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A Spherical Harnack Inequality for Singular
Solutions of Nonlinear Elliptic Equations

CHIUN-CHUAN CHEN - CHANG-SHOU LIN

Abstract. We consider a positive singular solution of

where g(t) is locally bounded and positive for t &#x3E; 0, r is a closed subset of B1
with vanishing Newton capacity, BR is the open ball of radius R and center 0 in
R", and n &#x3E; 3. By employing the method of moving planes and the localization
method of R. Schoen, we prove the following inequality,

where c is a positive constant and d (x) is the distance from x to r, provided that

is nonincreasing in t for t large.

This inequality is new even when u (x) is radially symmetric.

Mathematics Subject Classification (2000): 35J60 (primary), 35B45, 35B33
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Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)
Vol. XXX (2001 ),

1. - Introduction

In this paper we continue our previous work [5] to investigate the local
behavior of positive singular solutions to the partial differential equation

where BR is the n-dimensional ball of center 0 and radius R, n &#x3E; 3 and r is
a closed subset of the closed ball B2. The nonlinear term g(t) is a positive
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and locally bounded function in (0, oo). A function u is said to be a solution
of ( 1.1 ) if u E for any p &#x3E; 1 and u satisfies equation (1.1)
in the distribution sense. Equation ( 1.1 ) often arises in many branches of

applied science, as well as in many different disciplines of mathematics. When
M+2 2

g (t) = t 1 i, equation (1.1) is the so-called constant scalar curvature equation in
conformal geometry. Recently, there have been many works devoted to studying
singular solutions of (1.1) when the singular set r consists of a single point
only. We refer the interested readers to [3], [5], [6], [7], [8], [10], [ 11 ], [14],
[15], [17], [19] and the references therein.

In this paper we are mainly concerned with apriori estimates on singular
solutions and their applications to asymptotic symmetry. Unlike many other

works, the singular set r is not limited to a discrete set. In fact, r can be as
big as a submanifold with codimension 2. To state our result, we recall that
the Newton capacity of a closed set r is defined by

Note that for a closed set r of Hausdorff dimension  n - 2, the Newton

capacity Cap(r) always vanishes. Throughout the paper, we always assume
Cap(r) = 0 and g(t) is positive for t &#x3E; 0 and satisfies

The main result of this paper is the following spherical Harnack inequality.
THEOREM 1.1. Let r be a closed set in j§ I with Cap (1’) = 0, and let g(t)

satisfy (1.2). Assume that u (x) is a positive solution of ( 1.1 ) for x E B2Nr. Then
there exists a constant c &#x3E; 0 such that

where d (x) = d (x, r) denotes the distance from x to r.

We remark that inequality (1.3) is new even when r = (0) and u (x) -
is radially symmetric. When g(t) satisfies a power rule at infinity, that

is, there is a positive number p E (1, n±2 ] such that g(t)t-P is bounded from
below and above by two positive constants, inequality (1.3) is reduced to

Inequality (1.4) was previously known only when the limit is a

positive number. See [5] and [16]. 
tp

Inequality (1.3) is called a spherical Harnack inequality when r = tol
because it implies that the Hamack inequality holds for u on each sphere
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Sr = Ixl = r). For each r E (o, 1 ], we set vr = u(rx) and rewrite (1.1) for
vr as a linear elliptic equation

where Cr(x) = * By (1.3), Cr(x) satisfies Cr(x) s c 

 2. Since Cr(x) is uniformly bounded in the annulus {x : 2  ~ 2 },
the classical Harnack inequality and the gradient estimate give us that

and

Scaling back to u, we have

and

These spherical Harnack inequalities (1.5) give us the conclusion of the first

part of the following corollary.
COROLLARY 1.2. Suppose g(t) satisfies (1.2) and u is a positive solution of (1.1)

with r = 101. If 0 is a nonremovable singularity, then

Furthermore, u (x) is asymptotically symmetric as x tends to 0, that is,

for r = lxi, where u- (r) is the spherical average of u over the sphere Sr = {x : Ixl _
r } and o ( 1 ) tends to zero as r - 0.

