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Some relations among volume, intrinsic perimeter
and one-dimensional restrictions of BV functions
in Carnot groups

FRANCESCOPAOLO MONTEFALCONE

Abstract. Let G be a k-step Carnot group. The first aim of this paper is to show
an interplay between volume and G-perimeter, using one-dimensional horizontal
slicing. What we prove is a kind of Fubini theorem for G-regular submanifolds of
codimension one. We then give some applications of this result: slicing of BVg
functions, integral geometric formulae for volume and G-perimeter and, making
use of a suitable notion of convexity, called G-convexity, we state a Cauchy type
formula for G-convex sets. Finally, in the last section we prove a sub-Riemannian
Santalé formula showing some related applications. In particular we find two
lower bounds for the first eigenvalue of the Dirichlet problem for the Carnot sub-
Laplacian Ag on smooth domains.

Mathematics Subject Classification (2000): 49Q15 (primary); 46E35, 22E60
(secondary).

1. Introduction

In the last few years many efforts have been produced to develop a Geomet-
ric Measure Theory in very general metric spaces along the lines originally
suggested in Federer’s book [31]. In many respects, deep contributions to this
program have been carried out, with different approaches, by De Giorgi [27, 28,
29], Gromov [45, 46], Preiss & Tisér [67], David & Semmes [24], Cheeger [17],
Ambrosio & Kirchheim [3, 4], and Montgomery [61], just to mention some ex-
amples. Moreover, progresses in these areas is somehow connected with the
contemporary development of a theory of Sobolev spaces in abstract metric
settings that culminated in the paper [48].

Geometries associated with a family of vector fields and Carnot Carathéodory
spaces are the main models of these investigations. On this subject there is a
wide literature and we shall refer the reader to [10, 14, 22, 34, 35, 37, 42, 51,
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58, 60, 61, 64, 66, 71, 74, 75]. Of course, this list is far from being complete but
illustrates fairly well some of the directions followed by the present research.
The closeness of Analysis and Geometry is here particularly stressed by the
fact that, initially, these questions arose in the field of hypoelliptic differential
equations; in this respect, we mention the remarkable paper of Rothschild and
Stein [68]. Also we have to emphasize the special importance of the related
studies on nilpotent Lie groups; as references we would cite the works of
Folland and Stein [32, 33, 70] and Goodman [44] as regards the analytical
aspects, and, for instance, those of Pansu [65, 66] and Koranyi & Reimann [52]
to better appreciate several geometrical features; see [49, 61] and [62] for useful
comments.

The geometric setting of this paper is that of Carnot groups, also known
in literature as non Abelian vector spaces or sub-Riemannian groups. They
constitute a wide class of non trivial examples of Carnot Carathéodory spaces;
see [10, 61]. Roughly speaking, a Carnot group G is a nilpotent and stratified
Lie group endowed with a one-parameter family of dilations adapted to the
stratification. They play a crucial role in the theory of Carnot Carathéodory
geometries since a deep theorem of Mitchell states that the tangent cone (in the
sense of Gromov) of a Carnot Carathéodory space is a suitable Carnot group;
see [60] and [61] for clarifying discussions.

Since Carnot groups are also homogenous groups, according to the defini-
tion of [33], harmonic analysis and PD.E.’s on them have become a rich and
extensive subject of investigations.

Many classical tools of Calculus of Variations have been generalized to
this context and, in particular, the theory of functions of bounded variation and
that related of Caccioppoli sets.

A motivation for a great deal of new researches has been a De Giorgi type
rectifiability result in the Heisenberg group (i.e. the most simple non Abelian
Carnot group) due to Franchi, Serapioni and Serra Cassano; see [39] and [40,
41] for further generalizations. For a survey of results on these topics of
Geometric Measure Theory and for more detailed bibliographic references, we
shall refer the reader to [1, 5, 23, 40, 41, 49, 56, 61, 62, 63, 76].

In this paper we are mainly concerned with some elementary questions
about measures on Carnot groups and our starting point is a Fubini type the-
orem for codimension one G-regular submanifolds. We refer the reader to
Theorem 2.2 for a precise statement.

The proof of Theorem 2.2 follows mainly by our Proposition 2.1, using
some non-trivial approximation results. We would also remark that the main
problem to get these formulae is that of a good choice of projection maps.
Here we use, for a great number of integral formulae, the projections along the
integral curves of a generating family of vector fields of G, called horizontal
projections; see Section 2.1 for more detailed comments.

These theorems enable us to consider one-dimensional slicing of functions
and we apply this procedure to state a characterization of the space BVg of
functions of bounded variation on G. Here the key point is that to link the total
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G-variation of a function with the variation of its one-dimensional restrictions;
see Definition 1.13 and Theorem 3.7. We remark that a similar characterization
was proved in [76] for Sobolev spaces in Carnot groups.

Secondly, we deduce some integral geometric formulae and one in partic-
ular for the intrinsic perimeter measure, in Proposition 3.13. Afterwards, we
introduce a notion of convexity, called G-convexity, analogous to that recently
given in [23] and in [55]. We then prove that G-convex sets verify an integral
Cauchy type formula for the G-perimeter and a related inequality, showing that,
in a sense, this kind of convex set minimize the intrinsic G-perimeter.

The last section is devoted to prove the validity of a Santal6 type formula
and some of its applications. We stress that our Theorem 4.4 generalizes to
arbitrary Carnot groups a result already proved in Pansu’s thesis [65]. This
formula is strictly connected with the introduction of a measure on the unit
horizontal bundle of G and with its invariance under a suitable restriction of
the Riemannian geodesic flow. We refer to Section 4 for a detailed introduction.

We then apply Theorem 4.4 to establish a geometric inequality linking
volume, G-perimeter and diameter of smooth bounded domains.

Finally, as an application to Analysis in Carnot groups, we perform explicit
computations to find two lower bounds for the first eigenvalue of the Dirichlet
problem for the Carnot sub-Laplacian Ag on smooth domains. This will be
done quite easily, as we will see, by adapting some arguments of Riemannian
geometry.

The following two subsections are devoted to introduce, in a self-contained
way, definitions, results and preliminary tools necessary for the sequel.

ACKNOWLEDGEMENTS. I would like to thank my thesis advisor, Prof. B. Franchi,
for the generous help he has given me throughout the preparation of this paper
and Prof. L. Ambrosio for many clarifying comments about some topics here
developed. Finally, I would also express my gratitude to Prof. E. Lanconelli
for his constant support.

1.1. Carnot groups

Below we will introduce the geometric background for Carnot groups for which
we refer the reader to [10, 19, 33, 50, 52, 45, 61, 65, 70, 73].

Let G be a connected, simply connected, nilpotent Lie group, with group
law denoted by -. It is well-known that any x € G defines smooth maps
ly,ry : G — G, called left translation and right translation, respectively, by
L;(y):=x-y, re(¥) :=y-x. Left translations plays a key role in the theory of
Lie groups since the Lie algebra g associated with G is defined as the set of
all left invariant vector fields. Explicitly, if x € G, then X is left invariant if

d
XYLy =X le)(y)=5 P Exp(tX)) Vo e C*G) VyeG. ()
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The set of all left invariant vector fields X on G is a vector space and it
becomes a Lie algebra since the bracket of left invariant vector fields is still a
left invariant vector field. This algebra is canonically isomorphic to 7,G, the
tangent space at the identity e of G, via the identification of any vector field
X with its value X, at e, where the isomorphism is given by the differential
of the left translation at e, i.e. dl, : T,G —> T,G for x € G. Let us consider
now the following Cauchy problem

{ y (@) =Xy @)
y0)=xeG

where X € g. From the elementary theory of O.D.E’s we know that there
exists a unique smooth solution which is defined on all of R since every left
invariant vector field on a Lie group is complete. As usual we set

y() =exp[tX](x) VtekR. 2)

The integral curve of X is a one-parameter subgroup of G and one can think
of it as the image in G of the one-dimensional vector subspace of g generated
by X. We may define the exponential map setting Exp : g —> G, Exp(X) :=
exp[X](1). Since G is a simply connected Lie group we have that Exp is a
global analytic diffeomorphism between g and G; see [19, 50, 73]. Hence the
inverse of Exp is defined globally and we denote this map by Log. Notice that
any solution y of the above Cauchy problem is the right translation by Exp(zX)
of x € G, ie.

y(t) =exp[tX](x) =x -Exp(tX) = (x) VrteR.

TExp(x)

We have assumed that G is nilpotent and this means that its Lie algebra g is
nilpotent. To explain this condition first we define by induction g; := g and
g; = lg1,8;—1] for i > 1, where [g1, g;—1] is the set of the Lie brackets [X, Y]
for X € gy and Y € g;_;. We say that g is nilpotent of k-step if g, # {0} and
gk+1 = {0}. A connected, simply connected, nilpotent Lie group G is a Carnot
group of step k if its Lie algebra g admits a step k stratification, i.e. there exist
linear subspaces Vi, ..., Vi of g such that

g=V1®...®V, [V,Viei]=V, fori=2,...,k and Vi1 ={0}. (3)

Hereafter, we will assume that the underlying manifold of G is R”, for some
n € N. Since g nilpotent it follows that it is finite-dimensional as a vector
space and that dim g = n. We then choose as a vector basis of g the standard

one of R", say ej,...,e,. By means of the exponential map any x € G
can be written in a unique way as x = Exp(xje; + ... + x,e,). Therefore,
using exponential coordinates, x is identified with the n-tuple (xy,...,x,) € R”

and G is identified with R" equipped with the group law -. The group law is
completely determined by the Campbell-Hausdorff formula which states

Exp(X) - Exp(Y) = Exp(X % Y) VX, Yeg,
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where X % Y is given by the following identity
1 1 1
X*Y:X+Y+5[X, Y]+E[X, [X, Y]]+E[Y,[Y,X]]+R(X, Y), 4

where R(X,Y) denotes a formal series of commutators which becomes a finite
sum in our case, since G is a connected and simply connected nilpotent Lie
group (see [19, 73]). Notice also that the group law turns out to be polynomial
in the coordinates of R". Moreover the Campbell-Hausdorff formula implies
that the identity e of G is 0 € R” and that x~! = —x for x € G.

We have seen that Vi, the first layer of g, generates the whole algebra
by iterated Lie brackets. We set m; := dim V; for i = 1,... ,k and h; :=
mi+...+m; where hy := 0 and h; := n. The standard basis e, ... ,e, of R”
can be adapted to the stratification of g assuming that

Chj_y+1 -+ Ch; is a basis of V; for each j=1,... k. 5

Therefore we may define a smooth global frame of left invariant vector fields
for G related to the fixed basis of g by setting

Xj(x):=dle; forxeGand j=1,...,n, (6)

or, equivalently, X;(0) =e¢; for j =1,... ,n.
Any Carnot group G is endowed with a family of group automorphisms
8, : G —> G, the so-called intrinsic dilations, defined by

8. (x1, ..., x0) = (A%, ..., %x,) for x € G whenever A >0, (7)

where o; € N is called homogeneity of the variable x; and it is defined as
aj ;=i whenever h; | +1=<j <h;. Hence l =) = ... = ap; < Ap41 =
2<...<a,=k; see [10, 33].

According to [33, 70], G is a homogeneous group with respect to the family
of dilations §, and hence we will denote by Q := Zle i dim V; its homogeneous
dimension.

The smooth subbundle of the tangent bundle 7'G that is spanned by X1, ...,
Xm, 1is called the horizontal bundle HG on G and we refer to Xy, ..., Xy,
as generating vector fields of the group. The fibers of this bundle are given by
H.G = span{X(z), ..., X»,(2)}, for z € G, and the horizontal bundle HG is
the disjoint union of the horizontal fibers, i.e.

