
ANNALI DELLA

SCUOLA NORMALE SUPERIORE DI PISA
Classe di Scienze

MASSIMO CICOGNANI

LUISA ZANGHIRATI
On a class of unsolvable operators
Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4e série, tome 20,
no 3 (1993), p. 357-369
<http://www.numdam.org/item?id=ASNSP_1993_4_20_3_357_0>

© Scuola Normale Superiore, Pisa, 1993, tous droits réservés.

L’accès aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique l’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=ASNSP_1993_4_20_3_357_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


On a Class of Unsolvable Operators

MASSIMO CICOGNANI - LUISA ZANGHIRATI

0. - Introduction

If P is an unsolvable differential operator, can one characterize the data
f for which the equation Pu = f has local (or microlocal) solutions?

This problem is considered here when P is a linear analytic partial
differential operator of the following type:

(0.1) P = Al + lower order terms, 1 Ei N,

where A is an analytic pseudodifferential operator of complex principal type
which is microlocally modelled by the Mizohata operator M = Dn + ix:Dl, h
an odd positive integer.

The problem of the analytic-Gevrey hypoellipticity for operators with

multiple characteristics of the previous type has been investigated by L.

Cattabriga, L. Rodino and the second author in [3], essentially by reducing
the operator P to the Mizohata operator M in Gevrey classes GS with
1  s  1/(l - 1). The same reduction, together with the results about the
model operator M of [12], is used here to deduce the local s-unsolvability of
the operator P for every 1  s  oo (G°° := C°°) and to construct a projector
along the image of P modulo microanalytic terms when 1  s  1/(l - 1) (see
Theorem 1.3). This microlocal construction can be carried to the local level when
P is a differential operator in JR2 (this is done throughout Propositions 2.1, 2.2,
2.4); locally analytic rests can be neglected in view of the Cauchy-Kovalevsky
theorem.

We recall the paper of N. Hanges [11] where the image of an "almost
Mizohata operator" (see for example [20]) is completely determined. Concerning
the model operator M, we mention the results in V of H. Ninomiya [14]
where a property equivalent to Q+ f being locally analytic is presented (Q+ is
the projector along the image of M described in Proposition 26.3.7 of [12]).

Pervenuto alla Redazione il 24 Marzo 1992.
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With respect to the sole unsolvability of the operator P in (o.1 ), we point
out a recent independent proof given by T. Gramchev in [8] and quote the
previous results in the C°° category of F. Cardoso, F. Treves [2], P. Popivanov
[16] for 1 = 2 and R. Goldman [7] (l &#x3E; 3 non vanishing subprincipal symbol)
and F. Cardoso [1] ] (for every 1  s  oo, 1 = 2). It is well known that the

operator P is not s-solvable for 1  s  oo in the case of simple characteristics
(i.e. I = 1 ): cf. [6], [15], [17].

When the operator P is given by (0.1) but A is microlocally reducible to
Dn with h even, the techniques that we use here lead to the construction
of a local two-sided inverse of ~ P modulo analytic terms in 2 (see
Remark 2.5). In this way one shows the local s-solvability of P in for
1  s  l I (l - 1) (cf. [9] for the two-dimensional case) and obtains again the
properties of analytic-Gevrey hypoellipticity for such an operator P already
found in [3].

1. - Microlocal constructions

We recall that for Q c R" an open set and 1  s  oo, the space of

Gevrey functions of index s, consists of all E C°°(Q) such that for
every K CC Q there exists a constant C = C f,K &#x3E; 0 with

The space coincides with the space of all real analytic functions in Q.
If s &#x3E; 1 we denote by Gs(U) the set GI(K2) n Co’(K2) and write (resp.
G(’)’(K2)) for the space of all s-ultradistributions (resp. with compact support),
i.e. the dual space of Gg(Q) (resp. Gs(K2)). We refer to [13] for an exhaustive
exposition about these topics. We shall also write GOO(Q) for C°°(Q) in order
to have uniform notations.

If 10 = (xo, ~o) E T*(Q) and f we say that 10 does not belong
to the analytic wave front set of f, WFA( f ), if and only if there exist a conic
neighborhood r = V x C of 10 in T*(Q) and a bounded sequence fj E G(s)’ (Q)
which is equal to f in V and satisfies

for some constant B. The projection of in Q is equal to the analytic
singular support of f, i.e. the complement in Q of the largest open set where f
is analytic (see [12] Chap. VIII for this and other properties of analytic-Gevrey
wave front sets).

