
Astérisque

HENRI GILLET

FATIH M. ÜNLÜ
An explicit proof of the generalized Gauss-Bonnet formula

Astérisque, tome 328 (2009), p. 137-160
<http://www.numdam.org/item?id=AST_2009__328__137_0>

© Société mathématique de France, 2009, tous droits réservés.

L’accès aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique l’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=AST_2009__328__137_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


Astérisque 
328, 2009, p. 137-160 

AN EXPLICIT PROOF OF THE GENERALIZED 

GAUSS-BONNET FORMULA 

by 

Henri Gillet & Fatih M. Ünlü 

To Jean-Michel Bismut on the occasion of his 60th birthday 

Abstract, — In this paper we construct an explicit representative for the Grothendieck 
fundamental class [Z] € Extr(9z^x^ °̂  a comPlex submanifold Z of a complex 
manifold X when Z is the zero locus of a real analytic section of a holomorphic 
vector bundle E of rank r on X. To this data we associate a super-connection A 
on ^ * Ev, which gives a "twisted resolution" T* of 0z such that the "generalized 
super-trace" of ̂ A2r, which is a map of complexes from T* to the Dolbeault complex 

, represents [Z]. One may then read off the Gauss-Bonnet formula from this map 
of complexes. 

Résumé (Une démonstration explicite de la formule de Gauss-Bonnet généralisée) 
Dans cet article nous construisons un représentant explicite de la classe fonda­

mentale de Grothendieck [Z] G Extr ( $z, fi^ ) d'une sous-variété Z dans une variété 
lisse complexe X quand Z est le lieu des zéros d'une section réelle analytique d'un 
fibre vectoriel holomorphe E de rang r sur X. Nous associons à cette donnée une 
super-connection A sur ^ * Ew, qui fournit une « résolution tordue » T* de Vz telle 
que la « super-trace généralisée » de ^A'2r, qui est un morphisme de complexes de 
T* vers le complexe de Dolbeault H7^*, représente [Z]. On peut alors lire la formule 
de Gauss-Bonnet à partir de cette application entre complexes. 

Introduction 

If X is a complex manifold, and r is a holomorphic section, transverse to the zero 
section, of the dual Ey of a rank r holomorphic vector bundle, it is well known that 
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138 HENRI GILLET & FATIH M. ÙNLÙ 

the fundamental class of the locus Z of zeros of r is equal to the top Chern class of 
the bundle Ev: 

[Z] = c r ( £ v ) = (-l)rcr(E) 

For Hodge cohomology, this is the fact that the image of the Grothendieck fundamen­
tal class 

[Z] GExt'(9z,Wx) 

under the map 

Extr(Oz,n
r

x) - Extr(9x,n
r

x) = Rr(X,nr

x) 
coincides with the top Chern class of Ey. Proofs of this result tend to be indirect, 
i.e. they depend on the axioms for cycle classes and Chern classes, and comparison 
with "standard" cases. 

However, one may observe that the section r gives rise to an explicit global Koszul 
resolution 

K*{T) = {/\*E\LT)-> 9 z , 

and so the theorem can be rephrased as saying that image of [Z] under the map: 

Ex t r (K*( r ) , ^ ) -> Extr(9x,n
rx) 

induced by the isomorphism Qx — K°(r)^ is the top Chern class of Ey. Our first 
result is to show that a choice of connection V on determines, via Chern-Weil 
theory applied to superconnections, an explicit map of complexes from the Koszul 
complex K*(T) to the Dolbeault complex of QXi which represents the Grothendieck 
fundamental class and the restriction of which to the degree zero component 9x of 
the Koszul complex is precisely multiplication by the r-th Chern form of Ey. 

