
ANNALI DELLA

SCUOLA NORMALE SUPERIORE DI PISA
Classe di Scienze

DAVIDE GUIDETTI
Optimal regularity for mixed parabolic problems in spaces of functions
which are Hölder continuous with respect to space variables
Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4e série, tome 26,
no 4 (1998), p. 763-790
<http://www.numdam.org/item?id=ASNSP_1998_4_26_4_763_0>

© Scuola Normale Superiore, Pisa, 1998, tous droits réservés.

L’accès aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique l’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=ASNSP_1998_4_26_4_763_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


763-

Optimal Regularity for Mixed Parabolic Problems
in Spaces of Functions Which Are Hölder

Continuous with Respect to Space Variables

DAVIDE GUIDETTI

Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)
Vol. XXVI (1998),

Abstract. We give necessary and sufficient conditions in order that a general linear
mixed parabolic problem have a solution in spaces of functions with derivatives
which are Holder continuous with respect to space variables. Autonomous and
nonautonomous problems are considered.

Mathematics Subject Classification (1991): 35J25 (primary), 35J30 (secondary).

0. - Introduction

Consider a linear autonomous parabolic initial-boundary value problem of
the form

where for t E [0, T ] ,,4.(t, x , ax ) is strongly elliptic of
order 2m and the boundary operators x’, ax) of order pj  2m satisfy the
usual requirements guaranteeing the existence of a resolvent in a suitable subset
of the complex plane C. We are interested in the existence and uniqueness of
strict solutions of (0.1), that is, of solutions which are continuous in [0, T] x Q
together with their first derivative with respect to t and their derivatives of
order less or equal to 2m with respect to x. Connected with this, there are well
known theorems of optimal regularity, giving necessary and sufficient conditions
(under suitable assumptions on Q and the regularity of the coefficients) on the
data in order to have a strict solution u with the first derivative with respect to

Pervenuto alla Redazione il 29 ottobre 1996 e in forma definitiva il 30 Dicembre 1997.
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t and the derivatives of order less or equal to 2m with respect to x which are
holder continuous with respect to the parabolic distance (see [13]).

More generally, we shall look for necessary and sufficient conditions on
the data to have a solution with the mentioned derivatives which are holder
continuous only with respect to the space variables x; before quoting certain
significant results in this direction, it is convenient to introduce some notations:
we shall identify complex valued maps of domain [0, T] with corresponding
maps of domain [0, T] and values in functional spaces on Q. So, a strict solution
will be an element of C ([0, T ]; C (S2)) n C([0, T ]; C2m (n)); if E is a Banach
space with norm 11.11, we shall indicate with B([O, T] ; E) f f : [0, T] - Elt -
f (t) is bounded}. If u E B([O, T] ; E), we set

C([0, T]; E) will inherit the norm of subspace of B([O, T]; E). If u E

C 1 ( [o, T ] ; E), we set 
’

Let a E]0, 1[; if u E C([0, T] ; E), we set

and

and Ca([O, T]; E) :_ {u E C([O, T];  +oo}.
Coming back to our problem, first of all we mention the paper by Kruzkov,

Castro, Lopez ([7]) where the problem in R’ without boundary conditions is
treated: in essence, they show that, under suitable assumptions on the coeffi-
cients, if f E C([0, T]; T] ; and uo E for some
9 E]O, 1 [, the parabolic problem without boundary conditions has a unique strict
solution u belonging also to B([O, T]; C2+8(JRn)), with at u E B([O, T]; 
(where our definition of requires the boundedness of the involved deriva-
tives).

In the paper [10] A. Lunardi considers the case of a second order ellip-
tic operator A(t, x, ax) with a first order boundary operator 8(t, x’, ax); under
natural assumptions of regularity of the coefficients, she shows that (0.1) has
a strict solution u E B([O, T]; C2+8(Q)) such that u’ E B([O, T]; C8(Q)) for

some 0 E]0, 1[ [ if and only if f E C([O, T]; C(S2)) n B([O, T]; C8(Q)), g (the
1+8

datum on the boundary) belongs to B([O, T]; T]; 
uo E C2+8(Q) and B(0,., ax)uo = g(o, .). The autonomous case with A(x, ax)
of second order and homogeneous Dirichlet boundary conditions is studied

by E. Sinestrari and W. von Wahl (see [12]); they consider the assumptions
f E C([0, T]; T]; C8(Q)) for some e E]0, 1[, uo E and,
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if y is the trace operator on aS2, yuo = 0 and y(A(., ax)uo + f (o)) - 0 and
prove many properties of the solution u given by the variation of parameter
formula using the semigroup naturally associated to the problem in LP(Q) for
p G] I , +00[, but do not prove the expected result that u E B([0, T ] ; C2+0 (n))
and u’ E B ( [o, T ] ; Ce ( S2 ) ) . In fact, [12] contains a counterexample due to

Wiegner showing that for any  9, if yf E C 2 ([0, T ] ; C (a Q)) it can really
happen that u has not the expected regularity. This suggests the possibility that a

a
further necessary condition is y f E C2([0, T]; C (a S2)). Some years later, using
techniques of potential theory, M. Lopez Morales ([8]) shows that this further
assumption is sufficient to guarantee the existence of a strict solution belonging
to ~([0,r];C~(~)) with u’ E ~([0,T];C~n)); however, the necessity of
the solution is not clear in his paper yet.

