
ANNALI DELLA

SCUOLA NORMALE SUPERIORE DI PISA
Classe di Scienze

TETSUTARO SHIBATA
The effect of variational framework on the spectral asymptotics
for nonlinear elliptic two-parameter problems
Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4e série, tome 28,
no 3 (1999), p. 545-567
<http://www.numdam.org/item?id=ASNSP_1999_4_28_3_545_0>

© Scuola Normale Superiore, Pisa, 1999, tous droits réservés.

L’accès aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique l’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=ASNSP_1999_4_28_3_545_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


545-

The Effect of Variational Framework on the Spectral Asymptotics
for Nonlinear Elliptic Two-Parameter Problems 

TETSUTARO SHIBATA

Abstract. We study the structure of the set {(À, tt) } C R2such that the nonlinear
elliptic two-parameter problem

has a solution u E Wo’2(S2), where S2 c 3) is an appropriate smooth
bounded domain. For this purpose, viewing h &#x3E; 0 as a given parameter, we
define two kinds of variational eigenvalues IL = and p = IL2 (À, Q)
by the Lagrange multipliers of the variational problems subject to the constraints
depending on positive parameters a and P. Then for and IL2(À, fJ),
we establish two kinds of asymptotic formulas as h - oo, which are explicitly
represented by means of À, a, ,B, and are effected by the asymptotic behavior of f
and g as u -~ oo and u -~ 0, respectively. We emphasize that there are noticeable
differences between the asymptotic behavior of IL 1 (~, , a ) and it2 (À, fJ) as À --+ oo.

Mathematics Subject Classification (1991): 35P30, 35J60.

Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)- - . - ---

Vol. XXVIII (1999),

1. - Introduction

We consider the nonlinear elliptic two-parameter problem

where h, p &#x3E; 0 are parameters, and S2 c R N (N &#x3E;_ 3) is a bounded domain

with an appropriately smooth boundary We assume:

(A.1 ) f, g E are odd in u, and f (u ) , g (u ) &#x3E; 0 for u &#x3E; 0. Furthermore,
there exist constants 1  q  p  (N + 2) / (N - 2) and Ko, Jo, K 1, J1 &#x3E; 0 such

The research reported herein was partially supported by the Sumitomo Foundation.
Pervenuto alla Redazione 1’ 11 gennaio 1999.
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that

The typical example of f, g is

The purpose of this paper is to investigate and understand the structure of the
set { (~,, ~) } such that ( 1.1 ) has a solution u E by variational
methods, where is the usual real Sobolev space. To this end, viewing
h &#x3E; 0 as a given parameter, we apply the following two variational problems
subject to the constraints depending on positive parameters a, fl and À:

Then we obtain two solutions trio (~,~i(~~),Mi~~),(~/~(~~).M2,;~) E
corresponding to the problems (M.1) and (M.2), respectively, by

the Lagrange multiplier theorem. A natural problem in this context is to clarify
the difference between and To do this, we shall establish
two asymptotic formulas and A2 (,k, P) as h - 00, respectively,
which are explicitly represented by means of X and a, P. Under the suitable
conditions on (À, a) (resp. (À, (3)), one of them for (resp. IL2(À, (3))
depends only on the asymptotic behavior of f and g as u 2013~ 00, and another

depends only on the behavior of f and g near 0. We emphasize that if a, P &#x3E; 0
are fixed, then a) - oo faster than P) as h - oo .

In order to motivate the results of this paper, let us recall some of the
known facts concerning multiparameter problems. Linear multiparameter prob-
lems in ODE began with the study of Lam6’s equation and have been extensively
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studied by many authors. We refer to Binding and Volkmer [5], Faierman [9],
Rynne [18]. In particular, for the linear two-parameter ODE

where JL, À &#x3E; 0 are parameters, there are many works for finding asymptotic
directions Here Àn (JL) is the n-th eigenvalue for a given
p &#x3E; 0. See Binding and Browne [3], [4] and the references therein. As for
nonlinear problems, local bifurcation problems has been mainly interested in. We
refer to Browne and Sleeman [6], Gomez [12], Rynne [17]. Concerning global
behavior of eigenvalues corresponding to the works [3], [4] for the nonlinear
problem ( 1.1 ), however, only a few results seems to have been given. Our

problem can be interpreted as the nonlinear version of determining asymptotic
directions of eigenvalues. Our problems are related to singular perturbation
problem, also. In fact, if f (u ) = u p ( p &#x3E; 1 ) , g (u ) = u in ( 1.1 ), then we are
led to the singular perturbation problem

by the transformation v = (~, ~ ~c,c ) -1 ~ ~p-1 ~ u , 6 = ~ ~. Since the asymptotic
behavior of the solution v = vE as c -~ 0 is important to study, the asymptotic
behavior of JL1(À, a) and lt2 01, fl) as h - 00 seems meaningful to investigate.
Motivated by these facts, Shibata [19] studied the asymptotic direction of the
nonlinear two-parameter problems