HG:=| | H.G.
zeG

From now on we shall write any element of HG as an ordered pair (z; Z) with
z€ G and Z € H,G. The projection map mue on G is the restriction to HG
of the projection map 7 : TG —— G, ie. mpug : HG +—— G, mpuc(z; Z2) =z
for (z; Z) € HG. We may define a sub-Riemannian structure on G endowing
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each fiber of HG with an inner product (-, -)yg and with a norm | - |gg
that makes the basis Xj,..., X,,, an orthonormal basis. More precisely, if
(z; 2), (z; Z1), (z; Zp) € HG we shall write

my
(Z1. Z)wc =Y _ajby. |Zlne =\(Z. Z)n.c.

j=1

where Z1(0) = Y, aje;, Z2(0) = Y7, bje;.

Notation. Throughout this paper, unless mentioned otherwise, the notation (-, -)
will be used to denote the euclidean inner product in R (k = 1, m; orn) where
k is given by the context and similarly for |- |.

The sections of HG are called horizontal sections; the elements of HG are called
horizontal vectors while those of TG that are not horizontal are called vertical
vectors. Each horizontal section is identified with its canonical coordinates with
respect to the moving frame Xi,..., X,,,, so that a horizontal section ¥ is
regarded as a function ¥ = (Y1, ..., V¥p) : R" — R"1. If D C G we shall
denote by HD the restriction to D of the structure of horizontal bundle, i.e.

HD = {(z;Z) € HG : 2 = muc(Z) € D}.

Some of the next topics require us to introduce the notion of unit horizontal
[e]
bundle on G. To this end let us set HG := HG \ {Ogg}, where Oy is the

zero section of HG. Denoting by UHG the quotient of HG by the positive
dilations we obtain a bundle structure on G, called unit horizontal bundle on G,
whose projection map mynug : UHG —— G is given by myuc(z; Z) = z for
(z; Z) € HG. Notice that each fiber UH .G of myug can be identified with
the unit sphere S™1~! of R™1. Roughly speaking, U H .G is the subset of H,G
of all unit vectors with respect to the norm on the fiber |- |z,g.

We shall now introduce the Carnot-Carathéodory distance and some related
topics which can be found in [6, 10, 45, 46, 61, 62, 66].

We call a curve y : [0, 1] — G a horizontal curve if y(t) € HG for all
t €0, 1].

Definition 1.1. For every x,y € G the cc-distance d.(x, y) is defined by

1
do(x, y) = inf/o 7Ol di

where the infimum is taken over all horizontal curves such that y(0) = x and
y()=y.
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By Chow’s theorem the set of horizontal curves joining two different points is
not empty since the rank of the Lie algebra generated by Xi,..., X, is n
and hence d. is a left-invariant metric on G. Note that d. induces the same
topology as the euclidean one on R". We will denote by U.(x, r) and B.(x,r),
respectively, the open and closed balls of center x and radius r with respect to
d.. Moreover d, is well behaved with respect to left translation and dilations,
indeed we have

de(z-x,2-y) =dc(x,y), dc(8,(x),8,.(y)) = Ade(x, y) ®)
Vx,vy,2€G VAieR.
From now on, if s > 0, then H* will denote the s-dimensional Hausdorff
measure obtained from the euclidean distance in R", while H; will denote the
s-dimensional spherical Hausdorff measure obtained from the cc distance d,,
using Carathédory’s construction. We remark that a theorem of J. Mitchell states
that the Hausdorff dimension of a Carnot group with respect to the cc-distance
d. equals its homogeneous dimension Q; see [60].
Later on we will use the following result.

Proposition 1.2. Let y : [0, 1] —> G be an absolutely continuous horizontal curve.
Then there exists the metric derivative || of y for L' —a.e. t € [0, 1] and we have

de(y(t+¢€),y(1))
€]

[71(0) = lim =ly®Oluc for L' —ae t [0, 1].
€E—>

Moreover, if Var(y) denotes the total variation of y (with respect to the cc-distance
d.), then

1
Var(y) = /0 ly ()|ue dt = Hy(y ([0, 1))

and the equality holds if and only if y is injective.

For a proof of this statement see Theorem 4.4.1 of [6] and Theorem 1.3.5
of [62]. Note that if y is an integral curve of a fixed horizontal left invariant
vector field X € HG then y(¢) is constant being the vector of coordinates of
X in Vi, and for all £ C y compact we get

Hi(/@=/1 Y Olnedr = |X|- L'y~ (). ©)
YK

We now summarize some features of differential forms on Lie groups; for more
details the reader is referred to [50]. We say that a differential form w on G is
left invariant if [{o =  for all x € G, where the map [7 (I} : T)G +— T ()G
for y € G) denotes the pullback by the left translation /. Analogously we
define right invariant differential forms and we call bi-invariant a differential
form that is both left and right invariant. A smooth global coframe for G,
i.e. a basis wy,...,w, for T*G, is defined by the condition w;(X;) = §;; (for
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i,j=1,...,n), where X{,..., X, is the chosen global frame for G and §;;
denotes the Kronecker delta. A left invariant volume form on G is given by

O:=wiA...\w,. (10)

With the previous assumptions on G we easily get that ® turns out to be a bi-
invariant n-form that is called the Haar volume form on G. Since by integration
of ® we obtain the standard n-dimensional Lebesgue measure £”, this one is
the Haar measure on G.

Remark 1.3. We shall emphasize that, since also H?, the Q-dimensional spher-
ical Hausdorff measure of G, is a Haar measure of G and since, up to scale,
there is only one Haar measure on locally compact Lie groups, we must have

L' B=k, -HIB VBebBor(G), (11)

where k, is an absolute constant and Bor(G) denotes the family of Borel
subsets of G.

The next proposition will be used in the last section of this paper and introduces
the so-called Maurer-Cartan equations, [50].

Proposition 1.4. Let w,...,w, be the global coframe for G determined by
wi(X;) = 6;; (fori, j =1,...,n), where Xy, ..., X, is the global frame for G.
Then
1 &
dw; = —3 Z Cipwj A wp (12)
joh=1

where ¢}, are the structural constants given by [X;, X;] := Y_i_, ¢}, Xi.

Remark 1.5. The stratification of g implies that if X; € V, and X; € V; then
[X;, Xu] € V,1s. Therefore

Cy# 0= hppy <i <hporr Vi jh=1,...n.

In particular c}i = cfh =0 Vi, j,h=1,...,n. Moreover, let i be such that
hj_y <i < hjy1. Then cj-h # 0 only if, for any j, h such that h,_; < j < h,4
and h;_| < h < hgy1, we have that [ = r + 5. This means that we may rewrite
the summation in (12) as follows

1 .
dw;j = —= E c;-ha)j Awy whenever hj_; <i < hjyq.
I<j.h<hj_y

In what follows we collect several properties concerning group operation and
canonical vector (resp. co-vector) fields of G.
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Proposition 1.6. The group law has the form
xyzp(x,y):)C-i-y‘l‘Q(X,)’) VX,)’EG, (13)

where P = (P1,... ,Py) :GxG —> Gand Q = (Q1,...,9,) :GxG —> G
are polynomial functions and, more precisely, for eachi =1, ... ,n, we have that

Pi and Q; are homogeneous polynomials of degree a; with respect to the dilations
of G, ie.

Pi(8yx, 8,y) = A% Pi(x,y), Qi(6x,86y) =2"Qi(x,y) VYx,yeG. (14)

Moreover, for every x,y € G we have that

(1) Ql(x7 y) =...= le(-x’ y) :Oa
(i) Qi(x,0) = Q;j(0,y) =0 and Qj(x,x) = Qj(x,—x) =0 for m; <
J=mn

(i) Qj(x,y) = Qj(xt, v s Xn_ s V15w ) I 1 <i <k and j <
hi;

(iv) Q;(x,y) is a sum of terms each of which contains a factor (x;y; — x;y;) for
some 1 <i,l < j, whenever j > mj.

Proof. For the first part see [70], Chapter 12, Section 5, while the last statement
follows by using Campbell-Hausdorff formula; see [63] for a detailed proof. O

Proposition 1.7. Each left invariant vector fields of the moving frame for G have
polynomial coefficients and it can be written as follows

0 ! 0 ) .
X,-(x):a—xj+2ai,j(x)a—m for j=1,... ., nand j<h,

i>hy (15)
=] gy
a; (X)) (= — i, y).
" 3)7/ y=0 Y
Thusif j < hywehavea; j(x) = a; j(x1, ..., xp,_,), ai;j(0) = 0anda; ;(8(x)) =
A% 7% a; j(x). Moreover each Xj (j = 1, ... ,n) turns out to be homogeneous of

degree o with respect to positive dilations, i.e.
Xj(¥ 08,)(x) = A9 X;(¥)((81(x))) Y eC®(G) VxeGVAr>0;
see [33, 40, 63].

Finally, we recall some basic results about calculus in Carnot groups. We say
that a map L : G —> R is G-linear if is a group homomorphism of (G, -)
onto (R, +) and if it is positively homogeneous of degree 1 with respect to
the positive dilations of G, i.e. L(§,x) = AL(x) for every A > 0 and x € G.
The R-linear set of G-linear real valued functionals is indicated as Lg and it
is endowed with the norm ||L| .. := sup{|L(x)| : d.(x,0) < 1}. For a fixed
left invariant frame Xi,..., X, on G, every G-linear map can be represented
as follows, [40].
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Proposition 1.8. A map L : G —> R is G-linear only if there exists a =
(ar, ... ,am;) € R™ such that, whenever v = (vy, ... ,v,) € G, one has L(v)

Z;”:ll a;vj.

Definition 1.9. Let Q € G be open and xp € Q. We say that f: Q@ — R is
Pansu-differentiable at xo if there exists a G-linear map L such that

. S Ly (8,0)) — f(x0)
im

A—0T A

= L(v)

uniformly with respect to v belonging to a compact set in G. In particular, L
is unique and we shall write dg f (xo)(v) := L(v).

This definition depends only on G and not on the particular choice of the
canonical generating vector fields. If & € G is open we denote by CL(S) the
set of all continuous real functions in € such that the map dg f : @ — Lg is
continuous in 2 and by C%;(Q, HG) the set of all sections { of HG whose

canonical coordinates /; belongs to C(%;(Q) (j=1,...,mp). We remark that
Cl(Q) S Ci(Q), ie. in general the inclusion is strict. We say that f is
differentiable along X; (j = 1,...,my) at xq if the map A = f(l,,(3x€;)) is

differentiable at A = 0 where e; is the j-th vector of the standard basis of R".

If we have fixed a generating family of left invariant vector fields, say
X1,..., Xm,, then for any function f :G —> R for which the partial deriva-
tives X; f (j =1,...,m) are defined, we will denote by Vg f the horizontal
section defined by

mi

Vef =Y (X;NX;,

j=1
so that Vg f = (X1 f, ..., Xu, f). Moreover, if ¥ = (¢,...,¥n,) is a hori-
zontal section such that X;v; exists for every j =1,...,m;, we will denote

by divgy the real valued function

mi
divg ¥ == > X;; .
j=1
We also remark that the following integration by parts formula holds; see [9,
49].

Proposition 1.10. Let @ C G be a domain; let f € C5°(2) and € C3°(R2, HG).
Then

/ £ dive ydC" = —/%f, e
Q Q

Remark 1.11. We stress that the notion of horizontal gradient V¢ depends only
on the choice of the horizontal frame X, ..., X,,, and therefore it is uniquely
determined by the sub-Riemannian metric chosen. On the other hand, the notion
of horizontal divergence divg turns out to be independent of the sub-Riemannian
metric and it can be computed using the previous formula for the fixed basis;
see [40, 41].
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For a fixed x, € G we set IT, (v) := Z;"Z'I v; Xj(x,) for v=(vy,...,v) €G.
Notice that the map v — l'lx0 (v) is a smooth section of HG. The next
proposition can be found in [63].

Proposition 1.12. If f is Pansu-differentiable at x, then f is differentiable along
Xj atx, for j=1,... ,my, and

dg f (x)) () = (Ve f, Ty (W), e forany v eG. (16)

Finally, we shall introduce a notation that will be useful in some mean integral
formulae. Fixing xo € G and X € HG, we set

T (X) =L, Bxp(X) =Ly, ({v € G : (M), X)uye =0}),  (17)

where XOL denotes the orthogonal complement of X (0) in g. Explicitly if X (0) =
m
Zj:ll aje;,

I(X)={x€G: Z — (x,)j)a; =0

We call IXO(X ) the vertical hyperplane through x; and orthogonal to X and we
denote by on the family of all vertical hyperplanes through x, i.e. on =
{IXO(X) X € HXOG}.