Recently the author ([6]) has given a new proof of Lopez Morales’ result,
based on semigroup techniques, showing also the necessity of the foregoing
condition. Such a proof was based on an estimate, due to Bolley, Camus,
P. The Lai (see [3]) of the solution of the elliptic boundary value problem
depending on a parameter obtained applying formally the Laplace transform
with respect to t to the parabolic system.

The aim of this paper is to extend the methods and the results of [6]; in
the autonomous case we shall consider general boundary value problems instead
of only the Dirichlet problem, and 0 E]O, 2m[-Z, instead of simply 9 E ] o, 1 [.
We shall consider also nonautonomous general boundary value problems, but
only in the case () G]0, 1 [.

We are now going to describe the content of the paper: the first section deals
with elliptic boundary value problems in spaces of holder continuos functions;
the main result is an estimate depending on a parameter of the solution of
a general elliptic boundary value problem (see 1.6), generalizing the already
quoted estimate due to Bolley, Camus, P. The Lai in the case of a second order
operator with Dirichlet boundary conditions and 9 E]O, 1[. We recall again that
the mentioned authors use techniques of pseudodifferential operators, while our
estimate (see (1.2)) is obtained by functional analytic methods.

The second section is the core of the paper. It deals with general lin-

ear autonomous parabolic problems; the main result is Theorem 2.8, where

necessary and sufficient conditions are given in order to have a strict solu-

tion of the autonomous version of (0.1) belonging to B([O, T]; c2m+O(Q)) with
U’ E B([O, T]; in case 9 E]O, 2m[, 9 g Z.

The third and final section deals with nonautomous problems; here we have
been able to give a complete generalization of the results of the third section
only in case 8 e]0, 1 [ (see 3.2).

We introduce now some notations we shall use in the sequel.
Let Q be an open subset of M" whose boundary a S2 is an submanifold

of I~n of class C 1; for any x’ E we shall indicate with the set of

vectors in M" which are tangent in x’ to if x E R’, we shall indicate with
dist(x, the distance of x from 

We shall use Kronecker’s symbol 81 j(= 1 if i = j ,= 0 otherwise).
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We shall indicate with N and No respectively the set of positive and non-
negative integers.

If 9 is a real number we shall indicate with [0] the maximum integer less
or equal to 6 and with [01 the difference 9 - [9 ] .

If A is a complex number, Arg(h) will indicate the unique element of the
argument of A in the interval ] - 7r, 7r].

If a E Nô, a = (a 1, ... , an ), we set := Ot and we shall use the

notation aa to indicate the differential operator As we have already
axl 1 ...axn

done, we shall write u’ or at u instead of au
Let A be a linear closed operator in a Banach space E with norm /1.11;

we shall equip the domain D(A) of the natural norm Ilx II D(A) := llxll + II Ax II
transforming D (A) into a Banach space continuously embedded into E; we
shall indicate with p (A) its resolvent set.

If E and F are Banach spaces, we shall indicate with F) the Banach
space of linear bounded operators from E to F; if E = F we shall simply
write /~(~).

In the following we shall also use some elements of real interpolation theory
(see for Example [9] ch. 1). Assume that Eo and El are Banachv spaces with
norms and 1 respectively and Ei I is continuously embedded into Eo; let
x E Eo and s &#x3E; 0; we put K(s, x) := inf{/lx-y/lo+slly/llly E E1}; if a E]O, 1[,
we set, for x E Eo, llx := x) and (Eo, := {x E

 +oo}. It is well known that (Eo, with the norm is
a Banach space containing Ei I (with continuous embedding) and continuously
embedded into Eo. Such space is of interpolation between Eo and Ei ; if E1 -
D (A) with [0, p (A ) and I I ~ (~ - A ) -1 I I .c ( E&#x3E;  M with M independent of
~ &#x3E; 0, one can show that (Eo, {x E Eol A)-lx/lo 
+00} and is equivalent (as a norm) to x - 
(see [9] Proposition 2.2.6). We shall also consider certain intermediate spaces
which are not necessarily of interpolation: let E be a Banach space, a e]0, 1 [,
El C E c Eo with continuous embeddings; we shall say that E E El)
if there exists C &#x3E; 0 such that for every x E E 1 An

equivalent definition is the following: there exists C &#x3E; 0 such that for any
x E E 1 and any p &#x3E; 0