DEFINITION 1.1. If P(x, D), x E Q, is a linear analytic partial differential
operator and f E we say that f is admissible for P at xo E S2 if there
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exists u E such that Pu = f in a neighborhood V C Q of xo. The
operator P is said to be s-solvable at xo if every f E is admissible for
P at xo.

We also need to give a microlocal version of Definition 1.1. In order to do
this, if r is an open conic set in T*(K2), we introduce the following equivalence
relation - in 

we write for the quotient space G(’)’(Q)I-. The support of u E here

denoted by [u], is the closed set in r equal to WFA( f ) n r for any f E 0
in the equivalence class u. In particular if V C Q is an open set, the support
of u E AS(t*(V)) is equal to n T*(V) for any f E in the

equivalence class u.

DEFINITION 1.2. An ultradistribution f e is said to be admissible
for the operator P at ~yo E t*(Q) if there are an open conic neighborhood r of
10 and u E AS(r) with Pu = f in P is called s-solvable at 10 if every
f is admissible for P at ~yo.

Clearly, if f E G(’)’(Q)) is admissible for P at xo then it is admissible
for P also at every E in the microlocal meaning. The converse is true
if Q c and the principal symbol of P does not vanish identically in T2o
(see Proposition 2.1). Another useful remark is that the s-solvability of P at
xo implies the s 1-solvability of P at xo for every 1  s 1  s, i.e. if P is not
s-solvable at xo then P is not sl-solvable at xo for every s  oo. This fact

justifies the interpolation between results of non-solvability in the C°° category
and the Cauchy-Kovalevsky theorem.

For the Mizohata operator M = 1 with h an odd positive integer,
operators E, Q+, Q- from E’(R~) to D’(R~) are constructed in [12], Par. 26.3,
with the following properties:
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The operators Q+ and Q_ are projectors along the image and on the kernel
of M respectively. (If the integer h is even then property (1.3) is valid with

Q+ = Q- = 0, i.e. there is a fundamental solution E, which satisfies (1.5), for
the operator M.) It follows from (1.3)-(1.6) that f E is admissible for
M at 7o E T’*(I~n)B~~1 = £n = 01 if and only if WFA(Q+ f ). For every s &#x3E; 1

there is a function f E such that (0, êl) E 1 = ( 1, 0, ... , o) :
thus for every 1  s  oo the operator M is not s-solvable at (o, ~1) (see [17]).
When n = 2, by using (1.3)-(1.6) again and the Cauchy-Kovalevsky theorem,
one obtains that f is admissible at xo if and only if Q+ f is analytic at xo.

We shall now prove that properties similar to (1.3)-(1.6) hold, from the
microlocal point of view, for a linear analytic partial differential operator P
in Q c of order m &#x3E; 2, whose principal symbol pm satisfies the following
hypothesis at a point 10 = (xo, ço) E 1*(Q):

(1.7) there exist an open conic neighborhood r of 10 and a positive integer
l  m such that

where q,,,-, is an analytic elliptic symbol of order m - l in r, al

is a complex-valued first order analytic symbol of principal type, i.e.

dçal (x, ~) ~ 0 on Er = {(x, ç) E r; al (x, ~) = 0 1, 10 E Er. Without loss of
generality we can suppose dç Re a 1 (x, ~) ~ 0 in r. We assume further that
Im a 1 (x, ç) has a zero of fixed odd order h and changes sign from - to
+ along every bicharacteristic of Re a I (x, ç) near 10.

THEOREM 1.3. If the operator P satisfies condition (1.7) then, shrinking
the conic neighborhood r of 10, we can determine two linear operators F and
F+ from AS(r) to AI(I-) for every s G]I, 1/(l - 1)[, (for every s Ei] 1, oo] when
l = 1), such that:

Concerning the supports we have:

An ultradistribution g E is admissible for P at 10 if and only if
10 fj. [F+g] in AS(r). In particular, for every s, E] 1, oo], P is not locally
s 1-solvable at xo.

