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CONFORMALLY RIEMANNIAN STRUCTURES. II ;
BY

F. BRICKELL ax» R. S. CLARK

(Southampton).

Introduction. — In a previous paper [1], we used the method of E. CArTax
and S. CHERN [2] to obtain a solution of the problem of local equivalence of
conformally Riemannian structures and we showed how this solution was
associated with the normal conformal connection of E. Cartan. We now
present another solution of the problem and we associate this with the
conformal connection of T. Y. Tnomss [3]. We find the relation between
the two solutions and this shows how the two connections are related. We
use the notation of [1].

1. A solution of the problem of local equivalence of conformally Rie-
mannian structures. — Suppose that M admits a conformally Riemannian
structure. Then we are given a covering of M by coordinate neighbour-
hoods U,, each admitting a function .1, with values in the linear group
GL(n, R), such that on U, n Up the function

8aB— J}M«BJY{?I,

where M,3=[dx4/dx}], has values in the group G of non-zero scalar mul-
tiples of the orthogonal n > n matrices. We define on U, the coframes

wy— Xy dzy, Vo= | Ao |7 " 0y,

where | ¥, | denotes the absolute value of the determinant of 17,.

In this paper we shall use the local Riemannian metric ¥, v, on U,. Letvy,
be the connection form calculated relative to the coframe vy, so that

(1.1) dvg—+ Yo N\ va=—o0,
and let the curvature form

Ry =dyoa~+ Yo\ Ya
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be expressed as

T
_ E A gk
UPES 5 fneva N\ va.

~

Then, with the usual notation, we define the form

(12) Lp:x:— ! 7 6[/1’_ i{i/l Vg

“n—2l2(n—1)

and, finally, we have the conformal curvature form

(1.3) Co=Ry— vy \ Yo— Ya A\ Ya.
The bundle of frames on M is defined by the cocycle M,3, whose values
lie in GL(n, R). The homomorphism GL(n, R)— R, given by
t—log|t]

leads to a bundle M (M, R), with additive group R, associated with the
bundle of frames. It is defined by the cocycle log| My3|. Denote by 72 the

projection M — M and by " the dual mapping on the forms in M. From
the local product structure we have real-valued functions f, on U, = m— Uy,
such that on U,n Dﬁ

Jo=fa+ m*(log| Myg| ).

Following T. Y. Tnoxas [3], we shall work on 7, rather than on the original
manifold M.

We first define the local 1-form @, on U, with values in R"
Wa==exp(— fo/n) (M*vy).
A short calculation then shows that on U, N l_/_‘e
B Za‘g?ﬁg,

where Aug3=|ga3| '/"gs3 has values in the group Z of orthogonal n < n
matrices and Aqg=71"A443.
We use the cocycle Ay3 on M to define the bundle

@ = E(ﬂ?, Z).
Denote by b the projection B —> M and let z, be the local functions, with

values in Z, on Vy=056-"U,. Then we have a global 1-form ) on B, with
values in R*, defined on V, by

(= o <_*(T)a>.
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Our next step is to calculate d0. The local form m*~, on U, has values in
I |

the Lie algebra £ Z. Consequently it defines on ¥, alocal connection for 63
with form

I, = 53! dsy+ 53" (5’71*7@) Bg.
Using (1.1), it can then be shown that
(1.4) d) =—pa A\ 0 —1II, A\ 0,
where the real-valued 1-form jz, on V,isa given by

ﬁa:%Z*(df“).

7

We look for the relation between these forms on overlapping neighbour-
hoods ¥V, N I_/g. Since 0 is defined globally, it follows that

[T, — Mg+ (Fa—pg) I A O =0
and consequently, since the components ¢ of § are independent, the compo-
nents of the 1-form
(1.5) I, — Mg+ (g — pg)d
must be linear in §i. Further, this is true of I, — ﬁg and p.q — g separa-

tely, since the values of I, — IIg are skew-symmetric matrices. We may
therefore suppose that

T M, — i Ok " i -/ —
I, — Hg="1n", 0%, where 7, + 7/ =o,
‘,jx_ [z(ﬂ:)‘h O\

and we can then write
=i 1 =i =/ =i —=h -/ h
yn == (A= 0 — My — Wiy =), = i )-

But it follows from (1.5) that
Wj/, — ?li/'h_*_ 7\"6‘}—— 1/52: o
and consequently
Denoting by }x3 the column vector A/, we have the required relations
on Von Vg

T
(1.6) IIg ‘?7\5 hag0

i

>0

Pra— pg="Y Aag.
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A set of linearly independent components of 0, I, and Uo forms a moving
coframe on V,. This covering of B by moving coframes determines a struc-
ture on B in the sense of S. Cuern[2].  From (1.6), its group D is isomor-
phic with the additive group R".

