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Prym Varieties and the Canonical Map of
Surfaces of General Type

CIRO CILIBERTO - RITA PARDINI - FRANCESCA TOVENA

Abstract. Let X be a smooth complex surface of general type and let ~ : X
Ppg (x)-1 be the canonical map of X. Suppose that the image E of 0 is a surface
and that 0 has 2. Let E : 5’ -~ E be a desingularization of E and
assume that the geometric genus of S is not zero. Beauville [B2] proved that in this
case the surface S is of general type and c is the canonical map of S. Beauville also
constructed the only infinite series of examples that were available in the literature
up to now. This construction has been our motivation for introducing the notion
of a good generating pair, namely of a pair (h : V - W, L) where h is a finite
morphism of surfaces and L is a nef and big line bundle on W satisfying certain
assumptions. The most important of these are: i) = 

ii) the general curve C of L is smooth and non-hyperelliptic. We show that, by
means of a construction analogous to that of Beauville’s, every good generating
pair gives rise to an infinite series of surfaces of general type whose canonical
map is 2-to-1 onto a canonically embedded surface. In this way we are able to
construct more infinite series of such surfaces (cf. Section 3). In addition, we give
bounds on the invariants of good generating pairs and we show that there exist
essentially only 2 good generating pairs with dim 1. The key fact that we
exploit for obtaining these results is that the Albanese variety P of V is a Prym
variety and that the Prym map has positive dimensional fibre over the point of the
moduli space of p.p.a.v.’s corresponding to P.

Mathematics Subject Classification (2000): 14J29 (primary), 14H40 (secondary).

1. - Introduction

Let X be a smooth surface of general type and let
be the canonical map of X, where 1: is the image of 0. Suppose that £ is a
surface and that 0 has degree 8 &#x3E; 2. Let E : S -+ E be a desingularization of
~. A classical result, which goes back to Babbage [Bab], and has been more
recently proved by Beauville, [B2] (see also [Catl]), says that either pg (S) = 0
or S is of general type and c : S ~ E is the canonical map of S. In the latter

Pervenuto alla Redazione il 30 maggio 2000.
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case we have a dominant rational map 1/1 : X --~ S of degree 3, which we call a
good canonical cover of degree 3 (see Definition 2.3 for a slightly more general
definition).

While it is easy to give examples with pg (S) = 0 (see [B2]), not many
examples of good canonical covers can be found in the current literature. There
are some "sporadic" examples such that the surface X is regular (see [VdGZ],
[B2] Proposition 3.6, [Catl] Theorem 3.5, [Cl], [Pa2]). In addition, there is
an interesting construction, due to Beauville (see [Cat2], 2.9 and [MP]), which
gives an infinite series of good canonical covers of degree 2 with X irregular,
precisely with q(X) = 2. Beauville’s construction is recalled in Section 4 and in
Example 3.1. The corresponding canonical covers have been extensively studied
in [MP], where they have been classified in terms of their birational invariants.

In trying to find more examples of canonical covers, we have realized that
Beauville’s construction is an instance of a more general situation. This has

prompted us to define a good generating pair (see 2.4). Roughly speaking, a
good generating pair is a pair (h : V -* W, L), where h : V - W is a finite
morphism of degree 2, V is a smooth irreducible surface, W has isolated double
points of type A 1, and L is a nef and big line bundle on W. In addition, one
requires that: i) I and there is a smooth non-hyperelliptic curve

ii) h*Kw = Kv (this means that h is ramified only above the singular
points of W); iii) the pull-back of the adjoint linear system Kw + L I is the

complete linear system
The relationship between generating pairs and canonical covers is the fol-

lowing (see Section 2 for more details). Consider the map
and the projections pi, I = 1, 2, of W x P’ onto the two

factors. A general surface has only points of
type A I as singularities. We set the
minimal desingularization, 1/1’ =,e-l oo. Then, using adjunction both on V x PI
and W x P1, one sees that 1/1’ : X ~ S is a good canonical cover of degree 2.

General properties of generating pairs (h : V -~ W, L) are studied in
Section 5 (see also Section 8, that contains some information about higher
degree generating pairs). In particular, we prove that V and W have the same
Kodaira dimension (see Proposition 5.5) and W is regular. Then we compute
the irregularity of V, which is always &#x3E; 0, in terms of the genus g of the

general curve CElLI I and of the degree of h (see Proposition 5.4). We also
give formulas for the invariants of the canonical covers arising from a given
generating pair (see Proposition 2.7). It is interesting to notice that Beauville’s
example is essentially characterized by the fact that V and W have Kodaira
dimension K = 0 (see Proposition 8.2 for a more precise statement). The case
of Kodaira dimension 1 is also rather restricted, as Proposition 8.3 shows.