PROOF. We first assume that operators F and F+ satisfying (1.8) exist.
Then PFP is equal both to P and to P - F+P: this -_fact yields F+P = 0. Thus
Pu = g implies F+g = 0. Conversely if F+g = 0 then from (1.8) we have that
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u = Fg is the unique solution of Pu = g in In this way we have proved
that = Ker F+ and that F is the inverse of P from Ker F+ to 

If the operators F and F+ satisfy properties (1.8)-(1.10) in then

they are well-defined as operators in A(ri) for any open conic set rl c r and
they still satisfy (1.8)-(1.10) with r replaced by rl. Thus an ultradistribution
g E G6s)’ (Q) is admissible for P at 7o if and only if [F+g]. It will follow
from the subsequent construction of the operators F and F+ that there exists
a function f E Gs(K2) which is not admissible for P at 10. As a consequence
we have that P is not s-solvable at xo, therefore P is not s 1-solvable at xo for
every s  oo. The last statement of the Proposition follows from the fact
that one can arbitrarily choose s in 11, 1/(l - 1)[.

We shall now perform the construction of the operators F and F+. In doing
so, we begin by recalling that if condition (1.7) is fulfilled then there exist an
analytic homogeneous canonical transformation X : r’ ~ r, r’ being an open
conic neighborhood of (0, - 1), c =(1,0,...,0), and an analytic elliptic symbol
e in r such that = 10 and x*(eal) = Çn This transformation can
be lifted to the analytic Fourier integral operators level (see [12], Vol. III and

IV). Taking this fact into account together with Proposition 2.1 in [3], it is then
sufficient to construct the operators F and F+ in the following situation:

10 = (o, ~ 1 ), r conic neighborhood of (o, ~ 1 ),

where each Pr is an analytic pseudodifferential operator and r - 1.

Let us take the elliptic operator A = in r and denote by l)
the space of all 1-dimensional vectors with components in We consider
the operator S’ from to defined by:

B = B(x, D’) is a 1 x l matrix of pseudodifferential operators of order (1 - 1)/l.
If U = V = E then one has S U = V if and only
if
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After shrinking the conic neighborhood r, two linear operators H and H’
from to 1  s  1/(l - 1), are constructed in Lemma 2.3 of [3] ]
in such a way that the following properties are satisfied:

H and H’ are matrices of pseudodifferential operators of infinite order, i.e. with
symbols exponentially growing at infinity (see [4], [18], [21]).

Now we can show the existence of a function g E which is not
admissible for P at 10. Let us take f E Gô(Q) such that ~yo E [Q+ f] ] (i.e. f E

which is not admissible for M at 10) and set H t(O, ... , f ) = ’(v 1, vi):
with this choice, modulo microanalytic terms, the right member in equality
( 1.12) defines a function g E GI(Q) such that the equation Pu = g cannot be
solved in AS(r1) for any conic neighborhood rl c r of 10.

It follows from (1.5) and (1.6) that E and Q+ are well-defined as operators
from to and equalities (1.3) become ME = I - Q+, EM = I in
AS(r). Let us set

and write From ( 1.14) and ( 1.15 ) we obtain:

The above construction for the operator ,S can be carried over to the scalar

operator P.
To do this, we first choose

u E AS(r), in order to have SU = t(O,..., Pu). Thus the second equality in
( 1.16) gives and leads us to define

so that FP = I in can be satisfied. Next we take
and from the first equality in (1.16) we obtain

hence, in view of ( 1.12),
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We can now define

so that we also have PF = I - F+ in 

Only the statements concerning the supports remain to be proved. By
(1.13), (1.5) and (1.6) we have

which completes the proof.

EXAMPLE 1.4. The foregoing proof shows how to obtain the operators
F and F+ from E and Q+. The symbol of the intertwining operators H
and H’ may be computed by solving transport equations as done in [3]. A

1-i

simple example is given by operators of the type P = Ml + ~ Pr(D’)Mr with
r=0

exp(-iB(D’)xn) (the operator B is defined in ( 1.11 )). However
operators F and F+ satisfying (1.8), (1.9) and (1.10) may be not unique. For
a power Ml , l &#x3E; 2, of the Mizohata operator in a conic neighborhood r of
(o, ~ 1 ), by an iterative use of (1.3), we obtain

On the other hand, following the proof of the above Proposition, we have in
this case 

1 1. 1 1

with

and it is not difficult to prove that El f= F and
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2. - Local constructions