One motivation for the current paper was to obtain a better understanding of 
the proof by Toledo and Tong of the Hirzebruch-Riemann-Roch theorem in [12]. 
In that paper the authors used local Koszul resolutions of the structure sheaf of 
the diagonal Ax C X x X to construct the Grothendieck fundamental class [Ax], 
and then to compute x(X, &x) as the degree of the restriction of the appropriate 
Kunneth-component of [Ax] to the diagonal. For such a computation one needs 
only the existence of a "nice" representative of the Grothendieck fundamental class 
in some neighborhood of the diagonal. However the diagonal Ax is not in general 
the zero set of a holomorphic section of a vector bundle. Instead one can use the 
"holomorphic exponential map" (see the article [10] for an exposition) to construct, 
in a neighborhood of the diagonal, a real analytic section of p*(Tx), which vanishes 
exactly on the diagonal. (Here p : X x X —» X is the projection onto the first factor.) 
Thus we are led to consider what happens if we ask only that r be real analytic rather 
than holomorphic. In our second main result, we use the theory of superconnections 
and twisted complexes in the style of Brown [5], and of Toledo and Tong (op. cit.) to 
construct a map from the Dolbeault resolution of K*(T) to that of ftr

x representing 
the Grothendieck fundamental class and which restricts to the r-th Chern form of Ev. 
An important tool in this construction is a non-commutative version of the supertrace 
for endomorphisms of Grassman algebras. 
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AN EXPLICIT PROOF OF THE GENERALIZED GAUSS-BONNET FORMULA 139 

We should also remark that instead of working in the real analytic category, one 
can make a very similar argument in the algebraic category, using formal schemes. 

Let us now give a more detailed outline of the paper. Recall that the section r gives 
rise to a natural Koszul resolution K(r)* —> Oz, in which K(r)~j = /\j &. Here & is 
the sheaf of holomorphic sections of E. Choose a connection V : Ux ® 6 —• ® & 
of type (1,0) (S^° being the sheaf of real analytic (1,0)-forms on X) on <S, such that 
V 2 = 0. Let V = V + d be the associated connection. We view V as acting not only 
on (5, but on all tensor constructions on 6. Then our first result is: 

Theorem ( A ) . — The connection V and the section r determine a map of complexes, 
from the Koszul resolution K(T)* of 9z> to the Dolbeault resolution S^*[r] ofQr

x[r] 

j,:K{Ty^&i*[r] 

the degree —r component of which is fj(fcv(r))r> and the degree 0 component K(r)° = 
Ox ~> ffixM0 = °f which is represented by the r-th Chern form of ( i£ v , V ) . 
In general I/J is given by a linear algebra construction involving V and the curvature 
R = [V,<9]s of V, and we have: 

— The class in Ext rgx (Oz^x) represented by tp is the Grothendieck fundamental 
class [Z]. 

— The image of [Z] in E x t ^ x ( 0 x , ^ x ) — Hr,r{X,C), is represented by the degree 
zero component of if), which is equal to the r-th Chern form cr(E

v, V) 

It follows immediately that the image of [Z] in Hr,r(X,C) is equal to cr(E
w). 

The proof of Theorem A is contained in Section 5. (cf. Theorem 5.5 and Corol­
lary 5.6). 

In the second half of the paper, we extend Theorem A to the case where Z is the 
zero locus of a real analytic section of Ey. It is no longer the case that r determines a 
Koszul resolution of Qz, b*rt instead we get a resolution of S^* <S> &z- In order to get 
a complex that is quasi-isomorphic to Qz, w e construct a resolution of the Dolbeault 
resolution 0 Qz of ©z5 by constructing a twisted differential, 8, in the sense of 
Toledo and Tong [13], on U0/ <g> A * G. 

A key tool in extending Theorem A to this situation is the notion of the "gener­
alized supertrace" of an endomorphism of the exterior algebra of a finitely generated 
projective module. Suppose that V is a (locally) free module of finite rank r over a 
commutative ring k. Then the generalized supertrace is a map 

TrA : End f c(A*V) - A * ^ V 

(cf. Definition 6.1). If A is a graded-commutative algebra over fc, we can extend this 
to a map 

TrA : EndA(A0A*F) A®A*VW 

Here 0 denotes the "super" or graded tensor product. If <p G End^(/\* V), then the 
degree 0 component of TTA(^) is the usual super-trace of (p. The key property of TVA 
(which is proved in Section 3.) is: 
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140 HENRI GILLET & FATIH M. ÛNLÛ 

