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On the Maximum Modulus Theorem

for the Stokes System

PAOLO MAREMONTI - REMIGIO RUSSO

To Professor V.A. Solonnikov on his 60th birthday

1. - Introduction

As is well known, the maximum principle in partial differential equations
states that a solution to an elliptic equation of the second order with regular
coefficients takes its maximum value on the boundary of a smooth regular
domain (cf. e.g., [23]). This is no longer true for elliptic systems and equations
of higher order. Indeed, in 1930 Polya [22] gave an example of solution to the
system of homogeneous isotropic linear elastostatics whose modulus takes its
maximum value in the interior of a ball. However, for systems and equations
of higher order in bounded domains, Miranda [19-20], Agmon [ 1 ], Fichera [12]
and Canfora [5] proved the so-called maximum modulus theorem: there exists a
positive constant C depending only on the domain Q such that the modulus of
any solutions u(x) in SZ is majorized by C times the maximum of the modulus
of u(x) on the boundary of S2.

In view of its relevance in the linear theory of incompressible media, it is
of some interest to detect wether the above result holds for the Stokes system

The importance of a maximum modulus theorem for the Stokes system lies
essentially in the fact that it permits to obtain the existence of a regular solution
to the Dirichlet problem by only requiring the datum a(x) at the boundary to
be continuous. Of course, this hypothesis appears to be the most natural and
physically meaninful one when dealing with the Dirichlet problem, whereas up
to now the existence theory for Stokes. problem has required greater regularity
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properties for a(x), which, by the way, imply some integral estimates on the
derivatives of u(x) in the whole of Q that are not a priori necessary to the
statement of the problem [6, 9, 13-14, 18, 25, 26].

The purpose of the present paper is two-fold: a) to prove the maximum
modulus theorem for solutions to system (1.1) in bounded two-dimensional

domains; b) as far as three-dimensional domains are concerned, to improve the
results of [9, 18] for bounded domains and also for exterior domains. However
we have only partial results in case b), more precisely we prove:

where JC is any compact set properly contained in 0.;

where (a)p denotes a suitable trace norm (cf. notation).
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2. - Notation and statement of the problem

Throughout the paper Q will denote a domain of R~ (n = 2, 3) of class
C2, bounded for n = 2 and either bounded or exterior to a compact region for
n = 3.

LP(Q) (p &#x3E; 1) stands for the set of all (scalar, vector or tensor) fields 

on Q such that
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where Dacp(x) denotes a weak derivative of cp(x) of order lal; is
the trace space of the fields E with norm

Ho ~~(S2) is the completion of in the ) . norm. Let 1 / p + I /q = 1.

Any E defines a bounded, linear functional on by
is the completion of these functionals with

respect to the norm

stands for the dual space of ~-~(9Q). Co(Q) is the whole set of
Coo vector fields with compact support on 0 such that V - = 0; JP(Q)
and J1,p(o.) denote the completion of Co(Q) in LP(Q) and W1,P(o.) respectively.

stands for the completion of in IV - lp. It is well known that

LP(Q) = JP(Q) e GP(Q), where GP(Q) = {V)(x) : ’Ø(x) = Vh(x), E Lp
As is standard, we set (f , g) = ~ V/(a:), such that is

Q

integrable over Q. If 1 /p + 1/g = 1 we have:

For details and elementary properties of the spaces introduced abode, we refer
the reader to [20, 27]. Finally, the symbol C will be denote a numerical constant
whose values is inessential for our aims; the numerical value of C may change
from line to line and in the same line it may be 2C  C.

Let a(x) be a vector field on 8Q such that

(2.1)2 can be omitted if Q is exterior.
The Dirichlet problem associated to system (1.1) is to find a solution

(u(x), 7r(x)) to system (I - 1) such that u(x) E C2 (Q) n 0(0), 7r(X) E 01(0.) and

of course (2.2)2 is required if Q is an exterior domain.
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By a weak solution to system ( 1.1 )-(2.1 )-(2.2) in the class x LP(92)
we mean a pair (u(x), 7r(x)) which satisfies the identities

The aim of the present paper is to prove the following theorems.