Beauville’s example corresponds to the case in which V is a principally
polarized abelian surface, W is its Kummer surface, and L is the polarization
on W which lifts to a symmetric principal polarization on V. Unfortunately, it
is not easy to find more examples. In Section 3 we list all the examples we
know. Each of these gives rise to an infinite series of good canonical covers,
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which possibly deserve to be studied in detail, as has been done for Beauville’s
examples in [MP].

The difficulty in finding generating pairs is explained in Section 6. This is
where Prym varieties come into the picture. If (h : V - W, L) is a generating
pair, and C is a general curve of then h*C = C’ - C is an unramified
double cover, with a related Prym variety Prym(C’, C). In Theorem 6.1 we

prove that Prym(C’, C) is naturally isomorphic to the Albanese variety of V.
As a consequence we find that, if the generating pair is good, then the Albanese
image of V is a surface and therefore the Kodaira dimension of V and W is
non-negative (see Corollary 6.2). Moreover, some general facts about irregular
surfaces and isotrivial systems of curves on them, which have been collected
in Section 4, imply that the Prym map has an infinite fibre over the point
corresponding to the cover h : C’ ~ C (see Proposition 6.6). Using this fact
and some results about the fibre of the Prym map due to several authors (see
Section 6 for references), we prove that if (h : V -+ W, L) is a good pair then
one has the bounds g s 12 for the genus g of C and q  11 for the irregularity
q of V (see Theorem 6.9 and Proposition 6.11). We think it should be possible
to improve these bounds if one had a better understanding of the fibres of the
Prym map. For instance, one would like to know answers to questions like:
when do these fibres contain rational curves? Questions of this type are, of
course, of independent interest.

Finally, using Reider’s method, we obtain the bound L2  4 (see Propo-
sition 7.3), and it becomes clear why there are not so many possibilities for a
good generating pair.

We give a complete classification of good pairs with L ample and dim L j &#x3E;
1. These satisfy dim 3 and L2 = 3, 4. The only example with dim JL) = 3
is Beauville’s one (see Corollary 7.4). The cases with dim j L j = 2 are studied
in Section 7 (see Theorem 7.10). We show that L2 = 3 and this corresponds
either to Example 3.3 or to a suitable modification of Beauville’s example; in
the proof, we notice that the general curve C is trigonal and we apply a global
version of the well known trigonal construction [Ca2], which is the inverse of
the equally famous Recillas’ construction. A different proof of the same result
is sketched in Remark 7.9.

In the pencil case dim ILl = 1 (in which there are examples, like 3.2, but
a classification is still lacking) we give strong restrictions for the case L2 = 4
(see Corollary 7.7).

Using similar ideas, we are able to construct an infinite family of good
canonical covers with X regular. We will return to this in a forthcoming paper.

NOTATION AND CONVENTIONS: all varieties are defined over the field of

complex numbers. A map between varieties is a rational map, while a morphism
is a rational map that is regular at every point. We do not distinguish between
Cartier divisors and line bundles and use the additive and multiplicative notation
interchangeably. The Kodaira dimension of a variety X is denoted by K(X).
We denote by -num the numerical equivalence between divisors on a smooth
surface.
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2. - Canonical covers and generating pairs

NOTATION 2.1. Let S be a surface with canonical singularities, i.e. either
smooth or with rational double points, so that in particular S is Gorenstein.
We denote by Ks the canonical divisor of S, and we let j 

be the geometric genus and q (S) - Os) the irregularity. If

, the canonical map of S is the rational map o :
defined by the moving part of the canonical system
smooth locus of S and 6 : S’ ~ S is any desingularization, then
and 4 The Albanese map of S’ factors

through c, since the exceptional locus of e°is a union of rational curves, and
so we can speak of the Albanese map of S.

Let X be a smooth surface of general type and let q5 : .
be the canonical map of X, where E is the image of ~. We assume that E
is a surface and that q5 has degree d &#x3E;- 2, and we denote by 6 : ~ 2013~ E a
desingularization of E. We recall the following theorem due to Beauville, [B2],
Theorem 3.4.