The asymptotic symmetry of singular solutions of ( 1.1 ) with r = 10) has
been proved by Caffarelli-Gidas-Spruck [3] and C. Li [ 11 ] under the condition
that g(t) is Lipschitz and

is nonincreasing for all

To prove (1.7), Caffarelli, Gidas and Spruck introduced a "measure-theoretic"
version of the method of moving planes (MMP). The idea of their approach is
quite simple, nevertheless the technique to carry out the idea is very complicated.
The difficulty of their method arises from the fact that the solution u is defined
only locally. In this case, they showed that the method of moving planes
could be applied only along certain admissible directions. Later on, C. Li

simplified their argument and proved (1.7) assuming g to be Lipschitz and
to satisfy (1.8) only. Note that (1.6) of Corollary 1.2 is a consequence of the
asymptotic symmetry in their approach. This is the reason why the monotonicity
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condition (1.8) has to be assumed for all t &#x3E; 0 in Li’s argument. In this paper,
we do not use the new version of MMP. Instead, we employ a blow-up argument
of R. Schoen to accomplish our goal. Together with the standard MMP, we
are able to use it to establish the spherical Harnack inequality (1.3). The
MMP was first invented by Alexandroff and was later used to prove radial
symmetry of positive solutions of semilinear elliptic equations by Ni, Gadas,
Nirenberg [9] and Serrin [18]. Recently, it was greatly improved to be able to
study the asymptotic behavior of positive singular solutions as well as the blow-
up behavior of a sequence of smooth solutions to the scalar curvature equation
or mean field type equations. See [3], [5], [7], [ 11 ], [12], [13], [14], [15] and
the references therein. In this paper, we continue to apply refined arguments of
the MMP, developed in [5], [7], [14]. However, due to the lack of regularity
of g and the assumption that (1.3) holds only for large t, a new ingredient of
ideas is required.

The blow-up technique mentioned above was first introduced by Schoen
[16], [17] in his works on the constant scalar curvature equation. This method
allows us to localize certain points where solutions can be blown-up to be
an entire solution in When g (t) satisfies a power law at oo, the limiting
function is well-understood. In our case, without any further assumption on g(t)
at infinity, we could only prove the existence of the limiting function which
might be a constant at the worst case. To avoid it, we have to choose a second
set of blowing-up points. Thus, the technique itself has its own interests. We
believe it should be helpful in other problems. Our work is the first example to
apply the localization method of Schoen to such generality of nonlinear terms.

For the proof of the asymptotic symmetry (1.7), we will use the standard
blow-up argument. Thus, it is important to classify entire positive solutions of
the limiting equation. The Liouville-type theorem below plays an essential role
for this.

THEOREM 1. 3. Let g be a nonnegative, locally bounded function satisfying ( 1.8).
Suppose that u is a nonconstant positive solution of

l:2 2
Then u is radially symmetric with respect to some point and g(t) = c t n=2 for
0  t  maxrn u, where c is a positive constant.

Theorem 1.3 was proved in [5] and [ 1 ] where, in addition to (1.8), g is
n+2

also assumed to be Lipschitz. (In [5], the assumption that g (t ) t- ~ tends to
a positive number as t - -I-oo was also required). Without the smoothness

assumption on g, we need to refine some arguments in the process of moving
planes.

This paper is organized as follows. The proof of Theorem 1.1 will be

given in Section 2 and Section 3. In Section 2, we assume (1.3) does not
hold and use the localization method of Schoen to blow-up solutions. The key
step is to guarantee that the limiting function is not a constant function in the
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whole On the other hand, in Section 3, we employ the MMP to show that
the limiting function is actually a constant. Thus, we obtain a contradiction
and complete the proof of Theorem 1.1. In Section 4, we prove the Liouville
theorem, Theorem 1.3 and more general, the symmetry of singular solutions
of (1.1) in R"BRB The latter is important when we come to investigate the
asymptotic symmetry for the case when the singular set r is a k-dimensional
submanifold of Rn for 0  k  n - 2. This asymptotic result will be established
in Section 5, where Corollary 1.2 is a special case of the result presented there.

2. - Proof of Theorem 1.1, Part I

In this section, we are going to give a proof of Theorem 1.1. We prove (1.3)
by contradiction. When inequality (1.3) fails, we first employ a blow-up method
of Schoen to blow-up solutions into a positive entire function in R n. The key
point is to make sure that the positive entire function is not identical to a

positive constant in the whole JRn. This is not obvious due to the generality of
the nonlinear term g(t). On the other hand, to obtain a contradiction, we will
use the method of moving planes to show that the limiting function is actually
a constant. This part of proof is long and technically complicated. The reason
is partly due to the lack of regularity of g(t) and condition (1.2) which holds
only for large t. If an additional condition g’(t) &#x3E; 0 is assumed, then the proof
could be made considerably simpler. Since both blow-up argument and the
MMP necessarily use a lot of notations, in the step 1 of proof of Theorem 1.1,
we assume r = {OJ in order to make the presentation more readable. See
Remark 2.2 for the general case. For the application of the method of moving
planes, this assumption of r does not make any difference because of the result
of removable singularity of bounded superharmonic functions. The removability
result is stated in Lemma 2.1 below. Since its proof is quite elementary, we
present the proof here for the sake of completeness.

