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Limit Theorems for a Variational Problem

Arising in Computer Vision1

THOMAS J. RICHARDSON

PART I

Introduction

1. - Background

In this paper we present a result for a "free-discontinuity" [8] problem
which has applications in computer vision. It is in the context of this application
that the result finds relevance. We are interested in minimizers of the functional

where Q c c (A c c B means the closure of A is a compact subset of B),
r c Sz is relatively closed, g E L’(K2), f E W1,2(o.), and a and $ are constants.
(For convenience, whenever we do not explicitly state with respect to which
measure we are integrating, Lebesgue measure is to be understood). When the
function g is interpreted as the intensity of an observed image, the function f is
thought to represent a piecewise smooth approximation to g while r represents
the set of edges in the image. This approach to the segmentation problem of
computer vision is known as the Variational Formulation and was introduced

by Mumford and Shah, [15, 16].
A related functional of interest arises by allowing ,~ and a to tend to

zero while keeping their ratio fixed. In this limit the minimizers of E approach
locally constant functions on o.Br. Mumford and Shah were thus lead to also
introduce the following functional

1 This work was done while the author was at the Laboratory for Information and Decision
Systems, MIT, and was supported by the Army Research Office under contracts DAAG-29-84-
K-0005 and DAAL03-86-K-0171 (Center for Intelligent Control Systems) and by the Air Force
Office of Scientific Research under contract 89-0279B.

Pervenuto alla Redazione 1’ 11 Giugno 1990 e in forma definitiva il 22 Gennaio 1991.
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where r = S2B U Qt and the fi are constants. This functional, because of its
~ ~ 

i i

greater simplicity, lends itself to more thorough analysis. We will be considering
minimizers of this functional as well.

Mumford and Shah conjectured that there exist minimizers of E in which
r is composed of a finite number of C 1 curves. Such a result has in fact
been shown for Eo [16, 23, 14]. In [16] the Authors studied the first variation
of E positing the existence of such minimizers. The results of their analysis
show that (regular) r, which minimize E, can possess only very restricted
types of singularities. (Essentially the same results also apply to minimizers of
Eo). Within the context of computer vision, the constraints placed on possible
segmentations by these results must be considered a drawback of the variational
formulation. In particular, corners and T-junctions, long recognized as significant
features in images, tend to be distorted. The following are some of the constraints
on r’s, which minimize E and Eo, proved by Mumford and Shah in [16]. They
are illustrated in Figure 1.

Non-minimal geometries Corresponding minimal geometries

Figure 1 - Calculus of variations results
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(i) If r is composed of 01,1 1 arcs, then at most three arcs can meet at a single
point, and they do so at 120°.

(ii) If r is composed of 01,1 1 arcs, then they meet a S2 only at an angle of 90°.

(iii) If r is composed of arcs, then it never occurs that two arcs meet at
an angle other than 180°.

(iv) If x e r and, in a neighbourhood of x, r is the graph of a C2 function,
then (p(f _ g)2 + (O(f _ g)2 + + = 0, where the

superscripts + and - denote the upper and lower trace of the associated
function on r at x and curv(r) denotes the curvature of r at x.

These results help to characterize the structure of r which minimize E
(or Eo) but they do so only in a local fashion. That is, they only say something
about solutions on the level of microscopic detail. The results presented in

this paper show, at least in an asymptotic sense, that the solutions found by
minimizing E and Eo may be quite reasonable when viewed globally. The main
theorem states that, as {3 -t oo, the r which minimize E and Eo are "close to"
(in the sense of Hausdorff metric) what is "appropriate", where appropriate is
defined in terms of the discontinuity set of the image.

The energy functional associated with the variational formulation is ad hoc.
It seems necessary, for producing models for vision, to make ad hoc choices at
some level unless one is specifically interested in reproducing human vision, in
which case one can appeal to empirical evidence. The difficulty with the results
stemming from the calculus of variations is that they do not support the use
of the variational approach as an image segmenting scheme with respect to the
goal of obtaining intuitively appealing segmentations. The imposed properties
of minimal edges are a consequence of the particular ad hoc structure of the
functional (e.g., the use of ’length’ as opposed to some other penalty term on the
edges) and do not reflect an intrinsic property of the problem at hand. How then
can one improve upon such ad hoc models? One approach is developed in [17].
Consider the set of all possible minimizers of the functional E, over all possible
values of the parameters. Each of these minimizers possess the properties which
the model imposes. However, if we take the closure of these functions in an

appropriate topology, we may widen the class of functions considerably. What
we show in Part II is that particularly meaningful members of such a closure
may be found by taking the parameters associated with the functional to certain
limits. In fact, one can produce essentially any piecewise smooth function in
this way and, hence, obtain a more general model for images and their edges.
An idea which follows naturally from this one is to develop an algorithm in
which the same limit is taken. Roughly speaking, this is what has been done
in [17]. A complete description of the algorithm is beyond the scope of this
paper; however, for the sake of completeness and to motivate the results of this
paper, the following provides a short synopsis.

We begin with a theorem which states that, as (3 tends to oo, the edges
found by minimizing E(o) will converge to the discontinuity set of the data

g, assuming it is piecewise smooth. A similar theorem holds for Eo when g is
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piecewise constant. (The proofs of these theorems are presented in this paper).
This implies, in particular, that one can recover T-junctions and corners, at least
asymptotically, by the variational method. We also characterize the degree of
corruption of the image which can be allowed before these results break down.
The limit theorems are not enough to fulfill the requirements of a practical
segmentation formulation because in effect they require the "scale" to tend to

1
the microscopic. For a fixed value of a, "scale" can be related to {3- 2. This
parameter is proportional to the range over which smoothing occurs. In general,
the errors one obtains in the localization of boundaries (such as the rounding of
corners) vary directly with the "scale" of the segmentation. Thus, the relative
errors do not improve as one tends towards the microscopic scale. The goal of
the algorithm, which is developed in [17], is to take the limit suggested by the
limit theorems, retaining "coarse scale" boundaries, letting them tend to limit
positions while preventing the segmenting of smaller scale features. We will
not concern ourselves here with how this is accomplished; the purpose of this
paper is to present the proof of the limit theorems.

2. - Mathematical preliminaries

This section provides an introduction to the relevant mathematical
framework. In the first section, definitions of the Hausdorff and Minkowski
measures and the Hausdorff metric are provided. In the next section, we define
and present some basic properties of the space BV and a subspace SBV, the
special functions of bounded variation, which was introduced by De Giorgi and
Ambrosio in [7]. The space SBV(Q) plays an important role in the study of the
fundamental mathematical questions associated with the variational formulation.
It is in the SBV setting that the most general existence results have been
achieved. Also, our asymptotic theorems for minimizers of E and Eo (see
Section II) are proved in the SBV setting.

2.1. Metrics and measures

In this section we introduce a variety of ideas useful in dealing with the
’edges’ of an image. The ’image’ will be a real valued function defined on
a bounded open rectangle Q c I1~2. However, for the definitions to follow, Q
represents an arbitrary bounded open subset of A set of edges generally
refers to a closed subset of Q. The following concepts can be applied to such
objects.

For A c R", the 6-neighbourhood of A will be denoted by [A], and is
defined by 

r 

I denotes the Euclidean norm. In the terminology of mathematical
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morphology [21], [A]e is the dilation of A with the open ball of radius ê. A
notion of distance between sets, which we will often use, is defined by the
following,

Known as the Hausdorff metric, dH(’, ), is in fact a metric on the space of
all non-empty compact subsets of 

Rigorous results establishing the existence of regular (i.e., piecewise Cl)
r as minimizers of E do not yet exist; a more general measure than ’length’
is therefore required. A variety of measures for subsets of have been

investigated (see [11] for many examples). Perhaps the most widely used and
studied are the Hausdorff measures [10, 11, 18].

