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Asymptotic Stability for
Systems, II

Perturbed Hamiltonian

GIOVANNI LEONI

1. - Introduction
The

asymptotic stability

of the rest state of the

perturbed lagrangian system

has been studied extensively in the literature. See in particular the work of
Artstein and Infante [ 1 ], Ballieu and Peiffer [2], Burton [3], Duffin [5], Hatvani [6], Levin and Nohel [12], Salvatori [21], Thurston and Wong [24], and
Yoshizawa [26] for ,C(t, u, p)
F(t, u) and of Pucci and Serrin [18-20]
for general lagrangians of the natural form

It has been shown in [17] that, solely under the hypotheses that ,C is of
class C1 and that £(t, u, .) is strictly convex in R , the change of variables

transforms the system ( 1.1 ) into the

where the functions H and P

are

hamiltonian form

defined

on

the open set
for

canonical

example

some

(see the proof of Theorem 1.6.1 in Chapter I of [10]). A
for this kind of behavior given when the function G in (1.2)

Pervenuto alla Redazione il 14

giugno

1995.
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is the m-laplacian, namely
hamiltonian function is

Indeed the

I

On the other hand, when G in (1.2) is the
I p I 2 - 1, then

mean

curvature

corresponding

operator

Vl-+

and thus
With the exception of these simple examples, where the set D can be found
explicitly, in general the shape of D can be rather complicated. Therefore for
simplicity in what follows we will confine our interest to lagrangians £(t, u, p)
for which.

where S2 is a bounded open subset of R 2N containing the origin.
This technical assumption places only a mild restriction on the form of
£(t, u, p); thus it is satisfied in the majority of important cases and, in particular,
by lagrangians of the general form (1.2).
[An example of a lagrangian function which does not satisfy (1.4) is given

by

Indeed,

an

easy calculation shows that

The structure of

(1.3) leads

one

to introduce the

symmetrized

set of equa-

tions

whose

theory

then the
form

where

turns out to be

perturbed

particularly interesting.

hamiltonian system

(1.5)

can

If

we

write

x

be rewritten in the

compact
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with S2 c

a

bounded open set containing the

origin,

and where

is the simplectic matrix.
A (classical) solution of (1.6) is a function u : J - Q of class C1 which
satisfies the system (1.6) for all t E J.
Under the assumptions
R (t, 0) = 0 the rest state x w 0 is a
solution of (1.6). This state is said to be stable if for every E &#x3E; 0 there exists
80 is defined
Eo = So (E) &#x3E; 0 such that any solution x (t) of (1.6) with
on all of J and satisfies

The rest state is asymptotically stable if it is stable and if there exists 81 &#x3E; 0
such that for any solution x (t ) of (1.6) with
Sl1 we have x(t) - 0 as
t

- oo.

that when the hamiltonian H(t, x) is defined on all of
be used to show that, under appropriate assumptions
on H and R, all bounded solutions of (1.6) tend to zero as t --~ oo, or, in other
words, that the rest state x n 0 is a global attractor, see also [9].
For R (t, x) to represent a damping term we require the inequality
It is worth

J x JR.2N

our

noting
techniques

can

for all
Note that for hamiltonian systems (1.3)
(1.1), condition (1.7) becomes

arising

from

perturbed lagrangian

sys-

tems

or equivalently
We allow the damping to oscillate in magnitude as a function of time between
zero and infinity. However, it is well know that when the damping is unbounded
in magnitude we may lose asymptotic stability due to the phenomenon of overdamping. Therefore, in order to obtain asymptotic stability it is necessary to
place appropriate growth restrictions on the damping as the time increases to
infinity. This is accomplished by the main condition (A2) in Section 2 below.
For parabolic systems a similar hypothesis, although somewhat stronger, was
introduced by Pucci and Serrin in a remark of [16]. Note that (A2) combines a
growth condition on the damping R(t, x) as a function of time together with a
I and Hx (t,
x)(.
geometrical condition on the vectors
See the remarks at the end of Section 2 below.
Furthermore the special form of (A2) allow us to use a new integral condition, of the type introduced for hyperbolic systems by Pucci and Serrin in [16],
~1&#x3E;