1.2. BV and G-Caccioppoli sets

For the classical theory of BV functions and Caccioppoli sets we shall refer the
reader to [2, 30, 77], while many generalizations to metric spaces as Carnot-
Carathéodory ones or Carnot groups can be found in [1, 3, 4, 14, 37, 38, 39,
40, 42, 60, 62, 63]. We shall make now a quick overview of main definitions
and properties that will be used in the sequel.

Definition 1.13. If @ € G is open and f € L'(Q), then f has bounded
G-variation in 2 if

Ve fI(2) := sup{/gfdiVGwdﬁ” HRVNS C(l)(Q,HG), Y| < 1} < o0, (18)

where |Vg f1(R2) is called G-variation of f in Q. We denote by BV (2) the
vector space of functions of bounded G-variation in 2 and by BV 10c(€2) the
set of functions belonging to BV (U) for each open set U € Q.

Theorem 1.14. (Structure of BV functions.) If f € BVg(2) then |Vg f] is
a Radon measure in Q2 and there exists a |Vg f|—measurable horizontal section
or : Q — HG such that |oy| = 1 for |Vg fl—a.e. x € Q and

[ ravevae = [(wopuedivesl Vv eci@.HE). 19
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Moreover Vg can be extended as a vector valued measure for functions in BV g
setting

Vof =0y lVefl = (= @lVe Sl ... ~@)muIVefl),  Q0)
where (07); (j = 1,...,my) is the j-th component of of with respect to the
horizontal frame.

The following two theorems hold in the general context of Carnot-Carathéodory
geometries associated with vector fields; see [37, 42].

Theorem 1.15. (Lower semicontinuity.) Let f, f; € L'(RQ), k € N, be such that
fi — fin LY(Q); then

Ve 1(€) < liminf [Ve fil(€). @

Theorem 1.16. (Compactness.) BV ¢ 10c(G) is compactly embedded in Ll’z,C(G) for

1<p< %, where Q denotes the homogeneous dimension of G.

Definition 1.17. Let Q € G be open; then a measurable set £ C G has finite
G-perimeter in €2, or is a G-Caccioppoli set in 2, if its characteristic function
15 belongs to BV 10c(€2). In this case we call G-perimeter of E in Q the
(Radon) measure given by

|0E|g := [Velg| (22)

and we call generalized inward G-normal along dE in 2 the vector valued
measure
VE = —01 . (23)

We stress that the notion of G-perimeter depends only on the sub-Riemannian
metric chosen (see also Remark 1.11).

Remark 1.18. The G-perimeter measure is invariant under group translations,
i.e.
[0E|g(B) = |0(,E)|g(:B) YVx € GV B € Bor(G); (24)

indeed divg is invariant under group translations and the Jacobian determinant
of I, is equal to 1. Moreover the G-perimeter is (Q — 1)-homogeneous with
respect to the intrinsic dilations, i.e.

10(8,E) | (8:8) = A2~ JE|c(B) V B € Bor(G). (25)

This fact can be easily proved by changing variable in formula (18).
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Proposition 1.19. [14]. If E is a G-Caccioppoli set in Q with C' smooth boundary,
then

PEI@ = [ X a6
IENQ
where n is the euclidean unit inward normal along dE. In this case we have
(1), n @) (X, 0, 000))
vgE(x) =
V@) + -+ (X, (0, n())

Vx e dENS.

We would point out that the regularization technique of convolution with mol-
lifiers enables us to obtain several approximation results for both Sobolev and
BV functions in Carnot groups as well as in more general contexts; see, for
instance, [37, 42]. To this end we introduce a family of spherically symmetric
mollifiers J. (¢ > 0) by J.(x) := e "J(e 'x), where J € CF®R"),J = 0,
spt(J) S{x eR":|x| <1} and [, JdL" =1.

Lemma 1.20. Let Q@ C G be open and f € BV (R2). If Qe Qis open and
Ve f1(02) = 0, then

lim [V (Je x HI() = Vo fI(Q). @27)

Theorem 1.21. (Density for BVg functions.) Let f € BVg(2); then there exists
a sequence { fj}jen C C*(2) N BVg(R2) such that

lim || fj — fll g =0 and lim |Vg[f;|(§2) = |V f1(2). (28)
j—00 j—00

The following coarea formula for B Vg functions is a key tool to understand the
interplay between BV functions and G-Caccioppoli sets; for a proof see [42,
37, 63].

Theorem 1.22. Let f € BVg(RQ) and set E;, := {x € Q : f(x) > t} fort € R.
Then

(i) E, has finite G-perimeter in Q for L' —a.e. t € R;
(i) Vo fI(Q) = [73 10E|(Q) dr.
(iii) Conversely, if f € L'(Q2) and fj’;o [0E;|(2)dt < oo, then f € BVi(2) and
(i) holds.

In R" a C! smooth hypersurface can be viewed as the zero set of a function
f i R" — R with non-vanishing gradient. In Carnot groups it is possible to
follow the same approach to define the so-called G-regular hypersurfaces, [39,
40, 41].

Definition 1.23. We say that S C G is a G-regular hypersurface if for every

x € S there exist a neighborhood ¢/ of x and a function f € C({;(Z/{) such that
() SNU={y eU: f(y)=0)

(i) Vef(m)#0  Vyel.
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The following Implicit Function Theorem has been recently proved in [40].

Theorem 1.24. (Implicit Function Theorem.) Let Q@ C G be open such that 0 € Q;
let f € C(%;(SZ) be such that f(0) = O and X1 f(0) > 0. Put E := {x € Q :
f(x) <0}, S:={xe€Q: f(x) =0}and forh, 6 > 0 set J, := [—h, h] and
Is:={=(,....6) R g <68, j=2,...,n}. IfE eR" andt € J,
we denote by y(t’ 6 (t) the integral curve of the horizontal left invariant vector field

X1 € HG at the time t issued from (0, &) € {(0,n) € G : n € R"™'}, that is

1 —
e (D) = expltX11(0,8).

Then there exist 8, h > 0 such that R x R"' 5 (¢,&) —> y(:) 6 (t) is a diffeo-
morphism of a neighborhood of J;, x Is onto an open subset of R" and denoting by

U € Q2 the image of Int{J;, x Is} under this mapping the following statements hold:
(1) E has finite G-perimeter in U;

(i) dENQ=8NU,

(iii) if vg is the generalized inner unit normal of E then

vE(x)z—M VxeSNQ,

Ve f ()| He

Velne =1 for |0E|g —ae.x €U.

Moreover there exists a unique continuous function ¢ = ¢ (&) : Iy —> Jy, such that,

setting (&) = y(i)’s) (P (&)) for & € Is, we have

v) SNU={xel :x=D¢), & € Is};
(v) the G-perimeter has the following integral representation

j=1

JZ X, £ (@)

9E|6WU) =/ dé

5 Xif(P(E)

We conclude this subsection with the definition of partial perimeter along a
horizontal direction, while in the next Lemma 1.26 we explicitly characterize it.

Definition 1.25. Let Q be open and let X € HG. Let E be a Lebesgue
measurable subset of G such that £"(E N Q) < co. Then we say that E has
finite X-perimeter in €2 if

|9x El(S) := sup {/ 15 XpdL" : ¢ € CY(Q), o] < 1} <oo  (29)
Q

and we call this quantity the X-perimeter of E in Q; see also [37].
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We will see in Section 3.1 that this notion agrees with that more general of

X-variation of a L' function; see, for instance, Definition 3.1 and Remark 3.2
below.

Lemma 1.26. Let Q2 be open and let X € HG. If E is a G-Caccioppoli set in 2,
then

|axE|G<sz)=/Q|<X, ve) el d19E]G
Proof. Firstly, putting ® := ¢ X € HG, where ¢ € C}(Q), |p| <1, we get
/IEX(pd,Cn:/IE (VG([), X)Hgdﬁn:/lEdiVGquﬁn
Q Q Q
= —/Q(CD, vE)aGg d |0E|g = —/Q(P (X, vE)HG d |0E|g .

Since for every x € Q we have ¢ (X, vg)pg < [{X, ve)ng|, from Definition 1.25
it follows that

|axE|G<sz)s/Q|<X, ve) ol d [9E]q .

Now we shall prove the reverse inequality. So let € > 0 and set

1
Q. = {x e Qx| < —, dist(x, 02) > e} ,
€

Je * (1Q€Sign((X, VE)HG))

fe i=

=
\/62 + (]6 * (1g, sign((X, UE)HG)))

where, as above, J. is a Friedrichs’ mollifier. Using standard properties of
mollifiers we get that ¢, € C3°(), |¢| < 1, and { —> 1gsign({X, ve)ug)
for L"—ae. x € G as € — 0. Finally, from Definition 1.25 together with
previous computations and Fatou’s lemma we get

03 Ele(@ = liminf | & (X,ve)ue d DEl:

z/gliminf;: (X, VE)H«;d|3E|G=/Q|(X, veducld 10E|g .

e—0

Remark 1.27. From Lemma 1.26 and from the regularity of the measures |0 E|g
and |0y E|g one gets equality of measures, i.e.

|0x EleuB = |(X, vE)ug| - |0E|gLB ¥V B € Bor(G).
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2. A Fubini type theorem in Carnot groups

2.1. Statement of results

Let S C G be a C' smooth hypersurface. By the usual Implicit Function
Theorem, without loss of generality, we may assume that S = 9E, locally,
where E is an open G-Caccioppoli set. Furthermore, again arguing locally, let
us assume that X € HG is a horizontal left invariant vector field which is
transverse to S, i.e.

(X(».n(y)) #0  VyeSs, (30)

where n is the euclidean unit inward normal along S. We explicitly notice that
if X € HG is a horizontal left invariant vector field and S C G is a C! smooth
hypersurface we have that

(X, vE)mye # 0 = (X(¥),n(y)) #0 VyeS.

Indeed by Proposition 1.19 the inward unit G-normal along S = dFE is given by

my

D X (), 00X ()

=1

VE()’):j o Vyes

\IZO(;(y), n(y))?

j=1
and if X =Y a;X; we get
my
D (X, () g
(X v aye = T - L)

J > (X (). n(y)? J D (X (). n(y)?

j=1 j=1

Condition (30) is equivalent to require that X(y) € H,G\ I)Sfory € S.
Consider now the following Cauchy problem

{ y(t) =Xy @)
y(0)=yes.

There exists a unique smooth solution of this problem which is defined on all
of R and, throughout this section, we shall write yy* (f) = exp[tX](y) for t € R
and y € §. If X € HG is fixed, we shall remove the superindex just writing y,.
Notice that yy¥ (f) = y-Exp(tX) = P(y, Exp(tX)). Following [58], we call such
a trajectory a horizontal X-line, or simply horizontal line. Now let us consider
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the family of horizontal X-lines starting from S. We denote by R% the subset
of G reachable from S by means of horizontal X-lines, i.e.

RX = {xGG:EIyES, JreR s.t.x:exp[tX](y)}.
From now on, we assume that S enjoys the following further property:
B®NS={y) Vyes. 31)
Since X is transverse to S, from the uniqueness of the solutions of the Cauchy
problem and the hypothesis (31), it follows that any subset D of R% has a
natural projection on S along the horizontal direction X. More precisely, we
may define a mapping pr¥ : D C RX¥ > S as follows; for x € D and y € S
we set y = pri(x) if, and only if, there exists # € R such that x = exp[tX]().
Using this type of projection every subset D of ng can be foliated with one-

dimensional leaves that are horizontal X-lines. In fact, setting D, := y,(R)ND,
one has

D= |_| D, and y; # y» = Dy, N Dy, =0 Y yi, y2 € pri(D).
vepri(D)
In some of our results we will often use vertical hyperplanes (see (17) of Sec-
tion 1.1). It is important to note that every subset of G is reachable from any
vertical hyperplane. Finally, we would emphasize that, although this projection
turns out to be useful in the proof of many integral formulas, it is not Lips-
chitz with respect to the Carnot-Carathéodory distance d. and so one cannot to

assimilate it to an euclidean orthogonal projection; see for more details [52].
We may state our first result of this section.