Finally, some indications about constants in estimates: we shall use quite
loosely the symbol C to indicate a constant that we are not interested to specify
and may be different from time to time, even in the same sequence of com-

putations ; we shall indicate with C(a, b, ...) a constant depending on a, b, ....
In general we shall explicitly declare our interest in specifying the dependence
(or independence) of a constant on the involved variables.
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1. - H61der continuous functions and elliptic boundary value problems

Let Q be an open set in E No; we indicate with the set of
elements u of Cs (Q) whose derivatives of order less or equal to s are uniformly
continuous and bounded in Q. It is well known that any element of Cs (Q) is

continuously extensible, together with its derivatives of order less or equal to
s, to Q. We shall identify the function of domain Q with its extension to S2.
If Q = we shall write CS (JRn) instead of This should cause no
confusion, as we shall have no occasion to consider functions which are not
(at least) uniformly continuous and bounded.

We set

Next, let S E]O, 1 [; if u is a complex valued function of domain Q, we set

and, if S E R+ - Z and u E 

It is easily seen that for any s &#x3E; 0 CS (Q) := {u E  +m) with
the norm is a Banach space; let now Q be an open bounded set in R n

lying on one side of its boundary a Q which is a submanifold of JRn of class
with and 9 &#x3E; 0. We shall briefly say that Q is of class Cm+(J.

We have

PROPOSITION I.I. Let S2 be an open bounded set in R nofclass Cm+e or S2 = JRn,
so, s, s, real numbers with 0 _so  s  s,  m + o; we have:

(a) CS (Q) E J s-so (CSO (Q), Csl (S2));
S 1-So

(b) if s V Z,

with equivalent norms; 
_

(c) if s, ¢ Z, closed balls in CS1 (S2) are also closed in CSO(Q).
PROOF. (a) and (b) are well known; for proofs see [9], ch. 1 or [15], in

particular 2.5.7 and 3.3.6.
We show (c); it is clearly sufficient to show that the closed unit ball in

Csl(Q) is closed in let (Uk)kEN be a sequence in Csl(Q) such that
1 for any k and Uo E such that II uk - 0 as

k - +oo. Owing to (a), it is easily seen that (Uk)kEN converges in Cs (Q) for
any s  si, so that Uo E CS (Q) for any s  sl; in particular, Uo E 
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and IIUk - -~ 0, as k - Take for any multiindex a such that

lal == two different points x~r and ya in S2; we have for any k G N

passing to the limit with k we obtain

which implies uo E CS1 (Q) and 1.

In case S2 is a bounded open subset of M" of class Cm+8, we shall need
also spaces (0  s  m + 0) which can be defined by local charts.
We assume that on each of them a natural norm (obtained using some
system of local charts) is fixed. We limit ourselves to recall the (almost obvious)
fact that if u E CS (Q) for some s E [0, m + (}] ] and if 8 E N@ and [ fl I  s, the
restriction of 8flu to 8Q belongs to Moreover, we state without

proof the following
PROPOSITION 1.2. Let Q be an open bounded set in JRn of class Cm+8,sO, s, si

real numbers with 0  so  s  s,  m + 8; we have:
(a) E (8 Q))I

(b) Z,

with equivalent norms.

For a discussion of spaces in a S2 see [15] ch. 3.
We consider now m + I partial differential operators Bo, ..., Bm with coeffi-

cients in C (a S2); they form a Dirichlet system of order m if for any j = 0, ..., m
the order of Bj equals j and aQ is never characteristic with respect to each of
them.

Given m -+- 1 complex valued functions go,..., gm defined on a Q, we are
interested in the existence of some suitably regular function v defined on Q
such that for every j = 0, ..., m Bj v = gj. The following result is proved
in [11], 6:

THEOREM 1.3. Let SZ be an open subset of R n of class Cm+e, with m E No
and o &#x3E; 0. Let { Bo, ... , Bm I be a Dirichlet system of order m on a Q. As-

sume that the coefficients of Bj are of class Then, there exists

N E £(TIi=o Cm -i (a Q); Cm (Q)) such that for any j = 0, ..., m, ( fo, ..., fm) E
one has = fi. Moreover, for any S E

[0, 9] the restriction of N to HT is a linear bounded operator from
to CM+S(Q) and for every k = 0, ... , m ( fo, ... , fk) -

N ( fo, ... , fk, 
for every s E [0, m - k + 01.
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We pass now to elliptic boundary value problems; we consider the following
assumptions: let E R, 9 a 0; we shall say that the assumptions (He)
are satisfied if:

(a) S2 is an open bounded subset of R’ of class 

(b) is a properly elliptic linear partial differential

operator of order 2m with coefficients in C9 (Q);
(c) for 1 is a linear partial differential

operator of order pj  2m - 1, with coefficients in such that
8Q is never characteristic with respect to it; we assume also that if 1  jl 

i § 
_

(d) let (x E 0, E C~); then,
0 if r E [o, -f-oo[, 9 E 1, 11, X E 0, ~ E jRn and

(r, ~ ) ~ (o, 0) ;
(e)(complementing condition) let h E C with 0, x’ E aQ, ~’ E

with (À, ~’) ~ (0, 0); then the O. D. E. problem

has only the trivial solution.
We consider the following elliptic boundary value problem:

where f is defined in Q and, for 1  j  m, gj is defined in a Q. We have
the following result, the proof of which can be obtained using a well known
method due to Agmon (a proof is given in [4] Lemma 2.12; to eliminate the
norms of the intermediate spaces use (0.2)):

PROPOSITION 1.4. Assume that 8 E II~+ - ~ and the assumptions (H8) are
satisfied; then, there exist R &#x3E; 0 and 00 E 2 7r ] such that for any À E C with
IArg(À)1 I ~ Oo and IÀI &#x3E; R, f E C8(Q) , E (a Q)
problem ( 1.1 ) has a unique solution u in C2m+e (Q). Moreover there exists M &#x3E; 0

independent of k, f, (gj) such that

In the treatment of parabolic boundary value problems we shall need a more
refined estimate of u; we start by recalling some well known definitions and
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facts: assume that the assumptions (Ho) are satisfied; we define the following
operator A:

We think of A as a linear unbounded operator in C(S1). We recall some facts
concerning the operator A which are in large part well known (see [14],[1]
and [5]):

THEOREM 1.5. There exist R 2: 0, E] 2 , Jt] and M &#x3E; 0 such that (h E
4&#x3E;0, IÀI 2: p (A). declared set, [[ (h -

/f0  9  1 we have

After these preliminaries we give the following refinement of the estimate
in 1.4 (for the case of Dirichlet boundary conditions and m = 1 see [3]):

THEOREM 1.6. Let 0  o  2m with o fj Z and assume that the assumptions
(He_) are satisfied; let À E C with IArg(À)1 (  ~o and IÀI ~ R (see 1.4), f E
c (S2), E rjm C2m-JLj+() (8 Q); then there exists M &#x3E; 0 independent of
À, f, such that, if u solves ( 1.1 ),

PROOF. Owing to 1.4, it is clearly sufficient to consider the case gj * 0 for
any j E { 1, ..., m }. We start by assuming that Bj f n 0 for any j such that pj 
0 (for convenience we shall indicate with T the set { j E  9)).
By 1.5, f E (C(S2), D (A)) o Again by 1.5, we have II(À - 

2m ,00

for X E C, I ? R, so that, by interpolation, for the
same values of h

As (C(S2), D(A)) e ~ is a closed subspace of C8 (Q), we have, for a suitable2m ,00

C I &#x3E; 0 independent of À and f,
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Moreover,by 1.4 (or [2]) for a suitable C2 &#x3E; 0

for a certain M’ &#x3E; 0.
We consider now the general case; let be a Dirichlet system of

order [9) in S2 with coefficients of Bl of class C2,-1+0 (a Q) and such that for
any j E Z BJ1-j = Bj. We set also for 1 = 0, ..., m

Next we consider an operator N of the type described in 1.3, with [8 ] replacing
m. Finally we take a family of function in C2~+8 (SZ) such that

(a) 
(b) = 0 if dist(x, aS2) &#x3E; E;
(c) for any s E [0, 2m -E- 9 ] there exists C (s ) &#x3E; 0 such that for any E e]0, 60]

one has A family of functions with these properties can
be easily constructed by local charts (if S2 = {x E JRn IXn &#x3E; 0}, one can take

with cP e C~([0, = 1 if 0 ~ ~ ~ ~ = 0 if
t 2: 1 ). Let now À E (C, such_that cPo and (see 1.4) and
0  Eo. Let U I E be the solution of

Then, as Bj(f - = 0 for any j E I, we have

for some M" &#x3E; 0. Let u2 E be the solution of

Then, by 1.4, we have
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Putting together the two estimates, we have for some C &#x3E; 0

with C independent of À, f, e. Reducing oneself, by local charts, to the case
Q = f x E &#x3E; 0} and employing Taylor’s formula, one can verify that, if
0 and 

for some constant C independent of x, E, It follows

Moreover, gij, ..., and for

any j E T 
’ ~ ’

Now,

Next, if lal = [8], we have
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If I  ILj we have by 

If JL j ,

Summing up, we obtain

so that

~ ~ ~ 
1 

~ 

with C independent of À, f, E . Choosing E = which is possible if IÀI 1
is sufficiently large, we obtain

which implies the desired estimate, using 1.2(a) and (0.2).
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We conclude this section considering the stability of constant M in esti-
mate (1.2) under small perturbations of the coefficients:

COROLLARY 1.7. Assume that the assumptions (Ho) are satisfied for some 8 E
]0, 1 [; let C = ¿lal:::2m with coefficients C(1 in and, for 1  j  m,

dj,,B a linear partial differential operator of order less or equal
to with coefficients in C2m-JLj+() (a Q); assume that for a certain 3 &#x3E; 0

consider problem

with f E and, for 1  j  m, gj E then there exist
M &#x3E; 0, R &#x3E; 0, (po E 11, 7r [ independent of C and such that, if 6 is

sufficiently small, ( 1.3) has a unique solution u E C2m+e (Q) for any ~, E (C with
[ &#x3E; R, f E E 

Moreover,

PROOF. If 8 is sufficiently small, it is easily seen that all the assumptions
(He ) are satisfied replacing ,,4 with .,4. -f- C and, for j = 1,..., m, Bj with

Bj + Dj. By a simple perturbation argument, it is also easily seen that 1.4 can
be extended to the perturbed system with R, 00 and M independent of C and

Consider now the proof of 1.6; it is easy to see that the Dirichlet

system = 0} admits a corresponding operator N (see 1.3) satisfying

for any S E [0, 2m + 8 ], with C(s) independent of C and so the
estimate of u2 in 1.6 is uniform with respect to them. The only nontrivial point
is the estimate of u 1; one has to show the following: there exist M &#x3E; 0, R &#x3E;

0, f/Jo E ] 2 , n [ such that, if 3 is sufficiently small, the solution u of
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with h E C, q5o, I ? R, f E CB(Q), (Bj + 0 if pj = 0
satisfies

It is immediately seen that + Du = 0 is equivalent to Bj u = 0. So,
applying 1.6 to the unperturbed problem and 1.1 (a), one has

implying the desired estimate if 3 is sufficiently small.

REMARKl.8. The result of 1.7 can be extended to every 9 E]O, 2m [-7, but
the general case is more complicated and will be given elsewhere.

2. - Autonomous parabolic problems

Assume that the assumptions (He ) are satisfied, for some () E R, Z.
We consider the following problem:

with f E C([O, T]; C(Q)), for 1 gj E C([O, T]; (Q)), uo E
. 

_

A strict solution of (2.1) is by definition an element u E C  ([0, T]; 
C([o, T]; c2m(Q)) satisfying the conditions (2.1).

We start by remarking that (2.1) has at most one strict solution:

LEMMA 2.1. Problem (2.1 ) has at most one strict solution.

PROOF. Let 0} be the semigroup (not necessarily strongly continu-
ous in 0) generated by A in C (S2); let u be a strict solution of (2.1 ) with all the
data (uo, f, vanishing; as {u E C2(Q)IBju = 0 for j = 1, ..., m I c
D(A), we have for every t E [0, T]

We are now going to look for necessary conditions on and

uo assuring that (2.1) has a strict solution u belonging to B([O, T]; 
with u’ E B([O, T]; some 9 E]0, 2m[, 0 V Z; we shall use the following
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LEMMA 2.2. Let U E T ]; C(S2)) be such that atu E B_([0, T ]; 
for some o &#x3E; 0, 8 ~ Z; then, if 0  s  t  T, u (t) - u (s) E Co (S2) and

PROOF. We have

with the integral converging in C (S2) . So, we have that in this space

But

So the result follows from I, I(c).

LEMMA 2.3. Assume that the assumptions (HO) are satisfied for some 9 E
] 0, 2m [, and (2.1 ) has a strict solution u such that u E B ([0, T ]; C2m+0 (SZ))
and u’ E B ([0, T ]; Co (Q)); then, necessarily:

PROOF. (a) and (b) are obvious.
We show (c); it is clear that gj = Bju E B([O, T]; On the

i 11"-8 2013

other hand, by 2.2 and l.l(a), as ILj &#x3E; 0, u E CI- 2m ([0, T]; Cli (Q)) which
implies (c).

We show(d); if pj  9, as u’ E B([O, T] ; L3ju’ is well defined and
belongs to B([p, T]; CO-lLj (aS2)); as u’ E C ([0, T]; C(Q)) n B ([0, T]; CO (Q)),
it follows from that u’ E C ([0, T]; Col (-Q)) for any 9’  0. As a
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consequence, we have that u E T]; ee’ (Q)) for any 0’  0, which

implies that

so that g E C~([0, T]; and gj’ E B([O, T]; (aS2)). Next,

e- _

From and 2.2, we have that u E C([0,r];C()), implying
E

C 2m ( [o, T ] ; C ( a S2 ) ) . So, (d ) is proved.
(e) is obvious.

Finally, ( f ) follows again from Bj f = BjAu if  0.