or
By (., .) we mean the inner product either in
depending on the context. Thus in
particular (1.7) uses the inner product in JR 2N ,while in ( 1.7 ) the inner product is in R .
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which improves upon earlier work. See particular [18, Theorem 4.1], [19,
Theorem 2] and [10, Theorem 2.8 .1 ] .
While our concerns are theoretical, the stabilization of hamiltonian systems
is also of physical interest. In addition to applications to standard electrical and
mechanical networks, other examples arise from feedback methods for dynamic
control of robot manipulators. This theory turns out be particularly interesting,
see for example the work of Van Der Schaft [25] and of Takegaki and Arimoto [23], though we shall not dwell on this here. We only point the fact that
=
for robot manipulators the generalized coordinates
1,..., N represent
either joint displacements or joint angles, depending on whether the joint i
is translational or rotational. Therefore even for the simplest models of robot
manipulators we must have N &#x3E; 1. This fact alone fully justified the choice
to study differential systems (N &#x3E; 1) rather than scalar differential equations

(N

=

1).

When 1i has the form

where

is

a

symmetric

2N

To described

our

2N matrix, the system

can

When N

1 and

(1.6) reduces

results, consider the special

then be written

The system

=

x

the linearized system for

case

in

to the

classical form

(1.8) where

as

(1.9) is given by

0
Since the eigenvalues for this system are purely immaginary, the origin x
is called a center for (1.10).
The perturbation of a center has been treated extensively in the literature
(see e.g. Chapter 2 in [13] and Chapter 15 in [4]), but only for the autonomous
=
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special case when S = S (x ) and P
situation
in
which S and P strongly depend
(new)
To illustrate our results we take for simplicity

case, that is for the

the

where

~82 &#x3E; -1, a2, f311
system (1.9) then reduces to

The

case f31

=

a2

=

If 3 is too small, say 8
b = 1, a1 - f311 - cx2 =
form
If x(t) is
tend to 0

a

&#x3E; 0 and

a2 are

=

P (x). Here

on

we

study

the time variable t.

nonnegative

0 has been studied in [10,

~82

=

functions. The

Chapter III].

Let

then asymptotic stability fails. To see this, let
0 and or,1 = a2 = 8. The system ( 1.11 ) has the

solution of this system with
-~ oo, since

Ix(T)1

-

0, then x (t) does

not

as t

its L~(T, oo)-norm can be made arbitrarily small, by letting so --~ 0.
On the other hand, if 3 is too large, then again we lose asymptotic stability.
Consider the following system

although

where,

and

for
A solution of this system is

whose L°° (T, oo)-norm can be made arbitrarily small, by letting uo -~ 0, but
0.
which does not tend to zero as t ~ oo if
The following conclusions hold for the system (1.11), as immediate consequences of our main results in Section 3 and 6.
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THEOREM A.
continuous and

(i) Suppose 8

is bounded on J and 3

for all

t E J

E

L 1 (J).

is

absolutely

sufficiently large,

then the rest state of ( 1.11 ) is asymptotically stable.
(ii) Suppose that 1 /8 is bounded on J and let

asymptotically stable.
When 8 is at the same time neither bounded from above
zero, the situation is more delicate.

nor

away from

THEOREM B. Let m andk as in ( 1.12). Then the rest state of ( 1.11 ) is asymptotically stable if one of the following conditions (a), (b), (c) is satisfied.
(a) There exists a number a E [0, 1] such that for all t E J sufficiently large

(b) There exists a nonnegative, bounded absolutely continuous function k

=

k (t)