Suppose that M’ is another manifold carrying a conformally Riemannian

structure. It also will give rise to a manifold B’ carrying a D-structure. In
the next paragraph we shall prove the

Turorem. — The conformally Riemannian structures on M, M’ are
locally equivalent at points m, m' if, and only if, the D-structures on B, B’
are locally equivalent at two points which project to m, m'.

In [1], we obtained a solution of the local equivalence problem for confor-
mally Riemannian structures by applying the Chern process to these struc-
tures. It follows from the above theorem that another solution can be

obtained by applying the Chern process to the D-structures on B, B’ and this
we now proceed Lo do.

The group D is isomorphic with the additive group R*and itis convenient
to work with the isomorphic bundle

@ — B (B, R

defined by the cocycle 2,3. Denote by bt the projection B'— B and by 7,
the local function, with values in R", on V&:(Z' )*1 V.. Then we have
global 1-forms on B' defined on V§ by
01 =b1),
0 =5 T, — 0+ 7 01,
B 5 07

and we obtain a decomposition for their exterior derivalives. It can be
show that

At =T A O — A B

Following the general method, we calculate /II', d ' and then put

—-ur

— Y —1 -
Ao — dhy—+ Lot Aot Lo,
where 74, 7%, %% are 1-forms on V&, with values in R* which are linear in

the compone'nts of 0, II', jz' respectively ~ We can then show that these forms
are determined uniquely by requiring that

A1 == 7 ) 01 01\ o TN T - @,
dpt =%, N\ 01,
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where the form ® — ;65/-,,kr)”lf\ 0% satisfies the relations
4ij'/uf: 0.

Explicitly, we find that

= (20 (exp o) () — (o) Tt L (a3) B,
.
7;i - ﬁ‘ 7‘.‘17
and that ® :b'*(:;' (ﬁ*rTf Cgc):z) The local forms L( and C, arise from
the Riemannian metric Y,v, on U, and were defined in (1.2), (1.3).

From the general theory of [1], §3, the local forms 7, define a global
form ' on B'. The manifold 5' and the forms 0!, IT!, x', %! solve the problem
of local equivalence for D-structures in the sense previously explainedin[1],§3.
Ilence they solve the problem of local equivalence for conformally Riemannian
structures.

2. The proof of the theorem of paragraph 1. — Suppose that M and M’
are manifolds with a conformally Riemannian structure. Suppose that we
are given a diffeomorphism ¢ of a coordinate neighbourhood U, of M onto
a coordinate neighbourhood U, of M' which provides a local equivalence
for these structures at m, m’. Then

(2.1) 0" (03 ) = &Wq,

where g is some function on U, with values in G. Suppose that, in terms of
local coordinates, ¢ is given by

al— 2" (z', ..., x").

We avoid indices by writing this as #'—«'(2) and we shall denote the
matrix [d2'!/dx/| by da'/dx. The equation (2.1) shows that on U,

(2.2) /[',".(.1"(.1:))-%;rg(x)/ra((’v)-

Using the local product structure of 5 and B, we define a local diffeomor-
phism @ of V., onto V.. by the mapping
U< Rx Z—>Up < Rx Z

given by

(Myy fu, 55) = ('*P”tou Ja+log

ox' g .
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where the functions are to be evaluated at m,. Interms of thelocal product
structure,

6—s3 Vexp(— fo/n) | X7V Xy da.
We have a similar expression for 0’ and consequently

oz 1 ,f|//1> B &,(JI)/("I")) da’

0= (s g]") <e’\P(~f°ﬁ/’l

Using (2.2) we find that on 7,
(2.3) G0’ =1.
From (1.4) it now follows that
[(Wy— 10 4+ (ra— &' Ba) L] A T o
and so the argument leading to (1.6) shows that

I O*H =07 — 6
(2.4) e :
fr

~

P @ =01,

where ¢ is some function on ¥, with values in R7. From (2.3), (2.4) it
follows that the diffefomorphism @ provides a local equivalence for the 1)-
structures on B, B at a pair of points which project to m, m'.