THEOREM 2.1. Let Q be a bounded domain of class C2. Then,
the Dirichlet problem associated with system ( 1.1 ) admits a unique solution
(u(x), 7r(x)) such that

for any region K properly contained in S2 and for some positive constant C(K).
Moreover,

THEOREM 2.2. Let 0. be either a bounded domain or an exterior domain

of class C2. Assume that (2.1) holds and a(x) E for some
p &#x3E; 3. Then, the Dirichlet problem associated with system ( 1.1 ) admits a unique
solution (u(x),7r(x)) such that

Vq E ( 1, +oo) and q E (3, +oo) respectively for bounded and exterior. Moreover,

for any region K properly contained in 0. and for some positive constant C(K).
Finally, E (0, 1) there exists a constant such that

REMARK 2. l. We confine ourselves to deal with n = 2, 3. However, we
aim at pointing out that, by reproducing step by step our methods, (2.5)-(2.7)
can be proved for any n.
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It is worth noting that the constant C in (2.4) cannot be equal to 1. Indeed,
let SZ be the unit disk. It is readly seen that the couple

is a solution to system (1.1). Also, the value of lu(x)1 is at the center of
the disk and the maximum of lu(x)1 at the boundary (x i + x2 = 1) is 1.

A problem of some interest is to find a numerical value of the constant
C in (2.5). If Q is a bounded domain, as will appear clear in the proof of the
theorem, C depends on the constant Cb of the biharmonic problem, the constant
C, of the Sobolev imbedding theorem and on the measure of Q. However, if Q
is a half-space, by properly reproducing a technique by P. Villaggio [28] and
making use of the representation formula for the solution to system (1.1) by
the Green tensor [6], it is possible to prove the maximum modulus theorem
and to give a numerical value of the constant.

Finally, we observe that Theorem 2.2 implies the following result. Assume
that a(x) E C(aS2) (i.e. the datum only satisfies (2.1 )), then from (2.5)-(2.6) and
( 1.1 )2 one deduces the existence of a pair (u(x), 7r(x)) E C2(K2) X which
satisfies system ( 1.1 ) and u(x) - = a(x) ~ it, where the trace is understood to
belong H-1/p(ao.), ‘dp E (1, +oo).

3. - Some preliminary results

We collect the main preliminary results we shall need in the sequel.
Consider the system

with the condition

if 0. is bounded.

LEMMA 3.1. Let SZ c be a domain with compact boundary. If
f(x) E LP(Q) (p &#x3E; 1) and w(x) E then system (3.1) admits a
solution w(x) such that Vw(x) E Moreover, if S2 is bounded and w(x) = 0,
then

PROOF. See [2-3]. 0
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LEMMA 3.2. Let 0. C JR3 be an exterior domain and a function such
that E q E (l, 3). Then there exists a constant 1/Jo such that

with a constant C independent of 1/;.

PROOF. See [9] Lemma 1.3. D

Consider the following Stokes problem

and, if SZ is a three-dimensional exterior domain,

Let us recall two well-known results. The former furnishes two a

priori estimates and existence of solutions to system (3.4) and (3.4)-(3.5) of
Cattabriga-Solonnikov type [6, 23-25-26]; the latter is concerned with interior
regularity of solutions to elliptic systems [4, 11, 15].

LEMMA 3.3. Let f(x) E CO(Q). Then, system (3.4) admits a unique solution
p(x)) such that

Moreover, system (3.4)-(3.5) admits a unique solution p(x)) such that

and

with a constant C independent of f(x).
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PROOF. Inequality (3.6) is proved in [6, 25-26] and in [10, 13] for n = 3
and n = 2 respectively; inequality (3.8) is proved in [10, 13-15, 27]. Property
(3.7) is trivial if Q is bounded and can be considered for q E (I, +cxJ). While
for exterior domain it is necessary a suitable uniqueness theorem.

In order to prove (3.7), denote by and (Sp2(x), p2(x))
two solutions to system (3.4)-(3.5) corresponding to the same function f(x),
where f(x) E and f(x) E respectively, with q2 &#x3E; qi. Set

P(X) = piM -p2M. - Since (y2(x), p2(x)) satisfies (3.8),
W2(X) E Lloc 3q1 3-2qi ) (03A9) VW2(X) E p2 -ql ) (x) and D 2 y2(x) VP2(X) E %2(Z) e loc 039B~2(Z) e loc and D2~2(x), e loc
Let (,O(x), q(x)) be a solution to system (3.4)-(3.5) corresponding to g(x) E Co(Q).
Of course, if g(x) E (3.8) it follows that 1j;(x) E 

E and D2~(x), V q (x) E Then, multiplying
system Ow(x) - Vp(x) scalarly by ~(x), integrating by parts over QR (with
R » diam(V - Q)) we have

Since (w(x),1f;(x)) and (p(x), q(x)) are infinitesimal at infinity( 1), and in

neighbourhood at infinity they are biharmonic and harmonic, respectively, by
classical results (cf. e.g. [22]) we see that the surface integral in (3.9) tends to
zero as R - +00. Then, from (3.9) it follows that (w, g) = 0, ‘dg(x) e 
Hence the desired result follows at once. D

LEMMA 3.4. Let a(x) E with q E (1, +00) and q E (3/2, 3) for
0. bounded or exterior respectively.

If 0. is bounded, then system (l.l)-(2.2)i 1 admits a unique weak solution
(u(x),7r(x)) E x and

If SZ is exterior, then system ( 1.1 )-(2.2) has a unique weak solution
(u(x),7r(x)) such that E u(x) E and E 

PROOF. The first part of the lemma is proved in [10, Theorem 2.1 ] .
As far as the second part is concerned, by virtue of Lemma 3.1, there ex-
ists a divergence-free field A(x) E such that A(x) = a(x) on 8Q.
Since there exists a regular sequence such that V . 0

and A x is a bounded linear functional 1+ = 1 for
q q /

all n, and A(x) in W 1 ~q (S2), by Theorem 5.1 in [10] we can

( 1) Actually, for a function X(x) such that VX(x)EL"(fl), with rE(1,3), from Lemma 3.2, it

follows that there exists a constant xo such that for lxl-oo in a suitable sense. However,
since the pressure ((7r(x),p(x))) can be defined up to a constant and satisfies a harmonic equation,
then we can understand that the pressure tends to zero at infinity.
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find a weak solution (Un(x), I1n(x)) to system (3.4)- (3.5) corresponding to
= E H-1,q(o.) and such that

Hence, by the linearity of the problem, it follows that a pair (U(x), 1-1(x)) with
U(X) E ri(x), VU(x) E Lq(S2), exists such that

Then, setting u(x) = U(x)+A(x), it is not difficult to see that the pair (u(x), ~r(x))
is a weak solution to system (1.1)-(2.2). As far as uniqueness is concerned, we
consider a pair (W(x), II(x)) wich is a weak solution to system ( 1.1 )-(2.2) with
homogeneous boundary conditions and W(x) E n A density
argument implies that

In particular we have

Let Sp(x) in (3.11 ) be the solution to system (3.4)-(3.5), with f(x) E 
Taking into account (3.8), an integration by parts gives

which ensures uniqueness. p

The case of the exterior domain in the above lemma is proved in [13]
also; since the proof is very short, we have included it here.

LEMMA 3.5. Let (u(x),1r(x)) be a weak solution to system ( 1.1 ) such that
Then

for some positive constant C(R) which diverges as 0.

PROOF. The lemma is proved in [11]. Inequality (3.12) is a suitable cou-
pling of the results of Theorem 1.1, Theorem 1.4 and Remark 1.5 of [11].

0

From Lemma 3.5 it follows that the weak solution to system (1.1)-(2.2),
whose existence is given by Lemma 3.4, is regular in Q and at the boundary
for a proper choice of q.
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REMARK 3.1. It is possible to deduce inequality (3.12) by taking into
account some recent results obtained in [24]. Among other things, in [24] it is

proved a mean value formula for solutions to biharmonic equations and Stokes
system. This formula implies in particular (3.12).

LEMMA 3.6. Let E with p &#x3E; 3 and 0. bounded, and let p &#x3E; 1.
Then

with q = 3p[p(p - 3) + 3p] - 1.

PROOF. See [8] Lemma 5.V. 0

4. - Proof of the theorems

We first prove the theorems by assuming the boundary data a(x) to be
sufficiently smooth, i.e., a(x) E Then, starting from the results obtained
by means the above regularity assumptions, we are able to prove our theorems
under the hypotheses a(x) E C(aQ) and a(x) E W1-1/p,p(ao.) for n = 2 and n = 3
respectively.