=

k(t)

such that

and

(c) There exists a nonnegative, bounded absolutely
on J satisfying ( 1.13)1 and (i) or (ii), such that

continuous unction k

3 in the first part and
Theorem A follows from Theorem B with k
k =
the second. Theorem B(a) comes from Corollary 3 in Section 3,
Theorem B(b) follows from Theorem 3.1, while Theorem B(c) is a consequence
of Theorem 6.1.
This paper is organized as follows. The following section contains our
basic assumptions. In Section 3 we present the main conclusions of the paper
and in Section 4-5 their proofs. Finally in Section 6 some additional results
=

are

given.
I wish to tank Prof. J. Serrin for his valuable

help

and constant

encour-

agement and Prof. P. Pucci for carefully reading the manuscript and for many

helpful suggestions. I also want to thank them for giving me a copy of their
preprint papers. Asymptotic stability for non-autonomous dissipative wave systems
and Asymptotic stability for nonlinear parabolic systems.

537
2. - Preliminaries
We consider the system (1.6) under the following specific hypotheses which
assumed to hold throughout the paper.
E C (J x SZ; R);
0) 0 for all t E J. For all xo &#x3E; 0 there exists
E
and a constant K &#x3E; 0 such that
nonnegative function 1/1

are

=

a

Condition

when

and

when

and

(2.2) implies in particular that

fix t E J and set x
0) in the previous inequality, where
0 is so small that x E S2, we obtain, by letting s - 0+, that
0) = 0.
Since R (t, 0) = 0, it is clear that (1.6) admits the rest state x == 0 as a solution.
Hypotheses (Hl )-(H2), together with the uniqueness of the initial value
problem x(T) = 0, are all that is needed for the stability of the rest state
of (1.6). Indeed we have the following result (for a proof see [10])
If

we now

s &#x3E;

Assume that the function H satisfies conditions (Hl)-(H2).
that
the only solution of the initial value problem x (T)
0 is
Suppose
x = 0. Then the rest state of (1.6) is stable.
THEOREM 2.1.
moreover

=

REMARK. When condition (2.1) is strengthened to
0 a.e. in
for all X
and
J
then it is well known that there is no need to assume
uniqueness of the initial value problem x (T) = 0. In this case we can also
apply a standard Liapunov Theorem to obtain stability of (1.6), where ?~ is the
natural candidate for the Liapunov function.
To prove

asymptotic stability

we

require

also the

following

conditions (A i )-

(A3). Set

(Ai) There exists

a

number D

&#x3E;

0 such that
for all

(A2) For all

xo

&#x3E;

function 3 : I

0 there exist a measurable control set I C J,
2013~ [0, oo ) and a number m &#x3E; 1 such that

a

measurable
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for all

(t, x)

exponent of

E

I x S2 with

m’ denotes the Holder

xo, where

conjugate

m.

(A3) For all xo &#x3E; 0 there exist a function
function 0 : S2 -~ [0, oo) such that

for all (t,X)EJXQ

[0, oo)) and

or E

a

continuous

and

with
when

and

v #0.

REMARKS. A condition of the type (A2) first appears in a remark of the
work [16] of Pucci and Serrin, where they treated the asymptotic stability of
parabolic systems. Note that it implies in particular that R (t, x) = 0 whenever
the vectors R(t, x) and Hx (t, x) are perpendicular. For hamiltonian systems (1.3)
arising from perturbed lagrangian systems (1.1), condition (A2) becomes

which in turn

yields
for all

This last hypothesis was used in [10,
with the tameness assumption.

If

we

denote

equivalent

by

0 the

angle

I

sufficiently

small .

and

[18-19], together

between the vectors - p and

Q, then (2.8) is

Chapter II], [15]

to

Thus the geometrical meaning of (2.8) is simply that the vectors - p and Q
1
are bounded away from orthogonality. Note that this always true when N
and indeed whenever the vectors - p and Q have the same direction.
It is easy to see that (2.7) and (2.8) imply (2.6), while (2.6) does not imply
=

the tameness condition
The

damping

term

(2.8). Indeed, let

N

=

2, J

=

[ 1, oo) and
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does not very

(2.8), since
and

so

that

On the other hand condition (2.6) clearly holds with m
2 and 8 (t) = 2t 1+2E .
Condition (A 1 ) is a natural consequence of hypotheses (2.1 ) and (2.2) for
systems arising from lagrangian functions of the general form
=

as

well as for the canonical system (1.8) in the introduction. Indeed in the first
the hamiltonian corresponding to (2.9) is

case

defined

on a

set J

x

A, where A is

an

open set of

R 2N containing the origin.