THEOREM 2.2. Under the above assumptions, either:

(i) pg (S) = 0 or;
(ii) S is of general type and E : S -~ ~ is the canonical map of S.

We introduce some terminology for surfaces that satisfy condition (ii) of
Theorem 2.2:

DEFINITION 2.3. Let X, S be smooth surfaces of general type. Let :
X -+ S be a dominant rational map of degree d &#x3E; 2. Assume that:

(CCl) pg(X) = pg(S); .

(CC2) the canonical image of S is a surface E.

In this case the canonical map o : X -+ £ of X is the composition of
~r and the canonical map 6 : ~ 2013~ E of S, and we say that * : X - S is a
canonical cover of degree d. If E : S -+ £ is birational, then we say that the
canonical cover is good.

A few sporadic examples of canonical covers are known in the literature
([VdGZ], [B2] Proposition 3.6, [Catl] Theorem 3.5, [Cl], [Pa2]). However, so
far, there is only one construction, due to Beauville (see [Cat2], 2.9 and [MP]),
which gives an infinite series of such covers. We recall it next.

Let V be a principally polarized abelian surface such that the principal
polarization D is irreducible, and let h : V -~ W be the quotient map onto the
Kummer surface W = V/  -1 &#x3E;. The surface W can be embedded into P3
as a quartic surface via a complete linear system I L I such that
Consider the map and the projections p~ , i = 1, 2,
of W x PI onto the two factors. A general surface E E

3, has only points of type A 1 as singularities. We set
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the minimal desingularization,
Then it is easy to check, using adjunction both on V x P~ and W x P1, that
~ : X -+ S is a good canonical cover of degree 2.

We wish to study to what extent this construction can be generalized. We
introduce a class of pairs (h : V -)- W, L), where h : V --~ W is a finite

morphism of surfaces and L is a line bundle on W, such that by applying the
above construction to (h : V - W, L) one gets an infinite series of canonical
covers.

DEFINITION 2.4. Consider a pair (h : V -+ W, L), where h is a finite

morphism of degree d &#x3E; 2 between irreducible surfaces, V smooth, W with at
most canonical singularities and L is a line bundle on W, such that:

(GP2) h°(W, L) &#x3E; 2 and L is big, i.e. L2 &#x3E; 0;

(GP3) the general curve C of I L I is smooth of genus g &#x3E; 2 and the curve
C’ : = h * C is not hyperelliptic; 

~

We call (h : V -~ W, L) a degree d and genus g generating pair of canonical
covers, and we denote by L’ the line bundle h*L on V. The pair is said to be
minimal if both V and W are minimal.

The generating pair is called good if the general C of ~.L ~ is not hyperelliptic
(hence g &#x3E; 3 in this case).

Notice that condition (GPl) is equivalent to the fact that h is ramified only
over the singular points of W. Condition (GP3) and Bertini’s theorem imply
that the general curve C in I L I is smooth and irreducible, hence L is also nef,
i.e. LD &#x3E; 0 for every effective divisor D on V. The assumption that C’ is not
hyperelliptic is a technical condition whose meaning will be clearer later (cf.
for instance Theorem 6.1). Finally, the base points of ILI, if any, are smooth
points of W.

In the rest of this section we show that by applying the original construction
of Beauville to a (good) generating pair one obtains an infinite series of (good)
canonical covers, and we compute the invariants of such canonical covers. In
order to do this, we need the following result, that will be proven later (cf.
Proposition 5.4):

PROPOSITION 2.5. If (h : V - W, L) is a generating pair, then q (W) = 0.

We introduce now some more notation:

NOTATION 2.6. Given a generating pair (h : V - W, L) of degree d and
genus g, we denote by pi, i = 1, 2, the projections of W x PI onto the two
factors and we write We denote by the
line bundle pi L 0 (n), where n is a positive integer.

