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EINSTEIN METRICS AND MAGNETIC MONOPOLES
by

Nigel Hitchin

For Jean Pierre Bourguignon on his 60

th

birthday

Abstract, — We investigate the geometry of the moduli space of centred magnetic
monopoles on hyperbolic three-space, and derive using twistor methods some (incomplete) quaternionic Kahler metrics of positive scalar curvature. For the group
SU(2) these have an orbifold compactification but we show that this is not the case
for SU(3).
Résumé (Métriques d'Einstein et monopoles magnétiques). — Nous étudions la géométrie
des espaces de modules des monopoles maghétiques sur le 3-espace hyperbolique
et nous en dérivons quelques métriques kâhleriennes quaternioniques (incomplètes)
de courbure scalaire positive, en utilisant des méthodes twistor. Celles-ci ont une
compactification orbifolde pour le groupe SU(2) et nous montrons qu'il n'en est rien
dans le cas du groupe SU(3).

1.

Introduction

Over 20 years ago Jean Pierre Bourguignon and I were part o f the team helping
Arthur Besse t o p r o d u c e a state-of-the-art b o o k on Einstein manifolds [3]. A s might
have been expected, the subject proved t o b e a moving target, and the contributors
had t o quickly assemble a number of appendices t o cover material that came t o light
after all the initial planning. T h e last sentence of the final appendix refers to: "hyperkahlerian metrics on finite dimensional moduli spaces", and so it seems appropriate
t o write here about some of the results which have followed on from that, and

some

questions that remain t o b e answered.
There is b y now a range of gauge-theoretical moduli spaces which have natural
hyperkahler metrics: the moduli space of instantons on R

4

or the 4-torus or a K 3
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surface [16], magnetic monopoles on R

3

[2] and Higgs bundles on a Riemann surface

[12]. The latter structure features prominently in the recent work of Kapustin and
Witten on the Geometric Langlands correspondence [15]. Some of these metrics,
in low dimensions, can be explicitly calculated, but even when this is not possible,
the fact that these spaces are moduli spaces enables us to observe some geometrical
properties which reflect their physical origin. In this paper we shall concentrate on
the case of magnetic monopoles.
3

For monopoles in Euclidean space R , there exist in certain cases explicit formulae
(for example [5]), but in general we cannot write the metric down. Instead we can
seek a geometrical means to describe the metrics; such a technique is provided by
the use of twist or spaces, spectral curves and the symplectic geometry of the space
of rational maps. This is documented in [2]. We review this in Section 2, drawing on
new approaches to the symplectic structure.
We then shift attention to the hyperbolic version. The serious study of monopoles in
3

hyperbolic space H was initiated long ago by Atiyah [1], who showed that there were
many similarities with the Euclidean case. Yet the differential-geometric structure of
the moduli space is still elusive, despite recent efforts [18], [19]. One would expect
some type of quaternionic geometry which in the limit where the curvature of the
hyperbolic space becomes zero approaches hyperkahler geometry. In Section 3 we give
one approach to this, and show, following [17], how to resolve one of the problems
that arises in attempting this - assigning a centre to a hyperbolic monopole.
The other problem, concerning a real structure on the putative twistor space, can
currently be avoided only in the case of charge 2 and in Section 4 we produce, for
the groups SU(2) and SU(3), quaternionic Kahler metrics on the moduli spaces of
centred hyperbolic monopoles, generalizing the Euclidean cases computed in [2] and
[8]. These metrics are expressed initially in twistor formalism, using the holomorphic
contact geometry of certain spaces of rational maps, but we obtain some very explicit
formulae as well.
For SU(2), these concrete self-dual Einstein metrics, originally introduced in [14],
have nowadays found a new life in the area of 3-Sasakian geometry, Kahler-Einstein
orbifolds and manifolds of positive sectional curvature. We consider briefly these
aspects in the final section, and suggest where new examples might be found.

2. Euclidean monopoles
All of the hyperkahler moduli spaces mentioned above arise through the hyper
kahler quotient construction. Recall that a hyperkahler metric on a manifold M

4 n

is defined by three closed 2-forms c ^ i , ^ ? ^ whose joint stabilizer at each point is
conjugate to Sp(n) C GL(4n, R). If a Lie group G acts on M , preserving the forms,
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then there usually exists a hyperkahler moment map \x : M -> a*<g)R3. The quotient
construction is the statement that the induced metric on /i_1(0)/G is also hyperkahler.
For the moduli space of monopoles we use an infinite-dimensional version of this.
The objects consist of connections A on a principal G-bundle over R3 together with
a Higgs field </>, a section of the adjoint bundle. There are boundary conditions at
infinity [2], in particular that \\</>\\ ~ l — k/2r, which imply that the connection on the
sphere of radius R approaches a standard homogeneous connection as R —• oo. The
manifold M to which we apply the quotient construction then consists of pairs (A, 0)
which differ from this standard connection by terms which decay appropriately, and
in particular are in C2. This is formally an affine flat hyperkahler manifold where the
closed forms U{ are given by
<< Àl,<M,(À2,02)) =

dxi A tr(Àii42) +
*dx{ A [tr(0ii42) - tr(02^i)].
'R3
R3
For the symplectic action of a group we take the group of gauge transformations which
approach the identity at infinity suitably fast.
The zero set of the moment map in this case consists of solutions to the Bogomolny
equations FA = *cU</>, and the hyperkahler quotient is a bundle over the true moduli
space of solutions - it is a principal bundle with group the automorphisms of the
homogeneous connection at infinity. This formal framework has to be supported by
analytical results of Taubes to make it work rigorously.
When G = SU(2), the connection on a large sphere has structure group /7(1) and
Chern class fc, which is called the monopole charge. The hyperkahler quotient is a
manifold of dimension 4k which is a circle bundle over the true moduli space. It has
a complete metric which is invariant under the Euclidean group and the circle action
(completeness comes from the Uhlenbeck weak compactness theorem, one use of gauge
theoretical results to shed light on metric properties). The gauge circle action in fact
preserves the hyperkahler forms ^1,^2,^3, and its moment map defines a centre in
R3. The (4k - 4) -dimensional hyperkahler quotient can then be thought of as the
moduli space of centred monopoles.
For charge 2, by using a variety of techniques [2], one can determine the metric
explicitly. It has an action of SO(3) and may be written as
.2_2 + c2,
Q = [abc]2,•drj2+ a2,cw + wwn
4

qq
where

dK
ab = -2k\ k' ,2K
dk

bc = ab- 2([k'K 2

-7T/2
V=

-K' '•KK

K(k) =

ca = ab — 21k'K i2
d<j>

/ l - f c 2 s i n 2 4>
r0
and <7i, (72,(73 are the standard left-invariant forms on SO(3).
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Differentiably, this manifold can be understood in terms of the unit sphere in the
irreducible 5-dimensional representation space of SO(3). For each axis there is, up to
a scalar multiple, a unique axially symmetric vector in this representation and these
trace out two copies of R P C 5 . The centred moduli space is the complement of one
of these, the removed point being the axis joining two widely separated monopoles.
The other R P parametrizes axially symmetric monopoles, which are (for any value
of charge) uniquely determined by their axis.
2

4

2

For the group G = SU(3) we consider a Higgs field which asymptotically has two
equal eigenvalues. On a large sphere the eigenspace is a rank two bundle with first
Chern class
again called the charge. When k = 2, Dancer computed this metric [7].
For centred monopoles it is eight-dimensional with an SO(3) x PSU(2) action, the first
factor from the geometric action of rotations and the second from the automorphisms
of the connection at infinity. Explicitly it can be written as follows:
1
9 = 4

[x(l +px)mimi

+ y(l +py)nirii + 2pxymirii]

xw
where
w

-fidfi + f df
rn = ( A
f l ) >0"3
1
ra ww
[Pyf:2 ww1 +py.)A 10-2 + /3/1^2]
3
px
1
»2
)<7l + /2/3^1
777,4 w w
[(Pyf:
'3 ww(1 +py] fl
1+px+py
mi

2

2

2

2

2

3

1
-pxf df2 + (1 +px)fidf )
py
1
{1+px) fl -pxfi lcr - /1/2^3]
n w
py
n ww ww / 1 02
1
2>www /2/3S1]
1 + px J3>
Tl4
[P ,fl
1 + px + py
w

ni

2

1

3

2

3

x

f

with <Ji,Yii invariant one-forms on SO(3)x SU(2 , and
/1 = -

Dcn(3D,fc)
sn(3£>, k)

1
x =
D

/2 = -

3D sn u)
-du
dn 1^
2

3

2

/0

Ddn(3D,k]
sn(3D, k)
1
y = D

fs = ~

D
sn(3D, k) '

3D

r

2

sn u] du.