Here /1, À &#x3E; 0 are parameters and I  q  p  q + 2 are constants. In [19],
by the variational method on the general level set

developed by Zeidler [21], the asymptotic formula for h for a fixed y &#x3E; 0 was

given:

where C1 1 &#x3E; 0 is a constant represented explicitly by p, q, y and the gamma
function. Recently, by following the idea used in [19], Shibata [20] extended
the asymptotic formula (1.5) to the multiparameter problems such as (1.1) in-
cluding the nonlinearity f (u ) which behaves like as u 2013~ oo, where

1  p  1 + 4/N. However, unfortunately, the exponent 1 + 4/N  p 
(N + 2)/(N - 2) is not covered in [20]. This restriction comes from the struc-
ture of the manifold LJL,Y for higher dimensions, since the Gagliard-Nirenberg
inequality on L,~, y is used for the existence of eigenvalues. In order to remove
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such restriction of the exponent p as mentioned above, we apply here two
kinds of variational framework (M.1 ) and (M.2) which are different from those
of [19], [20] to obtain the variational eigenvalues ,~ 1 (~, , a ) and In
Theorem 2.1, under the suitable conditions on C R+ , we establish the
asymptotic formula for as h - oo, whose top term depends only on
the asymptotic behavior of f (u ) , g(u) as u 2013~ oo, and does not depend on the
properties of f (u), g(u) near u = 0. It turns out that if a &#x3E; 0 is fixed, then the
asymptotic behavior as h - oo depends mainly on the asymptotic
behavior of f (u ) , g(u) as u --* oo . On the contrary, in Theorem 2.2, under the
different conditions on { (~,, a) } C R+ , we also establish the asymptotic formula
ior as A - oo, which is influenced mamly by the asymptotics oi

f (u), g(u) near u = 0. Similarly, we establish two asymptotic formulas for
9 P) as À --* 00, which are dominated by the asymptotics of f (u), g(u)

near infinity and 0 in Theorem 2.3 and Theorem 2.4, respectively. As a con-
sequence of Theorem 2.1 and Theorem 2.3, it turns out that if &#x3E; 0 are

fixed, then ~ oo as h - oo . This phenomenon occurs,
since = JQ f(s)ds dx varies accordingly as h - oo. This will
be explained precisely in Remark 2.5 (2) in Section 2 later.

2. - Main results

We begin with notation. For u, v E and t E R, let

Furthermore, for any domain D c R N the norm of will be denoted by
II for simplicity. For a given À, &#x3E; 0, /t a ) and it = /-t2 01, ~)
are defined as the Lagrange multipliers associated with the problem (M.1 ) and
(M.2), respectively. Namely, and are the Lagrange multi-
pliers associated with the eigenfunctions E and ~2,~,~ ~ M~ which
satisfy
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respectively. Then (X, it (À, a), and (X, /12(À, ,8), u2,~,,,~) satisfy (1. 1) by
the Lagrange multiplier theorem. Further, /11 (À, a) and /12(À, fl) are represented
as follows:

Indeed, if (,k, A, U) E R 2 x satisfies ( 1.1 ), then multiply ( 1.1 ) by u.
Then integration by parts yields

(2.5) implies (2.4). Since E NÀ,a, (2.5) also yields (2.3). Let w E 
be the unique solution of the following nonlinear scalar field equation:

Further, let W 1 be the unique solution of (2.6), in which the exponent p is

replaced by q.
In order to state our results, we define the several conditions for (un-

indexed) sequences {(À, a ) } C R2and { ( , v

We explain the meaning of these conditions. In the problem (M.1 ), 
behaves like (G~2~,N-2) 1/4 for h » 1. Therefore, if (B.2) (resp. (B.3)) is assumed,
then (resp. 0). Hence we see that the asymptotic behavior
of f (u ) , g (u ) as u - oo (resp. u -+ 0) reflects mainly on the asymptotic
formula for Similarly, in the problem (M.2), the growth order of

is (~2~.N) 1/(2(p-~-1)). Hence the condition (B.4) (resp. (B.5)) implies
~ 00 (resp. 0). Therefore, the asymptotic behavior of f (u), g (u)

at u = oo (resp. u = 0) gives effect mainly on the asymptotic behavior of
/t2(~-, fJ).