For a non-empty subset A of R", the diameter of A is defined by
diam(A) = Let ’

where r( ~ ) is the usual Gamma function. For integer values of s, W, is the
volume of the unit ball in For s &#x3E; 0 and 6 &#x3E; 0 define

The Hausdorff s-dimensional measure of A is then given by

Note that the factor in the definition of )~8(-) is included for proper
normalization. For integer values of s, Hausdorff measure gives the desired
value on sets where the usual notions of length, area, and volume apply.

Many properties of Hausdorff measure can be found in [10, 11, 18]. For
the results of this paper we will require only ).11 I and )~0.

Another measure we will be needing is Minkowski content [11]. We will
use I - I to denote Lebesgue measure in For any A c R~, 0  s  n, and
E &#x3E; 0, define,

As in the definition of Hausdorff measure, the term Wn-s is included for proper
normalization. In general, may not exist (for an example see [11],

e-o

Section 3.2.40). However, lower and upper Minkowski contents can be defined
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by

and

respectively. If these two values agree, then one refers to the common value as
the s-dimensional Minkowski content of A, and it is denoted simply as 

The following theorem relates Minkowski content to Hausdorff measure.
A subset r of R~ is called m-rectifiable if there exists a Lipschitzian function
mapping a bounded subset of R~ onto r.

THEOREM 1 [11, Theorem 3.2.39]. If r is a closed m-rectifiable subset of
R7 then 

2.2. Essential boundaries

The problem of defining the perimeter of a set proved difficult from the
point of view of the calculus of variations. The topological boundary does
not in general possess sufficient mathematical properties to fulfill the usual

requirements of the calculus. Federer [11] introduced a notion based on the idea
of density. The essential boundary of a set is those points where the set has

density other than zero or one. To be more precise, for a borel set A c Q we
define,

where Wn is, as before, the volume of the unit ball in At is the set where
A has density t. The essential boundary a*A is given by

The essential boundary possesses the following property,

also, the is countably rectifiable in the sense of Federer ([11], Chapter 3),
i.e.,

where the rn are C’ hypersurfaces and 
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A result which characterizes the essential boundary very nicely is the

following. For bounded measurable sets A, if ~~(9*A)  oo then

A measurable set A c R~ satisfying n a * A)  oo for all compact
is referred to as a Caccioppoli set.

This concept of boundary will be helpful in the formulation of the

piecewise constant version of the limit theorem proved in Section 4. Also,
it was used by Mumford and Shah in their proof of the existence of minimizers
for Eo.

2.3. SBV functions

Let J be an open interval in R, then u : J -&#x3E; R is a function of bounded
variation in J if

Vj(u) is called the total variation of u in J. The space BV(J) is the space of
Borel functions u : J - R such that

ess-Vj(u) = = u almost everywhere}  +oo.

In higher dimensions this definition can be generalized by slicing arguments [2].
The space BV(Q) can be characterized in other ways. In particular the functions
in BV(Q) are those functions u E L1(o.) such that Du, the distributional deriva-
tive of u, is representable as a bounded Radon measure on Q with values
in V [11, 12].

For each x E Q, u E BV(Q), one can define the approximate upper (and
lower) limit of u at x. The upper limit is the greatest lower bound on all
t E [-oo, oo] such that {x u(x) &#x3E; tl has 0 density at x, i.e.,

Similarly, the approximate lower limit is

Points where u+ = u- are points of approximate continuity for x. The remainder,
the jump set of u, those x for which u- (x)  u+(x), is denoted Su. If u E £00(0.)
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then the points of approximate continuity are precisely the Lebesgue points of
u, i.e., 

, -

By the Lebesgue derivation theorem we conclude IS. = 0.
It turns out that for ).In-I-almost all x E Su one can define an approximate

tangent to Su while u+ and u- provide one sided limits [12]. Given v, a unit
vector in R7, z c R, we say that z = u+(x, v) if

for every 6 &#x3E; 0. Similarly, one defines u-(x, v) = u+(x, -v). For 
all x c Su there is a unique v such that u-(x) = u-(x, v) and u+(x) = u+(x, v).
The vector v represents a normal to Su.

For any function u E the measure Du can be decomposed as

The first term, Vu dx, represents the part of Du which is absolutely continuous
with respect to Lebesgue measure (which we denote by dx), and Vu E L (Q, R)
is thus the corresponding Radon-Nikodym derivative. Ju + Cu represents the
part of Du which is singular with respect to Lebesgue measure. The measure
Ju is defined on any Borel set B E 0. by

where vn(x) is the approximate normal to Su at x E Su. The measure Cu(B)
is a bounded Radon measure on Q with values in I1~2. It is a fact that, if

+oo, then Cu(B) = 0 [2, 7]. It is clear that Ju captures the jump of
discontinuity set of u, and Vu dx captures the smooth part. Thus, a reasonable
formulation of the variational problem in this setting is: find minimizers of

for u E BV(Q) (where Q is n dimensional). The difficulty which arises is that
the functional E gives no control over Cu. In fact the Cantor-Vitelli function
in one dimension satisfies Du = Cu [3]. A consequence of this is that E is not
coercive in BV(Q), i.e., E bounded sets are not compact.

We say u E SBV(K2) if u E BV(Q) and Cu = 0. ,SBV~ possesses some very
useful properties. For example, as with BV(Q), membership in SBV can be
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determined by examining one-dimensional sections, and ,SBV is closed under
Ll limits of BV-norm bounded sequences. Furthermore, the functional E is
lower-semicontinuous in SBV with respect to the Ll topology. This issue will
be discussed further in Section 2.5. The remainder of this section is devoted to

stating some results on SBV functions which we will later require. Although
all of the results hold in in general, we will require them only in I1~2. Since
resticting to llg2 simplifies the statements of the results, we will confine ourselves
to this case. In particular, we assume henceforth that Q cc 

Let B cc 0. be an open set with Lipschitz boundary such that Su n 8B
has only a finite number of points. From the trace theorems for BV functions
(see [12] Theorem 2.10) it follows that, for u E 

for every bounded Borel vector field 0 E where v is the outward
normal to B. Thus, if it is also true that u E SBV(Q) then

By some rather deep results due to De Giorgi-Carriero-Leaci [9], it is possible to
characterize the condition x E Su by examining the decay of certain functionals
evaluated in balls centered at x.

THEOREM 2 [9, Theorem 3.6]. Let x c 0 and u E SBV(Q). If,

then x V Su.

The proof of this theorem is based on a generalization to SBV of the
Poincare-Wirtinger inequality.

To state the next result we need to introduce some more notation. Let
u E SBV(Q). For every compact set K C Sz we set,

and

Obviously (D  F, and we define the deviation from minimality as
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THEOREM 3 [9, Theorem 4.13]. There exist universal constants ç, I &#x3E; 0

such that, if u E SBV(Q), Bp(x) C C S2 for some p &#x3E; 0, and each of the
following three conditions holds,

then Bp(x)) = 0, (and hence x V Su).
P

PROOF. See [9] or [3]. El

The proof of this theorem is based on another theorem which we quote
below. To state this theorem it is convenient to reintroduce cx into the notation.
Thus temporarily we set,

and

THEOREM 4. For any 6 E (0, 1 ) there exist two universal constants ~ and
0 such that, if p &#x3E; 0, Bp(x) E 0. and u E SBV(Q) with

then

The theorem is proved by contradiction. Assuming the theorem is false,
it is possible to find 6 E (o,1 ), an a &#x3E; 0, and sequences xn, un such
that 6U 0, BPn (Xn) C Q,

and
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By rescaling and translating, one obtains a sequence vn of functions in S’BY(Bl)
such that F vn, a , Bl - l, ~’ vn, ~~i) ~ and

Since - T oo and the deviation from minimality in Bl tends to 0, in the limit
in

the functions vn should behave like harmonic functions. But if v is an harmonic

function, then

and in this way a contradiction is found.