3

0

and p = /1/2/3 for D < 2K/3.
Clearly there are limits to extracting information from formulae like these. Nevertheless, the restriction to certain submanifolds can be useful.

ASTÉRISQUE 321

EINSTEIN METRICS AND MAGNETIC MONOPOLES

9

2.1. Twistor spaces. — Penrose's twistor theory provides a method for transforming the equations of a hyperkahler metric into holomorphic geometry. The idea
is that the three closed two-forms of a hyperkahler manifold M can be arranged as
u\, 002 + ^ 3 which define a complex structure / for which 0J2 + 10J3 is a holomorphic
symplectic two-form and uj\ a Kahler form. The other choices give complex structures J, K; more generally for a point x G S2, (x\I + x2 J + X3K)2 = — 1 and defines
a complex structure.
The twistor space is the product Z = M x S2. It has a complex structure ((x\I +
X2J + X3K), I) where I is the complex structure on S2 = CP1. The projection
p : Z —> CP1 to the second factor is holomorphic, and the fibre is M with the structure
of a holomorphic symplectic manifold. There is a real structure (m, (xi,#2»#3)) —»
(m, — (xi,X2,xs))- To recover the space M one sees that for m G M , (m,S2) is a
holomorphic section of the projection p and M is then a component of the space of
real sections.
We shall describe here how to construct the twistor space for the moduli space
of SU(2) monopoles on R3 (see [2]). This involves the link with rational maps.
Consider a straight line x = a + tu and the ordinary differential equation along the
line (Vu — i(j))s = 0. Since asymptotically <f> ~ diag(i, —i), there is a solution s0 which
decays exponentially at +00. Choose another solution si with (so,si) = 1 using the
SU(2)-invariant skew form. This is well-defined modulo the addition of a multiple of
So- Now take sf0, a solution which decays at —00, then s'0 = aso + bsi. There are
normalizations at infinity which make the coefficient b well-defined.
Now take all lines in a fixed direction (1,0,0). We split R3 = C x R with coordinates (z,t) = (xi + 1x21X3), and then write sfQ(z,t) = a(z)so(z,i) + b(z)si(z,i).
The Bogomolny equations imply that the coefficients are holomorphic in z, and furthermore the boundary conditions tell us that for a charge k monopole b(z) is a
polynomial of degree k. Take p(z) to be the unique polynomial of degree k — 1 such
that p(z) = a(z) modulo b(z) and define

S(z) =

p(z)
ao + aiz-\
\-ak-\zk 1
ff
b(z)
60 + bxz + . . . • • • + òfc.i^"1 + zk

It is a theorem that this gives a diffeomorphism between the moduli space of
monopoles and the space Rk of rational maps S : CP1 —• CP1 of degree k which take
00 to 0. Note that the denominator vanishes when s'Q = aso - when a solution exists
which decays at both ends of the line. Such lines are called spectral lines.
We can carry out the above isomorphism for lines in any direction in R3 which
yields a 2-sphere of complex symplectic structures. The set of spectral lines then
forms a fc-fold cover of 52 which is called the spectral curve. It is more than just an
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abstract Riemann surface, though: it sits naturally as an algebraic curve in the total
space of 0(2), which we can identify with the space of straight lines in R .
3

In order to construct the twist or space we need to do two things: first identify the
symplectic structure, and secondly see how to glue the different complex structures
together to give a bundle over C P .
1

The original approach of the authors of [2] was to think more in terms of the physics
of the monopoles rather than the geometry of rational maps. For charge k = 1 we
know that the moduli space is flat S X R , simply a gauge phase S and a centre,
a point of R . As a complex symplectic manifold this is C X C* with holomorphic
1

3

3

symplectic form dz A dw/w. Now there are solutions to the Bogomolny equations
(the original existence theorem of Jaffe and Taubes) which approximate k widely
separated charge one monopoles, so it is reasonable to think that asymptotically the
moduli space approximates the symmetric product S ^ i C x C * ) with symplectic form
k
2

dzi A

dwi

Wi
1
This symmetric product is singular but R k gives in fact a smooth resolution of it: if
S(z)=p(z)/q{z)
and the zeros of a are 2i, . . . ,Zk, then
S i-> ((zi,jp(zi)). ...,(z ,p(z )
k

k

is the map (note that p, q being coprime means that p{zi) Ï 0).
It is shown in [2] that the symplectic form extends, but there is now a more attractive way of defining this form (see ;i0],[22],[23l). Note that fixing all zi gives
a Lagrangian submanifold, as does fixing all wi. In other words fixing the numerator or denominator gives two transverse Lagrangian foliations. Given x G C define
'S) = Q x . Then from the previous remark the Poisson brackfx w = pi[x])» 9x
vanish. We can determine the symplectic structure by Poisson
ets fxify\5 9x > 9y.
brackets of the form fxi 9y]and this is defined in [10] by
p(x)q(y) -q\ [x)p(y)
ww
if xi 9y.
x-y
which is the classical invariant known as the Bezoutian. Taking A; points in general
give local coordinates to write down the form. Clearly as y —> x we get the Wronskian
so x and y don't have to be distinct.

p'(x)q(x)-p(x)q'(x),

The expression in (2) consists of taking the points to be very special - the zeros
of
Zi the denominator - for then '.fznQzj} = {p{zi)q{zj) - q{zj)p(zi))/(zi - Zj] = 0 if
i t¿ j and {f ,g }
= -p(zi)q'(zi) and hence the symplectic form is
Zi

Zi

1
i
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since q ww = 0 implies q' Zi)dzi + dgz.= 0.
have
To define the monopole twistor space we stick together two copies of at we mustover
C* by the following patching:

xw 1
ww

1
z
z
ww
= e -2zj x<<
ww
wwc2kww
p
(z) mod q z I.
c
^C2
>c2
To see that this preserves the symplectic form note that if H :RkxC*
is defined
by
l
llm
H(s,o
= ww ^nxw
we obtain the Hamiltonian vector field
dq{z)
2z
dp(z)
= 0
wp^m P{z) mod q{z).
dt
dt
C
The transformation law for p is obtained by integrating this.
To find a holomorphic section of p:Z
- CP1, the transformation rule for q(z
shows that we must have x<<
zk + ail c z,k-l +
+ << :c: where «i(C) is a
polynomial of degree 2i. The rule for<^*ù and the fact that p(z) Ï 0) means that on
the curve 9 ( ^ , 0 = 0, the line bundle with transition function e-2z, X must be trivial.
Globally, noting the transformation z I—• ztx<< this makes sense in the total space
of the line bundle 0 ( 2 ) over CP1. But the spectral curve of a monopole is defined
by the equation at we must have
and satisfies precisely this constraint (see [2]). Since the
spectral curve determines the monopole we can, then, in principle find the metric on
the moduli space from just two pieces of information - the spectral curve and the
symplectic geometry of the space of rational functions.

