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ASYMPTOTIC MEASURES 
FOR HYPERBOLIC PIECEWISE SMOOTH MAPPINGS 

OF A RECTANGLE 

by 

Michae l Jakobson & Sheldon Newhouse 

To Adrien Douady on the occasion of his sixtieth birthday 
Abstract. — We prove the existence of Sinai-Ruelle-Bowen measures for a class of 
C2 self-mappings of a rectangle with unbounded derivatives. The results can be 
regarded as a generalization of a well-known one dimensional Folklore Theorem on 
the existence of absolutely continuous invariant measures. In an earlier paper [8] 
analogous results were stated and the proofs were sketched for the case of invertible 
systems. Here we give complete proofs in the more general case of noninvertible 
systems, and, in particular, develop the theory of stable and unstable manifolds for 
maps with unbounded derivatives. 

1. Folklore Theorem and S R B Measures 

A well-known Folklore Theorem in one-dimensional dynamics can be formulated 
as follows. 

Folklore Theorem. — Let I = [0,1] be the unit interval, and suppose { i i , / 2 , •. • } is 
a countable collection of disjoint open subintervals of I such that {J{ Ii has the full 
Lebesgue measure in I. Suppose there are constants KQ > 1 and K\ > 0 and mappings 
fi'.Ii^I satisfying the following conditions. 

(1) fi extends to a C2 diffeomorphism from C l o s u r e ^ ) onto [0 ,1] , and 

inf \Dfi(z) \ > K0 for alii. 

(2) supzeI. - f e v T ^ r l ^ l < Kx for all i. 
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104 M. JAKOBSON & S. NEWHOUSE 

where denotes the length of Ii. Then, the mapping F(z) defined by F(z) = fi(z) 

for z G Ii, has a unique invariant ergodic probability measure fi equivalent to Lebesgue 

measure on I. 

For the proof of the Folklore theorem and the ergodic properties of ¡1 see for example 

[2] and [14]. 

In an earlier paper [8] we presented an analog of this theorem for piecewise C2 

diffeomorphisms with unbounded derivatives with proof sketched. We now wish to 

give a more general version of the results in [8]. We refer the reader to that paper for 

relevant remarks and references. 

Let Q be a Borel subset of the unit square Q in the plane R2 with positive Lebesgue 

measure, and let F : Q —>• Q be a Borel measurable map. An F-invariant Borel 

probabil i ty measure ¡1 on Q is called a Sinai — Ruelle — Bowen measure (or SRB-

measure) for F if JJL is ergodic and there is a set A C Q oi positive Lebesgue measure 

such that for x G A and any continuous real-valued function </> : Q —> R , we have 

1 n_1 C 
(1) lim - y^(f>(Fkx) = / </>dfjL. 

k=0 J 

The set of all points x for which (1) holds is called the basin of ¡1. 

Note that if JUL is an SRB measure, and mi is the normalized Lebesgue measure 

on its basin, then the bounded convergence theorem gives the weak convergence of 

the averages ^ X)fc=o F+mi of the iterates of m i to JJ,. Hence, SRB measures occur 

as limiting mass distributions of sets of positive Lebesgue measure. This fact makes 

them natural objects to study. 

We are interested in giving conditions under which certain two-dimensional maps 

F which piecewise coincide with hyperbolic diffeomorphisms fi have SRB measures. 

As in the one-dimensional situation there is an essential difference between a finite 

and an infinite number of fi. In the case of an infinite number of their derivatives 

grow with i and relations between first and second derivatives become crucial. 

2. Hyperbolicity and geometric conditions 

Consider a countable collection £ = {E1^E2-)..., } of full height closed curvilinear 

rectangles in Q. Assume that each Ei lies inside a domain of definition of a C2 

diffeomorphism fi which maps Ei onto its image Si C Q. We assume each Ei connects 

the top and the bot tom of Q. Thus each Ei is bounded from above and from below 

by two subintervals of the line segments 

{(x,y) : y = 1, 0 < x < 1} and {(x,y) :y = 0y0<x<l}. 