Now we state our main results.

THEOREM 2.1. Assume (A. 1). If a sequence {(À,a)} C satisfies (B .1 )
and (B.2), then the following asymptotic formula holds:
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We note that a &#x3E; 0 may not be fixed in Theorem 2.1. If a &#x3E; 0 is fixed,
then (B. .1 ) implies (B.2) immediately. However, if a &#x3E; 0 is not fixed, then (B. .1 )
does not imply (B.2) in general.

THEOREM 2.2. Assume (A.1 ) . If a sequence { (~, , a ) } C satisfies (B. .1 )
and (B.3), then the following asymptotic formula holds:

We should notice that in the situation of Theorem 2.2, a &#x3E; 0 is not fixed.
Clearly, if a &#x3E; 0 is fixed, then (B .1 ) contradicts (B .3 ) . (B .1 ) and (B.3) are
consistent, for example, if a = ~,-m (m &#x3E; (N - 2)/2).

THEOREM 2.3. Assume (A.1 ) . If a sequence {(À, C satisfies (B. .1 )
and (B.4), then the following asymptotic formula holds:

THEOREM 2.4. Assume (A.1 ) . If a sequence {(Ä, C satisfies (B. .1 )
and (B.5), then the following asymptotic formula holds:

REMARK 2.5. (1) Note that fl &#x3E; 0 may not be fixed in Theorem 2.3. If

~8 &#x3E; 0 is fixed, then (B.1 ) implies (B.4) immediately. However, if f3 &#x3E; 0 is not

fixed, then (B .1 ) does not imply (B.4) in general. Furthermore, in Theorem 2.4,
p &#x3E; 0 is not fixed. Clearly, if fl &#x3E; 0 is fixed, then (B.1) contradicts (B.5). (B.1)
and (B.5) are consistent, for example, if p = À -m(m &#x3E; N/2).

(2) Theorem 2.1 and Theorem 2.3 imply that if a, p &#x3E; 0 are fixed, then

This phenomenon is explained as follows. We see that as h - oo, 
behaves like a, (p+1)12),-(N+2-p(N-2))14 (cf. (3.15) in Section 3). Therefore, if

a, fl &#x3E; 0 are fixed, -~ 0 and consequently, E M# is

impossible. Hence if fl &#x3E; 0 behaves like a (p+1)12~,-(N+2-p(N-2))14 as h - oo,
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then the growth order of /12(À, as À  00 is the same as that of a ) .
More precisely (let Ko = K 1 = 1 for simplicity), if the top term of 
coincides with that of /12(À, ~B), then by Theorem 2.1 and Theorem 2.3, f3 = f3À,a

7?+1 p+1 ~
must satisfy = C~ p-1 C 4 p-1 a ~ ~,-~N+2-p~N-2))/4. This corresponds to the
fact that

which will be shown in Section 4.
Since the proof of Theorem 2.2 and Theorem 2.4 are similar to those

of Theorem 2.1 and Theorem 2.3, respectively, we prove Theorem 2.1 and
Theorem 2.3 in the rest of this paper.

3. - Lemmas for the proof of Theorem 2.1

Since ( 1.1 ) is autonomous, by translation, we may assume without loss
of generality that 0 E Q. In Section 3 and Section 4, we consider the prob-
lem (M.1 ). For simplicity, C denotes various positive constants independent of
(À, a). In particular, the character C which may appear repeatedly in the same
inequality sometimes denotes different constants independent of (X, a). Further,
a subsequence of a sequence will be denoted by the same notation as that of
original sequence. Finally, for convenience, Ko = K 1 = Jo - 7i === 1 in what
follows. By (1.2) and (1.3), for t &#x3E; 0 we have

For a fixed (À, a) E JRt, the existence of (~,, a), R+ x NÀ,a follows
from Zeidler [21, Proposition 2]. We can also prove the existence directly by
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choosing a maximizing sequence fu,l C NÀ,a of (2.1), since sUPuENÀ a 4S(u) 
0o for a fixed (~, , a ) E R 2 . In fact, by (3.4) and the Gagliardo-Nirenberg
inequality (cf. [7])

for u E we obtain that  oo.