2.4. Partitions in Caccioppoli sets

It will be convenient when treating the piecewise constant version of the
problem to be able to translate back and forth between an SBV formulation
and one based on partitions. In this section we state the facts which will be of
use in this respect.

A sequence fl~.1 is a Borel partition of S2 if each Rï is a Borel set,
R, n Rj = 0 whenever and U R, = U. We will call a Borel partition a

i i00

Caccioppoli partition if ~ ,~ 1 (S~ n 8* R¡)  oo.

i=i

LEMMA 5. Let Caccioppoli partition of 0., and let ai be a
bounded sequence of real numbers such that ai f aj for i f j. Then,

and

PROOF. See [5, Lemma 1.10]. D

LEMMA 6. Let u E be such that Vu -= 0 and  oo. Then
there exists a Caccioppoli partition and a sequence fail satisfying ai f= aj
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for i f= j such that

PROOF. See [5, Lemma 1.11 ] . D

2.5. Existence results

The following theorem established the existence of "regular" minimizers
for Eo.

THEOREM 7 [14]. Let Q be an open rectangle and let g E L°° (S2). For all

one-dimensional sets r that r U aS2 is made up of a finite number of
meeting each other at their end-points, and for all locally constant

functions f on there exist an f and a r which minimize Eo.

Mumford and Shah [16] proved a similar theorem with the restriction that
g be continuous on Q. In this case they showed that r is composed of a finite
number of C2 curves. The theorem quoted above was proved by Morel and
Solimini in [14] using direct, constructive methods. Finally, another proof, using
r restricted to be unions of line segments and then taking limits as the segment
lengths tend to zero, was achieved by Wang [23]. In the n dimensional case,
existence results were obtained by Congedo and Tamanini [5] with r lying in
the class of relatively closed sets.

Equivalent results for minimizers of E in the two dimensional case have
not been achieved. However, for a "weak" version of the problem, to be detailed
later, an existence result has been attained. This result was achieved by proving
a regularity result on minimizers of a yet weaker version of the problem posed
in the SBV setting. Formulating the problem in SBV, the functional appears
as below 

, ,

where f E SBV(Q), dx is the part of D f which is absolutely continuous
with respect to Lebesgue measure, and S f is the jump set of f. Ambrosio
[2] proved a compactness theorem and a lower-semicontinuity theorem for the
space which allows the assertion of existence of minimizers to ESBv.
These theorems are required for the proofs of our asymptotic results in Part II.

THEOREM 8 [2] [3, Theorem 3 .1 ] . C 

sequence satisfying
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Then, there exists a subsequence Unk converging in Ll loc (Q) to u E SBV(Q).
Moreover

We mention in passing that, if it can be shown that in Ll loc (Q) by
other means, then the weak convergence results apply to the original sequence.

To complete the proof of existence of SBV(Q) minimizers of ESBV, the
following has been proved.

THEOREM 9 [2] [3, Theorem 4.2]. If un - u in 
C  oo, then

The "weak" formulation of the functional E takes the form

where r is a relatively closed subset of Q and f E Wl,2(o.). To make the
connection between this formulation and the SBY formulation, the first step is
to note that the SBV formulation is more general. The following proposition
makes this assertion.

PROPOSITION 10 [3, Proposition 3.3]. Let r closed set such that
 oo, and let u e Then, u E SBV(Q) and Su c r U N

with ~l 1 (N) = 0.

A consequence of this proposition is that the minimum achieved under the
SBY formulation is less than or equal to the infimum of the "weak" formulation.
However, an equivalence between this formulation and the weak formulation
was achieved through a regularity theorem for S’BY minimizers in [9].

THEOREM 11 [9]. Let u E SBV(K2) be a minimizer of ESBV. Then,

The most difficult and interesting part of this theorem is the last statement.
The proof uses the two theorems quoted in Section 2.3. The most important
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result needed for the proof (beyond what has already been mentioned in Section
2.3) is that, if f minimizes EsBv, then the set

is open. This is established by showing that if x E Qo then the conditions of
Theorem 3 are satisfied at x and also in some neighbourhood of x. But all

points where these conditions are satisfied are in Qo by Theorem 3; thus, Qo
is open. To see why (iv) follows, let r = S2BSZo:

where

r8 has zero Lebesgue measure since

A general result for Hausdorff measures [9] implies

for all 6 &#x3E; 0 and Borel sets B. Thus, by setting B = we obtain

and, since 6 is arbitrary, ~! 1 (rB S~) = 0. Finally, since r is relatively closed in
Q, we get S2 n c rB Su and (iv) is proved.

The following is thus established,

THEOREM 12. Let 0. be an open rectangle and let g E Loo(o.). For all
relatively closed sets F c Q and for all functions f E there exists an

f and a r which minimize E.

An independent proof of the existence theorem for the R2 case, due to
Dal Maso-Morel-Solimini, was given in [6]. In the same reference the authors
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also showed that minimizers of E possess a regularity property which they called
the concentration property. For details we refer to [6]. Their results strengthen
the existence theorem to allow r to be a closed subset of Q, rather than Q,
when Q is a rectangle. An important implication for the work presented in this
paper is that n 8Q) = 0 (in the two dimensional case). Thus we have
LEMMA 13. In the V case, statement (iv) of Theorem 11 can be strengthened
to

PROOF. See [6]. D

PART II

Asymptotic results

In this section we state and prove asymptotic theorems for minimizers
of Eo and E, respectively. Since the results strongly depend on those found
for minimizers of ESBV, it is convenient to state and prove the results in that
framework. Under some mild regularity assumptions on g, it is shown that as ,~
tends to infinity, S f(~3), the jump set of a minimizer of EsBv, will converge to
Sg in the Hausdorff metric. (Of course the same also holds for the r(/3) which
minimize E). Furthermore, we show that the result still holds if the image g is
corrupted, by smearing and additive noise say, provided the corruption decays
sufficiently quickly as ~3 tends to infinity.

3. - Minimizers of E

3.1. Problem f’ormulation

In general, by a minimizer of E we mean a minimizer such as described
in Theorem 12; in particular, f E and r is a relatively closed subset
of Q. It will be convenient also to refer back to the formulation in the SBV
setting. Thus, we will also consider that f E SBV(Q) and r = S f n S2. Without
loss of generality, we will set the parameter a = 1 and subsequently drop it
from our notation.

3.1.1. Assumptions on the domain ,

We will be assuming that our domain Q is a rectangle. We do this primarily
to allow a reflection argument, based on Lemma 13, which assures that the

boundary of the domain does not cause the introduction of spurious boundaries
(see Theorem 26).



16

3.1.2. Assumptions on the image

We will need some mild assumptions on the regularity of the image in
order to achieve the desired result. We summarize them below.

ASSUMPTION 1. g~ E  oo and Sgu
Q

has no isolated points, i.e., if x c- Sgu then Vp &#x3E; 0, n Bp(x)) &#x3E; 0.

ASSUMPTION 2. If A c Q is an open set satisfying dist(A, Sgu ) &#x3E; 0 then

there exists an L  oo such that, if x and y are the end points of a line segment
lying in A, then We refer to L as the Lipschitz
constant associated with A.

Essentially we have assumed that gu E for any ê &#x3E; 0.