Proposition. — Assume that (p e EncU (A*^)> and & € E n d ^ A * ^ ) be an A-
linear superderivation. Then 

TrA[8M. = [8,T*A(<p)]a 

Theorem (B). — Let Z be a complex submanifold of X such that there exists a holo­
morphic vector bundle ir : E —* X and r € T(X, $ x <8> <SV) such that iT : Hx ® & —* 
$ x ® d z is surjective. Then 

— There is a superconnection S of type (0,1), on the super-bundle f\* E, such that: 
1. S2 = 0, so 5 defines a differential on S^* (8) A * 
2. the component of S of degree —1 with respect to the grading on /\* E is 

the Koszul differential iT, 
3. If we write S for the induced differential on ffi°x* <8> f\* 8, then the map 

A ° & = &x —* &z induces a quasi-isomorphism of complexes: 

(8Sr*®A*<S.*)^(8£*®0z,0) ^ 9z 

— Let RA be the curvature of the superconnection A = V + 5 on /\* E. Then the 
generalized supertrace of hRr

A defines a map of complexes 

(8£*®0z,0) ^ 9z 

which, via the quasi-isomorphisms in part 1), represents the Grothendieck fun­
damental class [Z], 

- The image of [Z] in Hr>r(X, C) is represented by the degree 0 component of the 
generalized supertrace of ̂ Rr

A, i.e., by the super-trace of ̂ Rr

A, which by Quillen 
[11] is an (r,r)-form representing the Chern character c h r ( A * E). 

The proof of Theorem B is contained in Proposition 8.4, Theorem 10.3, and Corol­
lary 10.5. We would like to thank the referee for comments which let to a substantial 
improvement in the organization of the paper. 

1. Superobjects 

Throughout this paper we will use the language of super-objects. We include here 
basic definitions and properties for the convenience of the reader and to fix notation. 
We omit the details and proofs, which may be found in [11] and [4]. 

Let k be a commutative ring with unity . 

Definition 1.1. — A k-module V with a Z/2Z-grading is called a k-supermodule. 

Remark 1.2. — In the same spirit, a Z/2Z-graded object in an additive category is 
called a superobject. As realizations of this general definition, we will be dealing 
with super algebras, super vector bundles on a smooth manifold, and sheaves of 
superalgebras on a topological space, etc. 
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We will write V + and V~ for the degree 0 (mod 2) and degree 1 (mod 2) parts of 
V and we will call them the even and the odd parts of V respectively. Let v G V be 
a homogeneous element. We say \u\ = 0 if v G V+ and \v\ = 1 if v G V~. 

Endfc(F) is also a fc-supermodule with the grading 

Endfc(tO+ = Hom f e (F + ,F + )eHom f c (F- ,^- ) 
Endk{V)- = Hom f c (V r + ,F - )0Hom f c (F- ,y + ) 

Moreover, the algebra of endomorphisms Endk(V) is a fc-superalgebra with this grad­
ing. If no confusion is likely to arise, we will suppress the mention of the ring k from 
now on. 

Definition 1.3. — Let A be a superalgebra. The supercommutator of two elements of 
A is 

[a,b] s = ab-(-lpWba 
where a and b are homogeneous. The supercommutator is extended bilinearly to non-
homogeneous a and b. 

If the supercommutator [, ]s : A <g> A —• A is the zero map, then A is called 
a commutative superalgebra. The exterior algebra of a free module M with the 
Z/2Z-grading A + M = © p even/\pM and /\~M = © p o d d f\pM is a commutative 
superalgebra. 

Let V be finitely generated and projective. Assume that \ G k. Giving a Z/2Z-
grading on V is equivalent to giving an involution e G Endfc(y), that is e2 = J. The 
even and the odd parts are the eigenspaces corresponding to the eigenvalues +1 and 
— 1 respectively. In the same fashion, the Z/2Z-grading on Endfc(V) can be given by 
the involution 

p{(f) = e o (p o e 

where <p G Endk(V). 
Definition 1.4. — Letip G Endfc(V). The supertrace of(p, denoted bytrs((p), is defined 
to be 

trs((p) = tr(eo(p) 
where 'tr ' is the usual trace map. 

Lemma 1.5. — The supertrace vanishes on supercommutator s. 

Proof. — Cf. [11]. • 

Let A and B be superalgebras. We define the super tensor product of A and B, 
denoted by A<g>B, to be the fc-module A 0 B with the Z/2Z-grading 

{A®B)+ = ( i + 0 5 + ) e ( 4 - 0 r ) 
(A®B)- = ( A + 0 B " ) 0 ( A - ( 8 ) J 5 + ) 

and the algebra structure 

(ai 0 6i)(a2 0 62) = (- l) | b l | | a 2 | a!a2 0 6162 
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142 HENRI GILLET & FATIH M. ÛNLÙ 

for homogeneous elements a±, a2 £ A and 61,&2 £ -B. As usual the product is extended 
bilinearly. 

Definition 1.6. — Let A be a superalgebra and 5 G End*; (A) be homogeneous. We will 
call S a superderivation if it satisfies the super-Leibniz formula 

*(aia2) = «(ai)o2 + (-l) l<5 | | a i |ai(5(a2) 

for homogeneous ai,a2 G A. We will call a non-homogeneous element of Endk(A) a 
superderivation, if its even and odd components are superderivations. 

2. Sheaves on Real Analytic Manifolds 

While we could use the C°° Dolbeault complex in the proof of the first main 
theorem, for consistency we will work with real-analytic forms throughout this paper. 
In this section, we shall recall the results that we need. 

Theorem 2.1. — Let M be a real analytic manifold which is countable at infinity and 
let ¿7be a coherent analytic sheaf on M. Then 

HP(M, 9) = 0 for p > 0 

Proof. — Cf. Proposition 2.3 of [3]. • 

We denote the sheaf of real analytic functions on M by HM? while if X is a complex 
manifold, we shall write for the sheaf of (p, g)-forms with real analytic coefficients. 
It is a classical result (see [6]) that the real-analytic Dolbeault complex is a resolution 
of the sheaf £lp

x of holomorphic p-forms. It follows from the theorem, therefore, that if 
& is a locally free sheaf of 0x-modules, then the cohomology groups Hq(X, £) may be 
computed as the cohomology of the real analytic Dolbeault complex U°x* ®gx S(X). 

Corollary 2.2. — Let be a locally free sheaf of HM -modules of finite rank. Then 57" 
is a projective object in the category of coherent sheaves of HM -modules. 

Proof. — Cf. Lemma 2.7 of [3]. • 

It follows immediately that any vector bundle on a complex manifold admits a real 
analytic connection, since to give such a connection is the same as splitting the Atiyah 
sequence. 

Proposition 2.3. — Let Xi and X 2 be complex spaces. The canonical projection 

7Ti : X\ x X2 —• X\ 

is flat. 

Proof. — Cf. [7] (Proposition 3.17 on page 155). • 

Corollary 2.4. — Let X be a complex manifold. The sheaf *dx is a flat sheaf of 0x~ 
algebras. 
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Proof. — Let X denote the complex manifold with the opposite complex structure 
and A : X —» X x X be the diagonal embedding. Let 7Ti : X x X —> X be the 
projection onto the first component. Let x G l b e any point. The stalks and 
9 X x X a(x) are canonically isomorphic. Hence the result follows from the proposition 
applied to the map 7Ti : X x X —» X. • 

It follows immediately that if 57 is a coherent sheaf of 9x-modules, then the co-
homology groups Hq(X, £7) may be computed as the cohomology of the real analytic 
Dolbeault complex iS^* ®@x &(X). 

3. Superconnections and the Chern Character 

Let us recall the definition and basic properties of superconnections from [11]. 
We assume that X is a real analytic manifold of dimension n. However, everything 

in this section applies verbatim to the smooth case. We denote the exterior algebra 
of the sheaf of real analytic differential forms on X, which is a sheaf of commutative 
superalgebras, by fflx. Let E = E+®E~ be a real analytic super vector bundle on X. 
We will write & for the sheaf of real analytic sections of E, and S^((§) for $x®$x £. 

Definition 3.1. — A C-linear endomorphism A of &x(6) °f °dd degree is called a 
superconnection on E if it satisfies the super-Leibniz rule 

A(UJ ®s) = duj®s + (-l)Mu; A A(s) 

for local sections UJ, s of *€CX and 6 respectively. 

If X is an almost complex manifold and if A satisfies the following version of the 
super-Leibniz rule 

A(UJ ®s) = duj®s + (-l)Mu; A A(s) 

then, it is called a superconnection of type (0,1) (or simply a (0,1)-superconnection). 
A2 is called the curvature of the superconnection and is denoted by RA- The 

curvature of A satisfies the identity 

RA(U ® s) = u A RA(S) 

for local sections UJ and s of ¥tx and & respectively. Thus RA can be thought as a 
section of the sheaf of superalgebras $̂ (8> Snd%x (E) where &nd%x(E) denotes the 
sheaf of endomorphisms of the bundle E. 

We extend the supertrace to a map trs : $̂ (g> 6nd%x(E) —> H*x by the formula 

tra((j ® ip) = UJtTs(p) 

for local sections u and <p of iS^ and Snd%x(E). 

Proposition 3.2. — Let n be a non-negative integer. The differential form trS(R
7^) is 

closed and its cohomology class does not depend on the choice of the superconnection A. 

Proof. — Cf. [11]. • 
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144 HENRI GILLET & FATIH M. ÜNLÜ 

Theorem 3.3. — The differential form 

(3.1) trs(exp(RA)) 

represents the class ch(E+) — ch(E ) in cohomology. 

Proof. — Cf. [11]. • 

Remark 3.4. — The reader is warned that we omit the usual factor of ( ^ ) from (3.1), 
following the convention in algebraic geometry. 

4. The Grothendieck Fundamental Class 

General references for this section are [9] and [1]. 
Let X be a compact complex manifold of dimension n. We denote the sheaf 

of holomorphic functions and the sheaf of holomorphic fc-forms on X by &x and 
fix respectively. Suppose that £7 and *@ are sheaves of 9x~modules. We write 
${omgx (¿7,^) for the sheaf of 0x-morphisms from £7 to $ and Hom^x (£7,^) for 
T(X,${omgx The derived functors of Momgx (resp. Komgx(£?$)) 
will be denoted by Sxt^&tf) (resp. Ext*0x (£7,f)). We simply write £7V for the 
dual of 67. 

The abelian groups Ext^x (£7,^) and sheaves &xtlg (£7"$) are related by the fol­
lowing spectral sequence 

E? = H\X, &xtj

gx{^m E x t ^ ( ^ ) ) 

Let F be a complex submanifold of X of codimension p. We denote the sheaf of ideals 
defining Y by J. In this situation, one has that 

6xti(QY,n
p

x) = 0 for i < p and 

6xti(QY,n
p

x) = ^om0JKpU/^),9Y®^)-

= ^om0JKpU/^),9Y®^)-

All tensor products are taken over Ox unless stated otherwise. It follows that the 
edge homomorphism 

Extp

e (Oy,!?*) - H°(Sx^(9y,(fx)) 

is an isomophism, and so 

e** ( C V , = H o m e * ( A W A ® 

Therefore there is a class [y] in Ext^ ( 0 y , f ^ ) which corresponds to the homomor­
phism of sheaves 

^om0JKpU/^),9Y®^)-

/1 Л • • • Л /р и dfi Л • • • Л dfp. 

The class [y] is called the Grothendieck fundamental class of y in X. 
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5. Koszul Factorizations 

In this section, we prove Theorem A of the Introduction. The proof is contained 
in Proposition 5.4 and Theorem 5.5. 

Let 7г : E —> X be a holomorphic vector bundle of rank r and let V be a flat real 
analytic connection of type (1,0) on E. For instance, V can be taken as the (1,0) 
part of the canonical connection associated to a real analytic hermitian structure on 
E. We write V for д + V. We will denote the induced connection, and the (1,0)-
connection on the dual bundle Ev using the same symbols. However R will be used 
exclusively to denote the curvature of the induced connection on Ev. Throughout 
this section we assume that r G Г(Х, Let iT : Ux <8> Др <§ —» $x <8> Д Р _ 1 6 be 
contraction by r as usual. We extend iT to an odd superderivation of the sheaf of 
commutative superalgebras Д &. Note that V(r) = ггоУ+сЬгг : ffix®<5 —• 
and therefore V(r) can be considered as an element of Г(Х, ftl£ ® (Sv). We write 
*v(r) : ®x ® ДР & й х ° ® Л Р _ 1 ^ and г д ( т ) : Пх ® Др <S -> П1/ ® Д р _ 1 5 for the 
contractions with V(r) G Г(Х, <g> (5V) and Д(т) G Г(Х, й^1 <g> £ v ) respectively. 
We extend *v(r) (resp. IR(T)) to an even (resp. odd) superderivation of й̂ <8) Д (5. 

We state two facts without proof 

[д^Щт)]а = *Я(т) 
[*У(т),*Я(т)]в = 0. 

Lemma 5.1. — For 1 ̂  p ̂  г following diagram is commutative 

where Z^p denote the sheaf of d-closed (not necessarily d-closed) forms of type (p,p). 
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Proof. — We have 

1 p_1 

= ~\ IZ ~\ I' 0=0 °*fl(r) O (îV(r)' 

1 p _ 1 

= ~\ £ ( * V ( r ) ) ' ° P .*V(t ) ] , ° (^V(r))P~ J'_ :  

p - i=0 

1 p _ 1 

= ~\ IZ(*V(r))J °*fl(r) O (îV(r)) P J _ 1  

y' 0=0 

1 
= ~\ I ] ( î V(r) ) P 1 O *ji ( t )  

v' 0=0 
= ^ ( » V ( r ) ) " 1 ° ^ ( r ) = F ï j j ( î v w r l -

Let <f)p : /\p & —• ̂ fomgx (/\R P (§, / \ R (5) be the isomorphism given by 

/? € Ar_P<5, and 0 ^ p < r for /? € Ar_P<5 /? € A R _ P < 5 , and 0 ^ p < r 

We will identify the sheaves ^om9x{f\r-p S, A r S) and A r _ P & ® K & via the 
canonical isomorphism between them. 

Lemma 5.2. — The following diagram is commutative for 1 < p §: r 

APE (^МЛ^'*»**-* д,-1йвгт-^1.г-^1 

гт *д(т) 

1 < g ( ^ М Л ^ ' * » * * - * , д ,-1 й в г т-^1 .г-^1 

where /\pR : A P <§V -+ A P <?V ® ^ * s denned by /\pR (e1 A-• • Aep) = i ^e 1 ) A• • • A 
i?(ep) /or Zoca/ sections e 1,..., ep of 8V. 

Proof. — The lemma is an immediate consequence of the following commutative di­
agrams. (Note that At and AR(T) denote right multiplication by T and R(T) respec­
tively). 

X>S A r " p < S v ® A r < S K ~ * m \ hr-pôy ®hr6®ZrxP'r~p 

A P- l£ JïzU A ^ 1 & ® A ' & K~P+lR®\ K~*m\ hr-pôy ®hr6®ZrxP'r~p 
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AN EXPLICIT PROOF OF THE GENERALIZED GAUSS-BONNET FORMULA 147 

and 

Лг~р &® К6®z7p,r~p Q-1p O1 /\p6®zrxp'r-p 

ЛЯ(т) t K ( T ) | 

AR-P+1 6V ® Л Г S® zrxp+1'r-p+1 /\p-1ê®ZrxP+hr-p+1. 

It is worth mentioning that R can be written as a matrix of enclosed forms of type 
(1,1) with respect to any given local holomorphic framing. Consequently the image 
of the mapping f\p R : /\p &y /\p & ® ïïp/ lies in A P & ® ZP/. Since r is a 
holomorphic section, a similar remark applies to the mappings IR(T)

 a n d AR(T). • 

Proposition 5.3. — T/ie following diagram is commutative 
Ar E --> Ar-1 E ----> .........----> E ------> Ok 

^r=^(tv(x))r| Vv-iJ V-iJ Vo=det(ñ)| 

ttf QT.1 . . . gr.r-1 Sr,r 

^ e r e ^ p = i_ ( t v ( r ))P o ( 0 ; 1 0 1) O (/\R~PR ® 1) O 0 p . 