Conversely, suppose that we are given a local equivalence for the D-struc-
tures on B, B at a pair of points which project to m, m’. 'We then have a
local diffeomorphism § of a neighbourhood W of B onto a neigbourhood W'
of B' which satisfies the equations (2.3), (2.4) on W. We may suppose

that 7 & W is a neighbourhood U, of m which admits coordinates x and
that W admits coordinates (2, «). Similar remarks apply to W’ and so »
is represented by equations

x=a (x, w), W= w (>, w).
But since the components 0}, dx" of ) are independent, it follows from (2.3)

that dz'/dw — o and so
' —a'(z).

This equation defines a diffeomorphism ¢ of U, onto U, which takes m
to m/. The equation

Y az’ -
/l'x,(x(x))ji—::a(w)/lz(\w)

defines a non-singular matrix «(x). By expressing (2.3) in terms of local
coordinates, we can show that the function « on U, has values in (7.
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Consequently the diffeomorphism 9 provides a local equivalence for the
conformally Riemannian structures at points mz, m'.

3. Therelation betwenthetwosolutions.— Inparagraph 1 wefound thatthe

manifold B' and the forms 0!, T, +', 7t solved the problem oflocal equivalence
for conformally Riemannian structures. Another solution was found in [1],
§ 4, to be given by a manifold B! and forms 0!, II', »'. 'We now obtain a
relationship between these solutions by setting up a diffeomorphism mapping
B onto B! and then finding the relation between the two sets of forms.

We require some preliminary results and we first calculate the functions 7.,3
explicitly. Delining the functions 7,3, 043, with values in R*, on U, n Us
by the equations

(3.1) tllog|/l[1.[-;E - a'ag ([xg:: f)'ygvla
it follows that
(3.92) Bag== 5%[1’3]'/”‘173‘.

Then, using the definitions of paragraph 1, we find that

1R

|

n

0203~ 1 (o ig) = b* (dfs— dfs)

:'*Z*m*((llogb «3])

= 5"1)7'(33913).
Consequently, if we substitute

0= (/;'ITL‘?/'g ) (b*exp (— J3/n) =5,
it follows that
(3.3) 7:7\13?,; Eﬁi)‘(exp(fg/n) M pa3).
We next define functions py, with values in /2%, on U, by the equations
(3.4) dlog| A, |V ="Tyvy.
Then, from the equations (2.2) of [1] for ¢.3,
Fxs| gl vg= Fagmg = dlog| gas[""

= ;' { dlog|Myg| + dlog| Ay — dlog

g}

I, o o
T, PaBYB T DaYa 08Y3

!

I ~ ~
= %;Pa:ﬁ- Padap| Mag| — 1} Vg
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and consequently on Uy n Ug
) , 1 -
(3.5) | Apl" gas= ; pas-+ AzgoaMag| — 0.

We are now ready to construct a diffeomorphism mapping B' onto B'.

Using (3.3), it follows that B' is the quotient of the sum 2 U, < R < Z > R*
by the equivalence relation

(M, fay Sas 73:) ~ (mg, f:«'ﬂs =8 )~3)
if .
my == mg, Jo=Jfas+log| M,z By == Ays g,

. -
loy=1Dlg+ ,, 33 exp (fa/m1) pag-

We saw in paragraph 5 of [1] that B' is the quotient-of the sum X Uy < G < R*
by the equivalence relation

(ma, Ga, )Oc) ~ (”l(‘h 835 73)
if

My == mg, g2 = Ga388 o 7‘3—;— &8¢a8-

All the functions on Uy n Ug involved above are to be evaluated at .

We set up a local diffeomorphism of U, < R > Z > R" onto U, < G < R*
(ma, fas Za, ho) = (g, exp (fo/n) | A a5, T 3y exp ( fa/n) pa).

Using (3.5), it can be shown that these local diffeomorphisms commule with
the above equivalence relations and so they define a global diffeomorphism

of B' onto B'. Denoting the dual mapping on the forms in B' by =/, it
follows that

T Dy - Z’*('Ell)*(exp (fafr) M pq)),
DV gy == b (5,0 (exp (fo/n) | X o|')),
A (b Ly ) == b b i,  for any form &, on U,.
It can be shown that the connection forms £,, v, for the local Riemannian
melrics @y Wy, Vo Vs salisfy the equation

2, — Ya— Vccla:z - Pocgoz

Using the definitions of the forms 0', ', %' on B' from [1], § &, and the
definitions of the forms 8', I, 2", %", on B! from paragraph 1 of this paper,
it follows that the required relation is

;7(,1561:617 #ﬂ’:ﬁ'+{7’l, Syt =Y.
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4. The conformal connection of T. Y. Thomas. — We found that the
solution of the local equivalence problem for conformally Riemannian struc-
tures given in [ 1 ] was related to the normal conformal connection of E. Cartan.
We now show that the solution given in this paper is related to the conformal
connection of T. Y. Tnomas [3].