Proposition 2.1. Let S C G be a C' smooth hypersurface andlet X eHG, | X |pg =1,
be a unit horizontal left invariant vector field which is transverse to S, i.e.

(X,ve)mye #0  VyesS.
Let y, be the horizontal X-line starting from y € S, i.e.
Yy :R— G, y(t) =expltX](y) for ye S.
Moreover we assume that
rnR)NS={y} Vyes.

Let D C Rfs( be a Lebesgue measurable subset of G that is reachable from S by
means of horizontal X -lines. Since locally S = 0 E, for a suitable open set E C G,
without loss of generality we may assume that S = 0 E globally, where E has locally
finite G-perimeter. Then we have

(i) Dy :=y,(R)NDis Hg —measurable for |0E|g—a.e. y € S,
(ii) the mapping S > y —> Hi (Dy) is |0 E|g-measurable on S and

@ =  HD) X v el dIE) = HUD)dlaxEle(y),
pri o) pri o)

where pr¥ (D) C S is the horizontal X -projection of D on S.
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This proposition may be generalized to G-regular hypersurfaces and, more pre-
cisely, we can state our main theorem as follows.

Theorem 2.2. Let S C G be a G-regular hypersurface. By Theorem 1.24, without
loss of generality, we may assume that S = 0E globally, where E C G is an open
G-Caccioppoli set with locally Cé; boundary. Let X € HG, |X|gg = 1, be a unit
horizontal left invariant vector field which is transverse to S. Let y,, be the horizontal
X-line starting from y € S and let us suppose that y,(R)NS = {y} foreveryy € S.
Let D C RX be a Lebesgue measurable subset of G that is reachable from S. Then
we have

(i) Dy :=y,(R)NDis Hg —measurable for |0E|g—a.e. y € S,
(i) the mapping S > y —> HY(Dy) is |0 E|g-measurable on S and

oo =/ v P K vl dDEL) = [ D) d Il
Prs

Prg (D
The proof of these results will be given in the next subsection. Nevertheless
we state a first useful consequence.

Corollary 2.3. Let S C G be a G-regular hypersurface and assume that S = 0E
globally, where E C G is a suitable open G-Caccioppoli set. Let X e HG, |X|gg=
1, be a unit horizontal left invariant vector field which is transverse to S and denote
by yy the horizontal X-line starting from y € S. We assume thaty,(R) NS = {y}
for every y € S. Finally let D € RX be a Lebesgue measurable subset of G that
is reachable from S by means of X-lines. Then, for every function € L' (D) the
following statements hold

(1) let Yp, denote the restriction of ¥ to Dy := yy(R) N D and let us define the
mapping

Yy iy, (DY) SR— R, Yy(0) = (Y o y)(0).

Thenry is L'-measurablefor |dE|g—a.e. y € S or, equivalently, the restriction
Vip, is Hcl.-measurablefor |0E|g—a.e. y € S;
(ii) the mapping defined by

. Yy (2) dt
y (Dy)

S3yr— WdHi:/
y

Dy

is |0 E|g-measurable on S and the following formula holds
/wdcn:/x [ wngl d10xElc(y)
D Prs (D) D_V

=/X [/_1 Yy (t) dt
prg @) | Jyy (DY)

Proof. Having at our disposal Theorem 2.2, is enough to use a standard argument
of measure theory to approximate the function i with a finite linear combination
of characteristic functions, as for instance in Theorem 3.2.5 of [31]. O

KX, vE)rycl d 19 E]|c(y) .
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Till now we have used only the intrinsic G-perimeter as a measure for hy-
persurfaces in G but also different measures can be considered. In fact, the
comparison of different surfaces measures is a one of the main problems of Ge-
ometric Measure Theory in Carnot groups and in general Carnot-Carathéodory
spaces. In particular, an interesting problem for Carnot groups is that to com-
pare the G-perimeter with the (Q —1)-dimensional Hausdortf measure associated
with either the cc-distance d, or with some suitable homogeneous distance on
G, in the case of euclidean smooth hypersurfaces; see [7, 40, 41, 57]. In this
regard, we have that the following result holds true for general Carnot groups;
see [57].

Remark 2.4. Let S be a C! smooth hypersurface and let us assume that S is
locally the boundary of an open set E. Then

0E|gLB =k, (p) H2T'L(SNB) ¥ B € Bor(G) (32)

where the measure H2~! is the spherical (Q — 1)-dimensional Hausdorff
measure associated with the cc-distance d. and k, , is a function depending
on vg, called metric factor (see Definition 2.17 in [57]).

Therefore, we may reformulate Proposition 2.1 by using Hausdorff measures
with respect to the cc-distance d,. and, more precisely, we have the following

Corollary 2.5. LetS C G be a C' smooth hypersurface andlet X e HG, | X |gg =1,
be a unit horizontal left invariant vector field which is transverse to S. Let y, be
the horizontal X-line starting from y € S and assume that y,(R) NS = {y} for
everyy € S. Finally, let D C Rfé bea H?-measumble subset of G that is reachable
from S by means of horizontal X -lines. Then

(i) Dy :=y,(R)NDis Hg —measurable for HCQ_l—a.e. yEeS;
(ii) the mapping S > y —> HY(Dy) is HE~'-measurable on S and

#o) = [

pr(

ko, ()

ko

)Hi(Dy) (X, vE) Hyal dH2'(y)
D

where k 0 is the constant defined in Remark 1.3. Moreover

[wane=| v !
D pr¥m) | /Dy

(DNotice that HCQ - (S) = limg_, o+ Hggl (S) where, up to a constant multiple,

HE(S) = inf{z (diame () e B diame(5:) < 5}

i

kal (VE)

ko

(X, vE)HyGl dHE ().

and the infimum is taken with respect to closed d.-balls B;.
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Proof. We have already observed in Remark 1.3 that Lebesgue measure £" and
Q-dimensional spherical Hausdorff measure H? coincide up to the constant k 0
Thus, using Proposition 2.1, Corollary 2.3 and the identity of measures stated
in (32) the thesis follows. O

2.2. Proofs of Proposition 2.1 and Theorem 2.2

This subsection is entirely devoted to prove Proposition 2.1 and Theorem 2.2.
The proof of Proposition 2.1 relies mainly on Lemma 2.7 below and on the
classical change of variables formula with some non trivial computations. The
proof of Theorem 2.2 follows from Proposition 2.1 using an approximation
argument inspired by a recent work of Franchi, Serapioni and Serra Cassano
about an implicit function theorem in Carnot groups; see Theorem 1.24 or [40].

We begin by stating two technical lemmas. For the notation used in the
sequel we refer the reader to Section 1.1. We just recall here that the group
law -on G is also denoted by P(x,y) =x +y+ Q(x,y) for x,y € G, where
Pi(x,y) =xj+y; for 1 < j <mi(=dim V) and Pj(x,y) = x; +y; +Q;(x,y)
for j > m;.

Lemma 2.6. If X € V| and j > my, then
Q;j (v, Exp((11+12) X)) = Q; (y, Exp(11 X))+ Q; (P(y, Exp(11 X)), Exp(1, X)) (33)

whenever y € G and t|, t; € R.

Proof. Firstly, by Proposition 1.6 we get that if X € V]
PExp(t1 X), Exp(2X)) = Exp(t; X) + Exp(,X) V1,1 € R. (34)

Now, starting from the associativity property of the group law and using (34),
it follows that

P(P(y, Exp(11X)), Exp(t2X)) = P(y, P(Exp(t1 X), Exp(12X)))
and so
Pi(P(y, Exp(11 X)), Exp(1.X)) = P;(y, P(Exp(#; X), Exp(12X))) . (35)
Moreover the following identities hold

Pj(P(y, Exp(11 X)), Exp(12X))
= Pj (v, Exp(n1 X)) + Qj (P(y, Exp(1; X)), Exp(©2 X)) (36)
=y + Q;(y, Exp(t1 X)) + Q; (P(y, Exp(t1 X)), Exp(12X)) ;

Pj(y, P(Exp(r1 X), Exp(12X))) = y; + Q;(y, P(Exp(r1 X), Exp(2.X)))
=y; + Qi (y, Exp((r1 + 1) X)) .
Thus the claim easily follows by substituting (36) and (37) in (35). O

(37)
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Lemma 2.7. If X € V| we have that

%P(y, Exp(tX)) = [%”P(y, Exp(tX))|X(y) YteRVYyeG. (38)

Notation. In some of the following formulae we will write
a
ay
Proof. We shall prove this lemma by considering components. First, let X =

S22 aje; so that Exp(1X) = (tay, ... ,ta,,0,...,0). If 1 < j <m; we have
that P;(y, Exp(tX)) = y; + ta; and since

([7:P0, Bxpx)] X (0, ) = .

in this case the thesis follows. Now if j > m;, we have to show that

TPy, z2) = —P,2) (»y.2€G).

a
5 PO Exp X)) = (Vy P (0, Exp(tX)), X ().
Since (Exp(1X)); = 0, we have that P;(y, Exp(tX)) = y; + Q;(y, Exp(tX)).

Moreover the following identities hold

9 9
5, P10, Exp(tX)) = == Q; (y, Exp(1.X)) ; (39)

(VyPi(y, Exp(X)), X (y)) = (X(»)); + (V,Q;(y, Exp(X)), X(y)). (40)
Therefore, by (39) and (40) we have to prove that

0
EQJ-(% Exp(1X)) = (X (y)); + (Vy,Q;(y, Exp(tX)), X ())
VteRVyeG.

(41)

Now, by differentiating both sides of (33) of the previous Lemma 2.6 with
respect to ¢ at the time t; = 0 and putting t, = ¢, we get that

d
|, Q0 Bxp(t +DX)

011l

S| 0 ExptiX) + | Q;(P(y, Bxp(t1 X)), Exp(t X))
=— (v, Bx — ; , Ex , Ex

d 1t lt=0 i Pl d 1t lt=0 J Y g p
2 2. Epix)

81‘1 1=0

Py, Exp(ny X
o1 (v, Exp(11 X))

t1=0

= (X(y)j + (VyQ;(y, Exp(rX)), X (¥))
that is nothing but (41). O

+ <Vy Q;(P(y,0), Exp(tX)),
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Proof of Proposition2.1. Let S, be an open neighborhood of pr¥(D) on S. Of
course, without loss of generality, we may think of S, as globally parameterized
through a smooth mapping ®,, where ®, : U, € R" ! — S, and ®, €
C'(Uy,, G). In the general case we shall use a partition of unity related to
an atlas {(Sy, Wy)}aecua of S, where ¥, = @;1 for « € A and (Sy, ¥,) is
a coordinate chart on S. However, for sake of simplicity, we omit the index
o from U,, &, and S, just writing U, ® and S. Let us consider the map
S xR 3 (y,t) —> y,(t) € G given by y,(t) = exp[tX](y). The last one
enables us to carry out the parametrization of D we were looking for. Indeed,
more precisely, starting from the parametrization of S, we may put

yq)(g) (t) = exp[tX](q>(%-))

whenever & € U and t € R. In the sequel, for simplicity, we shall drop the
dependence on the variables and we denote this mapping just by y,. This one
enjoys an important property that we summarize in the next lemma.

Lemma 2.8. The Jacobian matrix of the mapping vy, with respectto (§,1) € U x R
satisfies the following identity

1
et [T 7a] | =[x ”E>H¢G\<Zl<xj<<b>, n<<b>>2> 10 A0l @)

j=1
where we have set

0P
P = for h=1,... ,n—1.

h:_@

Proof of Lemma 2.8. We have to compute the expression of the Jacobian matrix
of 4, i.e.

Ve Ve

By definition we have that yq)(s)(t) =P(P(),Exp(tX)) and so we get

_ vy Ve 9%
g, Tag, " ar |’

Yy 0 0o
Y y=o(§)
We have then
0 ad 0
TienVo = Ha— POLEXD(X)) | 2 SP@E). ExpX) | @43)
y=>o(§)
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and, for sake of simplicity, in the following computations we will set

9
A= |2 P(y, Exp(tX)) and b= = P(®E), Exp(rX)).
y=o()
Then
‘det[J H— det|[A22 bl = det|a 22, AA-TD
(E’t)ycp - 8%_ ’ - aé: ) .

Next, note that |detA | = 1. Indeed, in general, one has
0 0
—Py. =L+ —9(1,2)
dy ay

whenever y, z € G, where I, is the n x n identity matrix and %Q isanxn
nilpotent matrix, because it is lower triangular with the entries in the main
diagonal all equal to 1. Furthermore, by Lemma 2.7 we infer that

-1

0 a
X(y) = [57’(%EXP(IX)) 37 P, Exp(rX))

whenever y € G and ¢ € R and so, in particular, we get that A~'b = X (P (£)).
Therefore

det [%l) yq,} ] — | detA| -

9 d
det |— , A7 'p
0&

laop
det | — , X((£))

d&
3P )P
Py o X(®E)

= (22 A 22 x@e)
08" 195, C\og e

_ <n(c1>(g)), X(CD(S))>‘ e A ADe

=| det

Here above we have used two standard properties of Linear Algebra and, more
precisely, the following identity

det [a,ay,..., 3,1, b] =(ajAaA...Aa,_, b) Yaj,a,...,a,_;,beR",
and the fact that

det [Aby, Aby, ..., Ab, | = detA - det[by, by, ..., by

for any invertible n x n matrix A. Notice also that in the last line, we have used
the explicit expression of the euclidean unit inward normal along a parametric



102 FRANCESCOPAOLO MONTEFALCONE

hypersurface. Now, keeping in mind that, whenever S = 9E is smooth, we
have

CAORI NG AORIEY

1
mi 2
<Z<X,~ ), n<y>>2>

j=1

ve(y) =

for every y € S, the thesis follows by observing that

nj

1
(a0 x0)| = |{vem. X)), |- (Z(Xj(y),n(y»z) oo

j=1

Starting from Lemma 2.8 we carry out the proof of Proposition 2.1 by means
of a partition of unity {(Wy, 04)}aca related to the atlas {(Sy, Wy)}aea for S,
where W, = spt{o,} € Sy. Indeed, by the classical change of variables formula
we get that

r,n(p)zz; / (Gaoq)a)(é)[ / ‘det T Voo ®)] ’dt]dé, (44)
i (prnse Voo & Poa(©)

where Do, ¢) =Yg, ) R)ND and )/;;(E)(Dcpa(g))Z {t ER: V4, 6)OND # (é}.
Therefore, by (42) we have

ro=Y | Guo0)® | [ (x.ve), |
0; Vopr¥onsa y¢;(§)(D¢a(E))< >H%<$>G

1
m 2
: ( (X (Pa£)), n(%(&)»z) @, A A (@0 | dt] ds

1

J

:/prgan [/Rlpy(t)dt
:/prx

S

m 2
(X, ve) s (Z(X,»(y), n<y>>2) dH"(y)

j=1

)Hi(Dy) (X, ve)mycl d [0E|c(y) = )Hi(Dy) d|9xElc(y)

(D pPrg (D

where we have used Proposition 1.2, Proposition 1.19 and Remark 1.27. O

Before the beginning of the proof of Theorem 2.2 we recall the basic statements
of Implicit Function Theorem 1.24. We assume, by hypothesis, that S is a G-
regular hypersurface and so for every x € S there exist an open neighborhood
U of X and a real valued function f € Cé;(Z/{) such that SNU = {x e U :
f(x) =0} and Vg f(x) # 0 for all x € Y. Thus S is locally the boundary of
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E={xelU: f(x) <0} and, without loss of generality, we can assume that
X1 f(x) >0 for x eld. Let now h, § > 0 and set

Thi=[=hhl, Iy:={=(&,....&) eR" :|g] <5, j=2,...,n}.

If £ e R"! and t € J, we denote by y(z) 6

invariant horizontal vector field X; € HG at the time ¢ issued from (0, &) €
{(0,7) € G : n e R""!}. Then Theorem 1.24 states that there exist §, & > 0
such that the mapping

(t) the integral curve of the left

RxR"'s @& r— vyl )

1
0.8)
is a diffeomorphism of a neighborhood of J; x I5 onto an open subset of G. In
what follows we denote by U the image of Int{J, x Is} through this mapping.
The set E has finite G-perimeter in U and if vg is the generalized inward unit
normal of E we have

UE(X)=—M VxeSNuU.

Ve f ()| bec

Furthermore, there exists a unique continuous function ¢ = ¢(§) : Iy —> Jj
such that, setting ® (&) = y(}) 6 (@p()) for £ € Is, wehave SNU={x el :x =
®(£), & € Is) and the G-perimeter has the following integral representation

JZ 1X; £ (@)

IE|cU) = /=
9E|e ) /15 X, f(®E)

d& . (45)

Let now J. be a Friedrichs’ mollifier; putting f. = f * Jo by the continuity
of f we have that f — f as € — 0 uniformly in ¢/ and analogously
(X;jf)*xJe —> X; f as € — O uniformly in U/ (for j =1,...,m). Arguing as
in [38], p. 90, we obtain

Xjfe = (X]f) * Jg — ((X]f) *Je _Xjfe) for J = 1, N (]

and also
(Xjf) % Je — Xjfe — 0

uniformly in &/ as € — 0. We note that starting from the regularization of
f by the usual Implicit Function Theorem we get the existence of a smooth
function ¢, : Is —> J;, such that ¢, —> ¢ as € — O uniformly in I5. Thus
we may construct a family {Sc}e~o of smooth hypersurfaces which uniformly
converges in Y to SNU as € — 0. Moreover every hypersurface S¢ is the
boundary of a smooth open set E. which also converges in &/ to ENU as
€ — 0. An explicit parametrization of S, is given by the mapping @, : Is — G,
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o (&) = y(}) " (¢¢) for & € Is. Finally, we have that . —> & uniformly for

& € I; as € — 0. To see this, notice that

|D(8) — D(E)| = |y!

| # (&)
e @E) =7 @E)] = /¢ o 1Kl X110, 6 dr

and that d.(exp[tX1](0, &), (0, &)) < |t] < h. Therefore, if K is a compact subset
of I
explrX11((0, §)) € Ky :={z € G : d(z, {0 x K}) < h},

and, keeping in mind that ¢. — ¢ as € — O uniformly in I;, the proof of
the previous assertion follows by observing that

|Pe(§) — D) < |§e(§) — P (5)] - max 1X1(2)] .

Proof of Theorem 2.2. This proof is divided into several claims. In what follows
we will use the notation introduced in Theorem 1.24. From now on we assume
that the hypersurface S is parameterized by a unique map ® as above and, more
precisely, we may suppose that there exists § > 0 such that S is the image of

@ : Int{Ils} — G, where ® (&) = y(}lg) (@) and Iy = {£ e R"7!: |€|o < 8).

So we have
S={eG:y=0¢), §el}={yeG: f(y) =0}

where f € C%;(G) is an implicit function which defines S and such that X f > 0
near S.

Claim 1. Let @ € L*®(G) N C*®°(G) be such that & > 0. Then we have

/G,“w:/s M(aoyﬁ(x)dr]d|axE|G(y).

Proof of Claim 1. More explicitly, we note that the right-hand side is equal to

/S UR(a o YO (X, vE)ycl d

To prove this claim, we first set

1:=/ l/(aom(z)dr]d|axE|G<y).
S R

d[E|c(y)-
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By (iii) and (v) of Theorem 1.24 we get that

y X (@E). VoS PN ocl @ Vo))
Is JR

X1 f(®(§))

Now we shall prove that

§. (40)

e—0

- / / (X (@c©), Ve S @) g, 0] @ © Vo)D)
i Je X1 (@ (6))

Indeed if (46) holds, Claim 1 will hold by observing that

I = lim /S /R @0 1) (01X, ve) el dr d 19 Eclo(y)

e—0

and that Corollary 2.3 implies that

Jade = [ [@om)O1X veneldid PEI).
G Se Jr

To prove (46), we first notice that, as we have seen above, ®(§) — D (§)
uniformly in /s as € — 0 and so, keeping in mind that Vg f, — Vg f uniformly
on compact sets, we get

Ve fe(Pe(§)) —> Ve f(P(E)) (47)
as € — 0 for & € I5. Thus, by (47) and by the continuous dependence of the
Cauchy problem on the initial data, the integrand in (46) tends to the integrand
of 1. On the other hand @, (&) lies in a fixed compact neighborhood of ®(/s) so
that, by Weierstrass theorem and our assumptions on «, the integrand in (46)

is bounded by a constant for (£,7) € Iy x R and (46) follows by Dominate
Convergence Theorem. O

Claim 2. Let Q C Rfé be a compact, rectangular n-box. Then
2= [ Hor® N O dIxEl).

Proof of Claim 2. Let us choose a sequence of functions {oy}neny such that
lim ap(x) =1p(x) VxeG.
h—o00

For y € S we set y;l(Q) = {t eR: @) e Q}. So we have

ay(yy (1)) — lyy*l(Q)(t) Vy,t) eSxR
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as h — oo. Therefore, the proof follows by observing that

|Ho@nodnEcm = [ [1,0ddxERm
:// lim (1)) d 1 |5 Elc ()
<11m1nf/ /ah(yy(t))dtd|3XE|G()’)

= lim ap(x)d LM(x) = L"(Q). O
h—oo Jg

Claim 3. Let F C Rfé be a measurable subset of G such that £"(F) = 0.
Setting

Sp = {y €S H (I ®NF) > 0},

we have that |0 E|g(Sg) = 0.

Proof of Claim 3. Let € > 0 and {Q,}jenv be a countable family of compact,
rectangular, n-boxes such that

o0

clJoi. Yo <e.
j=1

j=1

We have then

/SH}.(yy(Rm F)d|9xEls(y) < /SZHi(yy(R) N Q) ddxEls(y)
=1
k
_ [gkgrgOZHi(y),(R) N Q) ddxEls()
j=1
k
< kliIEOZ[SHi(Vy(R) N Q) dIaxEle()
< Z/ H(y,(R) N Q) d |3x Elg(y)

L(Q)) <e€.

Mg I

.
Il
-

Therefore
/SHi(yy(R) N F) (X, vehyal d 10 Elg(y) = 0
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and since (X, vg)m,c # Ofor any y € S, the proof of Claim 3 follows by
observing that

HA(yy(R)NF) =0 for |dE|c —a.e. y € S. O

At this point we can achieve the proof of Theorem 2.2 in the following way. Let
Je be a Friedrichs” mollifier and put o, := 1p * J.. Since o, € L*(G)NC*(G)
and o —> 1p in L], up to a subsequence, we may assume that

lin%)oce =1p forL"—ae. xeG.
Now setting
Fi= D\{x €D: lim i (x) = lp(x)} and S 1= {y e S H (y,(RINF) > o}
€~

by Claim 3 we get that |0 E|g(Sg) = 0. Moreover by Claim 1 we have

/G wed L = /S /R (e 0 y,)(1) di d |3x El6(y) (48)
=/ /(aeoyyxt)dtdwxEm(y). (49)
s\ JrR

Therefore ae(y,(t)) — ly_l(Q)(t) for £!'—ae.t €R and [0E|g—ae. y€ S
y

as € — 0. Thus the thesis follows by letting € to O in (48). O

3. Sections of BV functions and G-Perimeter

3.1. One-dimensional restrictions of BV functions

We now introduce the concept of variation along a horizontal direction of a
locally summable function in a Carnot group G and we summarize its main
properties. Afterwards, we define the notion of X-variation along a horizontal
line and we consider the space of functions of bounded variation along a fixed
horizontal line. Then, in Theorem 3.7, we establish a link between the notion
of variation of a function along a horizontal direction and that of variation of
the restrictions of such a function to a family of horizontal lines. Finally, we
generalize to Carnot groups a well-known characterization of the usual space
BV by means of one-dimensional restrictions of its elements. These topics in
the classical setting can be found in [2], or in [30], while many other results
about function of bounded variation in Carnot-Carathéodory spaces can be found
in [1, 5, 14, 37, 38, 42, 63, 62, 76].
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Definition 3.1. Let 2 € G be open and let X € HG be a horizontal left
invariant vector field. We say that f € L'(2) has bounded X-variation in € if

IXFI(Q) = sup{/gfch" Lo € CHQ), gl < 1} <o0;

we refer to the quantity | Xf|(€2) as the X-variation of f in Q2 and we denote
by BV x(2) the vector space of bounded X-variation functions in €.