Consequently
and
If

take the open bounded set S2 such that

we now

condition

(AI) holds, if

hypothesis (2.2) implies
equivalent to (.~’ ) +

as

show that i is bounded. To see this note that
that .~ (t) &#x3E; Const. &#x3E; 0, while (2.1 ) is
Therefore

particular

claimed.

Similarly

By (2.10)1

for

the

= x (t)

(1.8), property (2.1) holds if and only if

bounded above, while by (2.10)2 all the hij’s are
h(t) be the least eigenvalue of the matrix H(t) and
corresponding unitary eigenvector. It now follows from (2.2)
are

bounded
x

we

in

Let

E

R2N

a

that
for all

Therefore the matrix H (t) is uniformly positive definite for t
this implies that hii(t) &#x3E; K in J so that all the entries of H(t)
bounded on J and (AI) follows.

E

J.

are

In turn

uniformly
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3. - Main results
In this section we present our principal asymptotic stability results. Here
and for the proofs in Section 4-5, we assume that conditions (H,)-(H3) and
(A 1 )-(A3) hold and that the only solution of the initial value problem x (T) = 0 is
x n 0.
In what follows a and 3 are the functions given in (A2) and (A3) corresponding to any fixed xo. The function k in Theorem 3.1 below depends on
the functions a and 8 and, in turn, on xo. For simplicity in the notation we
do not indicate explicitly this dependence.
In stating the following theorems we agree that the function 8 k is extended
= 0
to all of J by the definition 8(t)k(t) = 0 for t E JBI and
whenever k(t) = 0.
THEOREM 3.1. Assume that there exists
continuous function k on J such that

a

nonnegative, bounded absolutely

Suppose also that

Then the

rest state

of ( 1.6)

is

asymptotically stable.

COROLLARY 1. Assume that a and 8 am-1
(J) and

bounded in J.

are

If a

is

absolutely

continuous, a fj. L 1

for all
then the

rest state

of ( 1.6)

PROOF. Take k
REMARKS.

= a

is

t E J

sufficiently large,

asymptotically stable.

in Theorem 3.1.

Hypothesis (3.3)

is

implied by

1:1

the easier condition

On the other hand there are functions a for which (3.3) holds without
satisfied. An easy example is given by the function cr = (cost)+.

(3.4)

being

COROLLARY 2. Assume that either k E B V (J) or I
Then condition (3.2) in Theorem 3.1 can be weakened to

=

J and log

k

E

Lip(J).
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PROOF. When k E BV(J) then k’ E
Const. k. Therefore in both cases

L1(J),

while when
also (3 .1 ) 1 )

(using

for all

t E

J

log k
we

E

Lip(J)

then

have

sufficiently large ,

which, together with (3.5) implies (3.2).
REMARKS. Under the additional

condition

(3.5) in Corollary 2

can

hypothesis

be

simplified

to

Condition (3.5) was introduced by Pucci and Serrin in [15], where they
treated the asymptotic stability for dissipative wave systems. It significantly
improves Theorem 2.8.1 in [10], where (3.6) and (3.7) were assumed in place
in (3.7) was missing. A condition of the
of (3.5) and the exponent
also
in
Theorem
2 in [20]. Condition (3.2) is new.
type (3.5)
appears
COROLLARY 3.

There exists

a

number

a

E

[0, 1 ] such that for all

t E J

sufficiently large

Apply Corollary 2 with k(t)
REMARK. Results corresponding to
[15] for hyperbolic systems.
PROOF.

in

=

min{ 1,

0

Corollaries 2 and 3 have been

given

4. - Preliminary lemmas
We present here
3.1.

some

elementary

consequences of the

orem

xo

&#x3E;

0 there exist two positive numbers K, wo such that

for all
and

for all

assumptions

in The-
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PROOF.

