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Spectral Asymptotics for Multi-Quasi-Elliptic Operators in Rn

P. BOGGIATTO - E. BUZANO

0. - Introduction

The estimation of the growth of the number of eigenvalues for a given
operator in plays an important role in Physics and is a central theme
in Spectral Analysis.

In this paper we give a precise estimate for the asymptotic behavior of
the eigenvalues counting function NCÀ) for global multi-quasi-elliptic operators
in ~n .

Global multi-quasi-elliptic pseudo-differential operators in R’ are a general-
ization of the multi-quasi-elliptic differential operators with constant coefficients
defined by Friberg [7], Mihailov [11] and Volevic-Gindikin [16] and have been
studied by several authors among which Cattabriga [6], Pini [13] and Zanghi-
rati [17]. They have been introduced and studied by Boggiatto [2], [3] and are
an important example of the global hypoelliptic operators in R’ considered by
Berezin and Shubin and many other authors in connection with mathematical

questions in Quantum Mechanics. See [1] for a brief survey of the theory.
Multi-quasi-elliptic operators are defined in Section 1. They form a class

containing quasi-elliptic operators and closed with respect to composition. Their
definition is based on a weight function wp associated with a convex polyhedron
~ C satisfying suitable hypotheses (see Section 1). An operator which
is multi-quasi-elliptic with respect to P is called ’P-elliptic.

Our main results are Theorems 2.1 and 3.4. In Theorem 3.4 we give an
asymptotic computation of the Weyl term

associated with a P-elliptic symbol a (z) with polynomial principal symbol.
Under the assumption that the characteristic polyhedron P is non-degenerate,

i.e. the intersection of the boundary of P with the diagonal of R N is an internal
point to a face F (ù of P of equation w - z = 1, we obtain the following asymptotic

Pervenuto alla Redazione il 17 Novembre 1995.
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expansion:

where

ao is the part of the principal symbol which "lies" on the face F ú) (for the

precise definition of ao see (8)) and the remainder V is given by (15).
An asymptotic estimate of V(,k) for multi-quasi-elliptic polynomial symbols

is also contained in [8], however in a less explicit way, without the estimate of
the remainder and using a completely different approach.

In Theorem 2.1, thanks to the estimate (1), we are able to extend the asymp-
totic expansion of the eigenvalues counting function N(À), due to Tulovskii and
Shubin (see [14] and [15]), to the case of multi-quasi-elliptic operators. As a
matter of facts, if A is a global P-elliptic operator in R", then we have

with E satisfying (9), (10) and (11).
Tulovskii-Shubin result is based on the assumption that the Weyl term

satisfies the estimate

for some E &#x3E; 0 (see Theorem 3.1 ). In order to meet this condition, Tulovskii
and Shubin make the following assumption on the symbol a of the operator:

for some C, R &#x3E; 0 and 0  S  1 (see [14], Proposition 28.3). Condition (4)
looks rather restrictive: in fact it is not verified even for quasi-elliptic symbols.
For example the symbol in R 2

is quasi-elliptic because ~97/5  2, but it does not satisfy (4). In fact

vanishes along the curve :
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Luckily, our estimate (1) shows that for multi-quasi-elliptic operators, V (À)
satisfies (3) apart from (4), which consequently can be eliminated.

Finally it is worth to remark that our P-elliptic classes allow us to give a
slight better estimate of the remainder in (3) with respect to the one could be
obtained by Tulovskii-Shubin classes (see Remark 3.3).

For example, the self-adjoint ordinary differential operator in R

with

is globally P-elliptic with respect to the non-degenerate polyhedron P of vertices
(o, 0), (2ho, 0), (2h 1, 2k1 ), (o, 2k2). As a consequence, we have the following
asymptotic formula for the eigenvalues counting function:

where B is the Euler Beta function,

and

(see Example 2.5). 
2As a second example consider the Schrodinger operator in R~ with multi-

quasi-elliptic potential:

with m &#x3E; 1,

and

Assume that
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and that there exists I  m such that

Under these hypotheses A is P-elliptic with respect to the polyhedron of vertices

and the eigenvalues counting function has the following asymptotic expansion:

oo, where

with

and

(see Example 2.6).
These two examples are not quasi-elliptic and therefore are not included

in those considered by Helffer-Robert [9], [10] and Mohamed [12].
As already announced in [ 1 ], in a subsequent paper we shall consider also

the case in which the characteristic polyhedron is degenerate and give better
error estimates in the spirit of those obtained by Helffer-Robert [9], [10] for
quasi-elliptic operators.

Acknowledgment.
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1. - Globally multi-quasi-elliptic operators

We begin by recalling some known facts about convex polyhedra in R"
(see [7], [4], and [5]). A convex polyhedron P is the convex hull of a finite
set of points in With each polyhedron P we can associate a set V (P) of
convex-linearly independent generators, called the vertices ofP. Let us consider
a polyhedron P such that
1) P c (1),
2) 7~ has dimension N,
3) 
4) =~ 

where y  z means for j - 1,... , N. For such a P there exists
a non empty finite set H (P) C such that:

with
Let

We say that Fw(P) is the face of P on the hyperplane w.
A polyhedron P is called complete if for every y E and ,z E 7~ such

that y  z and ,z we have y E P B F(P). This means that the polyhedron
has no faces parallel to the coordinate hyperplanes, i.e. H(P) C 

DEFINITION 1.1. Let us denote by PN the family of complete polyhedra satisfying
hypotheses 1) to 4).

With a polyhedron P E PN we associate the weight function

and define the formal order

and the maximum and minimum order

We say that P is the characteristic polyhedron associated with the weight wp.

(i) R+ = (z E IRlz &#x3E; 0}, = U {0}, N = {n E 0}.
(2) We mean lyl = yl +... + yN , when y is a multi-index in ~1N and Izl = + ... + z~)1/2,
when z is a point in 
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DEFINITION l. 2. For any m E R, p E ]0, .l] and P E PN we denote byvo

the class of symbols a(z) E such that for each y E IN there
exists Cy &#x3E; 0 for which we have:

DEFINITION 1. 3. A symbol a E called P-elliptic of order (m, p)

Let us denote by the set of P-elliptic symbols of order (m, p )
in The union of all the classes forms the set of multi-quasi-
elliptic symbols in (I1N ) .

REMARK 1.4 If F(P) is made of a single face Fw, then a P-elliptic symbol
is quasi-elliptic; in particular, if F ú) is orthogonal to the diagonal, the symbol
is elliptic.

One easily proves the following
PROPOSITION 1.5. We have

In the following proposition we clarify the relationship between our classes
of multi-quasi-elliptic symbols and the Tulovskii-Shubin classes and

(see [14], § 23, 25).

PROPOSITION 1.6. For m E R, p E ] 0, o , h E R and a E 10, 11 we haveVO

with

and

with

PROOF. We prove the first inclusion, the other ones are a trivial consequence
of Proposition 1.5.

This implies that there exists a constant CY-0 &#x3E; 0 such that

By induction it follows that
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In particular, for each i and a E according to Shubin [14],
§ 23, we let N = 2n, .z = (x, ~) E M" xR" and define a global pseudo-differential
operator A in of T-symbol a (x, ) by the formula:

Here we use the term global to signify that (5) defines a closed linear operator in
L 2 (ll~n ) with domain ~(R"). We write A = for r = 0 we have the usual

pseudo-differential operator of symbol a (x, ~), called by Shubin left-symbol ; for
r = 4 we have the so-called Weyl symbol.

We say that an operator is p) in R" if it has
r-symbol belonging to Global P-elliptic operators form the set
of global multi-quasi-elliptic operators in 

Thanks to the following proposition the above definitions are independent
from r:

PROPOSITION 1.7. E are such = then we

have

and

PROOF. Thank to Theorem 23.3 of [14], we have the following asymptotic
expansion: 

, .

which, together with Proposition 1.5 and 1.6 implies the result. 0

2. - Asymptotic behavior of the eigenvalues

Let us consider a formally self-adjoint globally P-elliptic operator A of
order (m, p) in By Proposition 1.6 we know that each r-symbol of A

belongs to According to Theorem 26.3 of [14], we have that
the spectrum of A consists of an unbounded sequence of real semi-simple
eigenvalues of finite multiplicity.

In order to study the asymptotic behavior of the spectrum, as usual, we
introduce the eigenvalues counting function:
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where is the sequence of the eigenvalues of A repeated according to their
multiplicity.

Given a polyhedron P E P2n and an hyperplane cv E H (P), for each t E
[0,1] consider the convex hull Tw(t) of the set

where

We say that P E P2n is non-degenerate if the intersection of F (P) with the
diagonal is an internal point to a face F (J) of P. This means that there exists
a unique ú) E H (P) such that

Our main result is summarized in the following theorem we prove in the next
section.

THEOREM 2.1. Given a non-degenerate polyhedron P E P2n, let A = OPT (a)
with a E be a formally self-adjoint pseudo-differential operator.

Assume that A has a polynomial principal symbol, i. e. there exists a polynomial

with 9 C F(P), such that

Let 60 E H (P) be the unique hyperplane for which (7) is satisfied and

with

Then we have
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where

and

REMARK 2.2.

1) Thanks to Proposition 1.6, a 1 is independent of r.
2) The case 9 B Fw = 0 corresponds to the results of Helffer-Robert [9], [10]

and Mohamed [12] concerning quasi-elliptic operators, for which they have
a remainder sharper than ours.

It is not too restrictive to assume in Theorem 2.1 that a 1 is a polynomial
thanks to the following

PROPOSITION 2.3. If A = OPT (a) with a E is a differential operator,
then a is a polynomial.

PROOF. The hypothesis implies that a (x, ~) is a polynomial in ~ :

with p  l . On the other side a E (R2") implies that

Therefore = 0, for f3 &#x3E; ~ , so a is a polynomial. m

Moreover it easy to generalize Theorem 2.1 to operators with principal
symbol given by a power of a polynomial:

COROLLARY 2.4. Given a non-degenerate polyhedron P E P2n, let A = Opt (a)
with a E and m &#x3E; 0, be a formally self-adjoint pseudo-differential
operator. 

’

Assume that A has a principal symbol which is the m power of a polynomial,
i. e. there exists a polynomial
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with 9 C F(P) and such that

Let úJ E H (P) be the unique hyperplane for which (7) is satisfied and

with

Then we have

where E satisfies inequality (9). 1:1

We end this section with two examples.
EXAMPLE 2.5. Let consider the ordinary self-adjoint differential operator

in R 
-

with

and

In particular we have m &#x3E; 1.

Corresponding to A we consider the polyhedron P of vertices (0, 0),
(2ho, 0),..., 2~),... , (0, 2km). We assume that P belongs to P2, that,
in this case, means

Moreover we assume that P is non-degenerate, that is, if m &#x3E; 1, that there
exists 1  m such that

~3~ Because a1 E we may assume that a1 (z) is positive for all z so that (a1 (z))m is
well defined.
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The Weyl symbol of A is given by

where

We have where g is the formal order of P:

If we apply Theorem 2.1 to this operator we obtain that the eigenvalues
counting function has the following asymptotic expansion:

where B is the Euler Beta function and

with

(in the quasi-elliptic case, i.e. m = 1, we have p = 

EXAMPLE 2.6. As a second example we consider the Schrodinger operator
A with multi-quasi-elliptic potential W in R’~. Let Q be a non-degenerate
polyhedron belonging to the class Pn, then:
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where the potential W is a real polynomial in E A 1 1 (RI) and ft is the formalQ, j7
order of Q. Because Q is non-degenerate, there exists a face 7~ for which (7)
holds. Let

with A c Q f1 I~n and

Corresponding to A we consider the non-degenerate polyhedron P E P2n
of vertices (see (6)):

Then A is globally P-elliptic and by Theorem 2.1 we have

where

(1n denotes the area of the unit sphere in R",

and

3. - Estimate of the Weyl term and proof of Theorem 2.1

We need the following result adapted from [14]:
THEOREM 3.1. Given a formally self-adjoint globally hypoelliptic pseudo-

differential operator A with Weyl symbol a E 10 &#x3E; 0, assume that
the Weyl term 

-
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satisfies the estimate

for some

Then we have

PROOF. This is Theorem 30.1 in [14] with the hypotheses (30.4) replaced
by (12): it easy to check that the proof given in [14] still holds in this
case. D

COROLLARY 3. 2. If a E then we can replace (13) with

PROOF. Thanks to Proposition 1.6 the proof in [14] still holds for our P-

elliptic classes. 0

REMARK 3.3. Because C Theorem 3.1 implies
that (14) holds if we assume that there exists E e ]0, ~[such that (12) is

satisfied, while in the corollary we have to assume only that E G]0, p[.
Now we estimate the Weyl term V (~,) :
THEOREM 3.4. Under the hypothesis of Theorem 2.1 we have that

where

Before proving this theorem we complete the

PROOF OF THEOREM 2.1. Thanks (15) we have that V (À) satisfies

for any E satisfying (9). In particular V (),) satisfies (12) for E  1-s  p. By
Proposition 1.7 we may assume that a is the Weyl symbol of A. Therefore, by
Corollary 3.2 and Theorem 3.4 we obtain:

that is Theorem 2.1.
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In the sequel, for simplicity, we adopt the following notation. Given two
functions f (x ) and g(x), we write

for all x E X,

to mean that there exists a constant C &#x3E; 0 such that

for all x E X .

PROOF OF THEOREM 3.4. By its definition ao satisfies the following quasi-
homogeneity property:

Because we have

Because ’P is not degenerate we have

where S and 3(j) are defined in (6) and s is given by (7). It follows that

hence

Let

(17)

then

By hypothesis

so

But

for all z.

for all z,
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therefore

Let now estimate a 1 - ao. If g B F,,, ~ 0, then from the definition (11) of s’
we have that

which implies

for all z .

If 9 B F(J) = 0, i.e. in the quasi-elliptic case, we have a, = ao and (19) is

trivially satisfied. Therefore from (18) and (19) we can conclude that

with i given by (10).
Now we estimate V(~.) as h -~ oo. We can limit ourselves to consider only

The integrals extended to the other quadrants can be transformed
to the first quadrant and handled in the same way.

Let us perform the following change of variables:

The Jacobian of (21) is given by

Let

(ii is defined in (17)), then
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In order to complete the proof it suffices to show that

with V given by (15). But this is a consequence the following estimates:

where E is the set of all permutations of (1, 2, ... , 2n ) and

with

We limit ourselves to estimate

with

The estimate of the other remainders ~ZQ can be obtained in the same way.
From(16) and (22) we obtain that there exists R &#x3E; 0 such that

for

and

Letting X --i-. +oo in (24), by (20) we obtain that

Thank to the fact that bo is positive homogeneous of degree 1 and satisfies

(25), one easily shows that
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with

is a change of co-ordinates between

and

which is C1 1 in the complement of a set of measure 0. Let us show that the

Jacobian of (26) is given by

Let

then, by representing matrices in column-form, we have

The last equality is the well-known Jacobian of spherical co-ordinates.
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Let

then, from (23), (26) and (27), we obtain

with

and

From a E and (22) we have

By letting h - oo, we obtain

But

I

for h &#x3E; 0 and u &#x3E; 0, therefore we have
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for h &#x3E; 0 and u &#x3E; 0. On the other side, from
there exists R &#x3E; 0 such that

we have that

for h &#x3E; 0 and I &#x3E; R. In conclusion we obtain

From (26), (28) and (32) we have that

It follows that for h a 1 we have either

or

Therefore there exists a constant T &#x3E; 1 such that

whenever

From (20) and (22) we have

But from (25) we have that there exists C &#x3E; 0 such that

so from (26) and (28) we obtain
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But from (27) we have that is bounded for 9 E 6 (see (30)),

because yyi 1 never vanishes for 9 E O, and that

Hence there exits L &#x3E; 0 such that

for k &#x3E; 1, T, and 6 E 8.

Eventually let us estimate the integrand H (0). From (25) and (31) we have

But, by (27), + ... + 112n) never vanishes for 8 E 6 and

Therefore:

Now we can estimate ~Z(~,). Let

Then from (29), (33) and (34), we obtain that
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1. But it is easy to see that

and

for À ~ 1 and 9 G @.
Therefore we have
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with

and

Let us estimate the first integral. If n = 1 a simple integration gives

which is (36).
If n &#x3E; 1 we proceed by induction on n. Set

If ( 1 - s ) s = 0 we have for &#x3E; 1.
If (1 - 0, that is ( 1 - s ) s &#x3E; 0, we have
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where

But

implies that

for suitable Co &#x3E; 0 and co &#x3E; 0. Therefore we have

as h ~ oo. Thus, by induction we obtain

Now we estimate the second integral I2(À). If

then

If

we have that there exist C 1 &#x3E; 0 and c 1 &#x3E; 0 such that
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Finally, consider the case

If n = 1, a simple integration yields

which is (39)
If n &#x3E; 1, we have

But



535

for suitable C2 &#x3E; 0 and c2 &#x3E; 0. Thus, b; induction we obtain

In conclusion, from (35), (36), (37), (38) and (39) we obtain

as h - which implies

with V given by (15).
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