LEMMA 2.1. Suppose that h is a positive C 1 superharmonic function in 
where r c S2 is closed and Cap(r) = 0. Then

PROOF. Set

where £ &#x3E; 0 and m = infy,anBr h(y). Clearly, h§(x) is a bounded superhar-
monic function and 0. Moreover, = 0 in a neighborhood of

By setting h-;(x) = 0 outside of S2, h (x ) is a continuous nonposi-
tive superharmonic function of Since r has zero capacity and hE(x)
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is bounded in we conclude that hj(x) is a superharmonic function in R’
by the classical theorem of removable singularity of bounded superharmonic
functions. By the stardard smoothing processes, we then have

with R large. Thus, hj(x) = 0 and h (x ) &#x3E; m - E for x E as claimed.
Now let 8 - 0+, we obtain h(x) &#x3E; m on D

PROOF OF THEOREM 1.1. As mentioned above, we assume r = f 0}. For

simplicity, we may also assume that g(t) is continuous. For the general case,
it is easy to make a necessary modification of the following arguments. First,
we recall that there is a to &#x3E; 0 such that

Suppose (1.3) fails. Then there exists a sequence such that

and

Set

where

Using the localization method of R. Schoen, we claim:

STEP 1. There is sequence so that if we replace xi by zi , then (2.1 ) and
(2.2) hold, and vi of (2.3) converges to a nonconstant function v(x) in C loc (R I

To prove Step 1, we set ri = I and

for z E B(x, ri /4). Let zi and ii satisfy
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In particular, we have

as i ~ --~oo. We note that by (2.1 ), za satisfies

and

Set vi (y) = + Mi-ly), where

and

Obviously, vi (y) is smooth in the ball {y : jy)  where

as i ~ +oo, and vi satisfies

where

For any R &#x3E; 0 and [ y [  R, let z = zi + Then for large i

Thus
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By (2.11), the Harnack inequality can be applied to vi since (2.9) can be written
as a linear equation

Thus, vi (y) is uniformly bounded in any compact set of IEgn. Applying the
elliptic estimates, vi (y) is bounded in for any p &#x3E; 1. Therefore by
passing to a subsequence (still denoted by converges to v in 
for any 0  a  1.

Before continuing our proof further, we should stop to give some expla-
nation in order to make the subsequent arguments more clear. First, in the
most pathological situation, g(Miti)/g(Mi) might drop to zero for a sequence
of ti ,~ 1 and meanwhile, for any R &#x3E; 0, the measure Hy E BR : vi (y)  I
tends to zero. In this case, v(y) - 1 in R’. On the other hand, if we assume
additionally that g’ exists and g’ (t ) &#x3E; 0 for t &#x3E; to, then by (1.2), g’ (t ) satisfies

From it, hi satisfies for ’y’ ::: R

By elliptic estimates, vi converges to v in C2. Since 1, Avi(0) =
= -1. Thus 0 v (o) _ -1 which implies v # 1 in JRn.

Now we return to the proof of step 1. If v # 1 in R", then step 1 is

proved. Assume v = 1. We will choose another vi and zi as follows. For any
0"0 E (o, 1 /2), fuere exists a zi E 1 } such that = (1 - 
when i is large. Since o-o &#x3E; 0, by the assumption v = 1, we have

and

where the second inequality is due to (2.8).
Let t~(y) = + where

and

As before, vi satisfies

with
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~ n-I-2 ~ ~ 

Since in nonincreasing for t &#x3E; to, we have for large i

Hence by

For any R &#x3E; 0 and |y|  R, let x = Recall |*zi - zi I = 
Then

by (2.12) and (2.14). Thus by (2.8),

which implies that is uniformly bounded in any compact set of JRn.
Thus, there exists a subsequence of v~ which converges to v* in We
claim that v* # 1 in 

Suppose v * = 1. Then u (zi ) &#x3E; u(x) &#x3E; (1 - for large i and

lyl I ~ 1, where x = zi + Thus, by (1.2) and (2.12), we have for
large i

Integrating (2.13), we have

which yields a contradicton, since the left hand side tends to 0 as i - +oo.
This proves Step 1.

REMARK 2.2. When the singular set r is not a discrete set, zi can be
chosen as follows. Note that since Cap(r) = 0 and ri = d(xi) is small for
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large i, the set {x E d (x ) &#x3E; is connected. For any o-o E (0, 1), zi can
be chosen so that

and

Thus,

as i ~ +00. Set vi (y) as before. For any R &#x3E; 0, and jyj s R, let x =

Then

By (2.8), we have

which implies that h;(vi)/vi is uniformly bounded in any compact set of JRn.
The rest of the argument for Step 1 is the same as in the case when r = {0}.