In the next remark we summarize, without proof, some well-known properties
of the variation.

Remark 3.2. Let 2 € G be open and let X € HG. Then the following items
hold:

() let f, fy € LY(Q) for k € N be such that f, — f in L'(Q) as k — oo.
Then
1 Xf1(82) = liminf | X fi(€2);

(i) if f € BVx(2) then |Xf| is a Radon measure in €2 and
[ rxede == [ paixs voecr@:
Q Q

(i) 1Xf1(2) =/ IXfldC" Y feClQ);
Q
(iv) if f € BVx(2) then there exists a sequence {fj}jen C C®(2) N BV x(2)
such that

]lggo Ifi— fllpiq =0 and ]lggo I X fi1(2) = | XfI(€2).

From now on, let €2 denote an open subset of G and let f : 2 — R. Moreover
let us fix a horizontal direction X € HG and let us denote by y : R — Q the
corresponding horizontal X-line. Proposition 1.2 implies that for all compact
set I C y one has

H(K) =/ | X |pe df .
y~ Lo

Therefore, if foy e L'(y~1(K)), putting |X|ye = 1, we get that the integral
of f along the horizontal X-line y is given by

/ fdm! = / (f o) (1) di (50)
K y~lx)

for every compact L C y. In the sequel, if&/ C y is an open subset of y, we
shall denote by L'(U, dH!L y) the space of all H!-summable functions defined
on U.

Proposition 3.3. Let X € HG, | X|gg = 1, and let y be a horizontal X -line starting
fromx € G, ie. y(t) = expltX](x)fort € R. IfU is an open subset of y and
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felL'W, d’HlL y) the following two statements are equivalent:

(i) foy e BV(y~'W));

(i) [D(f o)y~ W) = Sup{ /fdlﬂ, ¥ e Co), |y| < 1} <
¥

Moreover, setting

vary [ f1U)
=sup{/ fXpdH! 9 e C\(B), lp| <1, BCG, Bopens.t. y N\B=U }
u

we get that
vary [ f1U) = |D(f o »)|(y~ W) .

Remark 3.4. Here we have used the usual definition (see [2, 30]) of total
variation for real functions of one variable. We remind that, whenever h : [ C
R — R, h e L'(I), the total variation |Dh|(I) of h in I is given by

d
|Dh|(I) = sup{/]hd—‘fdz;qs e CiD). 19| < 1|} .

BV (I) will denote the space of functions belonging to L'(1) and of finite total
variation in 1.

Proof of Proposition 3.1. Since
dyr = oy)—((oy)dt

it follows that (i) is equivalent to (ii) because if ¢ € C(l)(U), Y| <1, we may
put

¢=(poy Noy=voy,
where ¢ € C(l)(R), spt(¢) C y~'U), |¢| < 1. To prove the last statement we
notice that, for any i € C(‘)(U), Y| <1, we may find ¢ € Cé(R”) such that
¥ = @)y, spt(p) Ny = spt(y¥) and |¢| < 1. Thus the following chain of equalities
holds:

sup{/fdwzweCé<u>,|w|sl}
Y

—Sup{ /fdfp @ € CH(RM), sptip) Ny C U, |9 <1}
(51)

sup

= {/(f V)*(sooy)dt @ € CHRM), spt(p) Ny C U, |<p|<1}

/(foy) y(@), qu(y(t))>dt @ e Cy(RM), spt(p)Ny CU, |90I<1}
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So we may find an open set 5 C G such that y N B =1 and we get that (51)
is equal to

sup{/fXgang:gaecg(sz), |(p|§1}. 0
u

Definition 3.5. Let X € HG, |X|gg = 1, and let y be a horizontal X-line.
If U is an open subset of y and f € L'(U, dH! y) we call vark[f]1U) the
X-variation of f along y and we define BV&(Z/I) as the space of functions of
finite X-variation in U C y.

Proposition 3.6. Let X € HG, |X|gg = 1; let y be a horizontal X-line. Then for
every H}.-measurable set € C y one has

vary[1£](y) = [D1,-1 (o) |(R) = vark[1,,£]1(,y) ¥V y € G (52)
where y~1(€) = {t eR:y@) e S}; moreover

vary[1¢](y) > 2 (33)

and equality holds if and only if y ~' () is a bounded interval of R.

Proof. Equalities (52) follow from Definition 3.5. Moreover, using the first iden-
tity of (52) we get that Var}([lg](y) is equal to the euclidean one-dimensional
perimeter of y~!'(£) in R. Thus, using the one-dimensional isoperimetric in-
equality of [72], p. 103, Section 3.6, we get (53). O

It seems interesting to find some results that reduce the study of BV functions
to that one of their one-dimensional restrictions. Indeed, this is a very useful
approach in classical Calculus of Variations; see [2, 43]. Here below we state a
theorem modeled on an analogous euclidean result for which we refer the reader
to [2] and [30]. A similar theorem has been proved in [76] for Sobolev functions
in Carnot groups and in [18] in the case of vertical planes in Heisenberg type
groups.

Theorem 3.7. Let S C G be a G-regular hypersurface and assume that S =
dE globally, where E C G is a suitable open G-Caccioppoli set. Let X €
HG, |X|gg = 1, be a unit horizontal left invariant vector field which is trans-
verse to S and denote by y, the horizontal X-line starting from y € S. We assume
that y,(R)YNS = {y} foreveryy € S. Finally let 2 C R be a Lebesgue measurable
subset of G that is reachable from S by means of X -lines. Then

XA@ = [ | varkl£,1@,)d oxEle0) (54)

Prg (€2)

where fy, = f oy, and Qy =y, N Q.
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Proof. Using (ii) of Corollary 2.3 we get

d
[rxeac=[ [ (romiwondidinnElw)
Q pris@ Jyy (@) t

§/X vary[ f,,1(2,) d |9x E|(y) ,
pr ()

whenever ¢ € C}(Q). In a similar way we obtain the equality if f € C!(R).
Now let us set

1
Q= {x eQ: x| < R dist(x, 9Q) > h}

and choose & > 0 such that |Xf|(d92") = 0. Notice that this can be done
for £L'—ae.h > 0, as for instance in [2], Example 1.63. Therefore, using
Lemma 1.20, we get that

lim/ (f %) — fld C"
e—0 Joh

tim /,, i 199 = Dt 10X EIe() =0,

and so we may choose a sequence {¢;};en such that

j—o0o

lim / [(f * Jej)y — fyldt =0 for |0xE|g —a.e. y € prfé(Qh).
wolaah,y)
By the lower semicontinuity of the X-variation (see (i) of Remark 3.2) we get

/ . vary[ f,, 1((Q"),) d |0x E|c ()
prg@h

< liminfvark [(f # Je; )y, 102")y) d 10x Elc ()

X coh — 00
prS(Q) J

< liminf vary[(f * J;)y1((2"),) d [0x E e (y)
J—=>© prg(Qh)

= lim [X(f * Je)I(Q")
j—o00 E

= |XfI(Q") < |XfI(R)

and the claim follows by letting 7 — O. O
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We would notice that for any j =1,...,m, the following inequalities hold

m
1X; 1) < Ve fl(Q) <D 1X; IR,

j=1

whenever f € BV(€2), where Xy, ..., X,,, are the canonical generating vector
fields of the group. This easily follows from Definition 1.13 and Definition 3.1
and, using Theorem 3.7, it allows to state the following

Corollary 3.8. (Characterization of BVg by sections.) Let Xy, ..., X, be the
generating vector fields of the global frame for Gandlet j =1, ... ,m.LetS; C G
be a G-regular hypersurface such that S; = d E; globally, where E; C G is a suitable
open G-Caccioppoli set, and suppose that X; is transverse to S;. Denoting by y|

the horizontal X-line starting from y € S;, we assume that y}! RYNS; = {y} for

every y € ;. Finally let Q C R;}’ be a Lebesgue measurable subset of G that is
reachable from each S; by means of X;-lines. Then, we have that f € BVg(Q) if

and only if f ;€ BVki(Q;(j)for |8Exj|¢;,—a.e. y € prﬁj () and
¥y -

X; .
/Xj(Q)Var}(j [fj](Qyj)dejEm(y) <00 Vj=1,...,m.
prg. vy

Remark 3.9. Denoting by Zo(X;) the vertical hyperplane through 0 € G and
orthogonal to X; (see (17) of Section 1.1), we may assume that S; = Zo(X;) for
every j = 1,...,m, and for such hypersurfaces the hypotheses of Corollary 3.8
are automatically verified since each subset of G is reachable from a given
vertical hyperplane. More precisely, if Q C G and j = 1,...,m;, we have
that €2 can be foliated with a family of horizontal X;-lines startmg from Zo(X;)
and hence the above characterization of BV (€2) can be reformulated by means
of vertical hyperplanes.

3.2. Integral geometric measures, G-normal sets and G-convexity

In this subsection we give some applications of the previous results. To this end,
we introduce a measure o on U HG (i.e. the unit horizontal bundle over G) that
we need to state some integral geometric formulae for volume and G-perimeter.
Afterwards, we give a definition of G-normality with respect to a vertical hyper-
plane that generalizes the euclidean one (see [26, 72]). Then we formulate an
intrinsic definition of convexity, called G-convexity (see Definition 3.15 below),
that seems to be natural from a geometric point of view. Indeed, using this
notion we prove a Cauchy-type formula and a related inequality which says that,
in a sense, among all sets containing a fixed G-convex set, this one minimizes
the G-perimeter. See Theorem 3.19 and Corollary 3.20 below, and also [16]
and [69]for the classical statements. We would emphasize that equivalent defi-
nitions of convexity in Carnot groups has been introduced recently in [23] and
in [55]; see also [8] and [47] for some further developments.
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We first consider the volume form on UHG given by © A 0,1, where
® = wy A ... A w, is the bi-invariant volume form on G and oy, is the
canonical volume form on the unit sphere S”1~! of R™! that is identified
with the generic fiber of UHG. More explicitly, we note that if (x; X) €
UHG (X(0) = (a1, ... ,amn,;,0,...,0)), then

mlfl
om—1(X) = > (=Daiday A .. A da; AL Aday,
i=1

and
(@/\0—”11_1)()(; X)(Xl’ e 7Xn; Yls ey le)
= ®(x)(X1’--- 7Xn) 'Gml—l(X)(Yl,-~- , le) vVXi,...,X,eT,G
VY. ...V € UH,G.

Definition 3.10. We denote by o the measure on U HG obtained by integration
of ® Aoy, —1 and by o, the measure on UH,G (i.e. the fiber at x) obtained
by integration of oy, 1. Thus, for every function f € L'(UHG) we have

/ f(X;X)dMo(X;X)Z/dﬁ”(X) FG Xy dpoy(X). (59)
UHG G

UHxG

We remind that if D is a subset of G, then UHD denotes the restriction of
the bundle structure UHG to D, i.e.

UHD := {X e UHG : munc(X) € D} .