Proof — This is an immediate result of the previous two lemmas. • 

The symbol / : C* £)* is used to denote that / is a quasi-isomorphism. 

Proposition 5.4. — The morphism ip G &omgx(/\* <?, $ x * M ) represents the 
Grothendieck fundamental class of Z in Sxfg (Qz^x)-

Proof — The morphism (which is a map of complexes) ijj G ̂ fomgx(K(r)*, S^*[r]) 
gives us an r-cocycle, denoted by in the double complex ^fomgx(K(r)', S^'). 
We have the quasi-isomorphisms 

ttom% (K(T)-, Hr£) ^ K{TY ® det(5v) ® Ur£ ^> &z ® det(<Sv) ® 

Under these maps, [ip] is mapped to i\)r : /\
r S —> ( m °d 

We have T = ^ o^e2 with respect to some local holomorphic framing { e 1 , . . . , er} 
of £ v . Then 

^r(ei A • •• A er) = — (*v(r))r(ei A • • • A er) 

= *v(r)(ei) A---AzV(T)(e r) 

= 9ai A • • • A ctar (mod S) 
= dai A • •• A dar (mod J). 

Then the result follows from the fact that the morphism defining Grothendieck fun­
damental class of Z in Homgx(/\

r(J/J2), 9z ® ̂ x) is mapped to ipr : /\
r 8 —> 

(mod under the following sequence of auasi-isomorphisms 

A r W ^ 2 ) V ® ^ 0z ® det(5v) ® î ï i ^ 0z ® det(5v) ® 
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Theorem 5.5. — The map of complexes I/J G Hom^x (/\* S^*[r]) represents the 
Grothendieck fundamental class of Z in Extrgx(9z^x)' Moreover the image ofip in 
Hr(X,Qr

x) is the r-th Chern form c r ( £ v , V). 

Proof — Since ijj represents the Grothendieck fundamental class locally, it does so 
globally. The second result follows from the fact that V>o = det(i?) by Proposition 5.3 
and that det(i?) is the r-th Chern form of the pair ( # v , V). • 

We obtain immediately 

Corollary 5.6. — Let 7r : E —> X be a holomorphic vector bundle of rank r and r : 
X —> Ew be a holomorphic section which is transverse to the zero section. If Z is the 
complex submanifold where r vanishes, then the fundamental class of Z in Dolbeault 
cohomology is represented by the r-th Chern form cr(E

v, V). 

Notice that the standard proofs of this result (for example in [8]) implicitly use the 
axioms defining Chern classes. 

6. Generalized Supertraces 

The heart of this section is Proposition 6.4 which will be used in Section 9 to 
construct a map of complexes that represents the Grothendieck fundamental class. 

Let V be a finitely generated projective module over a commutative ring with unity 
k, and let V v be its dual. Let (, ) : Vy <S>k V —• k be the pairing defined by (s, t) = s(t) 
for s G Vy and t G V. We extend (, ) to a pairing between / \ m Vv and y \ m V by 

(u,v) = {ium o • • • o iui) 

where u = u1 A • • • A um e /\m Vv and v = v\ A • • • A vm G / \ m V. It is easy to check 
that 

(u,v) = {ium o • • • o iui){vi A • • • A Vm) 

where zuj denotes contraction by uj. We denote the exterior algebra of V by f\V 
with the usual grading for which f\n V has degree n. Then 

Horn* ( A V, A t0 

is naturally graded with H.omk{/\mV, /\nV) having degree (n — m). 

Definition 6.1. — Let <p G Homk(/\V, /\V). If cp has degree (—n) with n ^ 0, we 
define the generalized supertrace of<p, denoted by Tr\((p) G A n ^ V (as opposed to the 
supertrace trs), as follows: 

( 1 * л М ) (v) = (-1)1*1^(4, о у,) 

where l^ G End^(A V) is left multiplication by 77 for some 77 G A n V- tfv ^AS positive 
degree, then TTA(^) is defined to be 0. 
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