3.1.3. The noise model

For each ~3 E R, we define a class of functions, parametrized by ~3, which
represents the set of images which might actually be observed. We will denote
this class of functions by Y({3), and we assume Y($) c The following
are the properties we require of Y(,3):

and

For vision applications, a more natural model for the corruption might
be based on smearing and additive noise. We show how we can cast our

assumptions in a form that makes this explicit, provided we assume that the
Lipschitz constants referred to above are uniformly bounded on 0.B Sgu and that
the Minkowski content of Sgu is finite. Let Sr be the class of maps taking Loo(o.)
to having the property that the value of the image function at a point
x E 0. lies within the range of essential values that the argument function takes
in a ball of radius r around x. This models, in a quite general way, smearing
of the image and, hence, distortion of the boundaries. More formally, (D E Sr
iff C has the property

An example of such a C would be a smoothing operator defined using a mollifier
with support lying inside the ball of radius r, but nonlinear perturbations are
also allowed. Suppose there is a constant cb &#x3E; 0 such that cbr &#x3E; for all
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r &#x3E; 0 and that the uniform Lipschitz constant for gu on 0.B Sgu is L. Suppose
further that g has a representation of the form

for some O e Sr and w E L 00 1 a real scalar. Let

hr : (0, oo) ~ [0, oo) and hv : (0, oo) - [0, oo) be any functions satisfying

Define Y(/3) to be those functions g which can be written in the form (10),
with #  hv(03B2), for some 4$ E with r  h,(,3). With this definition of Y(,Q),
equations (8) and (9) are satisfied since

We can now state the limit theorem to be proved.

THEOREM 14. Under our stated assumptions, as {3 -t oo, { S f (~3) } converges
to Sgu with respect to the Hausdorff metric, and

We mean by this that, for any - &#x3E; 0, there exists ,~’  oo such that, if ,~ &#x3E; ,~’
and f is a minimizer of E for some g c Y(,3), then dH(Sf, Sgu )  c and

I  -. Furthermore, lim sup 3 (f _ gu)2 = 0.
(3~00 7

Since we will need to vary g and ,~, we will use E( f , ,Q, g) to denote a
particular evaluation of E and E(,Q, g) to fix ,Q and g when f is considered a
free variable. Before presenting the technical arguments, we provide a sketch
of the main ideas.

The first few results establish convergence of minimizers of E to gu in
various senses somewhat weaker than that stated by the theorem. In particular,
Lemmas 15, 16 and 17 establish that, if fn, ,~n, gn are sequences such that (3n -t
oo, gn E and fn minimizes E(,~n, gn), then fn converges to gu in 
J fn - Jgu weakly as radon measures, and V fn - weakly in Ll(o.; R2)
and strongly in It is also shown that and that for

any set A c Q which is positively separated from Sgu, lim f1 A) = 0.U 
-+Oo 

’n

These results alone are enough to ensure that, for ,Q large enough, Sgu C 
but we defer the statement of this fact until the end of the proof. The opposite
containment, namely [S fn]ê C Sg., does not follow directly, and it is the proving
of this statement which constitutes most of the difficulty of the proof.
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Theorem 3 provides conditions under which one can assert, for a given
x E Q and f E SBV(Q), that z g Sf. Our goal is to show that for ,~ sufficiently
large these conditions can be satisfied for each x E To accomplish this
we must, for each such x, find a p such that the following are all satisfied

where F and T are defined as in Section 2.3. Let vt E be such that it

is equal to f outside of Bt(x) and minimizes where

Bt(x)
0  t  p(x). Since f minimizes E, we know that

thus, if a bound of the form Ilvt - f ~ ~ ~  h is established, then one can obtain
a bound on Bt(x)) of the form Since t is bounded above by p, if

we can -choose p as a function of ~ and show that hp decays faster than 1,
then the condition (13) can be met. The conditions (11) and (12) then follow
easily.

The remainder of this sketch is devoted to describing how we can achieve
the desired estimates on Ilvt - The function vt can be bounded by its

boundary conditions, i.e., by a bound on f restricted to aBt(x). Thus, our goal
is now to achieve estimates on f restricted to Bp(x). To get strong bounds on
the range of f on 9Bp(x) it is extremely helpful to have S f n 8Bp = ~. We
accomplish this essentially through Lemma 23. 

_

In Lemma 23 we consider small balls of radius p around a point x E 
We let p be a function of /3 of the form p = {3-¡ for some positive constant

1. We use the notation J(u, (3, p, x) = ,~ ~ u2 + F(u, BP(x)) and establish the
(x)

result

where gs is a smoothed version of gu. There are two key observations we wish
to make concerning the proof of this lemma. The first is that the proof involves
redefining f in a ball Bp(x), where p ~ {3-¡, and then using the fact that f itself
minimizes E to obtain estimates. In order to redefine f in a useful way, we use
two ideas. At points disjoint from S f, f satisfies Af = ,~( f - g). Very roughly
speaking, solutions to equations of this form look like smoothed versions of g
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1
where the smoothing is done over a ball of radius {3- 2. The assumptions ensure
that g tracks g. reasonably closely, so a reasonable candidate for f might be a
smoothed version of gu found by convolving gu with a mollifier with support in

1
a ball of radius 8 . This is precisely how we define the function which will
be denoted by gs . The redefined f is formed by continuously transforming f
into gs inside the ball BP. To obtain estimates on the energy associated with the
new f, we need to estimate f on Comparing the cost of the original
f with the redefined f inside the ball Bp requires a bound on the ratio of the
contribution to E occurring from the the interior of the ball to the density of
that occurring from the boundary of the ball. Proposition 20 provides us with a
means of choosing the radius of the ball to guarantee that this ratio is somewhat
controlled.

The second key idea in the proof of Lemma 23 involves estimating Vw,
where w = f - This is achieved partly through noting Vw dx = Dw - Jw.
Bounds on Dw are relatively easy to obtain using integration by parts. Thus,
having bounds on Jw can yield bounds on Vw. Lemma 19 states that, for any
compact K c Q disjoint from U 8Q, if gn, f n, 3,, are sequences such that

+00, gn E Y(,~n), and fn minimizes E(~3n, gn), then

This result yields the required estimates.
The final stage of the proof is essentially carried out in Lemma 25, i.e.

in this lemma desired bounds on vt are established. The remaining results tie

up some loose ends, such as extending the results by a reflection argument to
include points x which may lie arbitrarily close to 8Q.

3.2. Preliminary results

The first few results in this section are largely consequences of the

compactness and lower-semicontinuity theorems for functions, due to
Ambrosio [2, 3], which were quoted in Section 2.5.

Let E*(0, g) denote the minimal value of E(~3, g). By simply substituting
gu for f, we get the following bound

LEMMA 15. If fn, ,~n, gn are sequences such that (3n T +oo, gn E Y(,3n),
and fn minimizes E(,3n, gn), then
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PROOF. From the triangle inequality and equation (14), we obtain

Since (3n -t oo, it follows from equation (8) that fn converges to gu in 
Noting IQI  oo, we conclude fn converges to gu in L’(Q). The other statements
follow from Theorem 8. r-i

LEMMA 16. If fn, ,~n, gn are sequences such that (3n T +oo, gn E Y(,~n),
and fn minimizes E(,Qn, gn), then

PROOF. By (14) and equation (8), we have

Theorem 9 yields the inequality,

An examination of the proof reveals that each term is lower-semicontinuous

separately, i.e.,  and  y - 

rc-·+oo 
Q S2

(This can also easily be seen by rescaling In and gu and noting that (15) and
(16) still hold). From this the lemma follows. D

COROLLARY. If A c 0. is any borel set such that U 8Q) &#x3E; 0,
then

PROOF. For some c &#x3E; 0, A n 0. From Lemma 15 we conclude
In - g. in We can now apply essentially the same argument as
in Lemma 16 to conclude  n [Sgu]ê)’ but the result of’ 

n-,,o 
’n 

Lemma 16 states lim so it follow that lim m I (sfn n A) = 0.
n--&#x3E;oo n--&#x3E;oo 

D
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We append the additional notation e = f - gu.