The following lemma was proved in [3] (Lemma 2.1 in [3]) when r = {0}.
We follow the same argument to prove the general case when Cap(r) = 0.
Note that in Lemma 2.3 below, we assume r c Bl C B2. When r n a B2 o,
we suspect that the same conclusion should hold. However, we can establish
the same result by requiring some additional condition for g for the case r n
a B2 ~ ~. See Lemma 2.4 below.

LEMMA 2.3. Let u be a positive singular solution of ( 1.1 ). Suppose that r
and g satisfy the hypothesis of Theorem 1.1. Then g (u) E 

PROOF. Since the capacity of r vanishes, there exists a nonnegative harmonic
function ?lj in such that

For any k &#x3E; 0, let q;(t) be a smooth nonincreasing function satisfying
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Then ( 1.1 ) implies

Let k be fixed and let j~+oo. Since ~p’ (t)  0, (2.18)
implies 

- . - .

By passing k - +oo, g(u) E is proved. 1:1

When r is not a compact set in B2, we need a stronger assumption
than (1.2) to ensure g(u) E Ll(81).

LEMMA 2.4. Let r be a closed set of B2 with Cap(r) .- 0. Assume that in
addition to (1.2), g satisfies
(i) g (t ) / t is increasing in t for t &#x3E; to, and

(ii) ’ g (t ) &#x3E; for some po &#x3E; 0.

Then g (u) E L i (B1 ) for any positive singular solution u to ( l. i )
PROOF. For any I = 0, 1, ... , lo, let be a nonincreasing function in t

such that 
- 1 I-- 1, 1 .- .

where 10 is an integer so that tl-lopo/g(t) E and 

L 1 (Il$+). (If L 1 (~+), we let 10 = 0). By (ii), we have polo  1. Set

Thus, for 0  I  10 - 1, we have for t large,

and (Djo (t) is bounded in For each 1 = ©, 1, ... , lo, choose ~~ (x ) E 
such that = 1 for  1-I- 2-(10+1-1) and ~l (x) = 0 for ~x~ &#x3E; 1 + 2-(/0-1).
Multiplying on (1.1) and by passing j - +00 and k - as

in (2.18), we have
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and

Starting from 10 and ending at I = 0, we have

Similar to (2.18), we then have g(u) E 0

Now we come back to the proof of Theorem 1.1.
- 1

STEP 2. Let Mi = Mi - be defined as in Step 1.
We claim

To prove (2.19), we note that since v (y) ~ 1 in R’, there exists a positive
constant co independent of i such that

Let Bi = By scaling, we have

By Lemma 2.3, the left hand side tends to zero as i - +oo. Thus, (2.19)
follows immediately.

In the next section, we will apply the MMP to prove that v is a constant
function. Thus it yields a contradiction to Step 1. In the proof, we will see
that (2.19) is important in the process of the MMP. We remark that under
the hypothesis of Lemma 2.4, (2.19) holds also without assuming that r is a
compact set of B2.
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3. - Proof of Theorem 1.1, Part H

In this section, we are going to apply the MMP to conclude that v is

radially symmetric with respect to any point of Ilgn. Thus, v is a constant
function in W and it yields a contradiction to Step 1 of Section 2.

STEP 3. For any y, we let v and 51 (y) respectively be the Kelvin transfor-
mation of v and vi with respect to the unit ball with center y, i.e.,

and

Obviously 51 satisfies

for Mi_1 except at the singularity Yi with |yi| _ where

Clearly, converges in to v. To prove radial symmetry of
~, it suffices for us to prove that v is symmetric with respect to yl -direction.
Following conventional notations, we let for any ),  0, ~~, = {y ~ I yi &#x3E; ~.},
7~ = {y ~ yl - X) and y~‘ denote the reflection point of y with respect to Tx.
Let = Vi (yk) for y E and

For any fixed Xo  0, we want to prove

and

where ~~ = {y E ~À [ [ y[ 2: (Mi)-1 and y # 
To make the MMP work, we should first establish the following two facts.

and

Note that since to for ’Y’ 2: 1 if i is large, by the expres-
sion (3.3) of hi (y, t), we have

This proves (3.7).
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To prove (3.6), by (3.1) and Lemma 2.1 we have for Jyj = 

by step 2, where m = infaB2 u &#x3E; 0. Clearly, there exists a positive constant
c = c(Xo) such that

and

Hence, (3.6) follows readily.
By equation (3.1 ), wx(y) satisfies

for y E RnBB1 = I jyj &#x3E; 1}. Assume for some y E JRnBBl.
Then by the assumption on g,

By (3.3) and (2.11) or (2.17), one has

where is evaluated at (yl ~y~‘ ~2) + y. Thus,

Therefore, we have by (3.9)

whenever is large,  0 and jyj &#x3E;_ 1.
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Now we are in the position to apply the MMP. By the maximum principle
and (3.10), we have the following.

(3.11) There exists a constant Ro &#x3E; 1 such that if yo achieves the
minimum of wx and wx (yo) = inf  0 then Ro.

Ex

The proof of (3.11) is well-known. See [4] for the proof.
Since is superharmonic, by Lemma 2.1 and (3.6),

for

Together with (3.11 ), there is Xi « -1 such that

and

Now let Ào = sup{~, _ Ào I &#x3E; 0 for Y E I;~ À}. Clearly, Xo
depends on i . We claim

STEP 4. Ào = ~,o for large i .

By continuity, ~(y) ~ 0 in Since wÀo(y) &#x3E; 0 for jyj = 

Wio =1= 0 in To prove Step 4, we first claim that there exists io such that
for i 2: i o,

and for

When the nonlinear term g (t) is Lipschitz, the claim (3.12) follows readily
from the strong maximum principle, because wi~ can be written as a nonnegative
supersolution of a linear elliptic equation. Due to the lack of regularity of g(t),
the proof of (3.12) is unusually long.

Our method is based on a simple observation. Suppose there exists yo
such that (3.12) does not hold. If yo E LÍo such that who (yo) - 0, the by
noting ho  0, there is a neighborhood Uo of yo (of course, the size of
Uo depends on i ) such that

aw-
If = 0 for some yo E Tio’ then

and

at y = yo. Hence, (3.13) also holds for some neighborhood Uo of yo. Then
in the next paragraph, we can see that by (3.13), is superharmonic in
Uo n Ejo provided 2to.



728

By the monotone assumption of g and the expression (3.1 ) of hi, we have
by (3.13),

where the last inequality is due to the fact w~o (y) &#x3E; 0, provided that

Thus, if 2to, Uo can be chosen so that (3.15) holds for
y E Uo. Clearly, is a superharmonic function in Uo n Eio. By the

strong maximum principle, 0 in Uo n By repeating the same
argument, we have WIo(Y) == 0 in 1:io’ which yields a contradiction to (3.6).
Hence (3.12) is established if 2to.

Suppose that wio (yo) = 0 for some yo E and

Then, there is a neighborhood Uo of yo such that

Since is the Kelvin transformation of vi, c (Ào) &#x3E; 0 for some
constant independent of i. Thus, vi (y) &#x3E; vi (y03BB) &#x3E; c(Xo) &#x3E; 0 and the set of y
1 i

satisfying (3.16) is contained in Bi := { y | ’y’ I :S for some

cl &#x3E; 0 independent of i. Therefore, to establish (3.12), it remains to consider
the points in Bi which satisfy (3.16). Two cases are discussed separately.

CASE 1. d &#x3E; 0. In this case, we will introduce an
tut 7

auxiliary function (fJi(y). For any s &#x3E; 0, set

for

where G(y, x) is the Green function with singularity at x for the ball B(0, ~)
and c 1 is a positive constant independent of i, which is chosen later.
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Recall the definition of hi in (3.3). Then

where o ( 1 ) tends uniformly to zero as i - +oo.

Thus, if ~y ~n-2vi (y) &#x3E; for some y E B (0, ~Q), 2 then by (3.18),

for some constant co(ho) independent of i. If and

y V Bi, then 31 (y) &#x3E; and by (3.3),

holds also. If and y E Bi, we have

for some ci . From (3.19)-(3.21), we have

Now the constant cl of (3.17) is chosen as the same in (3.22). Then

for y E B (0, x 2 ) except for a set of capacity 0.
By a straightforward conputation, the second term of (pi can be estimated by

for I ::~- XO - Thus, for any c &#x3E; 0, there exists io = io(s), such that for
i 2: io,
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Choose s « ~ = inf u - By (3.8), we have
3B2

for

Since is superharmonic in Ma 1  I y  ~ and has
a lower bound for each i, by Lemma 2.1, the maximum principle gives

Therefore, (3.12) is proved in case 1.