We start by proving the following:

LEMMA 4.1. Let a(x) E C 1 (aS2). Then system ( 1.1 )-(2.2) admits a unique
weak solution (u(x), ~r(x)) such that

with q &#x3E; 1 and q &#x3E; 3 for S2 bounded and exterior respectively.

PROOF. For the existence and uniqueness of (u(x), 7r(z)) we employ Lemma
3.4. Under our hypotheses on a(x) we can choose q = 2 in Lemma 3.4. Moreover,
by density argument we can consider u(x) satisfying the identity

In particular we have
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Let p(z) in (4.2) be the solution to system (3.4), or (3.4)-(3.5), given by Lemma
3.3, with f(x) E Taking into account (3.8), we have

where and p is the constant which appears in Lemma

.1 G

3.2 for Q bounded and exterior respectively. By the trace theorem [7] and the
Holder inequality we have

where Q’ is a bounded neighbourhood of aSZ, and of course we have majorezed
taking (3.7) into account. Moreover, for the latter integral on the right-hand
side of (4.3), by employing the trace theorem and Holder inequality, we have

where Q’ is a bounded neighbourhood of aSZ. Finally, applying the Poincare
inequality and Lemma 3.2 we deduce
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again we have majorezed taking (3.7) into account. By these last inequalities,
(3.6) and (3.8), we can majorize the right-hand side of (4.3) as follows:

with q’ E (1, +cxJ) and q’ E ( 1, 3/2) respectively for Q bounded and exterior.
Making use of (4.4) in (4.3) we get

which implies (4.1 ). D

PROOF OF THEOREM 2.1. Since a(x) E by virtue of Lemmas 4.1
and 3.5 there exists a unique regular solution to system ( 1.1 )-(2.2) 1.

Suppose that i

Of course

Denote by and (U2(X), 7r 2(X)) the weak solutions to system ( 1.1 )
corresponding to a1(x) and a2(x) respectively. Moreover, from (4.1) and (3.10)
we have

where the constant C depends on 90 only. Of course we have
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As is well known, by virtue of ( 1.1 )2 and (4.7) there exists a stream function
h(x) such that

so that applying the maximum modulus theorem by Miranda [18] to the
biharmonic equation A2h(x) = 0, we have that

for any constant H. Now, by Sobolev’s imbedding theorem [19], from (4.12)
it follows that

for some p, &#x3E; 2. Hence, choosing H = h(x)dx and making use

of the Poincare inequality, we have that 0

On the other hand, since (4.9) and (4.13) imply

Then, choosing p &#x3E; 2 in (4.10) by appealing to Sobolev’s imbedding theorem
again, we get 

-

Taking into account (4.11 ) we deduce (2.4) with a constant C depending on
aSZ only. Moreover, (2.3) is a consequence of (3.12) and (4.1 ). Finally, the

regularity of the pressure 7r(x) can be deduced directly from equation ( 1.1 ) 1.
Let us prove the theorem under the assumption (2.1 ). Let a(x) E 

Then, there exists a sequence with 8n(X) E which converges
to a(x) in C(aS2).

Let 
I I I ’" - 1

It is evident that an(x) E and
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By (2.3) (2.4), there exists a sequence of solutions to

system ( 1.1 ), such that E C2 (K2) n C(Q), 7rn(X) E C 1 (0) and

with C independent of n.
Since system ( 1.1 )-(2.1 ) is linear, from (4.14) we have that

{(u~(:r), is a Cauchy sequence so that it converges to the desidered
solution (u(x), 7r(x)). D

PROOF OF THEOREM 2.2. Inequality (2.5) has been proved in Lemma 4.1;
(2.6) is a consequence of (2.5) and Lemma 3.5. In order to prove (2.7) we can
reduce only to deal with the case where Q is a bounded domain. Indeed, if Q
is an exterior domain, by virtue of (2.5)-(2.6), there exist two positive constants
R &#x3E; diam(K2c) and C(R) such that

Therefore, the result is achieved if we show that (2.7) holds for the solutions
to the following boundary value problem:

From inequality (3.13) and (3.10) it follows that

with q = 3 p [ p( p - 3 ) + 3 p] -1. Hence, by properly choosing p and taking into
account (2.5), the desired result follows. Finally, the proof of the theorem under
the hypothesis a(x) E (p &#x3E; 3) is achieved by repeating the final
steps in the proof of Theorem 2.1. D
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