LEMMA 17. If fn, ,Qn, gn are sequences such that ~3n T +oo, gn E 

and fn minimizes E(,3n, gn), then

PROOF. From Lemma 16 and inequality (14), we conclude

and, hence, lim p," f (f. _ = 0. Since
n--·oo jfK2

and lim ~ ~ (gn - gu)2 = 0, by equation (8), we obtain
n 00 f

S2

Now,

and since, by Lemma 16, we have lim - the desired result
n-oJ jfQ S2

follows if lim ’B!gu = It was assumed that  00, soj’ Q Q S2

if we define XN = { |~gu|2 N} then, by the monotone convergence theorem,

we have lim xN) = 0. Thus, for any e &#x3E; 0, we can choose N
N

S2
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sufficiently large so that :

2013~ weakly in L~(Q,R~), we have lim / V/~ ’ B7 guXN =f
S2

f Using the Schwartz inequality, we obtain
g

Again we use Lemma 16, which states that to obtain

Since - is arbitrary, the proof is complete. D

At several points in the sequel, it will be necessary to obtain a uniform
bound on the trace of an SBV function on some circle In all cases
the circle will be disjoint from the closure of the jump set of the function, and
the function under consideration will be at least Lipschitz continuous on C.
The following proposition is essentially a Sobolev inequality and will provide
us with such a bound. Its proof is elementary, and we include it for sake of

completeness.
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PROPOSITION 18. If u E 7rp &#x3E; 2,~3- 2 , and ,Q 1 
+

8Bp

f ù2 d)( 1  p, then
8Bp

PROOF. Let u = max lu(y)l. Since ,Q u2 dMl  p, it follows that
aB,

If lu(x)1 for all x e then we get 13 p. Assuming- 

2 . 
P  2 

_

203B2-1/2, we obtain (17). Now, if there is an x e aB such that u(x)  2013,
then it follows that 

and again (17) is fulfilled. D

The next lemma will give us some control over the measure J f . We
show that the jump height of f at points of S f positively separated from Sg.
(assuming they exist) must tend to zero as ,~ tends to infinity.

LEMMA 19. Let K c SZ be any compact set disjoint from U aSZ and

let fn, ,~n, gn be sequences such that (3n T +oo, gn E Y(,3,,), and fn minimizes
E(,~n, gn); it then follows that

PROOF. Let 6 U 80» and let L be the Lipschitz constant

associated with gu on Given e &#x3E; 0, let p = min 1 L-1 ~ b . Define
= where as before e = f - gu. Lemma 17 asserts

Bp(x) Bp(x) /
that lim = 0; thus, by the corollary to Lemma 16 we conclude 3N such

n---&#x3E;00
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that, if n &#x3E; N, the following are all satisfied,

Since fn = 0 (according to Theorem 11), we conclude

that for each x E K and n &#x3E; N there exists Pn(x) E P , p) such that

- 2- 4 
2

S fn f1 and f3n f en + I - p?7n. Now, since

_ 

8BPn(x)(x)

fn E and gu is a Lipschitz function on [K]8, we conclude en is a

Lipschitz function on 8Bpn(x)(x). We can now apply Proposition 18 (assuming
1

n is large enough so that &#x3E; 2,Qn 2 ) and inequality (19) to obtain

Let

From inequalities (20) and (21), we obtain

Suppose now that, for some y E we have fn(y) &#x3E; tn(x).
Define

It follows that IV Inl ( almost everywhere and  

However, since In e it is also true that (In - gn)2  ~ ( f n - gn)2
S2 SZ

which contradicts In being a minimizer of E. We conclude that fn(y)  tn for
all y e thus,
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Using a similar argument, it can be shown that

and from this we conclude

The lemma now follows from the arbitrariness of c. D

We now introduce some further notation. For Bp(x) E 0. and u E SBV(Q),
we define

and, wherever it exists,

The proposition to follow provides us with a means of determining a p for a

given x E Q at which the ratio can be bounded. This will beg 
pi, x)

important when we do surgery on minimizers of E.

PROPOSITION 20. Suppose we are given SBV(Bp2(X)). Let 0  p,  P2
and assume J (u, (3, pl, x) &#x3E; 0. Then there exists P E (PI, P2) such that

PROOF. Define

and

j(p) is a nondecreasing absolutely continuous function of p j(p) =J(p) is a nondecreasing absolutely continuous function of p and J(p) =8p
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J’(u,,3, p, x) for almost all P C (pi, ,p2). Thus for almost all P e (p1,p2) we

j(p) &#x3E; tJ(u, $, p, z). Later we will establish the relationhave 2013J(p) &#x3E; tJ(u,,3, p, x). Later we will establish the relation8p 

but first we show how this implies the desired result. For almost all p E (p, P2),
we have

by the definition of t. Thus we obtain J(/)2) ~ exp(p2 - pl)t. Note J(pl) =
J(u, (3, pl, x); then, by using equation (22), one obtains i(P2)  J(U,,3, P2, x).

. 

h 03B2 P x)The lemma now follows by choosing p such that J u x  2t.
(u,03B2,p1,x)

To prove inequality (22), we first note that 
P, x)

by the Tonelli-Fubini theorem. Thus, all we need establish is

To simplify the notation, we will assume x is the origin, and denote

#u n by r. For any 6;, 6 &#x3E; 0, we can find a collection of sets

{!7J such that r c diam(Ui)  6, and ~(s (r) + ~ &#x3E; ~ diam(Ui). Let xi,r
i t

be the indicator function of the condition ui n 0. It follows by definition
p

that n  r Now xi,r dr  diam(Ui) ; hence, ,

Pi

Since - is arbitrary, we have in fact
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Now, consider any sequence 8n 1 o. For each r, the sequence Nf (r n aBr) is
monotonically increasing to N°(r n aBr); thus, by the monotone convergence
theorem we have

which completes the proof. D

In order to get some bounds on the contribution to E occurring in certain
subsets of Q, we will redefine f in various balls in SZ. To facilitate this, we
will introduce some more notation.

Suppose u E SBV(Q) and Bp(x) c Q. We will introduce polar coordinates
r, 0 centered at x. For 0  p’  p, we define

Figure 2 illustrates this definition.

II. and the hall 13,,

u, and the balls Bp and Bp,

Figure 2 - Illustration of construction of ti from u
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LEMMA 21. Let Bp(x) C C 0. and let u E SBV(Q) satisfy u E 
Then, with u defined as above, we have

PROOF. The following inequality is easily derived

Note that VC = 0, so

Some straightforward algebra now verifies

Finally, because of the regularity assumption on u, it follows that, if ul is the
restriction of u_to aBp(x), then, as a member of S’BY(aBP(x)), the function ul
satisfies Su, c Thus, we obtain

Together, these inequalities constitute the proof of the lemma. D

We will construct smoothed versions of g~. Wherever z g we have

A/ = ,Q( f - g) ; thus, roughly speaking, f is a smoothed version of g where the
1

support of the smoothing occurs over a region of radius ij 2. We will compare
the optimal f to such a smoothed version of gu; however, it is more convenient
to use a mollifier to do the smoothing than to consider the solution to a p.d.e..

Let be a positive, symmetric function satisfying f q = I. If z e Q
Bi

and 0  0- 2  dist(x, 90), then we can define

By definition, 77 is uniformly continuous. We will denote the modulus of

continuity of q by rJ(y)1  cTJlx - y I for all x, y E R2.

LEMMA 22. Let gu E SBV(Q) satisfy our assumptions (Assumption 2
in particular) and K c 0. be a compact set such that K f1 0. Define
6 = 1dist(K, U 8Q) and denote by L the Lipschitz constant associated with
1 

"

[K]8. If ~3- 2  6, then the following estimates hold:
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PROOF. Let x then

proving the first statement.
Since g,, is Lipschitz in [K]s, V gu exists almost everywhere (in the strong

sense) on [K]8 and satisfies IV gul  L. Now

and the second statement follows.
Let e 1, e2 be the standard basis for II~2 . We have
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Thus we get

This completes the proof of the lemma. 0

3.3. Main results

We are now ready to establish the most important estimate in the proof.
One important consequence of the following lemma is that it shows that, if
there remain small pieces of the boundary S f disjoint from then they are
sparsely placed.