CASE 2. limi-+oo m = 0. The case is simpler. By (3.18), we have

for y E Uo, where (3.16) holds for y E Uo. On the other hand,

for y E Uo. Thus, is a nonnegative superharmonic function in Uo with
wi (yo ) = 0. By the strong maximum principle, - 0 in Uo, which
yields a contradiction. Therefore, the proof of (3.12) is completely finished.
_ 

For each i &#x3E; io, let :Eio be a neighborhood of the singularity set of
vi, and set

Let E- be a small positive number such that if y is a regular point
of 5; and then (3.13) holds for a neighborhood Uo of y. By the
same argument as above, we can show that A wio (y)  0 for y E Uo. Thus,
by Lemma 2.1,

Once (3.12) is established for i &#x3E; io. we want to prove ho = ho for all
i &#x3E; io. Now suppose ho  X0 for some I a io. Let i be fixed. By the definition
of Ào there exists a sequence hj ( ho such that
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where Wj := By (3.25), inf wj can be achieved at some interior point
y~ E such that is away from the singular set of ~.

By (3.11), Ro. Let yo be a limit point of yj*. If Yo E then
. 

1 10
aw

wh (yo) = 0, which contradicts to (3.12). If Yo E Tio, then --’ (yo) _ 0, which0 o ayl
yields a contradiciton to (3.12) again. Hence ho = ho is proved. By passing
i ~ +oo first and then ~.o --~ 0, we obtain 5(y’)  for y 1 &#x3E; 0 and
A  0. Since we can apply the method of moving planes to v in any direction,
v is radially symmetric with respect to the origin. Going back to the original
v, v is radially symmetric with respect to y. It follows that v is identically
equal to 1, which yields a contradiction to Step 1. Therefore the proof of
Theorem 1.1 is finished. 0

As the remark at the end of Section 2, Theorem 1.1 still holds when r is
not contained in B2, provided the assumption of Lemma 2.4 is satisfied. For
the reference, we state it as follows.

THEOREM 3. I. Suppose that g satisfies the hypothesis of Lemma 2.4 and r be
a closed set with Cap(r) = 0. Let u be a positive singular solution of ( I .1 )
satisfying

for some positive constant m. Then there exists a constant c &#x3E; 0 such that

where d (x) denotes the distance of x to r.

4. - Radial symmetry

In this section we will prove two results about the radial symmetry of pos-
itive singular solutions: Theorem 1.3 and Lemma 4.1. Both of them are useful
when we apply the blow-up argument in the proof of asymptotic symmetry.

PROOF OF THEOREM 1.3. Suppose that u is a nonconstant positive solution of

We claim that u(x) = O(lxI2-n) and 1B1 u(x)1 = O(fxll-n) for lxl large.
This claim will be proved via the method of moving planes.

Since u is not a constant in we may assume that u is not radially
symmetric about the origin. Let u* be the Kelvin transformation with respect
to the unit ball, namely, M*(y) = Then u * satisfies
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where ~*(y, t) = Since u* is not radially symmetric about
the origin, we assume that u* is not symmetric with respect to the hyperplane
To = {y I yl = OJ. In what follows, we want to prove that u* (y) is symmetric
with respect to some hyperplane = {y I yl = for ~.o ~ 0. Thus, u*(y)
is continuous near the origin and the claim follows readily.

Using the notations in Section 2, we let

for y E E~ 0. Since u * is superharmonic in u * satisfies

where N is a small neighborhood of 0. Thus, it is not difficult to see that there
exists a ~,1 « 0 such that &#x3E; 0 for y E ~~, Let c 1 &#x3E; 0 such
that

Thus, we can apply the same argument as in (3.10) to obtain that there exists
a constant c2 &#x3E; 0 such that for ~y~ &#x3E; 1,

whenever :5 0. From (4.5), the following holds: There exists Ro &#x3E; 0 such
that if À  0 and WÀ (y)  0 for some point in E03BB, and WÀ (yo) = infz, WÀ (y) for
some point yo E ~~, B {o}, then

Let ~.o = sup{~,  0 &#x3E; 0 in ~~ for all it ::5 X). We claim that if
Xo  0, then 0 in Elo, and then u* is symmetric with respect to 

Suppose that w~,o (y) ~ 0 in Exo. By continuity, 0 in Elo.
Furthermore, we claim

If g is a Lipschitz function, then satisfies + 0 for some

locally bounded function C(y). Thus, (4.7) follows from the strong maximum
principle and the Hopf boundary point lemma. In case without any regularity
assumption of g, we can prove (4.7) by a similar argument (but simpler be-
cause (1.2) holds for all t &#x3E; 0) as the proof of (3.12). The idea is to show
that is superharmonic in a neighborhood of points where (4.7) fails. We
leave the detail to the readers.
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By the definition of Xo, there exists a sequence ~.o such that

where wj := in :EÀj. By (4.6), yj is bounded. Let yo be a limit point of

Yj. By Lemma 2.1, yo # 0 and either yo E :EÀo and = 0 or yo E TÀo
and = 0, which both yield a contradiction to (4.7). Thus ~= 0,

i.e., u* (y) is symmetric with respect to 
If h0 ~ 0, then u*(-yl, Y2, ... , yn) _ U*(Yl, y2, ... , Yn) for 0. By

moving the hyperplane 7B from the positive yi-direction, we can use the same
argument to prove either u* is symmetric with respect to - {y I yi =