The aim of this section is to estimate J-Ll (~,, a) from below and above by h
and a.

LEMMA 3.1. Assume that { (~, , a ) } C satisfies (B .1 ) and (B.2). Then

To prove Lemma 3.1, we need some preparations.
LEMMA 3. 2. For T &#x3E; 0, let w1 E C2(B-r) be the unique solution of the equation

Then WT -+ w not only in H 1 (R N), but also uniformly on any compact subset in
R N as T - 00.

The unique existence of WT follows from Kwong [ 13], and the latter asser-
tion can be proved by the similar arguments as those of Lemmas 4.5, 4.7-4.8
in Section 4. Hence we omit the proof. By [10], WT is radially symmetric,
that is, wt (x) = wt (r) (r = I x 1).

LEMMA 3.3. Assume that {(~., a)l C satisfies (B.1) and (B.2). Let w ,,,
be the solution of (3.9) for T = where 0  ro « 1 is a constant. Put

where

PROOF. For t &#x3E; 0, let mÀ,a(t) := AÀ(tUÀ,a) = + Àw(tUÀ,a).
Then clearly mÀ,a(O) = 0 and mÀ,a(t) - oo as t - 00 for a fixed (~,, a).
Hence cÀ,a &#x3E; 0 exists. Since

by (3.6), we obtain
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By Lemma 3.2 and (3.10) we obtain our conclusion.

PROOF OF LEMMA 3.1. By direct calculation we have

this along with (2.1), (3.3), (3.4) and Lemmas 3.2-3.3 implies

Furthermore, since E we have

Then, by (2.3), (3.6), (3.11) and (3.12) 
’

Thus the proof is complete. 0

LEMMA 3.4. Assume that { (~. , a ) { C R2 satisfies (B. .1 ) and (B.2). Then

PROOF. Since E NÀ,a, we obtain by (3.6) that there exists a constant
6 &#x3E; 0 such that

Then we obtain by (B.2), (3.7) and (3.12) that
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Then by (3.3) and (3.15), we obtain

Then by (2.5), (3.14) and (3.16), we obtain

4. - Proof of Theorem 2.1

We put

Then by (1.1), we see that and satisfy the following equations,
respectively:

If C R2 satisfies (B .1 ) and (B.2), then by Lemma 3.1, we obtain
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LEMMA 4.1. Assume that {(À, a) } C R 2 satisfies (B .1 ) and (B .2) . Then

PROOF. Since E by definition of and Lemma 3.1, we
obtain

Finally, (4.6) follows from (4.4), (4.5) and the Sobolev’s embedding theorem. D

Now, we investigate the asymptotic location of the point X1,À,a E Q at which
the maximum of is attained. For this purpose, we study the behavior
of V1,À,a, since V1,À,a attains its maximum at the same point X1,À,a as 

and among other things, we can apply the same arguments as those used in
Ni and Wei [16] to derive the properties of The following Lemma 4.2
corresponds to Ni and Wei [16, Lemma 3.2].

LEMMA 4.2. Assume that { (~, , a)} C satisfies (B .1 ) and (B . 2) . Then

PROOF. By (4.4) and (4.5), we obtain

Furthermore, by (3.6) and Lemma 3.4, we obtain

Once (4.7) and (4.8) which correspond to Lin, Ni and Takagi [ 14, Corollary 2.1
(2.6), Proposition 2.2] are established, then (i) and (ii) follow from exactly the
same arguments used in the proof of [14, Lemma 2.3 and Corollary 2.1 (2.7)]
by using L T -estimate, (4.7) and (4.8). Hence the proof is complete. 0

LEMMA 4.3. Assume that { (~,, ot) I C R2 satisfies (B. .1 ) and (B .2) . Then
C.
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PROOF. Since it is enough to show that I I u 11,,
~ The proof is divided into two steps.

STEP 1. We show that sÀ,a := min{s &#x3E; 0 : (~,, a) f (s) _ kg (s) 1.
The existence &#x3E; 0 follows from (1.2) and (1.3). We assume that there
exists a subsequence of such that s~,,«~1,~,« -~ o and derive a contradiction.
Then there are three cases to consider: 

’ ’ 

CASE 1. Assume that there exists a subsequence of {s~,,« { such that -

oo. Then by (1.2) we obtain

(4.9) implies = ( 1 + o(l))~P-1. Then we obtain that S~,,a~l,~,a -~ 1. This

is a contradiction. 
’ ’ ’ ’

CASE 2. Assume that there exists a subsequence of such that -~

0. Then by (1.3) we obtain

this implies (1 + 0(1))~p~,a. Hence we obtain (1 + 

(s~.~a~l,~.,a)q 1 ~ 0. This contradicts (4.3).