3. Hyperbolic monopoles
If we replace R3 by hyperbolic space H3, then some features of the Bogomolny
equations remain the same, others are radically different. The main complication is
that, with the analogous boundary conditions, the SU(2) connection A has a limiting
U(l) connection on the boundary two-sphere at infinity which is not homogeneous.
In fact the solution is uniquely determined by its boundary value [17]. This means
that there is no obvious C? metric to define on the moduli space, and no analogue
of the hyperkahler quotient to suggest what sort of geometric structure the moduli
space might have. Another difference is the appearance of an extra parameter, the
mass m, defined as the limit of ||</>|| as R —> oo. In the Euclidean case one can rescale
the metric to make m = 1 but in the hyperbolic case this will change the value of
the curvature to -1/ra. It is convenient to have the curvature ofH3 fixed as —1 and
vary the mass. Occasionally we shall consider a limit as m —• oo, and interpret it as
a limit through hyperbolic metrics with curvature tending to zero.
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Some features are quite similar to the Euclidean case and discussed in the original
paper [1]. In particular, the two end-points give a parametrization of the geodesies in
hyperbolic space by S2 x S2 \{x = y . We give this a complex structure by letting
V be the standard 2-dimensional representation space of SL(2, C) (the isometries of
H3 and take P(V)xP(V)\{x
= y By considering the equation Vu - i<t>)s = 0
along a geodesic we also obtain a spectral curve for an SU(2) monopole of charge k
which is the divisor of a section of 0(fc,fe) on P ( V ) x P ( F ) , and is therefore given by
H e SkV* (g) SkV* where SkV is the kth symmetric power of V. By reality H = Ht
but it is shown in [17] that H actually defines a positive definite Hermitian form on
SkV.
The spectral curve satisfies a constraint analogous to that of a Euclidean monopole
- instead of the triviality of the line bundle with transition function e~2z we have
the triviality of Oik + 2m, —k - 2m ). Note that by removing the graph of complex
conjugation from P(V) x P(Vy , this line bundle makes sense for any real value of ra.
Nonetheless, there are special reasons for considering half-integral mass, in particular
any formulas we derive will be algebraic in appropriate coordinates.
Given the lack of any direct introduction of a metric structure on the moduli
space, we shall attempt to use the spectral curve to generate a metric by twist or
means. But problems arise even here. In the Euclidean situation the one-monopole
space was fiat S1 x R3; in the hyperbolic case it is S1 x H 3 . This carries no SL(2, C)invariant Einstein metric. If one introduces singularities then, as pointed out by
Kronheimer, the spectral curves for charge one Euclidean monopole moduli spaces
generate non-trivial hyperkahler metrics of Ak ALF type, which is evidence for the
type of geometry to be expected in general. In the hyperbolic case one obtains this
way conformal structures related to LeBrun metrics [19] - non-trivial geometry but
still not Einstein. These low-dimensional examples therefore provide no suggestions
as to what geometry to expect. On the other hand, charge one is firmly rooted in
the notion of a centre - each of these four-dimensional moduli spaces has a map
to Euclidean or hyperbolic space which we can regard as assigning a centre to the
monopole. The problem of centres for hyperbolic monopoles has a solution given in
[17] which we describe (in slightly different terms) next.

3.1. Centres. — Let e be a skew form on V preserved by SL(2,C). Hyperbolic
space is the quotient SL(2, C)/SU(2) which we interpret as the space of Hermitian
forms uj onV such that u2 = -2ee. Thus the standard SU(2) preserves the two forms
(j = dzi A dzi + dzo A dz2 and e = dz\ A dz2.
From uj we can form
u®k G SkV* 0 SkV*
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and, using the isomorphism y g* y * given by e, define the real-valued function
h(uj) = H w<< )Theorem 3.1.— The functionh : H3 -+ R has a unique critical point which we call
the centre of the monopole.
Proof. — First consider the meaning of a critical point. The derivative of h in the
,®fc-l i. But the volume form of UJ is fixed so using a Lagrange
direction UJ is kH (UJ<S>UJ
multiplier À a critical point corresponds to
H

3

äfc-l = Xu.

Here H u® k-1 e V* <8>V*is the contraction of H G SkV* ® SkV* with u®k~l e
Sk -l o*ùùùùw<- l V* using the skew form o n F * .
More explicitly, use a; at a critical point to identify 1
V = V*, then H G SkV®SkV.
The contraction using u is now a contraction using the skew form e which gives
H U® k-1 G V <S>V. The condition (3) says that this is a multiple ofe"1 . In other
skv®Skv, the S2V component in the Clebsch-Gordan decomposition
words, if' H e
of this tensor product vanishes. Now we essentially follow [17], showing that this
condition is the vanishing of a moment map.
Choose a Hermitian metric UJ on V (hence an origin in Hd), then H can be considered as a self-adjoint endomorphism of SkV. Since it is positive definite, we can write
it as H = Q*Q for an invertible endomorphism Q . Now consider the right action of
SL(2, C ) on Q. This gives the transformation H ^ A* H A on H which is the natural
isometric action of hyperbolic isometries.
Consider now EndSkV as a complex vector space with the right action of SU(2).
Then the moment map is the projection of Q*Q onto the Lie algebra of SU(2) in
EndS^V, and the vanishing of this is just the condition for a critical point above.
Now, as shown in [17], an invertible Q is stable for the SL(2,C) action so by the
theorem of Kempf and Ness there is a point on the SL(2, C ) orbit of Q for which the
moment map vanishes, and this point is unique modulo SU(2). Thus for any positivedefinite H, an isometry, well-defined modulo the stabilizer of the origin, takes it
to another H whose centre is the origin: in other words a monopole has a unique
centre.
•
Remark 3.2. — Widely separated monopoles have a spectral curve which approximates the union of twistor lines for k distinct points, so we may try and apply
the definition of centre above in this case. We therefore have k Hermitian forms
Hi G V ® y * and the function h is then given by the product
h(w) =

(H1,u)(H2,u)...(Hk,Lj).
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If u is a critical point then we rewrite the form as Hermitian matrices. Replacing h
by log /i, the condition (3) is
k

(4
l

Hi
= XI.
tv Hi

To reinterpret this, we use the projective (Beltrami-Klein) model of H3. Let P be
the three-dimensional real projective space of the four-dimensional vector space of
Hermitian 2 x 2 matrices with the quadric denned by det H = 0. The interior of this
quadric detiJ > 0) is hyperbolic space. The polar plane of the identity matrix is
defined by tr H = 0 (which of course lies outside the quadric). Removing this plane
gives an affine space where the hermitian matrices Hi are represented as vectors
Hi/tv Hi. The centroid in the affine sense is
1 k Hi
xw ti Hi
l
and from (4) we see that with our definition this is the origin.
Given two points, there is a hyperbolic isometry interchanging the two points and
preserving the geodesic joining them and whose fixed point on the line is the hyperbolic
midpoint. In the projective model this is a projective transformation which preserves
the polar plane of that midpoint and is hence affine, so it fixes the affine midpoint.
For two points, it follows that our centre coincides with the hyperbolic midpoint of
the geodesic joining the points.
3.2. Rational normal curves. — For a hyperbolic monopole, we can associate to
the spectral curve a certain rational curve in projective space as follows.
w<< eS Ik V*. Because H is invertible this defines a map
Given veV, define H
5
of degree k from P(V) to P(SkV* I, or using the SL(2, C)-invariant isomorphism V =
V*,to P(SkV). The spectral curve S thus naturally defines a curve C(S) c P(SkV)
This is a rational normal curve: the image of v \-+ v®k is a canonical rational normal
curve A in P(SkV) the diagonal when we identify SkP\ << = P SkV) and C(S) is
its image under the projective transformation H.
We lose information in passing from S to C(S) - indeed for k = 1 C(S) is the
whole space. However:
Proposition 3.3. — The spectral curve of a centred monopole is uniquely determined
by the rational normal curve C(S).
Proof. — Suppose H and Hq define the same rational curve C(S) w< C(S0] and
have the same centre. Rescale the forms H<Hn so that they have determinant one.
Then H and H0 define invertible maps from A to C(S) and so differ by a projective
transformation of A (this is the action of A G SL(2, C ) on the representation space
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SkV). Thus, considering H,H0 : SkV -> SkV* we have H0 = # A But H,Hq are
Hermitian so