&#x3E; 0) or u*(yl, y2, ... , Yn ) $ M*(-yi,y2,.- Yn) for Yl &#x3E; 0. But, the

latter case could not happen because u* (y) is not symmetric with respect to yi.
Hence u * is symmetric with respect to some TÀo with Ào ~ 0. In particular,
u (x ) = and for Ixllarge.

Since u* (y) is symmetric with respect to TÀo’ by equation (4.1 ), we have

for Xo. Without loss of generality, we may assume Xo  0. First, we
n+2

see that (4.8) implies that there is 3 &#x3E; 0 such that g(t)t-ïï=1: = constant for
t E [0, 3] because IYln-2u*(y) - 0 as y - 0.

Applying the Pohozaev identity, we have

t 
M+2

where G(t) = fo g(s)ds. Note that for Ixl large, G(u(x)) = c 

O(lxl-2n). Thus, the right-hand side tends to 0 as R 2013~ +00. On the other
hand, since

we have

which implies that n G (u (x ) ) - in JRn. This proves Theo-

rem 1.3. D
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n+2
LEMMA 4.1. Suppose that g(t) is positive for t &#x3E; 0 and is nonin-

creasing for t &#x3E; 0. Let u be a positive singular solution of

where 0  k  n - 2, and 101 x Rk = {(O, y) lye Rk I. Assume that u can not be
extended as a C 1 function to the whole Then u (x, y) is radially symmetric in Ixl.

The proof of Lemma 4.1 is the same as Theorem 1.3. For the case k = 0,
we perform the Kelvin transformation:

where 3 &#x3E; 0 and en - (0, 0, ... , 1). Obviously, u¡ has singularities at 0 and
en/3. Since is a nonremovable singularity, by using the same argument
of Theorem 1.3, can be shown to be symmetric with respect to y1. By
letting 8 - 0, we conclude that the Kelvin transformation of u with respect to
the unit ball centered at 0 is radially symmetric. Thus, u is radially symmetric.

For k &#x3E; 1, we have to apply the Kelvin transformation twice i,e for 3 &#x3E; 0,

and

where e2 = (o, 1, 0, ... , 0). Obviously, the singular set of u* is contained in
the hyperplane {yl = OJ. Thus, by applying the same argument, is shown
to be symmetric with respect to yi. By passing the limit 8 ~ 0, we prove
Lemma 4.1. For the details of the proof, we should leave to the readers. 0

5. - Asymptotic symmetry

PROOF OF COROLLARY 1.2. Clearly, (1.6) holds by the spherical Harnack
inequality (1.3). Suppose (1.7) fails. Then there exist points xi, Xi and co &#x3E; 0
such that _ ~ xi = ri, = 0 and

Set Mi = = and

where,
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By Theorem 1.1 and the Hamack inequality (1.3), vi (y) is uniformly
bounded in any compact set of Thus, by passing to a subsequence, vi
converges to v in By (1.2), hi (t) can be written as

for some nonincreasing function fi (t) in t &#x3E; Mi 1 to with some to ~ 0. Since
is uniformly bounded in any compact set of by The-

orem 1.1, fi(t) is uniformly bounded in any compact set of (v_, oo), where
v_ = infyeRn v(y). Without loss of generality, we may assume that fi(t) con-
verges to f(t) for almost everywhere of t. Acturally, if f(t) is continuous
at s and si - s, then we have limi,+oo f (sl ) = f (s). Since f (t) is

nonincreasing, there are at most countable many discontinuous points 
Let Ej = I v (y) = tj). If Ej has a positive measure, then Av(x) = 0 and

Avi (x) = 0 v = 0 on Ej in the distributiion sense. By equation (5.2),
converges to 0 for a.e. x E Ej. Obviously, it implies f (t) = 0 for

t &#x3E; tj. In particular, f is continuous for t &#x3E; tj. Let f be defined with
= 0. Then we conclude that the measure I Ej = 0 for all j except one

at most, and v satisfies

n+2
in the distribution sense where h(t) = By (5.1), v is not a radially
symmetric function. Thus, Lemma 4.1 yields that 0 is a removable singularity
of v. Since f (t) is nonincreasing in t for all t &#x3E; 0, by Theorem 1.3, v must
be radially symmetric with respect to some point yo and v has the form

for positive constants co and À. By (5.1 ) again, yo ; 0. Without loss of

generality, we may assume yo = (-2ao, 0, ... , 0) for some ao  0.
Let v* (y) be the Kelvin transformation of

where yg = (-ao, 0, ... , 0). By a straightforward computation, v* (y) is radially
symmetric with respect to -floei for some 60 &#x3E; 0.

