can conclude

where c &#x3E; 0 is a positive constant depending only on M and C. Inserting (B.3)
and (B.3) into (B.2), we immediately conclude the proof of Lemma B.2. p

With minor modifications with respect to [4], and using Lemma B.2, we
get the following result, which is a fundamental step in the proof of the main
Theorem. We omit the details of the proof.

’ 

LEMMA B.3. There exists a constant 0  co  p, depending only on M
and C, such that if for some 0  R  min(Eo, to/2),

is satisfied, then

with constants c &#x3E; 0 depending only on M and C, and 6 &#x3E; 0 possibly depending
in addition on E(uo) and R.
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