Suppose that M admits a conformally Riemannian structure. In terms of
the natural coframe dz,, the local Riemannian metric ¥,v, on U, can be

expressed as
ATy Gy day,

where G,—|1,[* " ¥, t, Relative to the coframe dzy, the connection
form K, is obtained from the Christoffel symbols calculated from G, = G;;].
We find that

(he.1) Ko=—= V5 {va X o+ dA ) —Bavel.
If the curvature form is

-
7 / K
5 Fipdxs N\ das,

and if, with the usual notation, we define the 1-form with values in R”

1 F

Oy — —
o uv:ﬂ\:z(nﬁl)

Gih — Fi/z} dxé:

then it can be shown that

(h.2) Qo= | Ao| 7 Xy,

Consider the functions on Uy n Us, with values in GL (1 + 2, ), given by

Their images M,s under 72* are functions on Uy n Us. These form a cocycie
o] x3 2

on M and define a principal bundle
@ =P(M, GL(n+2, R)).

The connection introduced by Tnomas is a connection in this bundle and is

defined, relative to the above cocycle, by local forms A, on U, given by
1 W~
- dfa nat Qy, o
Ag= | — L (dwy) WKy %(dfa)l Wit (G3' Q)

| 1
o — —m(dZ, G — —d
n ( 4 11) n foc
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The bundle 4 has a subordinate structure whose group A consists of matrices

AR
(h.3) U P

oy yq

0 0 I

where ) is an orthogonal matrix. A reduction of the cocycle is effected by
the local functions X, on U,, with values in GL(n + 2, ), defined by

1 o0 O
X,—1 o exp (— fo/n) in* (| X[~V Xy o ,
0 0 exp (-2 fo/n)

since it can be shown that on 7, n (g

-~ I~

L qa3 —¢a5¢x5
_ I N A
/.'13**;1 aMa.g/I’g' et — —

o Ay Axsqas

o [s) 1

where, from (3.2), Ga3=exp(fg/n) m pag. Let a0 —= H(M, K) be the
principal bundle associated with this subordinate structure and defined by

the cocycle ky3 on M. Denote by . the projection //—> M and let the
local functions ky on 4 ' U, be

~ I~
_ N EVE
k“:T‘. o
O Ya  Yaqa

(8] O 1

Our next aim is to prove that I and B! are diffeomorphic. H is the

quotient of the sum SU, < K by the equivalence relation
(i, ko) ~ (g, kg)
if i1y = g and -— /.4'13;3. From (3.3) it follows that
nil{g: 355*?13.

Consequently B! is the quotient of the sum 2 U, =< Z < R" by the equivalence
relation

(:ﬁia, Sos i:,() ~ <7ﬁ3, 58, 73)
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—_ _ ‘—A ) Y I o —
My == M, Sa—= Aa85p, (P e— l.3+; SBqaB-

All the functions on U, n U;'g involved above are to be evaluated at 77,.

We set up a local diffeomorphism of U, < K onto Uy < Z x R*

— 7 — T_
(ml, /-‘a>—> Moy Yas - Ga )

37

where y, and ¢, are obtained from X, using the decomposition (&.3). It
can be shown that these diffefomorphisms commute with the above equivalence

relations and so they define a diffeomorphism of / onto 5'. Denote by % the

dual mapping on the forms in B'. Our solution of the local equivalence

problem for conformally Riemannian manifolds led to global forms 61, I, i, 7

on B!, These give rise to global forms on /1.

Consider now the connection on % given by Tuowmas. It can be defined

relative to the cocycle -/:'1.3 by forms Ay on U, given by

Az Ao { Ay X3t 4 d A3,

Using (&.1), (%.2), it can be shown that

L dfy nexp(fa/n) Tii*q;l o
n
p— I _ — —_—
Ag= R m*yy, nexp (fo/n) m* Yy
7
I~ 1
0 — 5 - dfs

The global counection form A on P is defined on the subspace //.
Ji 1 Uy it is given by

\ o B (BN Bt )

and a straight-forward calculation then shows that on 74

-t Ili‘ o
. %61 m ny!

On
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