We assume that the left and right boundaries of Ei are graphs of smooth functions 

x^(y) with \dx^/dy\ < a where a is a real number satisfying 0 < a < 1. We further 

assume that the images fi(Ei) — Si are narrow strips connecting the left and right 
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ASYMPTOTIC MEASURES FOR HYPERBOLIC PIECEWISE SMOOTH MAPPINGS 105 

sides of Q and that they are bounded on the left and right by the two subintervals of 

the line segments 

{(x,y) : x = 0, 0 < y < 1} and {(x,y) : x = 1, 0 < y < 1} 

and above and below by the graphs of smooth functions Yl{X), \dY^/dX\ < a. We 

will see later that the upper bounds on derivatives \dx^ jdy\ < a and |<iy W/dX\ < a 

follow from hyperbolicity conditions that we formulate below. 

We call the E^s posts, the strips, and we say the E[s are full height in Q while 

the S^s are full width in Q. 

For z e Q, let £z be the horizontal line through z. We define 

6z(Ei) = d i a m ( 4 n £7»), <̂ ,max = m a x ^ ( ^ ) , <5i)min = min6z(Ei). 
zeQ zEQ 

We assume the following geometric conditions 

G l . int Ei H int Ej = 0 for i ^ j . 
G2. mes(Q \ U« int Ei) — 0 where mes stands for Lebesgue measure, 
G3. — YLi ,̂raax log 5z,min < OO. 

We emphasize that the strips Si can intersect in an arbitrary fashion, differently 

from condition G3 in ([8]). 

In the standard coordinate system for a map F : (x,y) —» (Fi {x, y), F2(x, y)) we 

use DF(x,y) to denote the differential of F at some point (xyy) and FjXj Fjy, Fjxx, 

Fjxy, etc., for partial derivatives of Fj, j = 1,2 . 

Let J F ( Z ) = \Flx(z)F2y(z) — Fly{z)F2x(z)\ be the absolute value of the Jacobian 

determinant of F at z. 

Hyperbolicity conditions, — There exist constants 0 < a < 1 and K0 > 1 such that 

for each i the map 

F(z) = fi(z) for z e Ei 

satisfies 

HI . F2x(z) +a F2y(z)\+a2 Fly(z)\<a\Flx(z)\ 

H2. Flx(z)\ - a Fly(z) > K0. 

H3. \Fly{z)\ +<x\F2y{z)\ +a2\F2x(z)\ < a\Flx(z)\ 

H4. Flx(z)\- a F2x(z) > JF{z)K0. 

For a real number 0 < a < 1, we define the cones 

= { ( f i , t * ) : h | < a | t ; i | } 

Ka = {(vi,V2) : | v i | < a\v2\} 

and the corresponding cone fields K%(z), K^(z) in the tangent spaces at points z G R2. 

Unless otherwise stated, we use the max norm on R2, | ( ^ i , ^ 2 ) | = max( |v i | , \v2\). 

The following simple proposition relates conditions H1-H4 above with the usual 

definition of hyperbolicity in terms of cone conditions. It shows that conditions HI 
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106 M. JAKOBSON & S. NEWHOUSE 

and H2 imply that the K% cone is mapped into itself by DF and expanded by a factor 

no smaller than K Q while H3 and H4 imply that the K^ cone is mapped into itself by 

DF~X and expanded by a factor no smaller than K Q . 

Proposition 2.1. — Under conditions H1-H4 above, we have 

(2) DF{K%) Ç Kl 

(3) veK£ \DFv\ > K0\v\ 

(4) DF-\K'a) Ç Kl 

(5) veKZ \DF-Xv\ > K0\v\ 

Proof. — HI implies (2): 

Let v = (vi,v2) G K%. Then, \v\ = \v± \ since a < 1 and \v2\ < a\v±\. 