HA = Ho = Ht AtH
Equivalently, A is self-adjoint with respect to the Hermitian form H and in particular
its eigenspaces are orthogonal with respect to H. But if A is not a scalar then its
-2i for 0
eigenspaces in SKV are one-dimensional and A acts as xww
k. Since
i
H and Hq are positive definite, /x > 0 and hence has a positive square root, so that
A = B2 for B e SL(2,C) and 5 is self-adjoint with respect to H. But then
H0(u,v) = H{u,B2v) = H(Bu,Bv)
so Ho is obtained from H by the isometric action on H3 oî B £ SL(2, C). However,
from the centring argument this means B e SU(2) and since it has positive eigenvalues
B = 1 and H = H0.
•
The spectral curve ScP(V)xP(V]
is constrained by the condition that the bundle
0(k + 2m, —k - 2m) is trivial. This, as we shall see next, imposes a constraint on
the curve C(S). Prom Proposition 3.3 we may consider monopoles with fixed centre,
which means that we have a chosen isomorphism<cw<< and so can consider if as a
linear map from Skcc to Sk ^$*and the spectral curve S as lying in P(V) x P(V ). Its
equation is then H cc k <<nbc p^^0 where the brackets denote the SL(2, C)-invariant
bilinear form on SKV built from the skew form eon 7.
Consider the map p : P(V) x PiS^V)cwwwP(SkV defined by symmetrizing v®q.
This is a A;-fold covering (in terms of polynomials in u this is the map [z,q(u)) i->
{u-z)q(u) so the inverse image of r{u) is defined by the k roots zì)i. Now if fi<<< <<
Syml(w<g>q)then H fv®)k' W®k) = 0 so, restricted to the rational normal curve C(S),
ofP(V I by the spectral curveS
cP(V)xP(V)
this map is the covering tt:S->P(V)
with respect to projection on the second factor.
For convenience set n = k 4- 2m. On the spectral curve S we have a non-vanishing
section of O n, —n). Let 0(E) = ic+0(n,-n) be the direct image sheaf on P(V), so
that E is a rank k vector bundle. Then tautologically there is a section s oì E over
P(Vr), which defines a section of the projective bundle P(E).
Now
7T*0(n, 0) = 7T*(0(n, -n) (8) O(0, n)) = 7T*(0(n, -n) (8) 7r*0(n)) = 7T*0(n, -n) <g> 0(n)
so P(E) can also be written as P(7T*0(n,O) . We can then extend this definition to
define a bundle En over P Sk V y taking the direct image of O(n,0) on P(V) x
PiS^V)
under the projection p to obtain a 2k — 1-dimensional manifold P(En).
The constraint on the spectral curve S then defines a lift of the rational normal curve
C(S) to a rational curve C in this projective bundle.
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We calculate now the degree of the normal bundle of C. In the fibration P(En) P(SkV) the rational curve C is a section over C(S), so its normal bundle is an
extension
at we must NP + degTF - 2.have
where Np is the normal bundle of C(S) in P [SkV . But C(S) has degree k and
ci(TCPfc) = k + 1 so degiVp = k(k + 1) - 2.
For TF, by Grothendieck-Riemann-Roch for the map S —> P(V), the degree of E
is -k2 + k. The tangent bundle along the fibres Tp fits into the Euler sequence
0 -> O -> p*E ® H ->TFcwxxx0
where i7 is the fibrewise hyperplane bundle xww$* is the tautological bundle). On
s(P(V))

C P(E),

H-1 coincides with the trivial subbundle of E consisting of mul
tiples of the non-vanishing section, and hence is trivial. From the Euler sequence it
follows that, restricted to the section 5 P(V)) , deg [Tp) = deg(E) = -k2 + k. Hence
degiV = degNP + degTF = 2k - 2.
Generically, we expect the holomorphic structure of this rank 2k — 2 normal bundle
to be C2'!fc-2 wwin which case the full space of deformations of the rational curve
has complex dimension 4k — 4. Indeed, if there is a real structure on the complex
manifold, then this is the situation where the twistor theory for a 4k — 4-dimensional
quaternionic manifold becomes a theory of rational curves [20], a particular case
being hyperkahler geometry. One might therefore expect that the complex manifold
we have defined gives some type of quaternionic geometry for the moduli space of
centred monopoles. There is a problem though, which involves the real structure.
By centring, we have a quaternionic structure on V and hence a real structure on
P(S
\, and we have a rational normal curve C(S) = H(A) depending on a spectral
curve S which has a real structure. However, C(S) in general is not preserved by the
real structure on Pi SkwwI. In fact the reality condition on the spectral curve implies
that C(S) = HHA), so uniese H = Hl we do not have reality for C(S).
However for charge jfc = 2, the Clebsch-Gordan decomposition is
S2V®S2V

=

S4V®S2V®1

where S4 w<<<^$are the symmetric forms and S2V the skew-symmetric forms on S2V.
Centring sets the S2V component to zero and so here we do in fact have H = Hf.

4. Charge 2 hyperbolic monopoles
4.1. SU(2) monopoles. — The programme in Section 3.2 for constructing a twistor
space has been carried out in [14] to yield a quaternionic Kâhler structure on the
moduli space of centred charge 2 hyperbolic monopoles. Recall (see [3] Chapter
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14) that a quaternionic Kahler manifold is of dimension 4n and has a rank three
bundle Q of 2-formsegTF = 2k -whose
stabilizer at each point is conjugate to Sp(ri) •
2.
Sp(l) C GL(4n,R). The ideal generated by the uj{ should be closed under exterior
differentiation. The bundle Q can also be thought of as the imaginary part of a bundle
of quaternion algebras. The standard example is quaternionic projective space HPn.
The twistor space of a quaternionic Kâhler manifold is a complex manifold Z2n -1
with a family of rational curves C with normal bundle C2n -2 1 and a holomorphic
contact form; there must also be a real structure compatible with these. It is the
contact form which is the new feature here, replacing the symplectic geometry in the
hyperkahler case.
Example 4.1. — A simple example is to takeZ = P(T*CP n+l I, which has a canonical
contact structure. Each rational curve is determined by a line L C CP»71+1.: using a<
Hermitian metric on Cn +2 we take L1- to be the orthogonal projective (n - i; space and then for each x e L, the join x + L1- is a hyperplane in C p n M with a
distinguished point x on it - hence a point in P(T* CPn +i- . As x moves along the
line L this defines a rational curve in Z. The corresponding; quaternionic Kahler
manifold is the 4n-dimensional Wolf space U n + 2)/U(2)xU(n) - the Grassmannian
of lines L in CP n+l
Here is how to derive the metric from the twistor data. A contact structure on
n
Z is given invariantly by a holomorphic section ip of T* 0 K~1/ x<<
where L = K w<<
is a line bundle such that Ln ^ K -l the anticanonical bundle. In this formalism
1
n-l is a well-defined section of the trivial bundle and is therefore allowed to
(p A (dip)
be everywhere non-vanishing, the contact condition. If the normal bundle N of C is
isomorphic to C2n -2 <<<then the degree of•k-x on C is 2n. Restricting cp to C gives
a homomorphism from the tangent bundle Tc of the curve to K-1 n. These are both
of degree 2 and we consider rational curves for which this is non-zero and hence an
isomorphism. It follows that if : TZ
K-1 <jjù^*Tc is a splitting of the sequence of
bundles on C:
0—
> Tc —• TZ —
> iV —• 0.
A tangent vector to the space of rational curves at a curve C is a holomorphic section
Y of N, which using the above splitting we can regard as a subbundle of TZ\c- Again
since N = C2ni-2 <<, we have
(5:

H°(C, N) ^ H°(C, 0 ( 1 ) ) 0 H°(C,

N(-1Y

- l 12
where O(l) = x<<
c
Now since (p is a contact form, dip restricted to the kernel of (p is a non-degenerate
skew form with values in k-1- n which we have just identified with Tc = 0(2).
Hence it defines a skew form on H°(C,N(-1)) I. There is a natural skew form (the
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Wronskian) on H°(C, 0 ( 1 ) ) , and these two define a symmetric inner product on the
tensor product, which from (5) is the tangent space to the space of rational curves.
Remark 4.2. — Given a point x E C, there is, up to a constant multiple, a unique
section v of 0 ( 1 ) which vanishes at x and so the sections of N which vanish at x
are, in the decomposition (5), of the form s 0 v. Since {v,v) = 0 it follows from our
description of the metric that such complex vectors are null.
The above is not the approach of [14], which is heavily focused on an alternative
viewpoint: centred charge 2 monopoles form a 4-dimensional manifold with an isomet
ric action of SO(3), which has generically codimension one orbits. Differentiably, and
equivariantly, this is the same space as the Euclidean two-monopole space mentioned
in Section 2: the 4-sphere with a copy of RP2 removed.
The ODE which defines the metric is a particular form of the Painleve VI equation.
Together with some algebraic geometry [13],[14] it gives explicit formulae for the
metric like the following (the charge 2, mass 2 case)
r i - r 2 I2
wv
dr2 xw
+
r(r + 2)2(2r + 1ww
1 + r + r2 fr + 2)(2r + l'
l + r + r2

9 =

1 + r + r2

r(l + r + r 2'

ww
r + 2)(2r + 1 |2
r + 2)2(2r + 1
where a ± , 02,03 form a standard basis of left-invariant forms on SO(3). (The interested
reader should beware of typos in some of the formulae in [14], and cross-check with
[24], for example). The above defines a self-dual Einstein 4-manifold with positive
scalar curvature, which is how one interprets the quaternionic Kahler condition in
four dimensions.
+

a2 +

The advantage of explicit formulas (in this case either algebraic or using elliptic
functions) is that the behavior of the metric can be analyzed in more detail, and in
[14] it is shown that, for all values of n, each of these (incomplete) metrics has an
orbifold singularity of angle 27r/(n — 2) around the removed RP2. This is quite unlike
the Euclidean moduli space, which is complete. Another feature is that, as n —» 00
the metric approaches the Euclidean monopole metric, consistent with the idea that
rescaling the mass to 1 is equivalent to changing the curvature to — 1/ra.
In fact, the orbifold behaviour can be detected without calculating the metric, as
can be seen by looking at the twistor space afresh.
4.2. Orbifold twistor spaces. — We consider as in Section 3.2, for k = 2, the pro
jective bundle P(En) -> P(S2V] obtained from the direct image of Oin, 0) under the
projection p : P(V) x P(V) -> P(S2V), which in this case is just the quotient by in
terchange of the two factors. These bundles were first introduced by Schwarzenberger

ASTÉRISQUE 321

EINSTEIN METRICS AND MAGNETIC MONOPOLES

19

[21]. By Grothendieck-Riemann-Roch ci En) = (n- l)x,C2(En) = (ra(ra - l ) / 2 ) x2
where x is the positive generator of H2\ P(S2V),Z). In this case, the rational normal
curve C(S) is a conic in P(S V) and the spectral curve is an elliptic curve, the double
covering of C(S) over the four points of intersection with the conic A C P(S2V).
The twistor space itself is not the whole of P cxwi, but an open subset. There is a
divisor D C P(En) defined by the section of P(En) over P(V) x P(V) given by the
kernel of the natural evaluation map
x<<

ev :p*En

O(n,0).

Because the lift C of C(S) is defined by a non-vanishing section of 0(n, -ra), CilD =
0, and the twistor space Z is actually equal to P(En)\D.
Given that the metric has an orbifold singularity around a copy of RP2, there must
be a singular compactification of this twistor space by adding in a 2-sphere. We shall
see this next by using algebraic geometry instead of differential geometry, by showing
that D can be blown down to a rational curve.
By the definition of D, the kernel of ev is naturally isomorphic on D to the tau
tological bundle h-1 and so from e) H'1 s* A2i
'•p*En -n,0) but c\ {En) = (n - l)x
thus << P*En) ww n — l.n — 1)and hence h-1 ^^^x<<
( - 1 , 7 1 - 1 ). The cohomology class
of D is of the form ah + bx where h = ci (ff), and as D intersects a generic fibre of
P(En) in two points, a = 2. Since .# ^ ö ( l , - r a + l we have~.h2[D] = - 2 in- 1 and
using h2 = Cl En) h - c2\[E) we find b = ra. Hence D is a divisor of the line bundle
H2®p*ö(n).
Its normal bundle is therefore
H2 (8) p*ö{n)\D

= 0 ( 2 , -2ra + 2) 0 0(ra, ra) = 0(n + 2, -ra + 2).

For ra > 2 the second degree is negative and we can therefore blow down the second
CP1 factor in D ^ CP1 x CP1. For ra = 3 the resulting manifold is smooth, but for
ra > 3 we have an orbifold singularity along a rational curve, locally modelled on a
quotient of C3 by Z / ( r a - 2 ) acting as (zi,Z2,z3)
(ZI,LJZ2,UZ3).
Remark 4.3. — In the case ra = 3, the smooth blow-down is just CP3. Take a rational
normal curve C C CP3 (a twisted cubic). It is well-known that through a generic point
in CP3 there passes a unique secant to C. The secant intersects C in two points and
so this defines a rational map from CP3 to the symmetric product S2C = CP2; the
fibre is the secant itself. Blowing up C gives the projective bundle P{E3). Another
way of looking at this is to view the family of secants as a map from S2C to the
Grassmannian of lines in CP3 (its image is actually a Veronese surface in the Plucker
embedding). The projective bundle is then the pull-back of the tautological bundle
on the Grassmannian.
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4.3. The contact form. — In the approach of [14], the contact form was defined
using the Maurer-Cartan form of S0(3), but there is another way which makes contact with the symplectic geometry of rational maps discussed earlier, and gives an
alternative viewpoint on the twistor space.
Consider an affine coordinate z on C C P{V) and a trivialization dz -nl 12 of O(n).
Then for zi,z2) eCxCc
P{V) x P(V) with z\ / z2- the fibre of the bundle En
defined by the direct image sheaf of (5(n, 0) consists of a linear combination of dz~nl2
at z\ and z2, and we can take local coordinates w\,w2 relative to this basis. On the
complement of the divisor D we have wi and w2 non-zero. Define a one-form by
x<<ww>i - z2

(7)

dw2
dwi
www2 > + n(dzi + dz2).
Wi

Note first that this is invariant under the exchange of Z\ and z2 together with w\ and
w2. Also, ip is homogeneous of degree 0 in the W{ and annihilates the Euler vector
field

d

d
+ w2
'
dw2
w<<<

W = wi

and so descends to the projective bundle P(En).
As in Section 2, we can associate to the data Zi,Z2ìW2ìW2a degree 2 rational map
S(z) =

a0 + a\z
b0 + biz + z2

where the denominator is > - zx)(z - z2) and the numerator is the unique linear
polynomial which takes the value w\ at z\ and w2 at z2. That part of the twistor
space Z which lies over the open set of P(S V) consisting of quadratic polynomials
with finite roots can then be interpreted as the quotient of the space of rational
maps R2 by scalar multiplication. The form ip extends too, for it may be written as
ip = ZTJOJ -h ndx where x = z\ + z2, UJis the symplectic form described in Section 2.1
and U is the vector field
¿1 ~ Z2.

d
d
dzi xw dz2j ww

Using x = z\ + z2 and y = z\z2 as local affme coordinates on P[b V), we can write
ww d

U=N +
(4y
degT
—=X2k-2.
P

F

dy

which is thus well-defined on the open set of P(S2V). It follows that w is well-defined
even where Zi = z2. Moreover,
(p Ad(p = —2ndz\ A dz2 A

dw2

ww
<<

<<

w2

= —InivjUJ A UJ

and since UJ is symplectic this defines a contact structure.

