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On the Regularization of the Pressure Field
in Compressible Euler Equations

R. DI LISIO - E. GRENIER - M. PULVIRENTI

1. — Introduction

In this paper we want to study the stability of the Euler equations for a
generic polytropic fluid, with respect to a regularization of the pressure field.
The motivation of this study derives mostly from the problem of the convergence
of the so called Smoothed Particle Hydrodynamics (SPH) method, a numerical
scheme often used to compute solutions of compressible Euler equations. Indeed
in a previous paper (see [2]), the same authors proved the convergence of the
empirical measures arising from the SPH scheme to the solutions of a regularized
version of the Euler equations for compressible flows (see equations (1.2) below).
Therefore to complete the convergence proof one needs to show the convergence
of the solutions of equations (1.2) to the corresponding solutions of the genuine
system of Euler equations (1.1). This is the aim of the present paper. Besides
the motivations related to the SPH method, we believe that the stability problem
we takle here has an intrinsic interest.

Let us consider the Euler equations:

{3t,5+V-(,5ﬁ)=0

1.1
(D (i - V)it + p*Vp =0,

where 5 : R* — R and i : R® — R> are the density and the velocity field
respectively. These are the Euler equations for a fluid with the pressure defined
by the state law P = (& +2)~!5%*? (for a > —1).

We regularize the pressure field in equations (1.1) in this way:

(1.2) {8,p+V'(/0u)=O
‘ duu - Vyu + p*Vp, =0,

where p, = p * 8, and 8, = g, *x g.. We assume that

(1.3) g:(x) =¢77g1(xe™) x e R’
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where g; > 0 and [g; = 1. g, is a mollifier which converges to the delta
Dirac measure as ¢ — 0 (see [1] for the case o = 0, and [2] for the study of
this system, and in particular for the existence of global solutions in a kinetic
sense, obtained by passing to the Vlasov kinetic picture).

We shall consider periodic solutions of problems (1.1) and (1.2). The fol-
lowing classical Theorem (see [3]), establishes that problem (1.1) has a regular,
local solution, if the initial condition is regular enough. Let A = [—1, 1]° be
the periodic torus.

THeOREM 1.1 ([3]). Given py € H*(A), iig € H*(A)?, po >m > 0,5 > 5/2,
there exists a unique classical solution (p, i) of the problem (1.1),

(p, ) € C([0, T]; H (A)*) N C([0, TT; H~'(A)Y),

with p > 0, provided that T is small enough.

Our aim is to state the convergence of the regular solution of problem
(1.2) to the solution of (1.1), with the same initial datum, as ¢ — O (obviously
locally in time). Namely we will prove

THEOREM 1.2. Let s > 11/2. If g; satisfies
a) there is C > 0 and n > 0 such that:

B 4
(1.4) IDPg1(x)[1x]" < T+

for Bl =1,2,
b) there is C > 0 such that

(1.5) IMIDPg1 ()] < Clai(M)],

for |B] = 1,2, 3, (where f denotes the Fourier transform of the function f), and if
the initial data py and ug belong to H°(A) and inf,cp p9 > O, then there exists a
positive time T such that, for the solutions (p, u) of (1.1) and (p, u) of (1.2), the
following limit holds:

(1.6) 1in(1)(||,5 = plly—1 + [l —ully) =0, Vi <T,Vs' <s.
£—

Examples of mollifiers satisfying these conditions are those for which
g(A) = (14+12)~P with p large enough.

We mention that L? estimates for the regularized problem has been proved
by Oelschldger [4] in the case o = 0 (see also Caprino et al. [1]).

The plan of the paper is the following: first we obtain a-priori bounds
in Sobolev norms by studying a suitable norm. Then we prove the conver-
gence in L? norm. The appendix is devoted to further considerations involving
pseudodifferential operators which have led us to the choice of the right norm.
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2. — A-priori estimates in A° norm

Consider the box A =[—1, 1]® (3 is the dimension of the physical space)
and two fluids described by equations (1.1) and (1.2). We assume periodic
boundary conditions so that A can be thought as a 3-dimensional flat torus.
The density p and the velocity field # can be extended to the whole space R?
by periodicity. The convolution operator on R3 is denoted by the symbol .

If f(x) is a function on A and f(x) is its periodic extension on R3, we
define:

gx f(x) = /R G -Nfody =Y /A gx +2k — ) f(y) dy

[l

where %, means the convolution product on the torus A, and gx(x) = g(x+2k).
Let us introduce the following seminorm:

@.1)

22 W _1 DS 2 l o DS 2 Ds—l 2
(2.2) s = p|D ul|” + P lge * D’pl”+ [ | ol
2 Ja 2 Ja A

where

9s1ts2ts3

(2.3) D’ s = (51,52, 83) (|s| = 51 + 52+ 53).

- 051x10%2x70%3x3
In what follows we shall consider only the case when s is an integer. |- |, and
[| - |ls denote the LP(A) and H*(A) Sobolev norms respectively.

The semi-norm W; controls |D?u|y fqr |y| = s, and |DY p|o for |y| =s—1
(see the Appendix).

We will only look for a-priori estimates of W; on the solution of the
regularized problem (1.2). The existence of such a solution can then be deduced
by standard arguments (for instance using the Galerkin method).

Notice that, for a fixed initial condition (0o (x),u0(x)), the solution of equa-
tions (1.2), p(x,t), has a lower and an upper bound. In fact, by the continuity
equation we have:

p(x, 1) = po(x) exp (— /0 v u|(x>ds)

24
> inf poexp (— ct sup lul|5(s)).
x 0<s<t 2
Analogously
2.5) px, 1) < |poloo exp (ct sup |lulls (),
O<s<t
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so that Theorem 1.1 assures the existence of upper and lower bounds for the
solution p of problem (1.1).

To obtain an a priori estimate for W, (uniform in &) we consider its time
derivative. We have:

. 1
W, = / 8p| D*ul?
2 Ja

— [ pD*uD*t- Va1~ [ pDuDpEVp)
A A

26 1 [+ § (42
(2.6) +5/Aa,pg |ge * D p|2+/ Pe(8e * Dp)gs % D*drp
A

+/ Ds—lst—latp
A
=N+ + T3+ T+ Ts + Ts.

To estimate W;, integration by parts, Holder inequality and Moser type inequal-
ities will be often used (see for example [3] p.43). In particular, we recall:

ID*(fg) — fD*gllo < Cs(IDf ol ID*~"gllo + 1810l ID° £1l0)-

In the sequel C; will denote the generic positive constant possibly depending
on the parameter s. We have:

h+T,= —/ pD°u[D*(u - Vu — (u-V)D’ul
A

@7 < lpDullol|D* (u - Vyu — (u - V) Dullo
< Cslp| L2 W2 Duloo| [ D* ullo.
Furthermore:

28) To=- /A (D1 )D* " (oY -+ - Vp) = Tey + T,
Ter =—/AV-uprlz—/ADf—lp[DS—‘(pV.u)—V-uDS“p]
SO
2.9) [Tarl < [VatlooWs + Coll D~ pllo(Ipleoll Dullo + Vatlool 1D 1),
To =7 /A (D 1p)V - u — /A (D)D" - V) —u - V(D1 p)]
SO

(2.10) |Tsa| < Wi|V.ttoo
+ Csl1D* ! pllo(| Dutloo 1D Vpllo + [V plool | D~ o).
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Moreover,

0: oy

[0 2N
(2.11) T, <| |wwss5|pe‘|oo|v‘(pu)|oows.

[
&

2.12) T; = —/ pD*up?D*Vp,
A

- / pD*u - [D*(p;V pe) — py D'V pe] = T31 + Tz,
A
(2.13) T3z < |lpD*ullo(IV 0 lool | D* pello + 1V e ool | D¥ 0Z [10)-

It remains to estimate, and we shall do it later
2.14) T3 = ~/ApD‘upf:Dszg.
Moreover:
@15 Ts=— [ p(ex D'p)gex V- wDp)

- /A g (8 * D°p)ge x V - (0D*u)

~s [ 6k D*o)ge x V- (0 pDu)

s—2
=S [ e x D p)(g Y - (D1 F oD
B=1
= Ts1 4+ Tsy + sTs53 + Ts4.
By Schwartz inequality, if s > 7/2,
s—2

(2.16)  Tsq < Cllpg (g * D*p)llo Y _lIge * V- (D*~1=F pDPH1u|q
B=1

< Clp%loo W 1o s-1 1l ]5—1.

Ts; = / Vipg (8s * D°p)1ge * (0D°u)
A
= /A Vg (ge * D’ p)ge * (0 D*u)
+ [ 29 % D P (0D*w) = Tiza + T
A

We have

@2.17) 1 Ts2a] < @IV s lool 0™ ool 0122 W,
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and, recalling that 6, = g, * g,
Tsyp + T3
= /Age * (pg V(8s * D’ p))pD’u — /Apé’gs * (V(ge * D°p))pD’u
218 = /Adx /O(JC)DSM(X)/A dy g:(x — y)log () — pg (X)1V(gs * D°p)(y)
= - [ axp@D*uee) [ dy Vsl = ML) = pE@Iee * D)

- / dx p(x)Du(x) / dy g:(x — Y)Vp(3)(gs * D*0)(y),
A A

| Ts2p + T31]
S/Adx p(x)IDSul(x)/AdyIVp?Ioolx—ylIVgsI(x—y)Igs * D°p|(y)
+ Vg ol (D’ u)llollge * D pllo

172
219 < 1V6%e ( /A /A P20 D*ulP(x) | Vg (x — y)Ix — yldx dy)

1/2
x ( / / (8 % D 0)*(»)|Vae|(x —y)lx—yl)
AJA

+ Vo2 loollo(D*w)llolIge * D pllo
< CIV P2 ool 05 % lool 112 W

provided that
[, wailwixidx < c.
R3

which is ensured by assumption (a) of Theorem 1.2.

Ty = — / P (e % D* P)(V - [ge % uD*p)] — V - [ugs * D*p])

(2.20) A

- / p%(8s % D’ p)V - [uge * D* p] = Ts1a + Ts1p,
A

Tsip= ‘/A P (8s * D°p)((8s * D)V - u + u - V(g * D’ p))
o S \2 1 o a )
== | P{ e x D°p)*V w2 [ [07V - u+u-Vp1(ge * D'p)
A A

SO

(2.21) | Ts16] < CWs(IV - oo + 10| Volool 07 oo)-
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Finally the terms 7s;, and Ts3 are the usual terms which can be handled
by a Taylor expansion as shown by Oelschldger [4]. To this end, following
Caprino et al. [1], we need assumptions (a) and (b) of Theorem 1.2 on g;.

The term T5;, can be written as

Tsia = / dx pg (ge * D°p) [/3 dy (V- u(x))g:(x — y)D’p(y)
(2.22) A R

- / dy w(x) — u(y)) - Vealx — D p ()| -

The first term can be easily estimated by ||Vu||oWs. So, we shall consider the
second one.

We perform a Taylor expansion of u up to the fourth order. The i — th
component gives

ui(x) —u;(y)
=Vu;(x) - (x—y)+ = h;I h;k ui (x)(x — Y)n(x — y)
1 < PE
(2.23) +3 h er_l o @ = aGE = il =),
3
Z / do(1 —6)3 axhawanu i(x+ 0>y —x))

h k,r,l=1
X (X = Ypx = Y(x = y)r(x — y).

Substituting this sum in the second part of (2.22) we have four new terms. The
first one is bounded by

2.24) [IVulloollog (8e * D° p)lolI(x - Vge) * D*pllo.

By the Plancherel theorem on A, using (2.1), assumption b, and the identity
&:(p) = &1(ep):
G- Vge) * Dpll3 = > 1D pl*(p)IpI*I Ve *(P)

peZ3
=Y " ID ()P PIV,r8112(ep)
(2.25)
pEZ3
< C Y IDplA(p)Ig11*(ep) = Clige * D*plf3.
p€Z3

The second and third terms can be estimated in a completely analogous
way, namely by:

(2.26) C(||D*ulloo + |I1Dulloo) |12 (8c * D*p)llolIge * D*pll3

after using (1.4) for |B| =2, 3.
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It remains to estimate

/A dx p%(x)(gs * D’ 0)(x)

4

3 | 3
2 / do(1 = 0)’ - ————ui(x +0(y = x)
hkri=170 0xp0x,0x,0x;

—Vrx = Yx = y)r(x — Y-

(2.27) L
3!
x (

To handle this term we perform an integration by parts. We obtain inside
the integral fol dé(1 —6)3, a sum of terms of the type:

C / dx p} (gc * D°p)
A
34
x [ dy (= nGe = s = ) gt =00 — )
x D7 p(»)Vgs(x — ),
Ca [ dxpt(eex D) [ dy(x = yntx = yux = e =y
A
35
X
axhaxkaxraxlaxj
Ca [ dx (e x D) [ dy (x = yutx = yetx = ) =

34
X ————————————————
0x,0x;0x,0X]

(2.28)
u(x —0(y —x))D ' p(»)Vge(x — y),

u(x — 0y — x)D* ' p(y) D*ge(x — y).
We estimate the first one.

/ dx p%(gs % D* ) / dy (x = Yu(x — Yi(x =¥
A R3

4

———————u(x —0(y — x))D* " p(»)V _
Xaxhaxkax,ax,"(x O —=x) P(YVg:(x —y)

< lpg (8 * D’ p)llox
4

d
[/A dx (/113 dy(x — Y)n(x — y(x — )’)rm“(x —0(y —x)

213
xD* L p(y)Vg.(x — y)) ]

1
< o D* Ds—l D4 A % d 6 v 2 2
< Cllpg (g * D" p)lloll PllolI D ulloo| Al z|z|° IV gel(2)
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But
_ Z ~ ~
/ d2)2f Ve l2(@) = / dz|zlfs Ve P (;) —e / OV PG < C

by assumption a).
The other two terms can be estimated in the same way.
All these estimates lead to

(2.29) T51, < CW;.
All the above estimates yield:

W, < f(W,, |plroo, |oelroo, |p7 Lo, |07 Lo,

(2.30)
|ulLoo, | Dulpoo, |D*u|poo, |D3ulpoo, |D*u|poo),

where f is a continuous smooth function, increasing in each of its arguments.
Let

(2.31) Z, =) W,

s<o
If o > 4+3/2=11/2, then
(2.32) Zy < f(Zs),

which leads to energy estimates and bounds uniform in & on the solution of
equations (1.2), on a time interval [0, T'] independent on &.