Furthermore, if x, € G and X € UHG, then IXO (X) denotes the vertical
hyperplane through x, and orthogonal to X and V  denotes the family of all

vertical hyperplanes through x,. Finally, yy¥ is the horizontal X-line starting
from y € IXO(X), ie. y¥ (1) = exp[tX](y) for t € R, and if D C G we set

D;( := ¥ (R)ND. Note that, if X(0) = Z;;]] aje;j, then IXO(X) is the boundary
of the half-space

I (X)=1x€G: Z —(x))j)a

and we get that
V= (X)()’)=(611,~- ’aml) VyGIXO(X)-
*0

Hence, the G-perimeter of Z;O (X) is the usual (n — 1)-dimensional Hausdorff

measure H"~! on the vertical hyperplane IXO(X ) and, using Proposition 2.1, we
may state the following
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Corollary 3.11. Let D be a Lebesgue measurable subset of G and fix x, € G. Then

pWHD) = [ a0 [ - H@Han )
UHXO G prIxo(x) (D)

or, equivalently,

1
£r(D) = / d to, (X) /
Om-1 Juny, @ H0xy pr

where Oy, -1 denotes the (m| — 1)-dimensional surface measure of the sphere S -1
of R™L.

MDY ) dH' (),
)

X D
(0"

Proof. From Proposition 2.1 we have that

£(D) :/X H\DX)dH'"(y) ¥ X € UHG,
prIXO(X)(D)

so we get the claim by integrating both sides of the last identity over X €
UH,G. O

Corollary 3.12. Let 2 C G be open and let X € UHG. If D C G is a G-Cacciop-
poli set, then

|9xDle () = /

. vary [1px 1(Q) d 1" () . (56)
P 0

(DNR)

Proof. This follows using Lemma 1.26 and Theorem 3.7 and observing that,
for the half-space Ix_o (X), we have

lax Iy, (X)|e(B) = H'(BN 1.(X) VB e Bor(G). m

As an application of the last corollary we may establish the following

Proposition 3.13. (Integral geometric G-perimeter.) Let Q € G be open and fix
X, € G. If D C G is a G-Caccioppoli set, we have

[0D|c(€2)
1
- d o, (0 [
2K, -1 /UHXOG %o P

where Ky, -1 denotes the my — 1-dimensional Lebesgue measure of the unit ball in
R~

vary [ (@) d 1 (), 57

X
rIxo(X) (DNQ)
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Proof. Starting from Corollary 3.12, we integrate both sides of (56) over X €
UH xOG. Thus

| w0 f
UHy, G »

= 10D (§2) d 1o, (X)
UHx, G

= [ duo, 0 [ |(X.vp)usld Dl
UHx, G DNQ

var [1px [(25) d 1"~ (y)

X
rIxo(X) (DNQ)

- d|aD|@/ (X, vp) ] d oy -1 (X)
DNR UHXOG

= 2Km17] |8D|G(Q) ’

where we have used Fubini’s theorem and spherical coordinates to compute the
integrating of the last line. O

We now introduce the notion of G-normality with respect to a fixed vertical
hyperplane.

Definition 3.14. (G-normality). If xo € G and X € HG is a horizontal direction,
let IxO(X ) denote the vertical hyperplane through xo and orthogonal to X. We

say that D € G is pointwise X -normal with respect to IXO(X ) if forall y € IXO(X )

we have that (yyx)*l(y}‘ (R) N D) is the empty set or a connected subset of R
or, equivalently, if yy* (R) ND is either empty or a connected subset of ;¥ (R).
Moreover we say that D is X-normal with respect to IXO(X ) if D is L£!-equivalent

to a subset of G that is pointwise X-normal with respect to IXO(X ).

Usually, we term this property pointwise G-normality (resp. G-normality) with
respect to a vertical hyperplane. As already observed, for any point x € G and
for any horizontal direction X € HG there exists a unique horizontal X-line
passing from x. This implies that the notion of G-normality is invariant under
group translations, as left translations send a vertical hyperplane orthogonal to
X € HG into a vertical hyperplane which is still orthogonal to X. Let now
xo € G and consider the family V= of vertical hyperplanes through xo. The
invariance under group translations of the notion of G-normality allows to see
that the following two conditions are equivalent:

(1) D C G is pointwise G-normal with respect to any vertical hyperplane ZXO(X ) €
VXQ;

(i) D C G is pointwise G-normal with respect to any vertical hyperplane T,(Z)
where 7z € Gand Z € HG.

We would emphasize that the notions introduced above generalize the euclidean
ones because, if G is (R", +), they coincide, as it can be easily proved. More-
over, the analogy with the euclidean case suggests the following
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Definition 3.15. (G-convexity). We say that D € G is G-convex if for every
x € G, whenever X € HG, we have that ()~ (X (R) N D) is the empty set
or a connected subset of R or, equivalently, if ¥ (R) ND is either empty or a
connected subset of yxX (R).

Also in this case, if the Carnot group reduces to (R", 4), the definitions coincide.
Moreover, G-convexity is invariant under group translations and it is stable under
intersection, i.e. if Dy, D, C G are G-convex sets, then also D; N D, is a G-
convex set.

We refer the reader to [23] and [55] for different, but in fact equivalent,
definitions of convexity in Carnot groups. See also [8] for a detailed discussion
on this topic.

Remark 3.16. We would point out that G-convexity turns out to be equivalent
to condition (ii) above, i.e.

e D is G-convex if, and only if, D is pointwise G-normal with respect any
vertical hyperplane.

Of course, if D is just G-normal with respect all of vertical hyperplanes of G,
then it is only £!-equivalent to a G-convex set. To better explain the geometric
meaning of G-convexity we make use of horizontal m;-planes. We remind that,
if z € G, then H,G := [,(Exp(V})) denotes the horizontal m-plane through
Z, i.e. the set of all horizontal lines starting from z. Using just the previous
definitions it is easy to see that D is G-convex if and only if

e Log (l_Z (HZGDD)) is starshaped in V| with respect to 0 € g for all z € D.
In particular, the following implication holds:

e if Log (l_Z(HZGﬂD)> is euclidean convex in V; for all z € D, then D is
G-convex.

Finally, if z € Exp(V%), where V; is the center of the Lie algebra g, then the
horizontal plane H,G through z is an affine m;-dimensional plane and we get
that

e if D is G-convex, then H,G N D is starshaped in H,G with respect to z
for all z € Exp(Vy).

Remark 3.17. (G-convexity in 2-step Carnot groups). If G is a 2-step Carnot
group, then its horizontal lines are also euclidean lines. This is a straightforward
consequence of the group law that is completely determined by Campbell-
Hausdorff formula, as we have seen in Section 1.1. Thus, from the definition
of G-convexity, it follows that euclidean convex sets are G-convex sets. In
general the converse it is not true, as proved in the next example.

Example 3.18. (An H'-convex that is not euclidean convex). Let us consider
the Heisenberg group H' = R>=C xR,-), where (z,1)-(Z, )= (z+7,t+
t" 4+ 23(zz")). Then, the truncated cone of width o > 0 given by

Co={@neCxR: [zl sall =1, all=<1}
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is an H'-convex set for any o > 2 but it is not convex. This easily follows
observing that the maximal slope of the horizontal lines having initial data in
the cylinder {(z,¢) € H! : |z] < 1} is 2 so that any such line intercepts C, in a
segment line.

This definition of G-convexity can be used to generalize the Cauchy’s formula
for the area of euclidean convex sets. For the statement of this classical theorem
see [13, 16, 69].

Theorem 3.19. (Cauchy type formula.) Let D be a G-convex subset of G and
xo € G. Then

10D|c(G) =

n—1
/UHXOG H (pr;(xo(x) (D)> d /,Loxo (X) (58)

Kml—l

where k| —1 is the my — 1-dimensional Lebesgue measure of the unit ball in Rmi—L

Proof. Using Proposition 3.6 and Proposition 3.13 we get the thesis ob-
serving that, since D is G-convex, then Var}([lpx]()/yx ) = 2 for H" '—ae.
¥

y € pr)I‘xo(X) (D) for any X € UH,G. O

The above theorem, analogously to the euclidean case, allows to see that, in
a sense, G-convex sets minimize the G-perimeter. Indeed, as an immediate
application, we have the following

Corollary 3.20. If D C G is a G-convex set, then for any open set Q containing D
we have
10Dc(G) < 1026 (G) .

Proof. Fixing x, € G, the claim follows by the previous Theorem 3.19 by

: X X
observing that, for every X € HG, one has pr Z,0 (D) € pr Ix()(X)(Q)' O

4. A Santalé type formula and some related topics

From now on will be discussing the integration on the unit horizontal bundle
UHG of a k-step Carnot group G endoweed with the measure o (see Defi-
nition 3.10). The results here exposed rely on the invariance of py under the
action of the horizontal flow, i.e. the flow generated by restriction to HG of
the Riemannian geodesic flow. In fact, the measure py generalizes to Carnot
groups the classical notion of Kinematic density (see [11, 15]). More precisely,
an integral formula is given in Theorem 4.4, which generalizes the well-known
Santalé formula [69]. We emphasize that, in the case of the Heisenberg group
H', a Santalo-type formula was proved by Pansu, [65]. We then give some
applications of Theorem 4.4. In particular, we find two lower bounds for the
first eigenvalue of the Dirichlet problem for the Carnot sub-Laplacian Ag on
smooth domains (see Proposition 4.8 and Theorem 4.9).
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In the tangent bundle TG we use coordinates given by (x;X) = ((x,...,x,);
(ai,...,ay)), where (xi,...,x,) are the exponential coordinates of x € G and
(ai,...,a,) are the coordinates of X in the Lie algebra g = TG, i.e. X(0) =

Yo' yaie;. We endowed g with an inner product denoted by (-, -) that is the
usual one in R". This uniquely determines a left invariant metric on G, also
denoted by (-, -), that is defined by setting

(X,Y):=(X(0),Y(©0)) VX, Yeg.

The energy function of a vector field X € g associated with (-, -) is given by
E(X) = Lx.x) = . Z 7
= — s = — a: .
2 25 !

Moreover we denote by o the canonical 1-form on the cotangent bundle T*G
that is given, with our notations, by « := _!_, a;w;. Following Besse [11], we
call geodesic vector field on TG the solution of the equation®

i(TYda = —dE . (59)
We call geodesic flow the flow generated by 7. We remark that 7 is given by

- | — ; d 0
T:Zdl’X,'—E Z (lialcjk (Slja—ak—(S[ka—aj .
i=l 1i,j, k=1

To prove this is enough to use equation (59) together with the definitions of
o, E and T. The result follows by applying Proposition 1.4. Now we shall
prove that the restriction of the canonical 1-form « to the unit horizontal bundle
is invariant under the geodesic flow. This means that the Lie derivative of «
by T is zero. Indeed, by Cartan’s identity (see [54]), we get

n
Lra=i(T)da+di(T)oa =—dE+2) aida; =dE.

i=1
Now, since we consider unit horizontal vectors, the thesis follows observing
that ¢; = 0 for any i = m; + 1,...,n, and that E:"zll aiz = 1. Therefore,
setting ap := ajyuc to denote the restriction of « to the unit horizontal bundle
UHG, we have that «q is invariant under the restriction of T to the horizontal
bundle. From now on we denote this vector by T, i.e. Top = Tjug, and we call
horizontal flow the flow on HG generated by Tp.

Before the next theorem, which asserts a Liouville type property of the
measure (o, we fix some notations. We set 7] = @1 A ... A Wy, T2 =
Omy+1 A ooe AN Oy T 2= Oy 41 A oo A @y, 80 that ©® = 71 AL A T
Furthermore, * : AKT*G — A" *T*G will denote the Hodge star operator; we
explicitly note that *xt; =5 A ... A Tp.