ASTÉRISQUE 321

EINSTEIN METRICS AND MAGNETIC MONOPOLES

21

Now consider the action of a Möbius transformation f(z) = (az + b)/(cz + d). It
acts on w G ö(n, 0) over z by w i—• w(cz + c?ì
xvw<<<

A short calculation gives

1
'czi + cO(cz2 + d)

(p.

It follows that we can use the same description replacing oo by /(oo). In particular,
taking the three points 0,1, oo G P(V), we cover P(S2V) by three corresponding
affine open sets consisting of quadratic polynomials for which 0, or 1 or oo is not a
root. It follows that ip extends as a line-bundle valued form over the whole of Z.
Our conclusion is that the twistor space has an alternative description: it is covered
by open sets each of which is isomorphic to the quotient of the space R2 of rational
maps by scalar multiplication, where the identification preserves the contact structure
7•
4.4. SU(3) monopoles. — We now approach the question of what the moduli space
for a hyperbolic SU(3) monopole with minimal symmetry breaking looks like. The
Euclidean case was dealt with by Dancer [7]. There is again a spectral curve involved,
which for charge 2 is an elliptic curve, but this time it is unconstrained: instead we
have a choice of data, which is a pair of sections of o(£ + i,-e) which are linearly
independent at each point. This is a line bundle of degree 2 on an elliptic curve and
so has a two-dimensional space of sections. When we centre the monopole we have
five real degrees of freedom for the conic and an SU(2) gauge action which acts on
the pair of sections, giving an 8-dimensional moduli space.
We shall try and defined a quaternionic Kahler metric from a twistor space. As
and 0 ( 2 * + 1 , 0 ) have
we have seen before, the direct image sheaves of 0(£+!,-£)
over the conic C(S)
the same projective bundle, so a pair of sections of OU+1,-1)
defines a section of Pi En®C2 , a 5-dimensional complex manifold, where n = 2£+l.
These sections will be the twistor lines.
Remark 4.4. — The linear independence condition means that the twistor lines lie in
an open set o P(En®C2 , which gives an alternative description of Z as the principal
PSL(2, C ) frame bundle of P(En)
We now have to introduce a contact form and here we take the lead from the
Euclidean case treated by Dancer. In [8] he defines a symplectic form on the space of
rational maps z t—• [fi(z)J2(z),f3(z)}
of degree 2 from CP1 to CP2 which take oo to
0,0,1] , so that A?/2 are linear and /3 x<<[z - zi)(z - z2). if A [z%) = Vi,h{zi) = Qi
and z\
z2 then this form is, up to a constant,
Ld — —

Zl

1

dz\ A dz2 + dz\ A 61 + dz2 /\02 + {z\ — z2)d6\
Z2
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where
0i =

p2dqi - q2dpi

qidp2 ~Pidq2
02 =

PlQ2 -P2Qi
PiQ2 -P2Q1
Following the rational map description of P(En)\D, we can apply a similar argument
here and define a one-form in the open set zi,z2 7^ 00 by
= (zi - 22)(0i - 02) + nd(zi + z2)

8)

As in the previous case, the form ip may be written (p = IjjUJ +
ndx and the fact that
UJ is symplectic shows that this is a contact form on the quotient by the scalars acting
on the rational maps. It has the same transformation properties as the contact form
in the SU(2) case, and so extends.
The twistor lines again cover C(S) c P(S2V)I. We know that S has two sections
sus2 of
0(i+!,-£). In local coordinates Zl,Z2,Pl,P2,quq2), Pl,P2 are the values
of si at zi,z2 and q\,q2 the values of 52, so the two sections give, in the rational map
picture, the two numerators.
There are now two group actions - a geometrical action of SO(3), the hyperbolic
isometries fixing the centre, and a gauge action by PSU(2) which changes the basis
of sections of 0{£+
!,-£) (part of the principal bundle action according to Remark
4.4).
Given the twistor space we need to find the rational curves more explicitly, but there
is a verv concrete wav of doing this in the case where n = 2Í+1 is an odd integer. The
spectral curve is an elliptic curve S c P ( V ) x P ( W a divisor of 0 ( 2 , 2 ) , and projects
to a conic CIS) C P(S2V). Choose a point Po = x0,yo) e S c P(V) x P(V) and
take the line { z 0 } x P(V) through this point. It intersects S in a point Qo = (xo,yi)
and so the divisor class Po + Qo - 0 ( 1 , 0 ) . Now take the line P(V) X { № } which
passes through Qo and intersects S again in Pi = (ari, 2/1) , and continue. We have the
divisor classes
P o + Q o ~ 0(1,0)

Qo + Pi ~ 0 ( 0 , 1 )

P i + Q i ~ 0(1,0)...

from which we get
Po + Qo + • • • + Pi + Qi~ 0{l + 1,0)
Qo + Pi + Qi + P2 + • • • + Q1-1 + Pi~ 0 ( 0 , ¿)
and so
Po + Q * ~ 0 ( * + W ) .
Hence P¿ + Qo is the zero set of a section of this bundle on 5.
Down in P [S2V we start at the image X0 e C{S[ of Po, draw a tangent to the
diagonal conic A to meet C(S) at X±, and continue. The Poncelet problem of the
"in-and-circumscribed polygon" to two conies is the closure condition for this process
and was the basis of the explicit formulas in [131. [141.
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The question we ask ourselves now is whether this twistor data generates an orbifold
quaternionic Kahler metric in eight dimensions. The twistor space has an open orbit
under the complexified action of SO(3,C) x PSL(2, C ) but there seems no obvious
way of equivariantly blowing down any lower dimensional orbits. In fact we shall see
that there is no orbifold compactification in this case. We don't need to calculate the
whole metric, just the induced metric on a certain totally geodesic submanifold.
4.5. Axially symmetric monopoles. — For each charge and mass there is, for
the group SU(2), a unique monopole which is symmetric about a given axis. For SU(3)
this is no longer the case and we shall compute the metric restricted to a surface of
revolution which represents all such axially symmetric monopoles.
-1ww= 0 and
An axially symmetric spectral curve is of the form (W — /JLZ)(W — fi
this defines the rational normal curve Z I—• w2xw ß + ß 1)wz + z2 in the space of
quadratic polynomials in w. The parameter fi is real or complex depending on whether
ß + ß - l - 2 is positive or negative.
constructed as above and with 0&o,2/o) = O M ) is given

k section of OU+1,-1)
by

W — fi'2£+ï
NP + degTF bnxwp^*ùù
= 2k - 2.