LEMMA 23. Let gu E SBV(Q) satisfy our assumptions and K c S2 be a

compact set such that K n S - 9~ ~b. Define 6 2 dist(K, U 9Q), denote by L

the Lipschitz constant associated with [K]8, and set c = 7r(8(l + L(I + 

Given 0   1, there exists a constant 3’  oo such that, if &#x3E; ’ and f
minimizes E(,Q, g) for some g E Y(,3), then

PROOF. Assume the lemma is false. There exist a K and -1 satisfying the
conditions of the lemma and a sequence of quadruples ~(gn, In’ (3n, x,,) I such
that (3n T +00, gn C Y(~3n), xn E K, fn minimizes E(,Qn, gn), and

for each n, where we have used the notation wn = f n - gs . Note that since ,Q
depends on n, so does gs.

1 i

Without loss of generality, we assume that 03B2n &#x3E; 1 and 2,Qn ’ +  6,
so, by Lemma 22, the following estimates hold
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Defining e = I - gu as before, and applying the estimate given above along
with the triangle inequality, we obtain

By Lemma 17 and the corollary to Lemma 16, we can assert that for n

sufficiently large ,

From this we can conclude, by Proposition 20, that for all such n there exists
pn c (,3n-", 2$j’*) such that

Let Nl be such that, if n &#x3E; Nl, then equation (29) holds and, also,
1

03B2 2
[3J log n  n . We now have, for n &#x3E; N1,

c 32

1
Let us define wn as in (24) with pn = pn - {3:: 2 with the balls centered at xn;
i.e., we introduce polar coordinates r, 8 centered at xn and set
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From Lemma 21, we obtain

applying (30), we derive

Let fn = gs Note that in K2BBp,,(x,,) we have In = fn. Since fn is a

minimizer of E( f , ~3n) we have E(ln, (3n)  E(ln, (3n). We can express this in
terms of wn as

Substituting from equation (31), we get

Note that equations (30) and (29) together imply that Swn-uJn n 8BPn (xn) has
at most finitely many points; thus, we can apply the general result for SBV
functions, given in equation (7), to get

where we have used the notation
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It is clear that sup (iun(x) - sup ( fn (x) - f,,- (x)). From
x03B5Bpn(xn)

Lemma 19, we conclude that there exists N2 sufficiently large so that, if n &#x3E; N2,

then sup + fn- (x)) 1 Recall that  L for all x c [K]Pn;then sup ( f n (x) -  
1 gL . 

Recall that |~gs (  L for all x E 
- 

18L 
* 

one now obtains

and

Let N = max(Nl , N2) and assume henceforth that n &#x3E; N. Combining
equations (35) and (34) and substituting from equation (31), we obtain

Substituting this into equation (33) and in turn substituting the result into

equation (32), we obtain

Since

we can assume that N is sufficiently large so that, for n &#x3E; N,

From this and the estimates given in equations (26) and (28), we now have

Using the Schwartz inequality, we can derive
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Similarly,

where in the last step we have used equation (30). Combining equations (37),
(38), and (39) and substituting into equation (36), we obtain

Now, since !3;;’, I  1, and n &#x3E; 1, it follows that /P 03B2n 2 

and we now obtain

Noting pn  2{3;;1, we conclude

which contradicts equation (25). D

We are now ready to demonstrate that the conditions required to prove
x V S f can be met simultaneously for each x E K C when ,~ is sufficiently
large. We first recall some notation and some important results on SBY functions
quoted in Section 2. Let u E SBV(Q). For every compact set K c Q, we set

and

The deviation from minimality is defined as



35

LEMMA 24. There exist universal constants ç, 1] &#x3E; 0 such that, if
u E Bp(x) cc 0. for some p &#x3E; 0, and each of the following three
conditions hold:

then x V S,,.

PROOF. This is just a combination of Theorems 2 and 3. 0

LEMMA 25. Let gu E SBV(Q) satisfy our assumptions and K c 0. be a
compact set such that K f1 Sg = 0. There exists a constant ~3’  oo such that, if
{3 &#x3E; ,~’ and f is a minimizer of E(.,,3) with g E Y(~’), then

PROOF. Assume the lemma is false. Then there exists a K satisfying the
conditions of the lemma and a sequence of such
that (3n i e Y($), In minimizes and xn E K n Sin. Define

6 = 1 dist(K, 5g. U8Q), denote by L the Lipschitz constant associated with 
1 i

and define c as in Lemma 23. Fix any real I satisfying 4  /q*  2. By Lemma4 2
23, we can assume

for each n, where we have again used the notation wn - f n - 9s -

Furthermore, ’ for convenience we make the assumption c03B2n-~  4 l. Define

R = E 1 03B2-~ , S j n 8$p (zn) = §J . From equation (43 ), we haveR = pe U3’-;:,,3’-;:’] From equation (43), we have

n 13;;’) and thus, I R I &#x3E; 2 1 n -’ - c n -2’ &#x3E; 3’-;:’ by assumption.2 4
Since

there exists a such that
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From the existence and regularity results for minimizers of E, we deduce wn
is C~ on 8 B Pn (xn), so from Proposition 18 and equation (44) we conclude

Our goal in the remainder of the proof is to show that the three conditions
of Lemma 24 are satisfied for n sufficiently large with u = f , p = Pn and X = xn,
thus obtaining a contradiction with xn E Sin. Now

where we have used the facts I  L and pn  ~-’~ . Condition (40) is
thus satisfied as long as 2(c +  ~, which is clearly true for n

sufficiently large. Consider a fixed n, let 0  t  pn, and let vt e SBV(Q)
realize Bt(xn)), i.e., vt(x) = fn(x) for all x E SZBBt(xn) and F(vt, Bt(xn)) =
4$( fnBt(zn)). Since fn is a minimizer of E(,3n, gn), we have

Let gn be the infimum and gn the supremum of gn in Bpn(xn). Set,

Using the same truncation argument as in the proof of Lemma 19, it is easy
to establish

and essentially the same argument shows
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Thus we obtain

Because of the assumed equation (9) and the relations ~  I and p,,  {3;;1,
there exists an N such that, if n &#x3E; N, then 

2

and hence

Condition (41) of Lemma 24 is clearly satisfied. Also,  ~yt as

long as (1 +3L)7r  It, i.e., for all t  I 1 2 . Now, since
( 1 + 

W  F and F(fn, Bt(xn))  we have

and for t &#x3E; we have qJ(ln, Bt(x))  It. Thus, equation (42)
"y 

2 

f Lemma 24 is satisfied f 
2(c+7rL)/3’ 2 ),n -27 

 
~ S. Since 

1
of Lemma 24 is satisfied if 201320132013201320132013"2013 

 (1 + 3L)27r,31-2-i *Since &#x3E; -,
i 4

this inequality is satisfied for n sufficiently large, and the proof is now complete.
Note that had we set &#x3E; 39 then the first bound would have been sufficient

3

since, for n large enough, we would have pn  2$j’*  ~ 1-2 . D
(1 + 3L)27r,3n’-2-i 

*

Finally, we are ready to state the theorem to which the previous effort has
been directed. Lemma 25 almost gives the theorem directly; the only problem
is that, as stated, the lemma requires K be disjoint from the boundary of Q.
Fortunately, the result can be extended to the boundary by a reflection argument.

THEOREM 26. Let gu E SBV(Q) satisfy our assumptions and assume 0. is

a rectangle. Given e &#x3E; 0, there exists a constant {3’  oo such that, if {3 &#x3E; (3’
and f is a minimizer of g) for some g E Y(,3), then

PROOF. Let Q3 be a rectangle with the same center and proportions as Q
but 3 times the length. Similarly define Q2 with twice the length of Q. Define
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g3 and f3 on Q3 by reflection of g and f respectively. Note that g3 satisfies our
assumptions on 523. Define

Since f minimizes E, we have from Lemma 13 that n S f) = 0, and it
follows that E3( f3,,Q) = 9E(f,,3). If u E SBV(o.3) such that E3(u,,Q)  9E( f,,~)
then, by restriction, reflection, and/or rotation, we could find u E SBV(Q) such
that E(u, ,~)  E’(/,/3). Thus, E’3(~,/3) &#x3E; 9E(f,,3) and f3 therefore minimizes
E3( ° (3). 