By (2.2)

there is

a

constant Kl

=

Kl (xp) such that

when

and

Therefore

and (4.2). This proves the first part of the lemma. The second part
follows in a similar fashion by
x) = - (1tx (t, x), x) + 2 (H, (t, x), v)
0
and using (4.1 ) and (A 1 ) .

by (4.1 )

LEMMA 4.2. Let F

=

Fc,uo,vo

=

{x

E

C : ~u(

compact set C C Q and some constant uo, vo

where the constant depends
PROOF.

(t, x)

E

&#x3E;

uo,

I

&#x3E;

vo }, for some fzxed

0. Then

uo and vo.

C,

By (2.5)

Now, from (2.4)

for

on

&#x3E;

J

x

obtain

we

F, which is the desired conclusion.

5. - Proof of Theorem 3.1
If

r

E

(0, 1) is

a

sufficiently

small constant, then

rest state of (1.6) is stable, there is
1 is defined
x(t) of (1.6) with

Moreover, since by Theorem 2.1 the

an

0 such that any solution
all of J and satisfies

on

81

&#x3E;

x

=

for all
Thus to prove asymptotic stability it is sufficient to show that any solution
= x(t) of (1.6) satisfying (5.1) has the property

x

The

following

three lemmas hold

solely

under

assumptions (HI)

and

(H2).
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LEMMA 5.1. Let x
x(t) be any solution
&#x3E; 0 such that
=

of (1.6) satisfying (5.1).

(i) There exists t

LEMMA 5.2.

x (t)

LEMMA 5.3. If f
number q (depending

if and only if i 0 in Lemma 5. 1 (i).
T and a positive
0 in Lemma 5.1 (i), then there exist

--~
&#x3E;

on

0 as

t

--~ oo

=

f) such that

We omit the proofs of Lemmas 5.1-5.3 since they can be found in [10,
Chapter III] and are easily derived from (Hi)-(H2). In particular Lemma 5.1(i)
is based on the primary identity

LEMMA 5.4. Let x
x(t) be any solution of (1.6) satisfying (5.1) and for
which i &#x3E; 0 in Lemma 5.1. Then, under the hypotheses of Theorem 3.1, there exists
a positive constant K(depending on ~) such that
=

with g :

[0, 1 ] a function of

class C1 such that

for a sufficiently small constant s (depending on i).
PROOF. Let x
x(t) be a solution of (1.6) satisfying (5.1) and for which
i &#x3E; 0 in Lemma 5.1. By Lemma 5.3 we can take the functions 3, or, 0 in
(A2)-(A3) corresponding to the choice xo 2-/2q. These choices determine
the function k in Theorem 3.1. In view of (1.6) the following identity holds in
J along x
=

=

where
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and the constant 6’ in (5.3) remains to be chosen. We now estimate the various
terms in the right-hand side of this identity.
STEP 1. Estimation of

for all t E Ji, provided
Lemma 4.1 with xo
on q such that

k h 9 (t, x).

s

We claim that

To see this we first apply
to obtain two positive numbers K, wo depending

is

=

sufficiently

small.

for all
for all
Next

we

that

so

and

take

g (v (t))

=

0

by (5.3)2

and in turn

h(t)

q.

=

By

-g (u (t)).

Lemma 5.3

Therefore

by (5.5)

provided E wo/2.
There

g (u (t))

For

=

are now

1

two cases.

by (5.3)1

and thus

those tEll such that -

For those t E Il such that
the first inequality in (5.7)

we

get

by

I u (t) I 2E

we

obtain

and Lemma 4.2 with
In the remaining set
g(u(t)) = 0 and thus

by (5.7)
’

Hence

by (5.6) forv (t ) ~

2s

we

we

have

get

By (5.3)2 this estimate continues to hold
2s. Again there are two cases. If
thus by the first inequality in (5.8)

for those t E Jl Bh such that
1 by (5.3)1 and
then g(v (t))
=

545

I then again by (5.8)