3ß
(W — Li) (W —

(z-ß2)
in the local trivialization dw~<o^ùl '2,dz -e/2 On the branch w = az it has the form
ae+1 (z-1
and on the branch w = M"1z is awx<< z — fi,2£+2). This is a section
of a line bundle of degree 2 on a (degenerate) elliptic curve which therefore has two
linearly independent sections. Changing the initial point so, 2/0 ) it is clear that this
space is spanned by the two sections si and s2 where 51 = 1 on each branch and
z on the first branch and s2 = ß~{ wx<<z on the second.
52 = ^$cx<<
The geometrical S1 -action z \-> \z acts as [si,Xs2 and the gauge action is
suso, > I—• A_1/25i,klp^ù* I, so coupling the two multiplies (si,s2) by A1/2. This
lifting of the geometric circle action means that we can consider the metric on the
fixed point set, which is a totally geodesic surface of revolution.
To do the calculation we need to use coordinates for this data on a varying curve:
we set ß = e2t (where t is real in the first instance) and on the first branch w = www
u, z —
e " ' u and on the second z = etu, w = e tu. Then u is a rational parametrization of
the plane conic defined by the spectral curve: in fact u is an affine parameter on the
xvw<<
diagonal conic A and we have transformed it by the hyperbolic isometry diagl^*ùù
<<
The real structure is given by u \—> —1/u. This provides a uniform parametrization
of our family of conies.
The twistor line for an axisymmetric monopole is then given, with n =
zi = éu

z2 = e tu

pi = 1 p2 = 1

2£+l, by:

qi = e ió—ntU Q2 = e—ió+nt
U.
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recall that pi and qi are the values of s\ and s2 at Zi). Differentiating with respect
to u, the tangent to the line is spanned by
d
d
d
d
X = x<<
<bn,o
+ Q2 <<
+ Z2
dz2
dqi
dzi
dq2
Differentiating with respect to t and 6, an infinitesimal variation of the twistor line
is given by:
Y = i z\

d
d
d
d
[io + ni w<
- z2
oo (i<j) — ni)Q2
cw<
dzi
dq2
dqi
dz2

At this stage we put into effect the description of the metric in Section 4.1. The
tangent bundle of the rational curve C is defined by X and we must use the contact
form to embed the normal bundle N in TZ. Thus Y is a section of TZ over C and
Y —

< Y
X
<<X]

is a section of the normal bundle.
We evaluate the contact form on the vectors X and Y to obtain
(p(X) = 2u(ncosht — sinh £ coth nt)

(p(Y) = 2z</>sinh£ cothnt.

When i = 0, 6 = 1 the section of the normal bundle is then
1
Y0 = -2i
sinh t coth nt
<<<<

d

Zi

d
w<<
Z2dz2
dz\

+ n cosh t <<

d
d
+ Q2
dqi
dq2

and when ó = 0,i = 1
Y1=z1

d
d
d
d
— n <<
+ Q2
dqi
dq2 <<
dz\ - z2 dz2

On our two-dimensional submanifold, whose tangent space is spanned by d/dt and
d/d(/), the area form is dip(Yi,Yo):
J n t — coth n t
n sinh t cosh t cosechh2,
dò A dt.
n cosh t — sinh t coth nt
To obtain the metric, we also need the conformai structure which, from Remark 4.2
we can derive by considering complex variations of the twistor line which preserve a
point. Our twistor lines are C*-invariant so we have to consider variations preserving a
fixed point of the action. Unfortunately, this is where our local coordinates break down
- we have to consider a description of the vector bundle En at a branch point of the
9

n

restricted to the conic. The map p is the quotient
covering p :P(V)xP(V)^P{S2V]
by permuting the factors, so we can describe it as p(w,z) = [l,w + z,wz\ G CP2.
<n,j << wz + z2 = 0 and clearly any local
The equation of the spectral curve is w2 cw<
function / (w,zg) N + degT = 2k - 2xww. z) + wh(z) modulo the equation of the curve, or
P

F

more conveniently as
fo(w + z) + (w- z)fx{w + z).
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The direct image sheaf of O is then generated by 1 and w — z over the functions on
the conic.
. The
We apply this now to our two sections xx<<,:: Of OlNP + degTF
= 2k first
- 2. is equal to
<chhh
1 on both branches and gives / i = 0, fo = 1. The second is
z if w — /jLZ and
;m-i;
xx<<
Z.
This gives
ß
]z il w =
1 sinh(2^ + l)t
1 cosh(2^ + l)t
-u
fiW = 2
<<
sinht
2
cosht
Thus a variation of the twistor line which keeps the point u = 0 fixed is obtained by
fixing (again with n = 2£ + 1 ;
e-i4>sinh nt <<
sinht
It follows that the conformai structure is defined by
/o(ti) =

dcj)2+ n coth nt — coth t 2dt2.
Prom (9), we conclude:
Proposition 4.5. — The metric g restricted to the space of axially symmetric SU(3)
monopoles is:
n

coth nt — n sinh t cosh t cosech2 nt
n cosh t — sinh t coth nt) (n coth nt — coth

;d(/>2 + (ncothnt - coth t)2dt2).

When, in the equation of the spectral curve. H + p, 1 < 2 then t becomes imaginary
and we must replace the hyperbolic functions by the corresponding trigonometrical
ones. Note that, near•ix = 1 (or t = 0), the metric is still regular and behaves like
2n ww<<<< n2 - 1 2
t2dt2).
n2 - 1
3
Fix n and consider the limit of the metric as t —• oo. We find that the metric
approximates
ne 1
dó2 + in-l
n-1 |2

2dt2

and putting r2 — e 1 this gives
n
V2 do2 + 4. n - 1 ) ,2 ir2)
[n-1 <<
which has an orbifold singularity: a quotient by Z '2(n - 1) . Here the spectral curve
exactly corresponds to a pair of points, so the region is analogous to the orbifold
singularity in the SU(2) case.
At the other extreme, consider the metric on the trigonometric branch:
,
cot nt — n sin t cos t cosec2 nt
\2,'dt2)
(dò2 + n cot nt — cot t)
nn cos t — sin t cot nt) (n cot nt — cot t
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as t = ir/n — u for u small. Then we obtain
w<<:k

7T
-2 du2;
# 2 xw<<p
n

which is asymptotic to a cylinder.
Now suppose the moduli space had an equivariant orbifold compactification. Then
the fixed point set of the circle action would extend to a compact orbifold and in
particular would have finite area. But the cylinder has infinite area and so an orbifold
compactification is impossible.
Remark 4.6. — Dancer explicitly wrote down the metric in the Euclidean case. If we
fix t and <j> and put r = nt, then the metric ng as n —* oo has a limit which is
1 2
r coth r — r cosech2w<
d<\>2
dr2 <<
+ cothr <xx
r.
r coth r — 1
This is precisely Dancer's metric (see [7] Theorem 5.1, or put / i = —D coth 3D, f2 =
fs = —D cosech 3D in the formula in Section 2.) Thus in the infinite mass limit,
or as the curvature of hyperbolic space tends to zero, our metric approaches the
known Euclidean monopole metric. In the Euclidean case, the metric is asymptotically
cylindrical where ours has an orbifold singularity, and asymptotically conical (with
vertex angle 7r/3) where ours is cylindrical.