_ _

Let A = Q n and let A3 be the reflection of A onto 03- 0.2 BA3 is

a compact subset of Q3, disjoint from S93. Thus, by Lemma 25 there exists
{3’  oo such that if 3 &#x3E; ~3’, then = 0 and hence, S f c D

The next lemma establishes that the opposite containment also holds.

LEMMA 27. Let gu E satisfy our assumptions and assume S2 is a

rectangle. Given E &#x3E; 0 there exists a constant ~3’  oo such that, if ,Q &#x3E; ,C3’ and
f is a minimizer of E(,Q, g) for some g E Y(,3), then

PROOF. Assume that the lemma is false. Then there exists an e &#x3E; 0, a

sequence of minimizers ( fn) with (3n -+ oo, and gn E Y(,03B2n ) such that there
is a corresponding sequence of points zn c Sgu such that dist(xn, &#x3E; e.

Let y be a cluster point of the We can find x c Sgu satisfy-
ing /x-yl  03B5/2. Thus there exists a subsequence {fnk} such that dist(x, S fn ) &#x3E; .2 2
This then contradicts weak convergence of J fnk to Jgu which was proved in
Lemma 15. D

We are now ready to conclude the proof of Theorem 14.

PROOF OF THEOREM 14. The central result, lim sup = 0,
(3~00 

was established in Theorem 26 and Lemma 27. The result,

was proved in Lemma 16, as was lim sup lVfl2_ = 0. Combining
/3-oo S2

these results, equation (14) yields lim sup pf ( f - g)2 - 0. Together with,Q~°° 9EY(~)
equation (8), this implies lim sup 3 (f _ = 0. This concludes the proof.

/3~oo g(=-Y(,3) 7
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4. - Minimizers of Eo

A theorem similar to that proved above can be established for the functional
Eo when the underlying image g. is a piecewise constant function. In [17] a
constructive proof of such a limit theorem was given. Here we will show how
the proof for this case can be given in a framework similar to that used for
the piecewise smooth case. Our assumptions are essentially the same as before
except for the necessary adjustment to the piecewise constant case.

4.1. Problem formulation

In general, by a minimizer of Eo we mean a minimizer such as described
in Theorem 7. In particular, we recall that r is a union of a finite number of
C’,’ 1 curves. Actually, the only regularity we require of r is that it be closed.

Again, it will be convenient also to refer back to the formulation in the SBV
setting. Thus, we will also consider that f E r = S f n Q, and hence
that = 0. We will denote the connected components of S2Br by

The function f will be constant on each Qk; we denote this constant by
The set r thus determines a segmentation. Without loss of generality,

we will set the parameter a = 1 and subsequently drop it from our notation.

4.1.1. Assumptions on the domain 
’

The assumptions we require on the domain do not go beyond those needed
for Theorem 7, the existence theorem. For convenience we will therefore assume
that our domain is an open rectangle. For the results of this section we will
need the following isoperimetric inequality: there is a constant ~ &#x3E; 0 such that,
if A E 0. is a Caccioppoli set, then

We remark that it is enough that this inequality be satisfied when A is a polygon
for it to hold for all Caccioppoli sets.

Suppose, is a connected component of some minimizer r of Eo which
is some positive distance from 8Q. Let 0 be the connected component of

containing R2Bo.. By the set bounded by -1 we mean F = R2B0 = 0.B0.
If -1 is not separated from the boundary of Q by a positive distance, then

is some finite set of points pl, ... , pm. Since the boundary of Q is a
Jordan curve, we can assume the points are ordered along the boundary. Thus
8Q)(pi, ... , pm) consists of m segments of the boundary which we denote

For any i E f 1, - - - , m}, we define the set Oi as the connected

component of U containing Set Fi = SZBOi. We can now
define the set bounded F, to be an Fi of minimal area. (We choose it

arbitrarily if it is not unique). These definitions are illustrated in Figure 3.
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Figure 3 - Sets bounded by a curve

If l(7)  then we can conclude from the isoperimetric inequality that2
F is uniquely defined. In either case, the isoperimetric inequality implies that

4.1.2. Assumptions on the 

The following is our assumption on the underlying image.

ASSUMPTION 1. gu e n  oo, = 0.

From Lemma 6 we conclude that this implies that there exists a Cacciop-
poli partition of Q, and a bounded sequence of real numbers satisfy-
ing aj f aj for such that gu = almost everywhere in Q. Without loss

I

of generality, we assume that equality holds everywhere.
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4.1.3. The noise model

Our assumptions on the noise are the same as in the piecewise smooth
case. The following are the properties we require of Y($), the class of admissible
observations,

and

To replace this with a model based on smearing and additive noise, we
need only assume that the Minkowski content of is finite. The argument is

essentially the same as in the piecewise smooth case.
The statement of the limit theorem is almost identical to that of Theorem 14.

THEOREM 28. Under our stated assumptions, as {3 -t converges
to Sgu with respect to the Hausdorff metric, and

I. e., for any - &#x3E; 0 there exists ~3’  oo such that, if ,~ &#x3E; ~3’ and f is a minimizer
of Eo for some g E Y(,3), then dH ( S f, Sgu )  - and ,~ 1 ( S f ) - ).Il(Sgu)1 (  ê.

Furthermore lim sup ,Q f ( f - gu)2 = 0.
{3~00 S2

4.2. Preliminary results

PROPOSITION 29. Given a countable set (ai : i = 0, 1 ....I c R, a

nonnegative 11 sequence (ri : i = 1,2,...}, and constants cl, C2 &#x3E; 0, there

exists a nondecreasing function h : 0 00 -~ 0 0o satisfying lim h(t) = 0 such
that, for any sequence lpi : i = 0, 1, ... ~ satisfying 

t-0- vt-

and

where

we have
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00

PROOF. We define the constant b We assume b &#x3E; 0 (the result is
i=1

trivial otherwise). Define h, : (0, oo] - [0, b] by

Clearly, is nondecreasing in t. We claim h 1 is continuous from the left
00

and lim hl (t) = 0. For any e &#x3E; 0, there exists N  00 such that L ri  ê. For
i=N

t  ao I 0  i  N} we have hl (t)  6; proving the second part of the
claim. Given t &#x3E; 0, let 8 = aol: 0  i  ao &#x3E; 0);
for t’ E (t - S, t) we have hl (t) -  ê, proving the first part of the claim.

Define h2 : (0, (0) ~ by

Since h, is nondecreasing and bounded above by b, h2 is nonincreasing and
. 1

bounded below by b- 2 . The function h2 is finite for finite t since lim hl (x) = b.
x--&#x3E;

For any N  oo, there exists q &#x3E; 0 such that    -_. Thus,
h 20132 and, since h, 1 is nondecreasing while 1 is

/ 2 z

decreasing, we have t  ( 2013) = h2(t) &#x3E; N. We conclude lim h2(t) = 00.B N / t---&#x3E;0+

Also, since h, 1 is continuous from the left we have 0  x  h2(t) =&#x3E; h, 
1

h2 (t) 
1Define h3 : (0, oo) by

h3(t) = max

Consider the case a &#x3E; ao. We have
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For the first inequality we used the obvious bound a - ao  2 t. De-
cl

fine 1 + c2 0. That h is nondecreasing follows from the factCl h2(t) 
that h2 (and hence h3 ) is nonincreasing. Also, since lim h2(t) = oo, and

t-o+

hence lim h3(t) = 00, it follows that lim h(t) - 0. Now, a - ao) ~ po( o) -

E pi (a - ai) and from (48) we get ao - âl  h(t). The case a  ao can

be treated similarly, yielding the same result. This completes the proof of the
proposition. D

The set will represent the set of values of the image gc. If fail has
finite cardinality, then slightly stronger results can be obtained using the same
line of proof.