If E

by

Lemma 4.2 with C
In summary, with

=

B(0, r),

uo

=

the above estimates for the sets h and
bining these gives (5.4).
STEP 2. Estimation of
and (A2)

2s and vo

Jl B h

are

=

~.

simultaneously

valid. Com-

k h ( R (t, x ) , x * ) . By (5 .1 ), the fact that

1

STEP 3. Estimation of k’ h (u, v). Let the constant s in (5.3) be chosen to
satisfy 8 K/2r (M + 1) as well as (5.9), where M is given in (3.2). If either
~ u (t ) ~ 2E orI v (t) I 2s then by (5.1 ) and the fact thath (t ) ~ 1

Otherwise, if

2E

and
&#x3E; 2s then h (t) 0 again by (5.3)2.
STEP 4. Estimation of k h’(v, u). Observe that gw ( w ) - 0 whenever 0
E or
2E by (5.3). Consequently
I

&#x3E;

=

Moreover

by

respectively by

Lemma 4.2 with C

(A2), where
iw

=

Lemma 5.3 and

B(0, r),

(5.9) and in

uo = s and vo =

2q,

turn

and

by

546
A similar estimate can be obtained when
By the previous STEPS 1-4 we obtain

for almost all t E JI. To complete the proof it is now sufficient to integrate
the previous inequality from T2 to t, where T2 &#x3E; Ti, and use Lemma 5.1 (ii)
0
for the last term.
We

now

turn the

proof

of Theorem 3.1.

for all t &#x3E; T2 &#x3E; Ti . Moreover
that

and also

by (3 .1 )¡

By (3.1)11

and

take t &#x3E; T2

(3.2) it

now

by

Lemma

By (5.2)

5.1 (ii)
~.

so

large

and Holder’s

we can

inequality

choose T2

so

large

,I

that

Then

follows that

which is a contradiction by (5.1 ) and the boundedness of the functions k and
0
h. Hence the case f &#x3E; 0 cannot occur, and the proof is complete.

6. - An alternative hypothesis
As in the previous sections we suppose that conditions (H1)-(H3) and (A 1 )(A3) hold and that the only solution of the initial value problem x (T) = 0 is x * 0.
We also assume that for all xo &#x3E; 0 there are positive exponents a, f3 such that

for all

where 0

is the function introduced in

with

(A 3 ) .
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THEOREM 6.1. Let the hypotheses
weakened to (3.5) and we suppose that

where B is

a

of Theorem

3.1 hold, except that

(3.2)

is

positive constant and

Then the conclusion

of Theorem 3.1

remains valid.

2Uiq

in (A2),
PROOF. As before, in view of Lemma 5.3 we can take xo
word-for(A3 ) and (6.1). The proof of Theorem 3.1 then applies essentially
word, except for STEP 3 in Lemma 5.4. Here, in J1 we see by (6.2) that
=

otherwise
1 and (5.3)2.
the fact that
Recall that 11 = f t E
I
2s) and that
Lemma 5.3 and (5.9). If h = 1 then a 1 and thusJul
r
1 in (5.1 ). Hence by (6.3), (6.1 ) and (2.4)

by (5.1),

where r is
and (2.4)

where

we

a

positive

constant and

have used the fact thatluI1+}/

1 /~, &#x3E;
By (6.3), (5.1 )

in h by
in Ii, since

2q
~

::s

in I,, since

r

1 and 1 +JB/

=

a.

If we now take
conclude that

and the fact

that

T~ ~ K /2 Const.,

also

1 for t

by

the

E Il’
previous

estimate in

I(,

we

2~ . We omit the
The same estimate can be obtain in the set where I vI
since it is quite similar to the previous one.
The rest of the proof is now the same as before with the constant K in (5.2) .

proof
now

replaced by K/2.
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COROLLARY 4. Assume that 1/8 and I/(am-18)
absolutely continuous, 1 /8 ~ L 1/(m-1) (J) and

then the

rest state

are

bounded

on

J.

If 1 /8

is

of (1.6) is asymptotically stable.

PROOF. Take k

=

1/81~("‘-l

in Theorem 6.1
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