Write DF(vuv2) = (FlxV! + Flyv2,F2xv1 + F2yv2) = (ui,tz2). 

Then, using HI , we have 

\v>2\ = \F2xV1 + F22/v21 

< \F2xl\v! I + |F22 / | a | ^ | 

< | ^ i | ( |F2x | + |F2y|a) 

< | v i | ( a | F i x | - \Fly\a2) 

< a\FlxV! + F i„v2 | 

= a | u i I 

proving (2) . 
H2 implies (3) : 
Now, let v = (vi,v2) be a unit vector in K™, so that \v\ = Ĵ i | = 1 and \v2 \ < a. 

Using H2 and the fact that DF(v) G K%, we have 

\DF(v)\ = \Ul\ 

= \Flxvx + Flyv2\ 

> \Flx\-a\Fly\ 

> K0 

which is (3) . 

The proofs that H3 and H4 imply (4) and (5) are similar using the fact that 

DF-i = ±(F*y ~Fiy) 
Jz \—F2x Fix J 

This completes our proof of Proposition 2.1. • 

Remark. — In ([8]) different hyperolicity conditions were assumed which implied the 

invariance of cones and uniform expansion with respect to the sum norm \v\ — \v\ \ + 

Iv21 (see [3] and [7] for related hyperbolicity conditions). The methods here can be 

adapted to work under the assumptions of ([8]). 
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The map 

F(z) = fi(z) for z € intEi 

is defined almost everywhere on Q. Let Q0 = \JiintEi, and, define Qn,™ > 0, 

inductively by Qn = Q0 D F - 1 Q n _ i . Let Q = Hn>o be the set of points whose 

forward orbits always stay in \Ji int Ei. Then, Q has full Lebesgue measure in Q, and 

F maps Q into itself. 

The hyperbolicity conditions H1-H4 imply the estimates on the derivatives of the 

boundary curves of Ei and Si which we described earlier. They also imply that any 

intersection fiEi n Ej is full width in Ej. Further, Ey = ¿5* n f^Ej is a full height 

subpost of Ei and Sij = fjfiEij is a full width substrip in Q. 

Given a finite string i0 . . . i n _ i , indexed by non-negative integers, we define induc

tively 

Ei0,,.in_1 = Ei0 n / io Ei1i2mtmin_1. 

Then, each set Ei0...in_1 is a full height subpost of Eio. 

Analogously, for a string i-n+i . . . ¿0 indexed by non-positive integers, we define. 

Si_n+1...i0 = fi0(Si_n+1,.,i_1 n Ei0) 

and get that Si_n+1,.,i0 is a full width strip in Q. It is easy to see that Si_n+1..,i0 — 

(fi0 0 fi-i 0 * • * 0 / » _ „ + ! . . ¿ 0 ) and that Z"1 ..z0) is a full-width strip in 

Eio. 

For infinite strings, we have the following Proposition. 

Proposition 2.2. — Any C1 map F satisfying the above geometric conditions Gl-GS 

and hyperbolicity conditions H1-H4 has a "topological attractor" 

A = U f l 5 * - * - * . -
...i-n+i.2_izo A;>0 

The infinite intersections HfeLo Si-k...i0 define C1 curves 7 = y(x)7 \dyjdx\ < a which 

are the unstable manifolds for the points of the attractor. The infinite intersections 

H/feLo *̂o...*fe define C1 curves x{y), \dx/dy\ < a which are the stable manifolds for 

the points of the attractor. 

Proposition 2.2 is a well known fact in hyperbolic theory. For example it follows 

from Theorem 1 in [3]. See also [10]. 