For each Qk in a segmentation, we define the following constants

00

Note that 1.
i=l

Let Eo* (,3, g) denote the minimal value of E’o(/~y). Substituting g,,, for f ,
we get the following bound

LEMMA 30. Given ~ &#x3E; 0 and i &#x3E; 0 there exists a function

satisfying lim 10-H(,3) = 0 such that, if F,3 is a minimizer of Eo for some
3-00

g E Y(,3) and S2k is a connected component of satisfying S2k n I 2:: ç,
then

PROOF. For convenience of notation we set i = 0 and re-enumerate the
00 i

other ai starting from 1. Let a = = gu. We have
i=0 

03A9
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The first term can be bounded as follows,

To bound the second term we first note,

and, since f is constant in 03A9k and a = 20132013 g,, , we conclude,|03A9k|
Ok

Applying our assumptions and equation (49), we see that for all $ sufficiently
large there is a constant c &#x3E; 0 such that,

Define r i - min j |Ri| Clearl ’k  r - and 
00x 

r i  oo note also thatDefine z = min 1, Clearly pi - ri and 00 ri  oo; note also that{1 i - 

i=i

&#x3E;  . We can now apply Proposition 29 to conclude there exists a function
h : (0, oo) - [0, cxJ) satisfying lim = 0 such that lâ - ao~ I  h(,3). Set

1
H(,3) = h(03B2) + 03BE - 1/2 sup ( - 2 2 , and the result follows. El(03B2) (03B2)+03BE-2 

p (9 gu )
Ok

LEMMA 31. If fn, 3,,,, gn are sequences such that (3n T +oo, gn E Y(,~n),
and fn minimizes 9n), then

fn in 

J fn --+ J gu weakly as Radon measures.

PROOF. From the triangle inequality and equation (49), we obtain

Since (3n -t oo, it follows from the assumed equation (46) that fn converges to
g~ in L2(Q) . Noting S2 (  oo, we conclude fn converges to gu in The
other statement follows from Theorem 8. D
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LEMMA 32. If fn, ,~n, gn are sequences such that (3n T +oo, gn E Y(,3n),
and fn minimizes gn), then

PROOF. By equations (49) and (46), we have

Theorem 9 yields

completing the proof.

COROLLARY. If A c SZ is any Borel set such that dist(A, U 80.) &#x3E; 0,
then

PROOF. For some - &#x3E; 0, A n 0. From Lemma 15 we conclude
In in L’([Sg.],). We can now apply essentially the same argument as
in Lemma 32 to conclude ).Il(Sgu)  lim n But the result of

n---&#x3E;00

Lemma 32 states = lim follows that lim n A) = 0.
n-&#x3E;oo n~oo 

D

4.3. Main results

THEOREM 33. For any e &#x3E; 0 there exists a constant ~3’  oo such that, if
{3 &#x3E; {3’, then r,8 c for any r,~ which minimizes Eo with g E Y(,~).

PROOF. Assume the theorem is false. There exists some - &#x3E; 0 and
a sequence of optimal r, (for some gn E Y(,~n)) with oo such that

for each n. Since only finitely many Ri can satisfy 
there exists some single 14 and a subsequence (which we denote the same way)
such that for each n. Let G represent an arbitrary connected
component of 14B[Sgu]ê. The set G is a subset of some connected component

A A 

of RiSg.1,12 which we denote 6. It follows that - and, hence, there" 

_ 

- 

16
are only finitely many distinct G. (Note that for G containing points at distance

A 2 .

greater than 6 from 8Q we have -; we potentially loose a factor of4
4 when G is near a comer of the rectangle Q). We can assume therefore that
there is some single 6 such that r, n G ~ ~ for all n. Let be the set of

connected components of r, satisfying and let = We

_ 

’n ’n ’ 

j 
will denote by C2 nthe connected component of which is a superset of
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6. Some subset of the Qn lying in whose union we denote by On, are the
sets bounded by the CJI. It follows from the isoperimetric inequality that

From the corollary to Lemma 32 we conclude lim 0, and
’

now, since is bounded, we can conclude that for n large enough
2 

i 
2 2

lo"l :5 7r, Hence, there is some n C C2n n satisfying n n &#x3E; 03C003B52 Let H| On | -. Hence, there is some k C k satisfying SZk n _ 
g . 

Let H
- 

32 
7r62 

- 

8

be the function from Lemma 30 with g = 32 and i defined by the subscript
of Ri . We now have 

32

Since ).11 (Cj)  diam( OJ), it follows that, for n sufficiently large, On C
From the assumed inequality (47), we conclude that, for all n

4

sufficiently large, 2,3n (gn _ 2 Thus, for n sufficiently large weY g 03B2n I 9u))_ 

2 n. Y g

On

obtain, from equation (50),

Since the term in square brackets is negative for n sufficiently large, while

L is positive, we get a contradiction of the optimality of r. This
i
completes the proof of the theorem. D

LEMMA 34. Let gu E SBV(Q) satis, fy our assumptions and assume 0. is a

rectangle. Given - &#x3E; 0 there exists a constant ,~’  oo such that, if ,~ &#x3E; ,~’ and
f is a minimizer of E( ~ , ,Q) with g E Y({3), then

PROOF. The proof is identical to that of Lemma 27. D

PROOF OF THEOREM 28. Theorem 33 and Lemma 34 establish

 E while Lemma 32 ).Il(Sgu)1 I  - for all
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{3 &#x3E; ~3’ for some ,~’  oo. In the course of the proof we have shown
that lim sup I Eo* (,3, g) - = 0 as well as lim sup l).Il(r{3) -

03B2---&#x3E;00 
’u 

,~ 1 ( Sg~ ) ~ - 0; we conclude from this that lim sup ,~ ( f - g)2 - 0. Since
’~ 

{3~00 7
lim sup (g - gu)2 = 0 by assumption, we have lim sup 3 (f _ gu)2 = o.

13-00 gcy(,3){3-+oo {3-+oo gEY{3)
Q Q

4.4. Weakening the noise constraints

An obviously relevant question concerning the limit theorem is: how tight
are the estimates on the noise and smearing decay rates?

4.4.1. A counter-example

In this section we show that our decay requirements on the additive noise
are tight in the sense that, for any c &#x3E; 0 and arbitrary rectangular domain, we
can find a piece-wise constant function gu such that, if we allow additive L°°
noise with a norm bounded above by c,Q-1, then the optimal boundaries r,
need not converge to the discontinuity set of g~ in Hausdorff metric as ,~ tends
to infinity. Consider the function g,,, as illustrated in Figure 4. There is some
constant a &#x3E; 0 such that the area of the region over 1 is greater
than a for all 6 &#x3E; 0. We choose 6 &#x3E; 0 small enough to satisfy 26  c2a.

The function g

Figure 4 - The counter-example
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1
Now we let the observed image be as in Figure 4 where 77 = c/3 2. Suppose

we have a sequence of solutions, ~r,~n }, to the piecewise constant variational
problem converging to the discontinuity set of g~ in Hausdorff metric as ,Qn --&#x3E; oo.
Let fn be the associated minimizing function for the given r /3n. It follows that

and

Let ¡ be the dashed line of length 6 in Figure 4. Now consider 1,’ = Sgu U -1; it

satisfies Eo(h’) _ ~I 1 ( S9u ) + b for all n. Since we have 6  c2a by construction,
we get a contradiction. Thus, for this example, the sequence cannot be a

sequence of minimizers of Eo.
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