In addition, we let :E E ~ be a general surface, Y = A*(E). We denote
by 6 : ~ -~ E and E’ : X - Y the minimal desingularizations, by f the map
ÎÍly : X -+ E, and by # the map E -1 o f o E’ : X -~ S.
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PROPOSITION 2.7 (We use Notation 2.6). Let (h : V - W, L) be a generating
pair of degree d and genus g. If n &#x3E;- 3, then one has:

i) let E E 1£(n)1 be general and let Y = h*:E; :E and Y are surfaces of general
type with at most canonical singularities. If in addition L is ample, then S and
X are both minimal;

ii) 1/1 : X --&#x3E;. S is a canonical cover of degree d, that is said to be n-related to
the generating pair (h : V --+ W, L). If the generating pair is good, then
1/1 : X -&#x3E;. S is a good canonical cover, while if the generating pair is not good
then the canonical map of S is 2-to- I onto a rational surface;

iii) the invariants of S are:

iv) the invariants of X are: and o

PROOF. Recall that by condition (GP3) of Definition 2.4 the general curve
of ILI I is smooth, and thus, in particular, L ~ I has no fixed components. It
follows that also the linear system has no fixed components and is not
composed with a pencil, and thus the general surface :E E [ is irreducible.
Moreover the set of base points of [ is the inverse image via p 1 of the set
of base points of ILI and thus it is a finite union of fibres of pl . Using Bertini’s
theorem and the fact that the general curve of ILI is smooth, one proves that the
singularities of the general E ~ [ at points of the fixed locus of [ are
finitely many rational double points of type Ar. Now, the projection p, restricts
to a generically finite map p : ~ -~ W of degree n which, by Bertini’s theorem
again, is unramified over the singular points of W. So the general has, over
each singular point x of W, n singularities which are analytically equivalent to
the one W has in x (i.e. n canonical singularities) and it is smooth at points
that are smooth for W x Pl and are not base points of 1£(n)l. To describe

the singularities of Y = h*(E), we notice that the restriction Y -+ £ of h is
ramified precisely over the singularities of :E that occur at singular points of
W x PI; so Y has d singularities analytically isomorphic to those of E over
each of those singular points of :E that occur at base points of ] and it is
smooth elsewhere, since it is general in In conclusion the singularities
of Y and are canonical, and their invariants, which we now compute, are
equal to those of X, S, respectively.

By the adjunction formula and condition (GPl) in Definition 2.4, one has
and

and thus

To compute the remaining invariants of S, E and X, one considers
the long cohomology sequences associated to the restriction sequences

and
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By Kawamata-V’iehweg’s vanishing theorem, we have
Hence:

where the last equality follows again from Kawamata-Viehweg’s vanishing and
the last equality but one follows from q(W) = 0. Therefore, by the definition
of generating pair:

A similar computation gives
The linear system I contains the restriction of the system

whose fixed locus is the inverse image via pi of the fixed locus of
Let C be a smooth curve; since W is regular, the linear system
restricts to the complete canonical system Thus C does not

contain any base point of Kw + L 1. If L is ample, this implies that
has a finite number of base points, none of which is also a base point of I L 1.
Thus in this case the fixed locus of + £(n - 2)) I intersects the general
E in a finite number of points and, a fortiori, the canonical system of E has
no fixed components and the surfaces X, S are minimal.

Notice now that separates the fibres of since
A fibre is identified by p 1 with a curve I and

the restriction of to F is identified with the restriction of
to C, which is the complete canonical system since W is

regular. Thus, if the general C is not hyperelliptic, then the canonical map of
S is birational and 1/1 : X --~ S is a good canonical cover, while if the general
C is hyperelliptic then the canonical map of S is of degree 2 onto a rational
surface and 1/1 : X -~ S is a non good canonical cover. D

Since we aim at a classification of generating pairs, we introduce a notion
of blow-up. We will show (cf. Corollary 6.3) that almost every generating pair
is obtained from a minimal one by a sequence of blow-ups.

DEFINITION 2.8. Let (h : V --~ W, L) be a generating pair of degree d and
genus g. Let x E W be a smooth point. Then we can consider the cartesian
square:

where f : W’ -+ W is the blow-up of W at x, with exceptional divisor E and,
accordingly, V’ is the blow-up of V at the d points x 1, ..., xd of the fibre of h
over x. Fix m = 0 or 1 and assume that:
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(i) L2 &#x3E; M2 ;
(ii) f *L - mE) ~!: 2 and the general curve C ~ is smooth.

Then the pair
- a a is again a generating pair, and

we say that it is obtained from (h : V -~ W, L) by a simple blow-up. The

blow-up is said to be essential if m = 1 and inessential if m = 0.

The reason why we only consider m  1 in the above definition is that

generating pairs satisfy the inequality L2  4 (cf. Proposition 7.3).