Remark 2.3. — The distortion condition D l and distortion estimates below imply 

that if our maps fi are C2, then the unstable manifolds are actually C2. Similar 

conditions on the inverses of fi imply that the stable manifolds are C2. There are 

analogous conditions (see section 6) to guarantee that the invariant manifolds are Cr 

for r > 2. 
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Remark 2.4. — The union of the stable manifolds contains the above set Q which 

has full measure in Q. The trajectories of all points in Q converge to A. That is the 

reason to call A a topological attractor, although F is not typically a well-defined 

mapping on all of A. However the convergence of Birkhoff averages to the unique 

SRB measure is a much stronger property. Condition D l is natural in this context 

and may be necessary for the existence of the SRB measure. At present, we need to 

assume condition G3. This is used to prove absolute continuity of the stable foliation 

as in Section 10. It also implies that our SRB measure has finite entropy. We do not 

know if condition G3 is actually necessary for our results. 

3. Distortion conditions and the main theorem 

As we have a countable number of domains the derivatives of fi grow. We will need 

to formulate certain assumptions on the second derivatives. Unless otherwise stated, 

we will use the norm = m a x ( | v i | , |^2|) on vectors v = ( v i , ^ ) , and the associated 

distance function d((x,y), (#1,2/1)) = max( |x — x\ |, \y — y\ |). 

As above, for a point z € Q, let lz denote the horizontal line through z, and if 

E C Q, let SZ(E) denote the diameter of the horizontal section lz n E. We call SZ(E) 

the z — width of E. 

In given coordinate systems we write fi(x,y) — {fn{x,y),fi2(x,y)). We use 

fijx, fijy, fijxx, fijxy, etc. for partial derivatives of fij,j = 1,2. 

We define 

l ^ / i W | = . max J W * ) | . 
j=l,2,(k,l) = (x,x),(x,y),(y,y) 

Next we formulate distortion conditions. These will be used to control the fluc

tuation of the derivatives of iterates of F along vectors in as in Lemma 7.1 and 

Proposition 8.1 below. 

Suppose there is a constant Co > 0 such that the following distortion condition 

holds 

D l sup 
z£Ei,i>l 

D2fi(z)\ 

filx(z) 
5z(Ei) < C0. 

Theorem 3.1. — Let F be a piecewise smooth mapping as above satisfying the ge

ometric conditions G1-G3, the hyperbolicity conditions H1-H4, and the distortion 

condition Dl. 

Then, F has an SRB measure \i whose basin has full Lebesgue measure in Q. 

Moreover, the natural extension of the system (F, 11) is measure-theoretically isomor

phic to a Bernoulli shift, F has finite entropy with respect to the measure fi, and we 

have the formula 

(6) K{F) = lim 
j=l,2,(k,l 

1 
log DFn(z)ù^$\ 
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where the latter limit exists for Lebesgue almost all z and is independent of such z. 

Remark 3.2. — Formula (6) says that the entropy can actually be computed by taking 

the logarithmic growth rate of the norms of DFn(z) for almost all z. It is actually 

true that if v is any unit vector in the K% cone in the tangent space to such a z, then 

(7) 
hJF) = 

lim — log 
n—>oo fi 

DFn(z){v)\ 

This last expression can easily be implemented numerically. 

Remark 3.3. — If we assume that the interiors of the strips Si are disjoint, then (F, /i) 

itself is isomorphic to a Bernoulli shift, and the entropy formula 

hJF) = ' log\DuF\d/Lc 

holds where DuF(z) is the norm of the derivative of F in the unstable direction at z. 

Acknowledgement. — We wish to thank Francois Ledrappier and Dan Rudolph for 

useful conversations during the preparation of this paper. 

4. Some estimates of partial derivatives 

We will need to use the Mean Value Theorem for various partial derivatives of the 

mappings fi at points near the domain Ei. Since the Ei are not necessarily convex 

subsets of R2 , it will be useful to have our maps fi extended to neighborhoods Si of 

Ei which contain {Jz£Ei ECs(z)(z) where C is a fixed positive constant and BC5(Z){Z) 

denotes the ball about z of radius C5(z). Using the proof of the Whitney extension 

theorem in [1] it is possible to show that there is an extension fi of fi to such a 

neighborhood which satisfies the same properties H1-H4, D l , with possibly different 

constants. We will assume henceforth that our maps fi have such extensions. 