CASE 3. Assume that there exists a subsequence of {s~,,a { such that C-1 
sÀ,a :::: C. Then by (4.3)

This is a contradiction. Thus the proof of Step 1 is complete.

STEP 2. We show that sk,,. By (1.2), we obtain that

~1(À, a) f (s)  ~,g (s) for 0  s  sÀ,a. If =  sÀ,a,
then since 0  Ilu1,À,a 1100, we obtain

On the other hand, 0, since = This

is a contradiction. This along with Step 1 

Thus we obtain I v 1, ~, , « I I ~ ? C. D

LEMMA 4.4. Assume that f (~, , a) ~ c satisfies (B.I) and (B.2). Then

Lemma 4.4 follows from Lemma 4.2, Lemma 4.3 and exactly the same
arguments used in the proof of Ni and Wei [16, Step 1 (proof of (3.2)), p. 737-
738]. Hence we omit the proof.
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LEMMA 4.5. Assume that { (~. , a) ) C satisfies (B .1 ) and (B . 2) . Further-

more, let Y1,À,a :- ~xl,,~,a E JRN. Then for any subsequence S C I (,k, a)}, there
exists a subsequence { (~,~ , of S such that := W1,Àj,aj (y -E- Y1,Àj,aj) -
w (y) on any compact subset in JRN as j -~ oo.

PROOF. Let pj := Then by (4.2), we see that satisfies the

equation in (4.2) in the ball We note that C JRN is an exhaustion

of by Lemma 4.4. Then by using Lemmas 4.2-4.4 and the same arguments
[15, (4.5)-(4.13), p.830-832], we see that we can extract a subsequence, again
denoted by for simplicity, such that

Then W &#x3E; 0 in JRN. Let Ti := { y E W(y) &#x3E; 0 } , T2 := { y E 
W (y) = 0}. By (4.2), we have

Then we see form (1.2), (4.3) and (4.11) that W satisfies the equation in (2.6)
on T1. Next, let y E T2 be fixed. Then by (4.10), we see that zj (y) -~ 0 as
j ~ oo. There are two possible cases:

CASE 1. If there exists a subsequence of such that 

-~ oo as j -~ oo, then (1.2) and the fact ~ 0 imply that the right
hand side of the equation (4.11) tends to 0 as j - oo. Hence, we obtain
- AW(y) = 0.

CASE 2. If there exists a subsequence of such that 

C, then since ctq, Iho(t)1 [  ct for 0  t  C by (1.3), it

follows from (4.3) and the fact - 0 that as j 

Hence we see from (4.11 ) and (4.12) = 0 in this case, too.

Consequently, - AW = 0 on T2. This implies that W also satisfies the

equation in (2.6) on T2. Thus W satisfies the equation in (2.6) in R~~/. In

addition, we obtain W Q 0. In fact, by Lemma 4.3, we obtain

Further, W E since we obtain by (4.4), (4.5), (4.10) and Fatou’s lemma
that

Hence it follows from the results of Kwong [13] that W n w. 0
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LEMMA 4.6. Assume that a) I C R2 satisfies (B.1) and (B.2). Then

PROOF. Let an arbitrary 0  c « 1 be fixed. For 0  3 « 1, let

Then by (1.2), we obtain that for y e Q1,À,a
if we choose 03B4 &#x3E; 0 sufficiently small. Therefore, by (4.6)

Next, fort

where 0  or « 1 is a constant. Hence by (4.3) and (4.6),

Since C8 for y E QÀ,a,3, by (4.3)
and Lemma 4.2 (ii), we obtain

Hence we obtain the first inequality of (4.16). By the same arguments as those
just above, we also obtain the other inequalities. Thus the proof is complete. 0
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LEMMA 4.7. Assume {(À, a) I C R 2 satisfies (B .1 ) and (B.2). Then

PROOF. The first inequality in (4.18) follows from (4.6), Lemma 4.5 and
Fatou’s lemma. We show the last inequality. First, multiply (2.6) by w. Then
integration by parts yields

Let Bro c S2 . Furthermore, let Xx E satisfy

and

Let Vx(y) = for y E Then for h » 1, clearly, we have

Let CÀ := inf { c &#x3E; 0 : E and e~.(x) := Now we

study the asymptotic behavior of cx. The arguments are divided into several

steps.