PROPOSITION 2.1. Let S2 be an open set in JR2, xo E S2 and assume that

for a certain 10 E Then an ultradistribution g E is

admissible for P at xo if and only if g is admissible for P at every 7 E 

PROOF. Let g E be admissible for P at every 1 E 1’;0’ By a
compactness argument we may choose an open neighborhood V c 0. of xo, a
finite covering

open cone in ’

of and uj e such that Puj = g in = 1, ... , h.
Since {~y = (x, ~) E T;o : = 0, ] £) = 1 } is a finite set we may also

assume 0~0 in r2 n rj , which implies ui = uj in n 

Let = 1,..., h } be a partition of unity subordinate to the covering
fCj j = 1, ... , hl of R2B {O} with the properties indicated in [19], Chap. V, Sec.
1, and let V’ c V be a smaller neighborhood of xo. If we set n = V’ x Cj then
it is possible to choose the elements of such a partition of unity in order to have
well-defined linear operators AS (r~ ) ~ Thus setting u = 
we obtain u in A’(]F’j): property Pu = g in follows from the

fact that Puj = g in for every Fj in the covering of T*(V’).
An application of the Cauchy-Kovalevsky theorem completes the proof.

We note that for every 6 &#x3E; 0 it is possible to take the operators x~ in the
above proof in order to have also

(cf. Corollary 1.2 in [19], Chap. V).
Let us define 1-t E SP,,* P is not s-solvable at As a consequence

of the previous Proposition, if 0. c R2 and the principal symbol of P does
not vanish identically in then any g E with NIO n WFA(g) = 0 is
admissible for P at xo. Since Nxso c Char P, Nxo n = I} is a finite set when
Q C R2.

Let us denote by 1+ the set of all 1 E Char P such that P satisfies

hypothesis (1.7) at 1. It follows from Theorem 1.3 that c Nxlo for every
s E] 1, oo]. We shall now prove that the microlocal statement (1.9) in Theorem
1.3 can be expressed in a local form when Nxso = E+ n T2o and 0. C R2.

PROPOSITION 2.2. Let 0. be an open set in R2, xo E Q, and let r denote
the highest multiplicity of the characteristics of P in Assume that 

for a certain 10 E and that N:o = E+ n for an index s Ei] 1, r/(r - 1)[.
Then we can find open neighborhoods V, V’ of xo with V’ C V C Q, and a
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linear operator F+ from to such that:

for every u C 

is admissible for P at xo.

Moreover for any fixed - &#x3E; 0 it is possible to find F+ in order to satisfy also
-- - I - ...- - - - ..

PROOF. Let us write n = 1  = { 7~ - (xo, ~~ ) : j - By
Theorem 1.3, for every j = 1,..., h there exist an open conic neighborhood

V x C~ of lj and operators which satisfy
properties ( 1. 8), (1.9), ( 1.10) with r replaced by Fj. We may assume 
for As in the proof of Proposition 2.1, next we take linear operators

V x Cj, with supp Xj C Cj and xj = 1 in a

smaller conic neighborhood C~ of çj in R~B{0}, and we define

in order to obtain that F+P is the null operator from to 

Take now g E Gos~~ (S~). Since F+ coincides with as an operator from
x Cp to x in view of the last statement in Theorem 1.3, from

[F+g] n = 0 it follows that 9 is admissible for P at every -1j, j = 1, ... , h.
Hence g is admissible for P at xo by Proposition 2.1.

We have already observed that for every - &#x3E; 0 it is possible to take the
operators x~ in order to have [xju] c [u]E, so the proof is complete.

In Proposition 2.2 the operator P is requested to be s-solvable at every
point of Char PBE+ over xo. We shall now describe some sufficient conditions
for microlocal solvability. Let us assume that the principal symbol pm of P
satisfies

in a conic neighborhood r of 10 E where is an analytic elliptic
symbol of order m - I in r, a 1 is a first order analytic symbol of principal
type, in r (cf. ( 1.7)). If one of the following three conditions
is fulfilled then P is s-solvable at 10 (also in dimension n &#x3E; 2), s 

(2.1 ) al I is complex-valued, Imal(x, ç) has a zero of fixed odd order h and
changes sign from + to - along every bicharacteristic of Re a 1 (x, ç) near
10;

(2.2) a I is complex-valued, has a zero of fixed even order h along
every bicharacteristic of Re a 1 (x, ç) near 10;

(2.3) al is a symbol of real principal type.
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If (2.1 ) is satisfied then we can repeat the arguments that we have used
in the proof of Theorem 1.3 and reduce the operator P microlocally to the
Mizohata operator M = Dn + in a neighborhood of (0, (instead of
(o, ~1)). In this case, the s-solvability of P at 10 is deduced from the s-solvability
of M at (0,

The same reduction can be performed when (2.2) holds. Then P is,
s-solvable at 10 since M = Dn + with h even is locally solvable at

the origin.
The s-solvability of P at 10 when condition (2.3) is fulfilled has been

proved in [18].
Let us set

satisfies hypothesis (2.1 ) at 7},
satisfies hypothesis (2.2) at 7},
satisfies hypothesis (2.3) at 7}.