We collect here some estimates which follow from our assumptions. 

Let f(x,y) = (fi(x.y), f2(x,y)) be one of our maps fi on Ei. 

Lemma 4.1. — For z € Ei, we have the estimates 

(8) 
\hy(z)\ 
hy{z) 

^ù$^$ 

(9) 
/ 2 x 0 ) 

flx(z) 
ù^ù$ 

(10) 
hy{z) 

/ ! * ( * ) I 
< 

1 
$ù^ù + a2 

Proof. — We have 

Dfz -
fix fly 

fix fly 
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110 M. JAKOBSON Sz S. NEWHOUSE 

and 

Df^ ( Ç ) 1^ 
Jz 

fly -fly 
-fix fix . 

where Jz = fixf2y - fixfiv 
Using Dfz ( I ) e K% and Dfjl ( \ ) e immediately gives 

fix 
fix 

< a \hv\ 
fix 

< a. 

Now, we know that \Df^ ( Ç ) | > K Q in the max norm, so 
1 

Jz 
m a x ( | / l y | , \fix\) > 

Ko 
Hence, either |J*|lfo < \fiy\ or |J^|i^o < \fix\-
The first case gives 

I fix fly I fly fix )K0 < \fiy 
or 

fly 
\flx 

< 
Df^ 

Ko\flx\ 

fly fix 

\flx\ 

< a 
K0\fix\ 

+ a2 

< 
1 

Df^ 
Df^ 

Analogously, in the second case, 

\hxhy\ - \hyhx\)KQ < \ flx\ 

or 

1/2,1 
\flx\ 

< 
1 

Ko\fix\ 
+ a2 

< 
1 

K2 
+-a2 

Thus, in any case, we have 

1/2* 
fix 

< 
1 

Df^ 
Df^ ( Ç 

We have assumed that our maps fi have extensions to neighborhoods S% of Ei with 
the following properties. 

The map fi takes Ei onto a set Si C R2 such that 

(11) Bc6x(Ei)(z) C Ei for z e Ei 
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and 

(12) Si satisfies H1-H4, D l on Si 

Any C1 curve j(t) such that Y(t) E K% for all t will be called a K% curve. Similarly, 

a curve is a C1 curve 7(2) for which Y(t) E for all t. In this paper, all of 

our curves will actually be of class C2, and this will be assumed without further 

mention. 

Lemma 4.2. — Let Si have an extension to the neighborhood £i as above. Then, there 

is a constant C± > 0 independent of i such that iS z and w lie on a K% curve in Si, 

then 

\fiix(z)\ 

\fi\x(™)\ 
< exp I C\ w\ 

Sz(Ei) 

Proof. — Write / = Si-

Since \DSz ( o ) I = max( | / ia.(^) | , |/2x(^)|) > K0 and |/2x(^)| < a\S\x{z)\, we know 

that 

\Six(z)\ = \DSz(^j\>K0 > 1 

so, for w near z, both Six(z) and Six(w) have the same sign. We assume this sign is 

positive (replace / by — / otherwise). 

Since / extends to the neighborhood £i, and, for some constant C > 0, this last 

set contains the balls of radius CSz(Ei) > 0 about points z in Ei, the mean value 

theorem gives us that if \z — w\ < CSz(Ei), then there is a r on the line segment 

joining z and w such that 

I Slxxij) 
l o g / l a - W - log / ia . (w) | < 

J1XX\T) 

flx(T) 
z — w 4-

flxy(T) 

flx(r) \z — w\a 

or 

\flx(z)Df^\ 

\flx(w)\ 
< exp (1 + a)C0 \z — w\ 

Sr(Ei) 

using the distortion estimate D l . 

Let z = (#0,2/0)) le^ zr — (%nyr) be the point of intersection of the horizontal line 

£z with the right boundary curve of Ei, and let zi = (x£, yi) be the point of intersection 

of the horizontal line tz with the left boundary curve of Ei. Since w lies on a K% 

curve containing z, the line £° through z and r has equation y — y0 = f3{x — XQ) 

for some (3 with | /? | < a. Also, since the right boundary curve of Ei through zr 

is a — curve, it is contained between the lines £~ : x — xr = —a(y — yr) and 

: x — xr = o:(y — 2/r). Similar statements hold for the left boundary curve of Ei and 
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112 M. JAKOBSON & S. NEWHOUSE 

the lines lt : x — xi = —a(y — yt) and t[ : x — xi = a(y — yi). Using the intersections 

of the lines £°, £^r, £^, an elementary argument gives that 

1 < 1 < 6T(Ej) 1 1 
1 + a2 ~ 1 + \0\a ~ Sz(Ei) - 1 - \P\OL ~ 1 - a2 * 

This gives the desired estimate for z,w with \z — w\ < CSz(Ei). 

T o get the general estimate of the Lemma, we simply find a sequence zo = z, 

z\, • • -Zj = w with Zk E Ei, \zk — Zk+i\ < C5z(Ei), each Zk on the same curve, 

and j dependent only on a, C , and 6z(Ei). Using the estimate for each pair ¿¿,£¿+1 

then easily gives us the general estimate to complete the proof of the Lemma. • 

In some of our arguments below, it will simplify matters if we can take the constant 

K0 in (3) and (5) to be large. The next lemma shows that this can be arranged by 

replacing F by a fixed finite power Fl with t > 0. 

Lemma 4.3. — Suppose the maps fi satisfy (2), (3), (4), (5), and Dl on the neigh

borhoods 

( J BcSz(Ei)(z),Df^ ( Ç ) 
zEEi 

and let t > 0 be a positive integer. 

Then there are positive constants Co = Co(t), C2 = C<z{t) such that the maps 

fit-! 0 '' * 0 fi0 satisfy (2), (3), (4), and (5) with Ko replaced by K Q and Dl with Co 

replaced by Co(t) on the neighborhoods 

z€Eio...it_1 
BC*{t)6,(Ei0...it_1)(z)Df^Ç ) 

Proof. — The proof is by induction on the number of elements in the composit ion. 

We assume that it holds for compositions of length t and prove it for those of length 

t + 1. 

Let Bcu0...it) denote the set 

zeEiQ...it 
BC2{t+l)ôz{Ei0..At){z)-D (Ç ) 

From Lemma 4.2, we can choose a constant C<i{t 4- 1) E (0 ,C2(£)) ^ (0 ,1 ) so that 

if w E BC(i0...it), then fio(w) E Bc{il„At). 

It is clear that the maps fito--. o fio satisfy (2) , (3) , (4 ) , and (5) with K 0 replaced 

by K Q + 1 , so we only need to be concerned with the statement regarding D l . 

If E is a subset of Q, z E E, and f(x,y) =Df^ ( Ç ) y), fi(x, y)), we set 

ez(f,E) = max 
¿=1,2 

D2fi(z) 

AM) 
Df^ ( Ç ) 
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Let / = fit o . •. o g = /io, h = / o g, Ef = E^...^, Eg = £7»0, £ A = Eio.,mit, 

and, for 2? G write A / = 5gz(Ef), Ag = Sz(Eg), and A / i = 6z(Eh). Also, write 

©(/) - egz(f,Ef), S(g) = ®z{g,Eg), 0( /z) = 0 , ( / i , ^ ) . 

Let us first estimate the quotient 

gix(w) 
gix(w) 

for any w G £z H £¿0 • 

Note that and piar(^) have the same sign. We assume it is positive. The 

argument when it is negative is similar. 

Letting C\ be the constant in Lemma 4.2, if w,w G £z fi 5i0, we have 

(13) 
9ix(w) 

\9ix(w)\ 
< exp(2Ci) 

We can connect w to z in £z n ^ 0 by a chain of points w — WQ , w\,... Wk = z where 

\wi-wi+1\ < C2(l)6z(Eg), and k < 3 / C 2 ( l ) . 

Hence, putting £ = exp l&Cx/C^iX))^ we have 

(14) 
0i* M 

9ix(z) 
< 

0<i<k 

9ix(u>i) 

\9ix{wi+i) 
gix( 

Interchanging z,w in the above argument gives | p i x ( ^ ) | / | ^ i a : ( ^ ) | > C 1- From 

these two inequalities we get, for any W,T E £z n £i0, 

r 2 < 
9ix{r) 

9ix(z) 

\9ix(z)\ 

9ix(w) 

ù^$ 
9ix(r) 

9IX(VJ) 

< c 2 

By the Chain Rule for partial derivatives we have the following formulas for ¿ = 1,2 

(15) hitB — fiX9ix îiy9ixi hiy — fix9iy fiy9iy 

(16) ^ixx fixx9lx fixy Qlx 9lx f iyx 9\x 92.x J'iyy 9 2x fix9lxx ~^~fiy92xx 

( l ^ ) ^ixy fi x x 91 y 91 x fixy9ly9\x fiyx 9ly 9lx Jiyy9ly9lx fix9lxy fiy9"2.xy 

(18) hiyy = fixxgly + fixy9iy9\y + +fiyx9\y9<2y + fiyy92y + fix9iyy + fiy9iyy 

Let w G Bc(i0...it)- Except where otherwise mentioned, we compute the partial 

derivatives below at w. 

From (15) and Lemma 4.1, we get 

(19) hix \ > \hx9ix\Q ~ o?) 
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From (16), we have, for ¿ = 1,2, 

gix(w) 

gix(w) 
Ah < ( i - a 2 ) - x gix(w)gix(w) , Aft 

A / 
+ 28( / ) |Sa . («;) | 

Aft 

A / 

+ e ( / ) | f l a . ( « ; ) 
Aft 

A / 
+ 30(5) 

Aft 

A<?J 

Since the g-image of a horizontal line is a K% curve and the boundaries of Ef are 

K£ curves, we can use the mean value theorem and a simple geometric estimate to 

get a constant Cs(a) > 0 such that 

glx(r)\Ah < C3(a)Af 

for some point r in £z n Eh. 

Putting all these estimates together gives 

<C4(a)(0 

<C4(a)(0 
Aft < C 4 ( a ) ( 0 ( / ) C 2 + ©(<?)) 

Similar estimates can be given for the quantities 

<C4(a)(0 

<C4(a)(0 
Ah 

<C4(a)(0 

<C4(a)(0 
Ah 

Thus, we simply define Co(t 4-1) so that it is larger than 64(a)(Co(£)C2 + Co) and we 
have proved Lemma 4.3. • 

5. Families of Fiber contractions 

Fiber contraction maps were defined in [7] to provide a tool in the analysis of 

smoothness of stable and unstable manifolds. We collect here certain facts about 

parametrized families of fiber contraction maps and related concepts. 

Let ( X , d i ) , ( y , ¿2) be complete metric spaces and give X x Y the metric 

<C4(a)(0<C4(a)(0 = max (d1(x,x'),d2(y,y')). 

Let 7ri : X x Y —)• X, TT2 : X x Y —> Y be the natural projections. 

A pair of maps (F, / ) is called a fiber contraction on X x Y if the following properties 

hold. 

(1) / : X —> X and F : X x Y —> X x Y are continuous maps. 

(2) 7TlF = /7ri. 
(3) There is a constant 0 < K < 1 such that for x € X,y,y' € Y, we have 

d(F(x,y),F(x,y')) <Kd2(y,y'). 

We call / the base map and F the total map of the fiber contraction (F, / ) . 

Let / be a continuous self-map of the complete metric space X. We say the a point 

XQ G X is an attracting fixed point of / if for every x G X , the sequence of iterates 
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