3. - Examples of generating pairs 
’

In this section we describe some examples of generating pairs.
EXAMPLE 3.1. Beauville’s example. (see [Cat2], 2.9, [MP], Example 4 in

Section 3). This example has already been described in Section 2: V is a

principally polarized abelian surface with an irreducible polarization D, W is
the Kummer surface of V, h : V --~ W is the projection onto the quotient, and
L is an ample line bundle on W such that the class of L’ = h*L is equal to 2D.
This generating pair is good and therefore so is any related canonical cover.
More precisely, by Proposition 2.7, an n-related canonical cover 1/1’ : X -~ S is
minimal, with geometric genus 4n - 3. The invariants of S and X satisfy the
relations:

According to [MP], Theorem 4.1, this is the only good generating pair such
that the related canonical covers satisfy K 2 = 6pg(X) - 14 and Kx is ample.

Notice that if the polarization D on V is reducible, then (h : V -+ W, L)
is a non good generating pair (cf. also [MP], Example 2 in Section 3), that we
call the non good Beauville’s example.

EXAMPLE 3.2. A good generating pair of degree 2 and genus 3 (cf. also [C2],
Example (c), page 70). Let A be an abelian surface with an irreducible principal
polarization D, let p : V -~ A be the double cover branched on a symmetric
divisor B E and such that = 

· Since Kv p* (D), the
invariants of the smooth surface V are: By the
symmetry of B, multiplication by -Ion A can be lifted to an involution i of V
that acts as the identity on hO(V, We denote by h :
the projection onto the quotient. We observe that

! and the only singularities of the surface W are 20 ordinary double
points. In addition, so

that the bicanonical map of V factors through h : V - W. An alternative
description of W is as follows. One embeds, as usual, the Kummer surface
Kum(A) of A as a quartic surface in p3 = P(HO(A, 2D)*). The surface W
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is a double cover of Kum(A) branched over the smooth plane section H of
Kum(A) corresponding to B and on 6 nodes (corresponding to the six points
of order 2 of A lying on D). The ramification divisor R of W -+ Kum(A)
is a canonical curve isomorphic to H, and thus it is not hyperelliptic. This

completes the proof that (h : V -+ W, Kw) is a good generating pair. Under
suitable generality assumptions, Kw is ample, as well as An n-related
canonical cover 1/1 : X -+ S has geometric genus 5n - 3 and is, in general,
minimal. The invariants of S and X satisfy the relations:

EXAMPLE 3.3. A good generating pair of degree 2 and genus 4 (cf. [C2],
Example 3.13). Let r be a non-hyperelliptic curve of genus 3 and let V :=
Sym2(T). The surface V is smooth minimal of general type with invariants:

If we embed r into P2 via the canonical
system, then the canonical map of V sends the unordered pair {p, q) of points
of V to the line hence it is a degree 6 morphism onto the
plane. There is an involution i on V that maps V to {r, s }, where

The fixed points of i correspond to the
28 bitangents of r and the canonical map of V clearly factors through the
quotient map Hence the invariants of W are:

and thus
In addition we have

and thus 12KV = So, the pair (h : V -+ W, Kw) is a good generating
pair, since the restriction of I to C is a base-point free g3 I and the general
canonical curve C of W is not hyperelliptic. Notice that Kw and Kv are ample.
An n-related canonical cover 1/1 : X ~ S is minimal, of geometric genus 7n - 4.
The invariants of S and X satisfy the relations:

An interesting question, concerning this example and the previous one, is
whether these are the only generating pairs such that the related canonical
covers have invariants satisfying (1) and (2).

EXAMPLE 3.4. A non good generating pair of degree 3 and genus 2. Let

p : EXAMPLE 3.4. A non good generating pair of degree 
3 and genus 2. Let

p : W -+ p2 be the double cover of p2 ramified on an irreducible sextic B
with 9 cusps (B is the dual of a smooth cubic). The surface W is a K3 surface
whose singularities are 9 double points of type A2. According to [BdF] (cf.
also [BL2], [Ba]), there exists a smooth cover h : V -+ W of degree 3 ramified
only at the 9 double points. Notice that the surface V is an abelian surface.
We set L = ~*(0p2(l)) and we remark that the pair (h : V -+ W, L) is a non
good generating pair, since by
the ampleness of L. An n-related, minimal, canonical cover 1/1 : X - S has
geometric genus 3n - 2. The invariants of S and X satisfy the relations:


