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PERVERSE SOLUTIONS OF 
THE PLANAR n-BODY PROBLEM 

by 

Alain Chenciner 

To Jacob, some questions for his 60th anniversary 
Abstract. — The perverse solutions of the n-body problem are the solutions which 
satisfy the equations of motion for at least two distinct systems of masses. I contribute 
with some simple remarks concerning their existence, a question which curiously 
seems to be new. 

Let X(t) = (ri(t),r2(t),... ,rn(t)) be a solution of the n-body problem with new-
tonian potential and masses mi, ra2,..., mn. We ask the following questions: 

Question 1. — Does there exist another system of masses, (rn[, m'2, • •., m'n), for 
which X(t) is still a solution ? 

Question 2. — Same as question 1 but insisting that the sum M = X^Li7711 °f ^e 
masses and the center of mass fa = (1/^0 J2i=i m'i?> do not change. 

Definition. — // the answer to the first (resp. second) question is yes, we shall say 
X(t) is a perverse (resp. truly perverse) solution and the allowed systems of masses 
will be called admissible. 

Remark. — If the inverse problem raised by Question 1 may seem very natural, Ques
tion 2 needs some motivation. The possible existence of choreographies whose masses 
are not all equal is at the origin of the notion of perverse solution. Recall that a planar 
choreography is a periodic solution C(t) = (g(t+T/n),... , q(t + (n — l)T/n), q(t + T) = 
q(t)) of the n-body problem such that all n bodies follow the same closed plane curve 
q(t) with equal time spacing ([SI, S2, CGMS]). It is noticed in [C] that if a chore
ography exists whose masses are not all equal, it is a truly perverse choreography: by 
replacing each mass by the mean mass M jn we obtain new admissible masses, while 
keeping the center of mass and total mass unchanged. 
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In the sequel, we shall consider only the planar problem. We shall identify the 
plane of motion with the complex plane C, hence the positions f c , ^ , i = 1,... ,n, 
with complex numbers zq, zn i = 1,. . ., n, and X(t) with an element of Cn. We shall 
use the following notations (we always assume that z% ^ z3): 

Zjj — Zj Zj, (1 ; Zi i 
d+d1rd 

if i j . a-u =0 , m = (mi, 777,2, • .., mn), 

ww1w+2 = X^Li^y + v 2 = X^Li^y + v])w 
We shall identify a matrix as Ao or A with a linear map from Cn to Cn. This will 
allow it to act on the vector m. The definition of the center of mass may be rewritten 

n 

j = l 
mjzij=M(zi-zG), M 

d 

vrd 
dv 

that is 
Mt)m = M{X(t)-zG(t)(h...,l)), 

and the equations of motion in a galilean frame are 

V*,Vi, Zi{t) = 

drd 

dv Zi - z. 
l*-*i l3 

that is A(t)m = -X(t). 

Hence, if another set mi,m2, • . • ,in'n of masses admits the same solution X(t), the 
difference 

/j = 777, - m' = (/ii, /i22 = X^Li^y + v])/ir» ) £ ^ 

is a real non-zero vector in the kernel of any of the complex matrices A(t). If, moreover, 
M and za(t) are the same for the two sets of masses, \i is also in the kernel of any of the 
matrices Ao{i). It will be important to remember that Ao and A are antisymmetric 
(fAo = — Ao, fA = — 4̂). This will cause the parity of n to play a role. We start with 
the obvious 

Proposition 1. — If n = 2, no solution is perverse. In other words, any planar solution 
of the 2-body problem determines the masses. 

Proof. If n = 2, the matrix A(t) is of maximal rank whenever it is defined, that is 
provided zi2(t) / 0. • 

As soon as n ^ 3, perverse solutions do exist, as shown by the following "trivial" 
examples (thanks to Reinhart Schâfke for proposing immediately the example of an 
equilateral triangle rotating around a fourth body): 

Example 1. — X(t) = reIUJ\ re'^1^^1 2 = X^Li^y + v]) 01 is a relative pnnilib-

rium solution with n masses (mi, mi , . . . , mi, mo) if and only if the following "Kepler-
like" condition is satisfied: 

l iu — Un 
In 

: m0 + 
m i 

n - 1 
2 = X^Li^y + 

1 
d+d1r 
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In the above formula, 

Un = ///!///()(// - 1) + mi 
l<Cj<A:̂ n-l 

1 
ww 

and I,, = mi in — 1) 

stand respectively for the potential and the moment of inertia with respect to the 
center of mass, of the configuration normalized by |zm| = 1 if 1 ̂  i ^ n — 1. This 
leaves a one parameter family of admissible sets of masses. Moreover, for the regular 
(n — l)-gon inscribed in the unit circle, we have 

L^J<K^N-L 

1 
x+d1 

n - 1 
2 

1 1 1 
2 sin -^r 2 sin 2x -d x-1 " r, • (n-2)7r 

2 sm - f-
= (n-lY(ôn^ + l), 

where we have set 

<L = - 1 + 
1 iiz.1 
In 
xx 

x+x 
1 

Hence, 
r;V2 = m0 + (n - l)mi(J„._i + 1) = A/ + (n - l)rai($7l_i. 

Provided o\,_i is different from 0, the right hand side of the above formula is a linear 
form in the masses which is linearly independent of the total mass M — mo+m i(n —1). 

But ôn-i is strictly negative if n — 1 ̂  472 and strictly positive if n — 1 ̂  473 (see 
[MS]; the first occurence of the magic number 472 seems to be in [M]). It follows 
that M may be chosen as a natural parameter of the set of admissible masses. In 
particular, these examples are perverse but not truly perverse. 

Remark. For non-newtonian potentials of the form l/r2/j. (3 ^ 1/2, the analogue 
of S-r, becomes 

On = - 1 + 1 
•2(S+LRI 

7» - 1 

1 = 1 V 

1 
(sin^)2^' 

and may become zero for some value of [3 (see [BCS]). 

Example 2. -— Similar to Examine 1 are the relative equilibrium solutions whose con
figuration is made of one central mass mo and A: regular nomothetic n-gons, the masses 
in the j-th polygon being all equal to m ,̂ for j = 1,... , k. In this case, the equations 
insuring relative equilibrium motion may be put in the form (see [BE] or [BCS]): 

pfu)2 = ra0 -
A: 

,s=l 
msHn(ps/'pj), j = l,...,fc, 

where p3 is the radius of the j—th polygon and 

Hft(x) = 
n*(x) 

1 = 1 

1 - x cos ^ 
(l + x-2-2xcos^)3/2 ' 

n*(x) = n i f x ^ l , 
n - l ifx = l. 
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In the "generic" case, such solutions will be perverse and not truly perverse. But, 
as soon as k ^ 3, one gets truly perverse solutions for special choices of the radii p3 
and the integer n (see the last section). 

When n = 3, the situation is still easy to deal with, thanks to Albouy and Moeckel 
[AM]. 

Proposition 2. — The perverse solutions of the planar 3-body problem are exactly the 
collinear homographie solutions. The center of mass is the same for all admissible 
sets of masses, but not the total mass, which is a natural parameter for such sets. In 
particular, truly perverse solutions do not exist. 

Proof. ----- If n = 3, the matrix A(t) is of rank 2 as soon as the configuration is not a 
triple collision. The existence of a fixed non-zero real vector /i in the kernel of A(t) 
implies immediately that the three bodies stay collinear, with a fixed configuration 
up to similarity. This implies that the motion is homographie. Moreover, the center 
of mass is dynamically defined as the unique common focus of the similar conies 
described by the bodies in a galilean frame where the center of mass corresponding 
to one admissible choice of masses is fixed. 

Conversely, each collinear homographie solution of the 3-body problem is perverse: 
this is a direct consequence of Theorem 2 and Proposition 4 of [AM] which, together, 
say that the set of masses for which a given configuration of three bodies is central is 
of dimension 2 and may be parametrized by the "multiplier" À (which is determined 
by the equation X = — XX as soon as the homographie solution X is given) and the 
total mass AI. To finish the proof, it remains to recall that the center of mass of such 
a 3-body configuration does not depend on the choice of masses for which it is central 
(see [AM] where this observation is attributed to C. Marchai). • 

The case n = 4. — The determinant of the antisymmetric 4 x 4 matrix A is equal 
to the square of the Pfaffian (if we extend the notation K± of [AM] to the complex 
domain, P = K4/2) 

P(Z\, Z>2, Z3, Z4) — ai20*34 — O13O24 + 0-140-23. 

Hence, if a solution of the 4-body problem admits two different sets of masses, its 
configuration must satisfy P(zi(t), z<2(t), z\\(t), 24(f)) = 0 at each instant t. As in 
[AM], but in the complex setting, let us use the following notations : 

A = Z\2ZM, P> = zi:]Z24< C = 214223-

The above condition becomes 

P = A 
UP 

B C 
B3 ssssss (C) 

= 0. 
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On the other hand, as AQ represents the bivector (1,1,1,1) A (2:1,^2,^3,-4), it is of 
rank 2, that is 

A- B + C = 0. 

Together, the two identities above imply that A,B,C cannot be R-dependent, i.e. 
that the three vectors in R2 represented by the complex numbers A,B,C can never 
be collinear; indeed, if mi, m,2, m^, 1714 lie in this order on a line, A, B, C are real and 
positive; then B = A^-C and B~2 = A~2 + C~2, which is impossible. But then A -B 
and A/\A\3 — B/\B\:\ being respectively equal to —C and — C/\C\3, must be collinear 
and this can happen only if \A\ = \B\, which implies immediately that |̂ 4| = \B\ = \C\ 
(this remark has already been used in [V] and [AM]). We have proved the 

Lemma 1. — For any perverse solution of the planar A-body problem, the configuration 
is such that at any time 

(*) |Z12||Z34| = |213||224| = |Z14||Z23|. 

Configurations which satisfy (*) do exist — for example, an equilateral triangle 
with the fourth mass at the center, a rhombus with small angle 7r/6, an isosceles 
triangle with two angles equal to TT/6 and fourth mass at the middle point of the base 
— but, as we have just seen, they cannot be collinear. 

Definition. — A A-body configuration is called stricly convex (resp. strictly non-
convex ) if none of the bodies (resp. if one of the bodies) belongs to the interior of the 
convex hull of the three others. 

A planar 4-body configuration is either strictly convex, or stricly non-convex, or 
partially collinear (i.e. such that at least three bodies are collinear). 

If, for a given t, the configuration (<u(£), z2(t), ^3(^)5 z^)) 13 strictly convex (resp. 
strictly non-convex) and the real vector (/xi, /12, 1x4) belongs to the kernel of A(t), 
each ni is different from zero. This is because if, for example, jii =0, \i$ / 0, /14 ^ 0, 
the bodies 2,3,4 are such that ^(^(t) + 1x4024^) — 0 and hence collinear. And if only 
one of the jij is different from zero, say 114, then all a 14 must be zero, which means 
total collision. Moreover, strict convexity is equivalent to three \ih being of the same 
sign and strict non-convexity to only two \ii being of the same sign. For example, 1 
lies in the interior of the triangle defined by 2,3,4 if and only if /i2,M3 and (14 are of 
the same sign. As the \ih are independent of t, the nature (strictly convex, strictly 
non-convex, or partially collinear) of the configuration of a perverse solution does not 
change along the motion. The possibility of collinear it ies is exluded by the following 
lemma. 

Lemma 2. — In a perverse solution of the planar A-body problem, three of the bodies 
can never become collinear. In other words, either the configuration stays strictly 
convex for all t, or it stays strictly non-convex for all t. 
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Proof. — Let us suppose now that, for example, 2,3,4 are collinear at some instant t. 
Then \i\ = 0, otherwise one would deduce from the equation 0,21/ii +023/̂ 3 + 024/14 = ^ 
that all four bodies are collinear at this instant and we have already excluded this pos
sibility. This implies that (/i2, M3, PA) belong, for any t to the kernel of the antisymmet
ric matrix (ar); (f))2^?;,y^4, which means that it is proportional to (0,34^), 042(f), 023(f)). 
As in the proof for the case n = 3, one concludes that the configuration of the three 
last bodies remains similar to a given collinear configuration. This in turn implies 
that the whole configuration remains self-similar: indeed, the relations 

1213 I 1243 I 1213 I 1223 I 
|2l2| 12421 ' |2i4| 12241 

say that the the fourth body lies at the intersection of two circles centered on the line 
which contains the three first. 