STEP 1. We first show that cx - oo as h - oo. By (3.6) and (4.20), we
obtain

o 
N-2

Then we obtain by (B.2) that c¡ ~ 00.

STEP 2. We show

To do this, we first show that
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To show (4.23), since we have

it is enough to show that

By (3.2), CH I for s E R. Hence

By (1.2), for an arbitrary 0  e « 1, there exists a constant s, &#x3E; 0 such that

ES se. Since = IIwlloo and cx - oc, we obtain by
Step 1 that for À » 1

Therefore, by (4.25), (4.26) and Lebesgue’s convergence theorem, we ob-
tain (4.24). This implies (4.23). Then we obtain by (4.19), (4.20) and (4.23)
that

This implies (4.22).

STEP 3. By using the calculation to obtain (4.23) just above, we also obtain

By (2.1) we namely,
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This along with (4.17), (4.20) and (4.27) yields

This along with (4.22) implies that

Finally, by Lemma 3.4, (4.16) and (4.17), we obtain

This along with (2.3) and (4.16) yields

This implies

By substituting (4.29) into (4.28), we obtain

Thus we obtain the last inequality in (4.18). D
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LEMMA 4.8. Assume that I (~., a)} C R 2 satisfies (B.1) and (B.2). Then

PROOF. Assume that =A Then we see by (4.14) that
there exists a constant 81 &#x3E; 0 and a subsequence of ot) I such that

by and using Lemma 4.6, we obtain by integration by
parts that

Then by (4.31 ) and (4.32),

By taking liminf in (4.33), by (4.15), (4.19) and Lemma 4.7 we obtain

This is a contradiction. Thus, = By the same argu-
ments as above, we also obtain = Thus the proof is
complete. D

Now we are ready to prove Theorem 2.1.

PROOF oF THEOREM 2.1. By Lemma 4.6 and Lemma 4.8, we obtain
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Then by (4.19) and (4.35)

this implies

Now, Theorem 2.1 is a direct consequence of (4.36). For the case where

1, K 1 ~ 1, we have only to replace ~, , ,u 1 (~. , a ) by 
respectively. 0

5. - Proof of Theorem 2.3

The proof of Theorem 2.3 is a variant of that of Theorem 2.1.

LEMMA 5.1. Assume that {(À, P) I C R2satisfies (B .1 ) and (B.4). Then

PROOF. For u E Mp, by (3.4) and (3.7) we obtain

By Young’s inequality,
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By (B .1 ) and (B.4),

Thus by (5.2)-(5.4),

Now, by (2.4), (3.3)-(3.7) and (5.5) we have

LEMMA 5.2. Assume that f (~, , I C satisfies (B .1 ) and (B.4). Let wI-X-,o
be the solution of (3.9) for T = where 0  ro « 1 is a constant. Put

where cÀ,f3 := min{c &#x3E; 0 : E Then C 

 C 1.

PROOF. The existence of cÀ,f3 &#x3E; 0 follows from the fact = 0 and
- oo as t - oo for a fixed (À, E R2. Then by direct calculations,

Then by (3.4) and (5.6),

This along with (B.4) and Lemma 3.2 implies our conclusion. D
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LEMMA 5.3. Assume that {(À, C satisfies (B .1 ) and (B.4). Then

PROOF. By direct calculation we have

this along with (2.2), (3.5), (3.6) and Lemma 5.2 implies that

Hence by (2.4), (3.3)-(3.6) and (5.8), we obtain

Now we are ready to prove Theorem 2.3.

PROOF OF THEOREM 2.3. We define ~2,~,~ W2,À,f3 by the same manner as
those in Section 4 (replacing a and the subscript 1 by fl and 2, respectively).
Then by (B.4) and Lemma 5.2,

By the same arguments as those used in Section 4, the lemmas in Section 4
are valid in this case, too. Hence,

Then by (2.4), Lemma 4.6-Lemma 4.8, and (5.10),
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this along with (4.19) implies

Now, we get Theorem 2.3 by (5.11). For the general case 1, K1 =,4 1, we
have only to replace f3, À, JL2(À, P) by Kl1 fJ, ~i/~2(~.-~), respectively. D
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