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THE INDEX OF PROJECTIVE FAMILIES OF ELLIPTIC 
OPERATORS: THE DECOMPOSABLE CASE 

by 

Varghese Matha i , R icha rd B . Mel rose & Isadore M . Singer 

Dedicated to Jean-Michel Bismut on the occasion of his 60 t h birthday 

Abstract. — An index theory for projective families of elliptic pseudodifferential oper
ators is developed under two conditions. First, that the twisting, i.e. Dixmier-Douady, 
class is in H 2(X; Z) U H 1 (X; Z) C H 3(X; Z) and secondly that the 2-class part is triv
ialized on the total space of the fibration. One of the features of this special case 
is that the corresponding Azumaya bundle can be refined to a bundle of smoothing 
operators. The topological and the analytic index of a projective family of elliptic 
operators associated with the smooth Azumaya bundle both take values in twisted 
KT-theory of the parameterizing space and the main result is the equality of these two 
notions of index. The twisted Chern character of the index class is then computed 
by a variant of Chern-Weil theory. 

Résumé (L'indice des familles projectives d'opérateurs elliptiques: le cas décomposable) 
Une théorie de l'indice pour des familles projectives d'opérateurs pseudodifféren

tiels elliptiques est développée sous les deux conditions suivantes: la classe de Dixmier-
Douady est dans H 2(X;Z) U H 1(X;Z) C H 3(X;Z), et la partie de degré deux est 
trivialisée sur l'espace total de la fibration. Le fibre d'Azumaya correspondant peut 
alors être raffiné en un fibre d'opérateurs régularisants. Les indices topologiques et 
analytiques d'une famille projective d'opérateurs elliptiques associée au fibre d'Azu-
maya lisse sont à valeurs dans la if-théorie tordue de la base de la famille et le résultat 
principal est l'égalité de ces deux indices. Le caractère de Chern tordu de la famille 
est calculé par une variante de la théorie de Chern-Weil. 
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Introduction 

The basic object leading to twisted K-theory for a space, X, can be taken to be 
a principal PU-bundle 0 —> X, where PU = U(c#)/U(l) is the group of projective 
unitary operators on some separable infinite-dimensional Hilbert space ${. Circle bun
dles over X are classified up to isomorphism by their Chern classes in H 2 (X;Z) and 
analogously principal PU bundles are classified by H3(X; Z) with the element 8(0) be
ing the Dixmier-Douady invariant of (P. Just as K°(X), the ordinary K-theory group 
of X, may be identified with the group of homotopy classes of maps X —• (7(&) 
into the Predholm operators on the twisted K-theory group K°(X;<^) may be 
identified with the homotopy classes of sections of the bundle & Xpu ¿7 arising from 
the conjugation action of PU on £7. The action of PU on the compact operators, 
induces the Azumaya bundle, £2. The K-theory, in the sense of C* algebras, of the 
space of continuous sections of this bundle, written K°(X; iS), is naturally identified 
with K°(X; £P). From an analytic viewpoint £2 is more convenient to deal with than 
0 itself. 

In the case of circle bundles isomorphisms are classified up to homotopy by an 
element of H 1 (X;Z), corresponding to the homotopy class of a smooth map X —• 
U(l). Similarly, S G H3(X; Z) determines up to isomorphism with the isomorphism 
class determined up to homotopy by an element of H 2 (X;Z), corresponding to the 
fact that PU is a #(Z ,2) . The result is that K°(X; U) depends as a group on the 
choice of Azumaya bundle with DD invariant 5 up to an action of H 2(X; Z) . 

In [20] we extended the index theorem for a family of elliptic operators, giving the 
equality of the analytic and the topological index maps in K-theory, to the case of 
twisted K-theory where the twisting class is a torsion element of H 3 (X;Z). In this 
paper we prove a similar index equality in the case of twisted K-theory when the 
index class is decomposable 

(1) 6 = aU0, a e t f f X j Z ) , /?GH 2 (X;Z), 

and the fibration (j> : Y —• X is such that </>*0 = 0 in H 2(y; Z) . 
Under the assumption (1), that the class S is decomposed, we show below that there 

is a choice of principal PU bundle with class S such that the classifying map above, 
cp : X — • JFC(Z; 3) factors through U(l) x PU. Twisting by a homotopically non-
trivial map K : X —• PU does not preserve this property, so in this decomposed case 
there is indeed a natural choice of smooth Azumaya bundle, <̂f, up to homotopically 
trivial isomorphism and this induces a choice of twisted K-group determined by the 
decomposition of 5] we denote this well-defined twisted K-group by 

(2) K°(X; a, (3) = K°(X; 8), U = tf. 

The effect on smoothness of the assumption of decomposability on the Dixmier-
Douady class can be appreciated by comparison with the simpler case of degree 2. 
Thus, if ai U a 2 G H 2 (X;Z) is a decomposed class, ai G H^XjZ) for i = 1,2, then 
the associated line bundle is the pull-back of the Poincaré line bundle associated to 
a polarization on the 2-torus under the map u\ x U2, where the Ui G ff00(X;XJ(1)) 
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PROJECTIVE FAMILIES WITH DECOMPOSABLE DD INVARIANT 257 

represent the a*. This is to be contrasted with the general case in with the line bundle 
is the pull-back from a classifying space such as PU, and is only unique up to twisting 
by a smooth map K' : X —> U( l ) . 

The data we use to define a smooth Azumaya bundle is: 

— A smooth function 

(3) « e r ( I ; U ( l ) ) 

the homotopy class of which represents a e H 1 (X , Z) . 
- A Hermitian line bundle (later with unitary connection) 

(4) L 

v 
X 

with Chern class (3 G H 2 ( X ; Z) . 
- A smooth fiber bundle of compact manifolds 

(5) Z Y 

X 

such that = 0 in Z) . 
— An explicit global unitary trivialization 

(6) 7 : № ) - ^ 7 x C . 

These hypotheses are satisfied by taking Y = L, the circle bundle of L, and then there 
is a natural choice of 7 in (6). This corresponds to the 'natural' smooth Azumaya 
bundle associated to the given decomposition of S = a U (3 and we take K°(X; a,f3) 
in (2) to be defined by this Azumaya bundle, discussed as a warm-up exercise in 
Section 1. In Appendix C it is observed that any fibration for which /3 is a multiple 
of a degree 2 characteristic class of <j): Y —> X satisfies the hypothesis in (5). 

In general, the data (3) - (6) are shown below to determine an infinite rank 'smooth 
Azumaya bundle', which we denote 9^(7). This has fibres isomorphic to the algebra 
of smoothing operators on the fibre, Z, of Y with Schwartz kernels consisting of the 
smooth sections of a line bundle 7(7) over Z2. The completion of this algebra of 
'smoothing operators' to a bundle with fibres modelled on the compact operators has 
Dixmier-Douady invariant a U (3. 

In outline the construction of ^(7) proceeds as follows; details may be found in 
Section 3. The trivialization (6) induces a groupoid character Y^ —> U(l) , where 
Y^ is the fiber product of two copies of fibration. Combined with the choice (3) this 
gives a map from Y^ into the torus and hence by pull-back the line bundle J = 1/(7). 
This line bundle is primitive in the sense that under lifting by the three projection 
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258 V. MATHAI, R. B. MELROSE & I. M. SINGER 

maps 

(7) L[3] 
7TS 

TTC 
"IFF m 

(corresponding respectively to the left two, the outer two and the right two factors) 
there is a natural isomorphism 

(8) 7TS J <S> 7TF J = 7ГС J. 
This is enough to give the space of global sections, f?°°(y[2'; J <g) where CIR is 
the fiber-density bundle on the right factor, a fibrewise product isomorphic to the 
smoothing operators on Z. Indeed, if z represents a fiber variable then 

(9) A o B(x, z, z') -
Jz 

A(x,z,z")-B(x,z",z') 

where • denotes the isomorphism (8) which gives the identification 

(10) J(z,z") ® J(z",z') — J(z,z') 
needed to interpret the integral in (9). The naturality of the isomorphism corresponds 
to the associativity of this product. 

Then the smooth Azumaya bundle is defined in terms of its space of global sections 

(ii) K°(y:^S(7))-^K°(r).J(z",z') 

As remarked above, 1/(7), and hence also the Azumaya bundle, depends on the par
ticular global trivialization (6). Two trivializations, 7*, i = 1,2 as in (6) determine 

(12) 712 : Y — U(l), 712(27)72(2/) = 7i(2/) 

which fixes an element [712] G H 1 (y ;Z) and hence a line bundle K12 over Y with 
Chern class [712] U \(f>*a\. Then 

(13) J ( 7 2 ) ^ ( ^ r 2

1 ^ ^ i 2 ) 0 J(7i) 
with the isomorphism consistent with primitivity. 

Pulling back to Y, 0* $(7) is trivialized as an Azumaya bundle and this trivializa
tion induces an isomorphism of twisted and untwisted K-theory 

(14) K°(y:^S(7)) -^K°(r) . 

In fact there are stable isomorphisms between the different smooth Azumaya bundles 
and these induce natural and consistent isomorphisms 

(15) K°(X; 8 ( 7 ) ) -^K°(X;a, /?) . 

The proof may be found in Section 4. 
The transition maps for the local presentation of the smooth Azumaya bundle, 

9^(7), determined by the data (3) - (6), are given by multiplication by smooth func
tions. Thus they also preserve the corresponding spaces of differential, or pseudod-
ifferential, operators on the fibres; the corresponding algebras of twisted fibrewise 
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pseudodifferential operators are therefore well defined. Moreover, since the princi
pal symbol of a pseudodifferential operator is invariant under conjugation by (non-
vanishing) functions there is a well-defined symbol map from the pseudodifferential 
extension of the Azumaya bundle, with values in the usual symbol space on T*(Y/X) 
(so with no additional twisting). The trivialization of the Azumaya bundle over Y, 
and hence over T*(Y/X)y means that the class of an elliptic element can also be in
terpreted as an element of K°C(T*{Y/X);p*0*8(7)) where p : T(Y/X) —• Y is the 
bundle projection. This leads to the analytic index map, 

(i6) ind a : K°C(T*(Y/X);p*<f>*n(l)) — K°(X; S ( 7 ) ) . 

The topological index can be defined using the standard argument by embedding 
of the fibration Y into the product fibration 7r : RN x X —• X for large N. Namely, 
the Azumaya bundle is trivialized over Y and this trivialization extends naturally to 
a fibred collar neighborhood Q of Y embedded in RN x X. Thus, the usual Thorn map 
K°(T*(Y/X)) —> K°C(T*(Q/X) is trivially lifted to a map for the twisted K-theory, 
which then extends by excision to a map giving the topological index as the composite 
with Bott periodicity: 

(17) ind t : K°(r*(y/X);/9*<A*iS(7)) —> K°(:r*(fi/X);/>****%)) 

— K S ( r ( K * / X ) ; p V B ( 7 ) ) — K°(X; 8(7)) . 

In the proof of the equality of these two index maps we pass through an inter
mediate step using an index map given by semiclassical quantization of smoothing 
operators, rather than standard pseudodifferential quantiztion. This has the virtue 
of circumventing the usual problems with multiplicativity of the analytic index even 
though it is somewhat less familiar. A fuller treatment of this semiclassical approach 
can be found in [21] so only the novelties, such as they are, in the twisted case are 
discussed here. The more conventional route, as used in [20], is still available but is 
technically more demanding. In particular it is worth noting that the semiclassical 
index map, as defined below, is well-defined even for a general fibration - without as
suming that (j)*(3 = 0. Indeed, this is essential in the proof, since the product fibration 
1 ^ x X does not have this property. 

For a fixed fibration the index maps induced by two different trivializations 7 may 
be compared and induce a commutative diagram 

[18) K°C(T*(Y/X)) - K c ° ( T * ( y / X ) ; p * r S ( 7 i ) ) 
ind('Yi) ~ 
- ^ K ° ( X ; g( 7i)) 

[KL2]X 

K°C(T*(Y/X)) • K ° ( T * ( y / X ) ; ^ * g ( 7 2 ) ; 
ind(72)...K°(T*(y/X); 

K°(X;a, /3) 
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This follows from the proof of the index theorem. 
The smoothness of the Azumaya bundle here allows us to give an explicit Chern-

Weil formulation for the index in twisted cohomology. We recall that the twisted 
deRham cohomology H*(X;<5) is obtained by deforming the deRham differential to 
d + M, where 

S = a A 
2m 

Here a = u*(Q) is the closed 1-form on X with integral periods, where 6 is the Cartan-
Maurer 1-form on U(l) and ¡3 is the closed 2-form with integral periods which is the 
curvature of the hermitian connection 7 on L. 

We remark that our results easily extend to the case when the Dixmier-Douady 
class is the sum of decomposable classes, ie when it is in the Z-span of H 2 (X ;Z) U 
H 1(X; Z ) . The Azumya bundle in this case is the tensor product of the decomposable 
Azumaya bundles as defined in this paper. The case of an arbitrary, not necessarily 
decomposable, Dixmier-Douady invariant is postponed to a subsequent paper where 
the twisted index theorem is treated in full. The general case uses pseudodifferential 
operators valued in the Azumaya bundle, rather than the pseudodifferential operator 
extension of the smooth Azumaya bundle as discussed here. Again, the semiclassical 
index map extends without difficulty to this general case. 

In outline the paper proceeds as follows. The special case of the circle bundle is 
discussed in §1 and §2 contains the geometry of the general decomposable case. The 
smooth Azumaya bundle corresponding to a decomposable Dixmier-Douady class is 
constructed in §3 and some examples are also given. In §4, (15) is proved. The analytic 
index maps is defined in §5 using spaces of projective elliptic operators but including 
the case of twisted families of Dirac operators. The topological index is defined in 
§6. The Chern-Weil representative of the twisted Chern Character is studied in §7. 
Semiclassical versions of the index maps are introduced in §8 and §9 contains the 
proof of the equality of these two indices. In §10, the Chern character of the index is 
computed. In Appendix A the formulation of the Dixmier-Douady invariant in terms 
of differential characters is explored and in Appendix B it is computed using Cech 
cohomology (following a similar computation by Brylinski). Appendix C contains a 
discussion of the conditions on a fibration under which a line bundle from the base is 
trivial when lifted to the total space. It also contains the description of a canonical 
projective family of Dirac operators on a Riemann surface. 

1. Trivialization by the circle bundle 

An element ¡3 £ H 2 (X ;Z) for a compact manifold X, represents an isomorphism 
class of line bundles over X. Let L be such a line bundle with Hermitian inner product 
h and unitary connection V L . We proceed to outline the construction of the smooth 
Azumaya bundle in the special case, alluded to above, where Y = L is the circle 
bundle of L. This is carried out separately since this case gives a natural choice of the 
smooth Azumaya bundle, and hence the twisted K-group. The corresponding twisted 
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cohomology is also identified with the cohomology of a subcomplex of the deRham 
complex over L. 

From u G U(l)) construct the principal Z-bundle 

(i.i) z X 

7T 

X 

with total space the possible values of log u over points of X and with J?00 structure 
determined by the smoothness of a local branch of this function. Thus / = ¿11°S u ^ 
i?°°(X;R) is a well defined smooth function and under deck transformations 

(1.2) fix + n) = fix) + n V £ G X, n G Z. 

Let p : Z —• X be the circle bundle of L; pulled back to L, L is canonically trivial. If 
V L is an Hermitian connection on L then pulled back to L it is of the form d + 7 on 
the trivialization of L, with 7 G ^^(L jA 1 ) a principal U(l)-bundle connection form 
in the usual sense. That is, under the action 

(1.3) m : U(l) x L —• L, 

771*7 = idO + 7. This corresponds to the 'fiber shift map' on the fiber product 

(1.4) s:LW =LXXL—+XJ(1) h = «s(/i, /2)̂ 2 in Lx 

in that dlogs = Pi7 — P27 i s ^ n e difference of the pull-back of the connection form 
from the two factors. From the character 5 a bundle, J, can be constructed from 
the trivial bundle over the fiber product Q = L Xx L Xx X corresponding to the 
identification 

(1.5Ì (Zi,Z2,£ + n,z) ~ (hìl2ìxìs(liìl2)
nz). 

Thus, J is associated to Q as a principal Z-bundle over . The primitivity property 
(8) follows from the multiplicativity property of 5, that s(li,h)s(l2ih) = «(¿1^2) for 
any three points in a fixed fiber, which in turn follows from (1.4). The connection 
d + fd log s on the trivial bundle over Q descends to a connection on J which has 
curvature equal to a difference 

(1.6) wj = 1 
2ni 

ÖL A d log s = a A 
1 

2m 
(PÎ7-P27), a = df-

By definition, the space of global sections of the smooth Azumaya bundle is 

(1.7) ÏÏ°°(X; m = %°°{iï2\j), 

where the product on the right hand side is given by composition of Schwartz kernels. 
The 'Dixmier-Douady twisting', given the decomposed form, corresponds to two 

different trivializations of J. Over any open set U C X where u has a smooth loga
rithm, J is trivial using the section of X this gives. On the other hand, over any open 
set U C X over which L has a smooth section r, the character in (1.5) is decomposed 
as the product ^(Zi,^) = <s r(Zi)s r(/2)_ 1 where sT(l) — s(l,r(p(l)). This allows a line 
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bundle K to be denned over the preimage of U in L by the identification of the trivial 
bundle 

(1.8) (Z~,x + n,z)~ (Z~, x, sT(l)nz). 

Clearly then J may be identified with K № K\ where K' is the dual, over U. In 
terms of a local trivialization in both senses over a small open set U C X, in which 
Lv = U x C, Lu = U x S, Xu = U x Z , a(x,0,0') G ^ ( I / x Z x § x S) satisfies 

(1.9) a(x, n, 0,0') = e i n t f a(x, 0,0, 0>-* n *' • 

This twisted conjugation means that $ is a bundle of algebras, modelled on the 
smoothing operators on the circle with (1.9) giving local algebra trivializations. In this 
case the Azumaya bundle is associated with the principal U(l) x Z bundle LxxX and 
to the projective representation of this structure group through its central extension 
to the Heisenberg group. 

The corresponding construction in the general case is quite similar and is described 
in §3. 

The 3-twisted cohomology on X, with twisting form S = a A /3, is the target for 
the twisted Chern character discussed below. Here 57 is a closed 1-form and /3 is the 
curvature 2-form on X for the Hermitian connection on L. Thus, on L, dj = {2/KI)p¥(3. 
In fact the 5-twisted deRham cohomology on X can be expressed as the cohomology 
of a subcomplex of the ordinary (total) deRham complex on L. 

Proposition 1. — The even and odd degree subspaces of ^ ^ ( L j A * ) fixed by the con

ditions with respect to the infinitesmal generator of the U(l ) action on L 

(1.10) £d/dov = 0, LQ/QOV = 
p*a 

2?r 
AT), ve ^ ( L . A * ) 

are mapped into each other by the standard deRham differential which has cohomology 
groups canonically isomorphic to the S-twisted deRham cohomology on X . 

Proof — The conditions in (1.10) are preserved by d since it commutes with the Lie 

derivative and given the first condition 

( L . H ) ^d/dedv = £d/dev - d( 
p*a 

2tt 
A v 

p*a 
2?r 

/\ dv. 

If v satisfies (1.10) then v' = v — ^ Ap*a A v satisfies 

(1.12) £d/dev' = 0, td/dev' = 0 => v' = p*v, ^ r ( I ; A * ) . 

Conversely if v G ^ ^ ( X ; A*) then v = p*v + ^ A aAp*v satisfies (1.10). Thus every 
form satisfying (1.10) can be written uniquely 

(1.13) v — exp 
7 Ap*a 

2m 
p*v = p*v -f 

7 Ap*a 

2-KI 
Ap*v. 

Under this isomorphism d is clearly conjugated to d+6A proving the Proposition. 
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2. Geometry of the decomposed class 

For a given line bundle L over X consider a fiber bundle (5) such that L is trivial 
when lifted to the total space. As discussed above, the circle bundle L is an example. 
A more general discussion of this condition can be found in Appendix C. An explicit 
trivialization of the lift, 7, as in (6) is equivalent to a global section which is the 
preimage of 1 : 

(2.1) s' : Y —> è*(L) 

Over each fiber of Y, the image is fixed so this determines a map 

s(z1,z2) = s'(z1)(s'(z2))-
1 

which is well-defined on the fiber product and is a groupoid character: 

(2.2) 
s : yPl —• U(l), 

s(z1,z2)s(z2iz3) = 5(21,23) V ZI E Y with Mzi) = x, I = 1,2,3, V x G l 

Conversely one can start with a unitary character s of and recover L as the 
associated Hermitian line bundle 

(2.3) 
L = F x C / ~ , : 

(zut) c?s (z2,s(z2,zi)t) V t € C, = 4>(z2). 