@We remind that, if X € TG, then i(X) : AKT*G — AF~!1T*G denotes the interior product
with X, i.e. the linear map defined by i (X)¥ (Y1, ..., Yik—1) =¥ (X, Y1, ..., Yk_1); see [50, 53,
54].
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Theorem 4.1. The measure djig on U HG turns out to be invariant with respect to
the horizontal flow on HG determined by Ty and we have that

1
O N0y =t———ay A (dag)" ' A (x11).
(m1 - 1)'

The proof relies on the following two lemmas.
Lemma 4.2. With notations as above we have

l—l)(ml 2)
@ A (dag)™ ™" = (my — D! (= 1) TL A Omy—1

(m1—1)vZ( IR e UM

i=1

Ay ANday AL Ndap NN day,

Proof. One can prove this lemma by induction on m;(= dim V}), just using
definitions and the expressions of ag=> ;.\, a;w; and dag=> 1", da; A w;. O
Lemmad4.3. I[f X € HG then 1y ANi(X)(d *x11) = 0.

Proof. We have that

dxt)=d(m AN...ANT)

n
Z (=D @y 11 AL

i=mi+1

/\a)i,l/\da)i/\a)pr]/\.../\a),,

__Z Z > D o AL

=1 i=m+1 1<j,h<h;_

A N0 ANOR) AWig1 AL AWy
This formula, which is an easy consequence of Proposition 1.4 and Remark 1.5,
enable us to say that d (xt;) is a linear combination of (n — m; + 1)-forms of
the type
(a)j /\a)h)/\a)mlH N... ANwi—1 N\ Zo\, NWir1 N ... N\ wy

fori=my,...,n, j,h=1,...,n and i # j, h.

Therefore, by a direct computation it follows that 71 A i(X)(d *x 71) is a
linear combination of n-forms having the following expression

OIA . ADs_ A (0)2 Awsq1 Ao Ay

for s=1,...,n, and the thesis follows since each of these terms vanishes. O
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Proof of Theorem 4.1. We have to show that the Lie derivative along Ty of
© Aoy, —1 is equal to 0. From Lemma 4.2 it follows that

(m1—=1)(m1=2) 1
2

m apg N (da())ml_l AN (*T]) .

O A O—mlfl = (_1)

Thus we need to compute the Lie derivative along Ty of ag A (dog)™ ' A (x11)
and using Cartan’s identity and the invariance of o under the horizontal flow
induced by Ty we get

21 (@0 A (o)™ A (o) )

= 21 (@0 A (o)™ ™) A o) + (0 A (o)™ ™) A L7 em)
(a0 A daoy =) A (i(T)(@ 1) +d G(T) x 70))

= (20 A (o)™ ) A (1)@ #71))

and the thesis now follows from Lemma 4.2 and Lemma 4.3. O

Let D C G be a smooth, relatively compact domain (open and connected) and
let
UHD = {X € UHG : muye(X) € D},

i.e. the restriction to D of the structure of unit horizontal bundle. If (x; X) €
UHD we set

£:(X) = sup {s €Ry:y,(1)eD, Vi e (o,s)},

where y,, is the (unique) horizontal line satisfying y, (0) = mypc(X), y4(0) =
X. Notice that
(%) =Y (v, (10, .01 ).

By the boundedness of D we have ¢,(X) < oo, everywhere in D. Moreover
Yx (€x (X)) is the first point of the horizontal line y, starting from x = my g (X)
to hit the boundary of D.

Let now vp be the unit inward G-normal to 9D and let us set

UH* 9D := {X € UHD : myne(X) € 9D, (X, vp)me > 0}. (60)

This is the set of inward pointing unit horizontal vectors along the boundary 9D
and, identifying the generic fiber with S”1~!, we may think it as the hemisphere
determined by vp which will be denoted by U™1~!. We also provide UH 9D
with the following measure

do(x; X) :=d uo,(X)d|dD|g(x) VY (x;X) e UHTID.
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Clearly, d j19, will be concentrated on the hemisphere U™1~! = UH9D.

Below we shall denote by Car(dD) the so-called characteristic set of 0D
(see for instance [7, 39, 40, 41, 42, 57]), i.e.

Car(dD) = {x €dD: (n(x), X(x)) =0VX e HXG}.
Moreover we shall set
D* = {x €D:3X € HG, st y, (£,(X)) € Car(aD)} .

Along the lines of [15, 65] and 69] we may prove the following

Theorem 4.4. Let D be a smooth relatively compact domain. Forall f € L'(UHD)
we have

f:Y)d po(y; Y)
UHD

£x (X)
=/ / Sy @) X) (X, vp)ucdtdo(x; X) (61)
UHToD Jo

Ly (X)
=/ / . / F g @):; X) (X, vp)he dt d po (X) d [9D|g(x) .
ap Junfap Jo

Proof. Let us first consider the following map
Ry x UHTOD 5 (¢, (x; X)) —> (v, (1); X) € UHG,

that is nothing but the restriction to UH 79D of the horizontal flow. Denoting
by ®;(X) this flow, we shall see how ®;(X) acts on the measure d ug. To
this end we have to compute the pull back by ®,(X) of the volume form of
UHG. Observing that (®;(X))*0y, -1 = 0,1, We get

(€:00) © Aow 1) = (04 1)) Ay 1(X).

Notice that we have already performed this computation in the proof of Lem-
ma 2.8 by means of a local parametrization and so we have just to reformulate
it. We have

(rx (1))*O = (((X)®), Adt,

and explicitly this means that
(vy ())*d L"=(X,vp)p,cd 1d|0D|g(x), for 1> 0 and x emypc(UHTID).
Therefore

(@, (X))*dpo = (X, vp)uyc d 1 d |0D|g(x) d o, (X) . (62)
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Since D is a relatively compact domain, we can univocally associate to any
(y;Y) € UH(D \ D*) the time t = £,(—Y) < oo and the point (x; X) =
(y_y (€y(=Y)); =Y), so that x is the first point on the boundary of D reachable
from y along the (unique) horizontal Y-line passing through y; furthermore
t < £x(X). Thus we have that the map ®,(X) which takes (¢, (x; X)) onto
(y; Y) is a diffeomorphism of the open set {(t, x;X):0<t < EX(X)} of
R, x UHT3D onto UH (D \ D¥).

Finally, if uo(U H(D*)) = 0 we get the thesis by multiplying both sides
of (62) by f and then integrating. But the last assertion follows from the classical
Areaformula [31], by applying again the same computations of Lemma 2.8. O

Remark 4.5. From Theorem 4.4 we easily deduce the following integral ge-
ometric formula for the volume of a smooth relatively compact domain in a
Carnot group:
1
Om,-1

where O, -1 denotes the (m; — 1)-dimensional surface measure of the sphere
sm-l
We will give some applications of this theorem. To this end we need some
preliminaries.

Let (x; X) € UHG be fixed and denotes by UH G the hemisphere deter-
mined by )N(, 1.€.

UH'IG := {x e UH,G: (X, X)pc > 0}.

L(D) =

/ / £e(X) (X, vo)yed oy (X) d |9Dlc(x),  (63)
9D JUHT Dy

Lemma 4.6.

o 0m1—2
(X, X)Hee d oy (X) = ——. (64)

UHYG my — 1
Proof. 1t is enough to observe that this integral is the measure of the projection
of the (m —1)-dimensional hemisphere U1~ = UH FG onto a diametral plane

and so we may perform the computation using spherical coordinates. O
As above, let D be a smooth, relatively compact, open subset of G and denotes
by diamg (D) its horizontal diameter, that is the quantity defined by
diamy (D) := sup £,(Y).
(y;Y)eUHT3D
Denoting by diam.(D) the diameter of D with respect to the Carnot-Carathéodory
distance d., we obviously have
diamy (D) < diam.(D) .

Corollary 4.7. Let D C G be a smooth and relatively compact domain. Then we

have )
L (D) < Om 1—2

10DIc(G) ™ Omy—1 - (my — 1)

where, in general, Oy denotes the k-dimensional surface measure of the unit sphere
sk 0ka+] .

- diam.(D) ,
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Proof. From Remark 4.5 we get

, diamg (D)
LYD) < —— (X, vp)u,cd o(X)
Om,—1 Jun+tip

dlamC(D)
/ d13D)c(x) / (X, o) iyd 0y (X)
ml 1

and, using the foregoing lemma, we get the asserted inequality. O

Finally, we will show some applications of Theorem 4.4 to Analysis in Carnot
groups. For these topics, we refer the reader to [12, 22, 74, 75]. More precisely,
we will give two explicit lower bounds for the first eigenvalue of the Dirichlet
problem for the Carnot sub-Laplacian. To this end we will use Theorem 4.4
by adapting some arguments of Riemannian geometry, for which we refer the
reader to [15, 20, 21, 25]. We have to remark that in these inequalities, as well
as in the previous Corollary 4.7, we do not characterize the equality cases and,
in general, they are non-sharp.
We recall that, with our notations, the Carnot sub-Laplacian of G is de-
fined as
my mq 2
Ag =) X7, Ac(x) = - ¥ (x-Exp(tX;)) Y ¢ e C¥(G).
i=1 j=1

=0

Now let us consider the Dirichlet eigenvalue problem for Ag on a smooth
bounded domain D, i.e. we find all real number A for which there exist non
trivial solutions ¢ € Wé’z(D) (the horizontal Sobolev space) of the problem

Acp+1rp=0 (xeD) (65)

satisfying the boundary condition ¢3p = 0. One can prove that all eigenvalues
A of this problem are real and strictly positive and that all eigenfunctions ¢
can be choose to be real-valued. Moreover all eigenfunctions corresponding
to distinct eigenvalues are orthogonal in L?(D) with respect to the usual inner
product on L?(D). The main result that we use in what follows is the variational
characterization of the first eigenvalue of (65) that we denote by 1 (D), i.e.

[ 1eep,
M@ = inf o

(66)
(/JECSO(D) / |(p|2 dﬁn
D

We point out that to prove (66) one uses the following Green’s identity

/D (0 Ay + (Veg, Vo) e} dL" =0

whenever ¢, ¥ : D — R are smooth and with at least one of them com-
pactly supported in D. The above identity can easily be proved by means of
Proposition 1.10.
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Proposition 4.8. Let D C G be a smooth, relatively compact domain and let A1 (D)
be the first eigenvalue of (65). Then we have
2 -mjq 7'[2 - my

>

M@D) = diamy (D)? ~ diam.(D)?

Proof. We have to prove only the first inequality since the second one is trivial.
To this end, we first notice that for any ¢ € C3°(D) we have

mi
0m1—1

Veolly, = oo [ Xerduo. o).

Moreover the fixed-endpoint version of the one dimensional Wirtinger’s inequal-
ity says that

2
/ hr)*dt > 7/ h(H)?dt Yh e CY(0,1]), h)=h()=0.

Using these remarks and Theorem 4.4 we have that

mi

[ 1ok, acrw = " [ xpd ot x)
D X UHD

mp—1

ty(X) 2
= Om 1/[]H+3D/ ldtw(yx(t))

m £y(X) 2 .
2o e B o [ feon o] i draot:

(X,vp)m,cdtdo(y; X)

72 m £y (X) 5 ]
= t X, v tdo(y; X
~ Omy-1 - diamj, (D) /UH+aD/o {(p(yx( ))} (X, vp)hye (y: X)
7T2 My

2

=0m1 | - diam%, (D) Juup [‘/’(x)} d po(x; X)
__Tem o
dlamH(D)2/ ()7 d L (x) - .

Similarly, along the lines of [21], we can prove the following inequality; see
also [15] and [25].

Theorem 4.9. Let D C G and )1 (D) be defined as above. Then we have
2

) = 2 inf/ B
Omy—1 x€D Jun,c £3(X)

/’L()x( )
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Proof. Analogously to the previous proof, we have

2 n
[ 1veets, dcr

n Ly (X) 2
Oy -1 /UH+3D 22(X)/ [‘p(”x(t))} (X, vp)uycdido(y: X)
mi—

0 @2y, (1)) |
m1—1 /UH+()D/ KZ(X) <X7 VD)Hy(Gdl‘dO(y,X)

2
mip - @*(x)
= ——dulx; X
Oy 1 /UHD ax) WX
2
mp -1 2 1
= (x) /
Om,—1 /D(p UHyG KZ(X)

e inf/ : (x) /| P dL" (x)
~ Opy—1 | *¢PJun,c KZ(X) diox ¢

=

dpo (X) | dL" (x)

and the thesis follows. O
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