5. New metrics for old
The relationship between these metrics and their physical origins in the study of
monopoles on hyperbolic space is not at all clear. We have proceeded by analogy and
used spectral data rather than the fields themselves to provide a route to the metric.
On the other hand they provide us also with a means for constructing other solutions
to Einstein's equations. As the reader may find in [3], when a quaternionic Kahler
manifold has positive scalar curvature, its twistor space has a natural Kahler-Einstein
metric. Thus the singular spaces obtained in Section 4.2 are Fano varieties with ex
plicit Kahler-Einstein metrics. But one can go further - the principal SO(3) bundle of
the rank three bundle Q of imaginary quaternions on a quaternionic Kahler manifold
also has a natural Einstein metric. This is a 3-Sasakian metric (which also means that
by rescaling the SO(3) orbits one can find yet another Einstein metric). The 4n + 3dimensional 3-Sasakian manifold is a principal 51-bundle over the twistor space. One
should read about these in the recently published book of Boyer and Galicki [4],
in many respects a worthy successor to [3]. (The authors of that book note that
"3-Sasakian manifolds are never mentioned in Besse" which is quite true, though had
Arthur Besse known Bar's result that the metric cone on a 3-Sasakian manifold is hy
perkahler he would almost certainly have taken them more seriously). For our orbifold
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examples, the 3-Sasakian manifold is actually smooth: the circle action is semi-free
and has finite isotropy subgroup over the singular points of the twistor space. What is
perhaps more interesting is that these 7-manifolds - as differentiate manifolds with
a cohomogeneity one group action - have occurred in a completely different context,
that of manifolds of positive curvature [11],[24]. A series of manifolds Pk and Qk
were found to be candidates for having metrics of positive sectional curvature. These
manifolds are the (2-fold) universal covers of the 3-Sasakian manifolds associated to
the moduli spaces of hyperbolic charge 2 monopoles of mass (2k — l ) / 2 and k respec
tively. Quite recently, Dearricott (unpublished) and, independently, Ziller [24] have
shown that P2 does indeed admit a positively curved metric.
Prom [9], the sectional curvature of the 3-Sasakian metric on the 7-manifold will
be positive if the sectional curvature of the 4-manifold is positive. For the Einstein
metrics described above this is true when the two monopoles are well separated but not
when they are close to an axially symmetric one. Indeed, the scattering of Euclidean
monopoles described in [2] involves some negative curvature behaviour which seems
likely to persist in the hyperbolic case. The positively curved examples on P2 are
constructed by concretely deforming the 3-Sasakian metric.
There may however be other self-dual Einstein structures on the 4-dimensional
spaces. Indeed, one of the spin-offs of Dancer's work on SU(3) monopoles was a
hyperkahler deformation of the metric (1), obtained as a hyperkahler quotient of the
Euclidean SU(3) moduli space. In the hyperbolic SU(3) case described in Section 4.4
we have an action of the rank two group SO(3) x PSU(2) and so we could attempt
to take a quotient by a circle subgroup. Note that if the circle is in the gauge action
PSU(2), then it has a commuting SO(3) action which descends to the quaternionic
Kahler quotient, so already we know that this particular quotient is an SO(3)-invariant
self-dual Einstein manifold. In fact this quotient is the SU(2) moduli space. To see
this, recall [4] that from the twistor point of view quaternionic Kahler reduction
proceeds by evaluating the contact form tp on the vector fields generated by the group
action to get a section of 0* ^wx<<- l In. The twistor space of the reduction is the
quotient of the zero-set of this by the complexified group action. In our case the
<vvv02)which generates the vector
gauge circle action is [PuP2,q\,q2t I—* (Pl,P2, ei9im::
field

d
d
+ Q2
dqi
dq2

X = xww
Evaluating the contact form (8) gives

<p(X) = (z1 - z2)

P2Ql +P1Q2
P2Ç1 -PlV2'

and the zero set of this is P2Q1 +P102= 0. As a subset of P{(En ® C2 the equa
tion p2qi - piq2 = 0 is the quadric P(En) x CP1 and the complement is the SU(3)
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twistor space. The quotient twistor space is defined by P2qi + PiQ2 = 0 modulo
NP + degTF = 2k - 2.NP + degTF = 2k - The
2. projection to PUP2Ì e P(En maps this
isomorphically to the complement of Pi = 0 and P2 = 0 which is P(En) \ D, the
twistor space for the SU(2) moduli space.
A more general circle subgroup of SO(3)xPSU(2) will yield a quotient with only a
circle action, but whether it is an orbifold metric or not requires further investigation
which we have no time to pursue here.
References
[1] M. ATIYAH - "Magnetic monopoles in hyperbolic spaces", in Vector bundles on algebraic
varieties (Bombay, 1984), Tata Inst. Fund. Res. Stud. Math., vol. 11, Tata Inst. Fund.
Res., 1987, p. 1-33.
[2] M. ATIYAH & N . J. HITCHIN - The geometry and dynamics of magnetic monopoles, M.
B. Porter Lectures, Princeton University Press, 1988.
[3] A . L. BESSE - Einstein manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete
(3), vol. 10, Springer, 1987.
[4] C P . BOYER & K. GALICKI - Sasakian geometry, Oxford Mathematical Monographs,
Oxford University Press, 2008.
[5] S. A . CHERKIS & N . J. HITCHIN - "Gravitational instantons of type Dk Comm. Math.
Phys. 260 (2005), p. 299-317.
[6] S. A . CHERKIS & A . KAPUSTIN - "Singular monopoles and gravitational instantons",
Comm. Math. Phys. 203 (1999), p. 713-728.
[7] A . S. DANCER - "Nahm's equations and hyper-Káhler geometry", Comm. Math. Phys.
158 (1993), p. 545-568.
[8]
, " A family of hyper-Káhler manifolds", Quart. J. Math. Oxford Ser. 45 (1994),
p. 463-478.
[9] O. DEARRICOTT - "Positive sectional curvature on 3-Sasakian manifolds", Ann. Global
Anal Geom. 25 (2004), p. 59-72.
[10] L. FAYBUSOVICH & M. GEKHTMAN - "Poisson brackets on rational functions and multiHamiltonian structure for integrable lattices", Phys. Lett. A 272 (2000), p. 236-244.
[11] K. GROVE, B . WILKING & W . ZILLER - "Positively curved cohomogeneity one mani-

folds and 3-Sasakian geometry", J. Differential Geom. 78 (2008), p. 33-111.
[12] N . J . HITCHIN - "The self-duality equations on a Riemann surface", Proc. London Math.
Soc. 55 (1987), p. 59-126.
[13]
, "Poncelet polygons and the Painlevé equations", in Geometry and analysis
(Bombay, 1992), Tata Inst. Fund. Res., 1995, p. 151-185.
[14]
, " A new family of Einstein metrics", in Manifolds and geometry (Pisa, 1993),
Sympos. Math., XXXVI, Cambridge Univ. Press, 1996, p. 190-222.
[15] A . KAPUSTIN & E. WITTEN - "Electric-magnetic duality and the geometric Langlands
program", Commun. Number Theory Phys. 1 (2007), p. 1-236.
[16] A . MACIOCIA - "Metrics on the moduli spaces of instantons over Euclidean 4-space",
Comm.. Math. Phys. 135 (1991), p. 467-482.
[17] M. K. MURRAY, P. NORBURY & M. A . SINGER - "Hyperbolic monopoles and holo-

morphic spheres", Ann. Global Anal. Geom. 23 (2003), p. 101-128.
[18] O. NASH - " A new approach to monopole moduli spaces", Nonlinearity 20 (2007),
D. 1645-1675.

ASTÉRISQUE 321

EINSTEIN METRICS AND MAGNETIC MONOPOLES

29

[19]
, "Singular hyperbolic monopoles", Comm. Math. Phys. 277 (2008), p. 161-187.
[20] S. M . SALAMON - "Differential geometry of quaternionic manifolds", Ann. Sci. Ecole
Norm. Sup. 19 (1986), p. 31-55.
[21] R. L. E. SCHWARZENBERGER - "Vector bundles on the projective plane", Proc. London
Math. Soc. 11 (1961), p. 623-640.
[22] K. L. VANINSKY - "The Atiyah-Hitchin bracket and the open Toda lattice", J. Geom.
Phys. 4 6 (2003), p. 283-307.
[23]
, "The Atiyah-Hitchin bracket and the cubic nonlinear Schrodinger equation",
IMRP Int. Math. Res. Pap. (2006), p. 17683, 1-60.
[24] W . ZILLER - "A new type of a positively curved manifold", preprint arXiv:0809.2304v2.

N. HlTCHlN, Mathematical Institute, 24-29 St Giles, Oxford OX13LB, United Kingdom
E-mail : hitchin@maths. ox. ac. uk • Uri : http : //www .maths. ox. ac. uk/~hitchin/

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2008