Before we proceed to use the MMP, we first claim
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To see it, by ( 1.1 ), we have for 0  s  r

where u- (r) uda denotes the average of u over the sphere Ixl = r. Since

g(u(x)) E L’(BI), lim always exists. If then
r---&#x3E;

u (r)rn-2 is bounded by two positive constants as r - 0. Applying the Harnack
inequality (1.5), we have c2 for two positive constants c 1
and C2. Then

which implies that 0 is a nonremovable singularity of v. Clearly, it yields a
contradiction to (5.5), where v is smooth at 0. Thus, = 0
and by the Harnack inequality again, u (x ) = as [x ---&#x3E; 0.

Set U* 
a n-2 2 y 

* . Obviousl v* is defined for &#x3E; a2rSet is defined for a2 0ri,
and has a singularity at 2013y~ which lies in the right-hand side of the hyperplane
{y 0}. Since vi (y) uniformly converges to v in any compact set of

has a local maximum at Yi which tends to 1 as i 2013~ 

For [ y = aorl,

as i - +oo by (5.6) where m = infaB2 u. Thus, we can apply the MMP as
in the proofs of Theorem 1.1 and Theorem 1.3 to show that

for y,  -flo /2 and for i large. And it yields a contradiction to the fact that
vi has a local maximum near -Poe,. Therefore, the proof of Corollary 1.2 is
complete. D

Finally, we want to consider that r is a smooth k-dimensional submanifold
with 1  k  n - 2, we let N be a tube neighborhood of r such that any
point of N can be uniquely expressed as a sum x -I- v where x E r and
v E the orthogonal complement of the tangent space of r at x. Denote
7r to be the orthogonal projection of N onto r. For small r &#x3E; 0 and Z E r,
let 7rr-’(z) = {y E N : :7r(y) = z and ly - zl = r).

THEOREM 5.1. Let r be a k-dimensional submanifold in Bl and let N and 7r
- n

be described as above. In addition to (1.2), g satisfies = +00.
Then for any solution u to ( 1.1 ) in B2, we have u (x) = u (x’) ( 1 -i- o ( 1 ) ) for x, x’ E

as r - 0+.
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. PROOF. Suppose that the conclusion of Theorem 5.1 does not hold. Then
there exist xi, ii and Eo &#x3E; 0 such that d(xi, r ) = d(ii, r ) = ri - 0 and (5 .1 )
holds. Assume limi-++ooxi = 0 E r and Tor = {OJ x Set

Mi - ui(xi) and vi(x) = Note that Mi - +oo, otherwise vi
converges to v and v is a positive harmonic function in x No
matter whether v can be extended smoothly in RI or not, v (x, y) = 
which yields a contradiction to (5.1). Thus, without loss of generality, we may

n+2
assume that g(t)t-ïï=1 is nonincreasing for t &#x3E; 0. By passing to a subsequence,
vi converges to v in x R). Due to (5.1), by Lemma 4.1, v(y) can
be extended as a smooth function in R n. Thus, v(y) has the form of (5.5) with
yo 4% (0) x Assume yo = -aoel + zo for some ao &#x3E; 0 and Zo E 101 x 
Choose 3 to be a positive small number such that the Kelvin transformation v*
defined by v * (y ) = 8el) is radially symmetric about some pointY,7 - 

03B4e1) is radially symmetric about some point
y* and the first coordinate y i  -c 1 for some c 1 &#x3E; 0 independent of 8 . Let

vi(y) = Obviously, is defined in Jyj &#x3E; ri, and the

singular set ri of vi is a bounded set for any 8 &#x3E; 0. Since Tor = 101 x 
we can choose i large so that ri c {y From now on, 3 will be
fixed. Thus, the hyperplane 7B yl = X) never touches with the singular

ci -n
set ri for 03BB,  -1. Since g(t)t n-7 --* 0 as t ---&#x3E; +oo, we have

- 2

by Theorem 1.1 as i --~ +oo. Thus, on the boundary Jyj = ri, vi satisfies

* Cl
as i ---&#x3E; +oo, where m = infaB2 u. Then MMP gives a(y)  0 for yi  I2 ayl 2
which yields a contradiction to the fact that vi (y) has a local maximum in the
half-plane {y ~ -cl }. Hence, the proof of Theorem 5.1 is complete. D
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