Our next target is to show that the conditions (a) - ( f ) in 2.3 are also
sufficient to have a strict solution u such that u E B([O, T]; with
u’ E B([O, T];
CO(Q)). We start with the following lemma, which will be useful in certain
estimates:

LEMMA 2.4. Let c, a, ~8 be real numbers, c &#x3E; 0, a &#x3E; 0, a &#x3E; ~8 &#x3E; a - 1. Then,
there exists C &#x3E; 0, depending on c, a, ~8 such that for any ~ &#x3E; 0, t &#x3E; 0

PROOF. We have

= To conclude, it suf-

fices to show that q§ is bounded in R+. We have

with C1 = and also
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with C2 = It follows

with C3 = max { C 1, C2 } . So,

which if 0  T S 1.

If r &#x3E; 1, we have

with C4 depending only on C3, a, fJ.

We assume that the assumptions satisfied, for some 0 E]O, 2m[-Z.
We consider again the operator A in C(S2); we recall that 01 is the

semigroup (not necessarily strongly continuous in 0) generated by A. It is well

known that, for t &#x3E; 0,

where y is the clockwise oriented boundary of (h E 410, 1),l I 2: R {
(see 1.4 for 410 and R). From (1.2) we have that there exists M &#x3E; 0 such that,
for 0  T, for any f E we have

We set T ~-1 ~ (t ) : - fo T (s ) d s = 2~7 ~ ](h - and we have, again for

Remark also that A T (- 1) (t) = T (t) - 1. We have:
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LEMMA 2.5. Assume that the assumptions (He ) are satisfied for some 0 E
]0, 2m [ -Z; let f E C ([0, T]; C(Q)) n B([O, T]; assume also that, if

e-J-L j
ILj  8, Bj f E C 2m ([0, T ] ; C ( a S2) ) and = 0. Set

Then, u is a strict solution of (2.1) with 0 for any j = 1, ..., m and uo = 0.

Moreover, u’ and Au belong to B ([0, T] ; Co (0)). Finally, for any To &#x3E; 0 there
exists C &#x3E; 0 such that, if T  To, for any f with the declared properties

PROOF. We start by remarking that the assumptions of 2.5 are exactly the
conditions (a ) - ( f ) in 2.3 in case uo = 0 and gj (t) n 0 for any j = 1,..., m.

We show that u E C ([0, T]; c2m(Q)): we set u (t) = v(t) + z(t), with

v (t) = fo" T (t - s) [ f (s) - f(t)]ds and z (t) = T (- 1) (t) f (t). First of all, we

have that f E C([O, T]; for any 0’  9 and this implies that (t, s) -+

T(t - s)[ f (s) - f (t)] belongs to C({(t, s) E I1~2 ~0  s  t  T }; 
for any 0’  0. Moreover, by. (2.2) and 1. 1 (a), we have that

Therefore, v E C([0,7-];C~(~)). Clearly, ,z E C(]0,r];C~+~(~)) for any
9’  9. In force of (2.3),

which converges to 0 as t - 0+ because, if pj = 0, L3jf (0) = 0. So,
u E C([0, T ]; C2, (Q)) and, for any t E [0, T ],
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Let now E E]O, T[. Set, for T,

We have that = 0 uniformly in [8, T ] for any 8 G]0, T ].
Moreover, AT (t - s)[ f (s) - = 0

uniformly in [8, T] for any 8 G]0, T]. It follows that u E C 1 (]o, T ]; C (S2)),
u’(t) = AT (t - s) [ f (s) - f (t)]ds = for any t G ]0, T ]
and limt--+o u’(t) = + f (t)) = f(0) in C(S2)). It follows that

u E C ([0, T]; C(~2)) and solves the first equation in (2.1 ). Next, we have that,
for 0  t s T, for 1 m,

So, u is a strict solution of (2.1 ) 0 for any j = 1,..., m and
uo = 0. It remains to show that and (so, by difference) u’ belong to

B([0, T] ; C8(Q)). We have that, for 0  t  T, Au (t) = Av (t) + Az (t). Now,
Az (t) = T (t) f (t) - f (t) and from (2.2)

using the fact that Bj f (0) = 0 if  9. Observe that C is here independent
of TTo. 

_

It remains to show that also ,A.v E B([O, T]; CO(Q)). To this aim, observe
that by 1.5 (C(Q), D(A)) 0 ,~ is a closed subspace of Co (0). We shall in fact2m ,00
show that .,4v E B([O, T]; (C(Q), D(A)) s (0). We have for 0  t  T

2m
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where we have indicated with yo the clockwise oriented boundary of (h E C) I
and with yo -~ 2R its shift to the right of 2R (here we have

assumed, and this is obviously not restrictive, that si n (~o) &#x3E; 2, so that yo+2R C
p (A)). Using Cauchy’s theorem one has for any ~ &#x3E; 0:

and

Now, for a certain C &#x3E; 0,

and

Using 1.1 (a) and (1.2), this expression can be majorized by

applying 2.4.
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We continue to assume that the assumptions (Hg) are satisfied; let 1 

E C with ~o and ~. ~ &#x3E; R. Let, for g E 
be the solution u of ( 1.1 ) with f = 0, gi = g, gj = 0 i. For t &#x3E; 0 we
set

Let To &#x3E; 0; by (1.2) there exists C &#x3E; 0 independent of g and t E]0, To] such
that

Consider the case JLi &#x3E; 9 and set, for t &#x3E; 0,

We have that for any To &#x3E; 0 there exists C &#x3E; 0 independent of g and t e]0, To]
such that

One can easily verify that, for t &#x3E; 0, .,4Ki (t) = K~ (t ) , (t ) = Ki (t) and,

applying Cauchy’s theorem, for 1  j  m, BjKi(t) = 0, = ~~~
(Kronecker’s symbol).

We have:

LEMMA 2.6. Assume that the assumptions (He) are satisfied for some o E
]o, 2m [-7; let, for 1  i  m, /-ti &#x3E; 9 and g E B([O, T]; n

-B
([0, T ]; C (a S2)); let, for 0  t  T

Then, v E C([O, T]; c2m(Q)) E B([0, T ]; Finally, for any To &#x3E; 0

there exists C &#x3E; 0 such that, if 0  T  To,
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PROOF. As g E C([O, T]; for any 0’  B, we have that

(t, s) - Ki(t - s)[g(s) - g(t)] E C({(t, s) E R~)0  s  t  T); 
for any e’  9. Moreover, by (2.4) and 1.1 (a ),

Therefore, v E C([0, T ] ; and for any t E [0, T ]

It remains to show that .,4.v E B([O, T]; C8(Q)); we shall in fact see that

,,4.v E B([O, T]; (C(Q)), D(A)) o ~). Let ~ &#x3E; 0; using Cauchy’s theorem, the
2m ,00

fact that and formula

we have that

and

(Here yo has the same meaning as in the proof of 2.5). Then the result follows
with the same method of 2.5, using the assumptions on g, (1.2) and 2.4.

LEMMA 2.7. Assume that all the assumptions of 2.6 are satisfied and, in addi-
tion, g (0) = 0. Set, for 0  t  T,
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then, u is a strict solution of (2.1) with f (t) -= 0, gj (t) =- 0 if j =1= i, gi = g and

uo = 0. Moreover, u’ and Au belong to B([0, T] ; Co (Q)). Finally, for any To &#x3E; 0

there exists C &#x3E; 0 such that, if T  To, for any g with the declared properties,

PROOF. We set v(t) - z(t) - Ki -1~(t)g(t),
in such a way that u (t ) = v (t ) + z(t). We already know from 2.6 that v E

and

for every t E]O, T]. From (2.6) and the condition = 0 we have also that

z E C([0, T ); C2m (Q)) n B((p, T]; c2m+8 (Q)), (t)g(t) 112m Q = 0
and for any t e]0, T ] 

i (t) g (t) 11 2m, Q - 0

So, for any t E [0, T]

Let now E E ] o, T[. Set, for E T,

Clearly, U, E T ]; C(Q)) and, for T,

We have
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Fix 0’ E]0, 9 [-~; then,

We have that as e - 0+ uniformly in [3, T ]
for any 3 E ] o, T[. Moreover, 

so that we conclude that, for any 8 E]O, T[ = 0,
uniformly in [8, T]. As lim_o+ 0, uniformly in [8, T],
we have that u E C (]0, T]; C(Q)) and for any t E]O, T] u’(t) = Au(t). As
u E C([0, T ]; T]; c2m+e(Q)) and limt~o = ~~ we
conclude that u E C ([0, T ] ; C
(Q)) and M’ E B([O, T]; 

Finally, let j E f 1, ... , m } ; we have, for 0  T,

With this the proof is done.

THEOREM 2.8. Assume that the assumptions (HO) are satisfied for some 9 E
] 0, 2m [, 8 ¢ Z; then, (2_.1 ) has a strict solution u such that u E B ([o, T ] ; C2m+0 (Q))
and U’ E B ([0, T ]; Co (S2)) if and only if the following conditions are satisfied:
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Finally, for any To &#x3E; 0 there exists C &#x3E; 0 such that for any T E]O, To], if u is
the solution of (2.1 ), we have

PROOF. Let be a Dirichlet system of order [9 ] in S2 with coef-
ficients of B, of class C2,-1+0 (Ki) and such that for  9 Bij = Bj ; let,
for 1 = 0, ..., [0], t E]O, T], hl (t) = gj (t) - Bjuo if 1 = for some  0,
h, (t) = 0 otherwise. Set

Applying the assumptions, 2.5 and 2.7, it is not difficult to verify that _u is
a strict solution of (2.1) and u E B([O, T]; U’ E B([o, T ]; 
Estimate (2.8) follows easily from 1.3, 2.5, 2.6, 2.7.