Then, the following assumption

implies Nxo = i, n as requested in Proposition 2.2.
Hypothesis (2.4) concerns only the principal symbol pm of P while the set
may generally depend on the lower order terms too (note that in Theorem

1.3 the construction of F+ does depend on the lower order terms of P). Thus
the class of all operators which satisfy = 1, n!P*o is larger than the class
of all operators whose principal symbol can be factorized in the way suggested
by (2.4). We shall discuss this situation in the following example.

EXAMPLE 2.3. Let us set RA = D2 + E R. The operator Ra
is s-solvable at the origin of JR2 for every s Ei] 1, oo] if and only ~3,
~5, ... (see [10] and [17]). Let us then consider

where denotes a real valued analytic function with a zero of odd order and
sign that changes form - to + at x, = 0. The operators PI and P2 have the same
principal part and both do not fulfill condition (2.4) at the origin. However PI is
not s-solvable only at (0, 0, 0, 1) over (0, 0) and all the hypotheses of Proposition
2.2 are satisfied by this operator. On the contrary P2 is not s-solvable also at

(0, 0, 1, 0) and (0, 0, - 1, 0) where assumption (1.7) does not hold.
It is not difficult to prove that

analytic at the origin for r = 0, ... , 1
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are sufficient conditions for f to be an admissible datum at the origin for R_2l-1 i
(resp. R+2l+1 ). It is also easy to prove that the same conditions are necessary
and sufficient in order to have an admissible datum f for the operator ml+l
(resp. (M* )l+1 ); cf. Example 1.4.

We shall now prove that a sharper version of Proposition 2.2 holds when
the condition N5 = ~+ n is replaced by a stronger assumption of kind
(2.4). In doing so, we shall construct local operators F and F-, besides F+,
corresponding to the operators E and Q- in (1.3)-(1.6).

PROPOSITION 2.4. Let Q be an open set in JR.2, xo E S~. Assume that

Then we can determine open neighborhoods V, V’ of xo with V~’ c V c Q
and linear operators F, F+, F- from to for every
s Ei] 1, r/(r - 1)[, r being as in Proposition 2.2, such that

where I : AS (T * (Y)) -~ is the map induced by the identity in 
If c is any fixed positive number then it is possible to find F, F+, F- in

order to have also

PROOF. At every point of we can use the same arguments
as in the proof of Theorem 1.3. Therefore we can find a covering 
of 1’*(V), V being a suitable neighborhood of xo, and linear operators F,
from to such that 

i

and F~ ~ 0 if and only if ri n ~~ ~ ~. As in the proof of Proposition 2.1 we can
choose the elements of the covering rj in order to have ri n rj n Char P = 0
when Since the operator P has a unique two-sided inverse in when
r n Char P = 0, it follows that

Now one combines the microlocal constructions with a partition of unity as in
the proof of Proposition 2.1 and obtains operators with the desired properties.
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REMARK 2.5. In the previous proof the hypothesis K2 c V is used only
to obtain the property of microlocal uniqueness (2.9). It is possible to perform
the same construction of Proposition 2.4 in the case Q C R7, n &#x3E; 2, provided
that the microlocal operators lj., F2~ satisfy

In view of Example 1.4 one cannot generally expect property (2.10) to hold
when r &#x3E; 2 and n &#x3E; 2. In the case of simple characteristics (i.e. r = 1) J.J.

Duistermaat and J. Sjostrand [5] prove property (2.10) for every n.
On the other hand, if then we have (2.7) and (2.8)

with F~ = 0. Therefore it follows that Fi = Fj in Fj) and the microlocal
constructions fit together also in R~ with n &#x3E; 2, determining a local two-sided
parametrix F of P. Thus, in this case, we obtain that the operator P is locally
s-solvable at xo and s-microhypoelliptic at every 1 C for s C] 1, r/(r - 1)[
(see [9] for the local s-solvability of P in V, while the s-microhypoellipticity
of P in 2, has been proved in [3]).
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