Finally, the solution should be homographie, but this is impossible because it fol
lows immediately from Dziobek's equations in terms of triangle areas [D] that a con
figuration of four bodies with three bodies collinear is never a central configuration 
(thanks to Alain Albouy for reminding me of this fact). This proves the lemma. • 

There exists at least one perverse — but not truly perverse — solution with non-
convex configuration: it is our "trivial" example of three equal masses in an equilateral 
triangle uniformly rotating around the fourth, located at their center of mass. This 
is the sole homographie perverse solution because in [MB], McMillan and Bartky 
prove that this is the only configuration which is central for more than one set of 
(non-homothetic) masses. No other example, in particular no convex example, is 
known. 

Question. — Is the MacMillan and Bartky example the only perverse solution of the 
planar A-body problem,? In other words, do non-homographic perverse solutions of the 
planar A-body problem exist? 

As a consolation for this disappointing situation, we now prove the 

Proposition 3. — If n ^ 4, the planar n-body problem does not possess any truly per
verse solution. 

Proof. — If (mi, . . . , mn) and (m[,..., m'n) are admissible masses for a truly perverse 
solution X(t), their differences p = (pi,..., pn) G Wl belong, at any time, to the 
kernel of both matrices Ao(t) and A(t), that is 

M2212 + /i.3̂ 13 + M4̂ 14 = 0, V>2 2l2 
|212P + M: 213 

l*13|3 
+ ^4 214 

l*14l3 
= 0, etc. 
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As none of the real numbers nr,^2,M3,/M is equal to zero (because three bodies are 
never collinear) this implies, in the same way as above, that 

I212I = Z2l = \zi*l 
\Z2l \ = 1̂ 231 = \Z24 
1-311 = 1̂321 = 1̂ 341, 
1̂ 411 = 1̂42 | = 1̂ 431 

Hence, the configuration should be a regular tetrahedron. As it is planar, this is 
impossible. • 

What about 5 bodies?— The homographie perverse solutions include on the one 
hand all the collinear ones (same reasoning as in the case of three bodies, using [AM]), 
on the other hand the "trivial" example of four equal masses on a square uniformly 
rotating around the fifth one located at the center of mass. None of these is truly 
perverse. 

Only in the case of choreographies — whose definition was recalled at the beginning 
of the paper — are we able to say more. 

Proposition 4 (see [C]). — For n ^ 5, the planar n-body problem does not possess any 
perverse choreography. 

This is done by intervening the roles of the z-,,j (resp. the 0, y ) and the masses, that 
is replacing the equations Aom = 0 (resp. Am = 0) by equations which involve the 
circulant n x n matrix defined by the n masses. One then uses the spectral structure 
of such matrices. 

More bodies: truly perverse solutions of the planar n-body problem do 
exist. — It is shown in [BCS] that relative equilibria of a central mass and at least 
three nomothetic regular n-gons, with equal masses on each of them, may be truly 
perverse if n is well chosen. The simplest such example seems to be 3 regular 456-gons, 
that is 1369 bodies. Finally, we ask the 

Question. — Do non-homographic perverse solutions of the planar n-body problem 
exist ? 

This is probably a difficult question, as are all the questions where one is asked to 
understand the structure of the solutions of the n-body problem whose configuration 
remains all the time in a given subset of the configuration space. A famous example 
of such a question is the Saari conjecture which states that a solution with constant 
moment of inertia with respect to the center of mass should be rigid (and hence a 
relative equilibrium by [AC]). The only available method seems to be taking enough 
time derivatives of the constraints and hoping for some new exploitable constraints 
to emerge. 
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