3. — Convergence in L? norm

Now we are in position to obtain convergence in Sobolev norms, as §; — 4.
By the interpolation inequalities and the H* bound found in the previous section,
it is enough to prove the L? convergence of (o, u) to (p, ).

To this end, let us introduce the following function

1 o1 1 o
3.1) 00 =3 [ oG- P+ [ G- u?,

2 A 2 A
where (p,u) is the regular solution of (1.1) and (p,u) is the regular one
associated to (1.2).

We suppose that there exists a time T* such that:

i) 0<m=<p(x, 1), p(x,t) <M < +00, Vxe A, Vt<T*
ii) sup(/[plls, lulls, [lplls=1, Hulls) < C < +o0, vVt < T*.
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These hypotheses are satisfied for regular enough initial data pg, ug.
It is clear that

(3.2) 116 — plI5 + lld — ul]3 < C'Q@),

for some C’ < +o00. So it is sufficient to show that Q(t) — 0 as 8, — 4.
We proceed as before performing the time derivative of Q(¢). By straight-
forward calculations we see that:

1 _ o — _
63 55 [ eGP =com - /A pP*(5 — P)V - (i — w),
and
1d
—— | pla—uw?<CQW)— [ pp*@—w)V(p — pe)
(.4) 2dt /A /A

<o) - /A 5% — WV (5 — p) — /A P — WV (p — p * 80).

The second term cancels with the last term of (3.3) and the third is bounded
using

(3.5) /3 S:(x)|x|dx < Ce,
R
which gives

(3.6) <C(Q() +e) Vit =T,

dQ
dt
where C does' not depend on ¢. So, assuming the same initial conditions for
the problems (1.1) and (1.2), the convergence result follows. The end of the
proof of Theorem 1.2 is then straightforward.

Appendix: a pseudodifferential approach

The proof of the main Theorem was in fact first done by using the pseu-
dodifferential operators machinery, which leads, in a natural way, to the energy
norm (the sum of the seminorms (2.2)) studied in this paper, and which is an
approach equivalent to the use of smoothing kernels. In this section we want
to give the main ideas.

First, we study the linearized version of (1.2) around a constant state (iz,0)
(frozen coefficients)

(A1) du + (- Vu = pIV(p *3,),
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(A2) o+ @-V)p+p divu=0.
The symbol of this system is
in-g 0 0 ip2&gi(eE)
0 id-§ 0 ipt6gi(ek)
0 0 ik-& iprEsgi(et)
ipg1 ipg&  ip&s in-&

(A.3) Af =

(where & is the dual Fourier variable of x), in the sense that

(A4) & (“) + Op(A*(E, ii, p)) (“) =0
P P

is equivalent to (A.1), (A.2) where

(A.5) Op(A%(E, 4, p)) (“) = / E¥EAS(E, 0, P)F <">(€)d§,
P R3 P

F denoting the Fourier transform.

The standard way to study (A.5) is to symmetrize A®, that is to look for
a positive definite matrix S° = *P®P* such that S*A® is symmetric (see for
instance [3]). Here we take

(A.6) Pt =

OOO%
o

0
0 0 /peghed)

(A7) 1@, )1l = [1Op(P*(§, 4, ))(u, P)|l2-

which leads to the norm

The second step is to study

(A.8) 1, ©)Ills = 11Op(P* (&, u, p))(A°u, A°p)ll,2

where A® = (1 — A)*/2, and where the coefficients are no longer frozen. This
can be done by differentiating |||(u, p)|||s and using estimates on commutators
and adjoints of pseudodifferential operators, or equivalently by using calculus
on kernels as in this paper.

Natice that |||(4, p)|||s controls ||u||gs and ||o¢||gs, which leads with (A.2)
to a control on ||p||ys—1. So it is natural to consider the norm

(A.9) ol gs—1 + loellas + [lullas
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or, equivalently that one used in this paper.
More heuristically, we see that at high frequencies, the system degenerates

in
(A.10) ou+ (u-Vu=0,
(A.11) 0o+ V-(ou)=0.

If we control ||u||gs, we can only control ||p||gs—1 by (A.11). On the contrary,
at low frequencies the system behaves like the limit system (Euler equations for
compressible fluids), where we can control ||p||gs. The “transition” between
the original system and (A.10), (A.11) occurs when ¢|&| ~ 1, and is described
by ||0e|lgs which does not take into account wave numbers |&| >> ¢!, and

behaves like ||p||gs for wave numbers |&] << e~ 1.
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