The connection on L lifts to a connection 

(2.4) je ё'00(У;Л1) j e ё ' 0 0 ( У ; Л 1 ) ; 7Ti7 — 71*27 = dlogs on y ' 2 ' 

on the trivial bundle 0* (L). Conversely any 1-form on Y with this property defines a 
connection on L. 

Now, let Q = YW Xx X be the fiber product of Y^l and X, so as a bundle over X 
it has typical fiber Z2 x Z; it is also a principal Z-bundle over Y ^ . The data above 
determines an action of Z on the trivial bundle Q x <C over Q, namely 

(2.5) Tn : (zi,Z2,x;w) —> (zi, z2ìx + n, stzx, z2)
 nw) V n 6 Z. 

Let J be the associated line bundle over Y^ 

(2.6) J = (Q x C)/ ~ (zi,z2,x;w) ~ T„(zi,Z2,x;w) V n e Z. 

The fiber of J at (zi,z2) G y ' 2 ' such that </>(zi) = <j>{z2) = x is 

(2.7) Jzx.ZO — Xx X C/ —, (£ + n,w) ~ (x,s(zi,Z2)nw). 

Lemma 1. — The connection d + fdlogs on Q x C descends to a connection V J on 
J which has curvature 

(2.8) F V J = 7Ti/i - 7T2/X, /x = df A 7 
2ttì 

G î?°°(y;A 2), y[2] 
7Ti 

7T2 
:Y. 

Moreover dfi = </>*(5), for the uniquely determined 3-form o n X , 5 = a A / 3 £ 

*6°°(X\ A 3 ) , where df = </>*(a) and d^ = 27ri(/)*(/3) represent the characteristic class 
of X and the first Chern class of L respectively. 
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Proof. — Clearly the 1-form fdlogs has the correct transformation law under the 
Z action on YW XX X to give a connection on J. Its curvature is 57 A d ^ i

s where 
57 = ^ d l o g ^ . If 7 is the connection form for the trivialization of L on Y then 

(2.9) d log s = 7T*7 - 7T27 in YW 

from which (2.8), together with the remainder of the Lemma, follows. 

3. Smooth Azumaya bundle 

We proceed to show how to associate to the data (3) - (6) discussed above a 
smooth Azumaya bundle over X. That is, we construct a locally trivial bundle with 
fibres modelled on the smoothing operators on the sections of a line bundle over the 
fibres of Y and having completion with Dixmier-Douady invariant aU /3. Note that 
this Azumaya bundle does depend on the trivialization data in (6); we will therefore 
denote it «/(7). The effect of changing this trivialization is discussed in Lemma 4 
below. 

First consider local trivializations of the data. 

Proposition 2. — A section of </>, over on open setU C X , r : U — • 0 - 1 ( £ 7 ) , induces 

a trivialization of L over U and an isomorphism of J(7) over the open subset V = 

<t>~x{U) x u ^ i U ) o / y M , with 

(3.1) J\v ^T Hom(KT) = KT K'r 

for a line bundle KT over 0 _ 1 (C7) C Y, where K'T denotes the line bundle dual to KT. 
Another choice of section r' : U —> 0 _ 1 ( { 7 ) , determines another line bundle KT> over 
0 _ 1(É7) C Y, satisfying 

(3.2) KT = Kr.®<l>*lL-r.)t 

where LT T> = (r, r'YJ is the fixed local line bundle over U. 

Proof — A local section of (f> induces a local trivialization of the character 5, 

(3.3) s(z1,z2) = XT{ZI)XT

1(Z2), Xr(z) = s(z,T(<t>(z))) on <I>-\U)CY. 

This trivializes L over U, identifying it with T*C with connection d + T*J. 
The line bundle KT over (f)~l(U) associated to the Z bundle 0_1(C7) Xu X\j by 

the identification (z,x + n,w) ~ (z, £, Xr(z)nw) then satisfies (3.1). The line bundle 
Kri is similarly defined over 0 _ 1 ([7) , satisfying (3.1) with r' substituted for r. The 
relation (3.2) follows from (3.1) and its modification with r' substituted for r. • 

Such a section of Y will induce a local trivialization of the smooth Azumaya bundle 
in which it becomes the smoothing operators on the fibres of Y acting on sections of 
KT : 

(3.4) ^ t = * - o o W - 1 ( W ; ^ t ) b 
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