3. - Nonautonomous problems

In this third and final section we extend the result of 2.8 to the nonau-
tonomous case for 9 e]0, 1[. So, 0~1,~~N and Q an open
bounded subset of M" of class let, for T &#x3E; 0, t E [0, T], x E Q

= aa(t, x)8§J and, for 1  j  m, t E [0, T], x’ E aS2 =

we assume that the following assumptions are satisfied:

for any a E Ng with 2m aa E C([0, T]; 
0

(h 2 ) for any a E Ng with 2m C2m ([0, T] ; C(8Q));
(h3) for any j - 1, ..., m, fl E Nô with bjfl E C([0, T];

,
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itj - t,
(h 4 if JL j 2: 1, fJ E Nö with I fJ I :S JL j, b j fJ E C 

1- 2m ([ 0, T C a Q) ) ;(h4) With bjpECI 2- ([0, T 1; C (a 0));
(h5) if 

(h6) for any t E [0, T] ,,4(t) with the boundary operators  j  m }
satisfies the conditions (a)-(e) in Section 1.

Owing to 1.7 and the compactness of [0, T] we have that there exist
M &#x3E; 0, R &#x3E; 0 and 4&#x3E;0 E ] 2 , 7r [ independent of t E [0, T ] such that if À E C,
with  00 and IÀI &#x3E; R, for any f E C8(Q), for any E

the problem

has a unique solution u and

with a = 0 if 1, a = 1 otherwise.
Let now 3 &#x3E; 0; we set

X8:= E C([~, s]~ C2m(Q)) n C(Q)) n B([O, 8]; C2m+O (Q))
IU’ E B([O, 8]; C (Q)) and if there exists j such that JLj = 0, u,aQ = 01.

with norm

With this norm Xs is a Banach space; let now Uo E c2m+8 (Q); we set:

Xs (uo) := {u E X8Iu(0) = uo}. Xs (uo) is a closed subset of X8.
We have

LEMMA 3. l. Assume that S2 is an open subset class C2,+o and the
assumptions (h 1 ) - (h6) are satisfied; let u E X8; then,
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(e) there exists w :]0, T] ] -]0, -f-oo[ such that lim6_o w(8) = 0 and for every
u E X3 (0)

PROOF. To prove (a) - (d), one has only to apply again the fact that, if
-s-0 -

u E Xs, U E ([0,8]; for every s E]o, 2m + 0[,.
To prove (e), remark that, by 2.2, if u E X6 (0), for t E]O,8] II u (t) 

j s-s 
’

so that, if 0  s  2m +  for everya so that, if 0 - - 2m + C(s)t -2m s for every
t E]O, 8]. 

We are now in position to state and prove the main result of this section:

THEOREM 3.2. Assume that the assumptions (h 1 ) - (h6) are satisfied, with
o E]O, 1 [; assume also that uo, f,  j  m) satisfy the conditions

Then the following problem

has a unique strict solution u E B([O, T] ; with u’ E B([O, T] ; CO(a)).
PROOF. Subtracting, in case there exists j E { 1, ... , m ~ such that JLj = 0, to

u u o where N is an operator of the type discribed in 1.3
with the Dirichlet system {)/}, we can assume uo = 0 and gj * 0 if JLj = 0.
Let 3 E ] o, T]; for v E consider the problem
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Owing to 3.1 and 2.8, (3.4) has a unique strict solution u E B([O, 8]; 
with u’ E B([O, 8]; Put now Rv := u ; then, R is an operator of X8(O)
in itself. Now we show that, if 8 is sufficiently small, R is a contraction, so
that it has a unique fixed point; in fact, let v~ ( j = 1, 2) belong to X6(0); then

Rv2 solves

We can apply 3.1 (e), so that, by (2.8), we have

with C independent of 8 and c~ (S) -~ 0 as 6 - 0. Therefore, if 6 is sufficiently
small, R is a contraction in Xs . Remark that 3 can be chosen independently of
f, So, we have a unique strict solution of (3.3) in X6. We observe
finally that the choice of 8 can be done independently of the initial point
to E [0, T[ (assuming to start from a point in [0, T [ not necessarily coinciding
with 0), with the only restriction that to + 8  T. So, iterating the foregoing
method starting, step after step, from 8, 28, ..., it is possible to construct a strict
solution in [0, T].

REMARK 3.3. It is not difficult to verify that, under the assumptions (h 1 ) -
(h6), the conditions (a) - ( f ) in 3.2 are also necessary in order to get a strict
solution u E B([O, T]; c2m+O (Q)) with u’ E B ([0, T ]; CO (Q).
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