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SUBELLIPTIC VARIATIONAL PROBLEMS
BY

Cuao-JianG XU (*)

RESUME. — En utilisant la méthode directe et 'itération de MOSER, nous démon-
trons ’existence et la C*-régularité du point stationnaire pour le probléme variationnel
elliptique dégénéré I(p) = fn F(z,u,Xu)dz ou X = (X1,...,Xm) est un systéme de
champs de vecteurs C réels qui satisfait a la condition de Hérmander. Les hypothéses
sur F(z,u,£) sont analogues & celles faites pour les problémes elliptiques.

ABSTRACT. — Using the direct method and the MOSER’s process, we prove the
existence and C* regularity of stationary point for the degenerate elliptic variational

problem I(p) = fn F(z,u, Xu)dzx where X = (X1,...,Xm) is a system of real smooth

vector fields which satisfy the Hormander’s condition. The assumption imposed on
F(z,u, &) are similar to those for the elliptic case.

1. Introduction

In this paper, we study the existence and the regularity for the
minimum points of the following variational problem :

(1.1) I(,u,):/QF(x,u,Xu)dm,

where Q is an open set in R”, n > 2, and X = (X3,...,X,,) is a system of
real smooth vector fiels in M, which is a bounded domain of R™ such that
Q cC M. We assume that F(z,u,£) is convex in £ and that X satisfy the
Ho6rmander’s condition in M, i.e.

{X;} together with their commutators
(H) up to a certain fired length r span the
tangent space at each point of M.

(*) Texte recu le 26 juin 1989, révisé le 15 mars 19go.
C.-J. Xu, Dept. of Mathematics, Wuhan University, 430072 Wuhan, China (P.R.).
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148 C.-J. XU

In this case, the Euler’s equation of (1.1)

m

(1.2) > X;Fe;(z,u, Xu) + Fy(z,u, Xu) = 0
Jj=1

is degenerately elliptic. We assume also, for j =1,...,m,

Mes{z € Q| X;(z) =0} =0.

For linear problems of this kind, there is a lot of work after the first
appearing of L. HORMANDER’s (see [1, 2, 4, 5, 7, 8, 9]). In particular, we
note that the Hormander’s condition permit us to define a metric p(z,y)
associated with X in M. Using the geometry of this metric, we can think
the Hérmander operator

as the Laplace operators. Then we can study the existence of weak
stationary points of (1.1) by the direct method just as we do for the
elliptic problem, and discuss the C* regularity of weak solution of (1.2)
by Moser’s process just as we do for the linear degenerate elliptic problems.

Our result is an extention of those for the elliptic variationnal problem
to a certain class of highly degenerate problems. We will consider the C*®
regularity problems in another paper.

2. Function space M*P(£2)

In order to study the weak solution, we introduce a function space
M*?(Q) associated with X, which is analogue to Sobolev’s space. For
any integer k > 1, p > 1 and Q CC M, we define

(1) M) ={feL @]
X7f € L), VI = (u,-0da), 1] < k)

where X7 f = X;, ... X, f, |J| = s and define the norm in M*?(Q) to be

/
(22) sy = (5 1K f1ley) "

|JI<k
We also denote by M*(Q2) = M*2(Q). Then we have :

TOME 118 — 1990 — ~° 2



SUBELLIPTIC VARIATIONAL PROBLEMS 149

THEOREM 1. — The function space M*P(Q) is a Banach space for
1 < p < 400, which is reflexive for 1 < p < +o0 and separable for
1 < p < +oo. Also, M*¥(Q) is a separable Hilbert space.

Proof. — a) Let J = (j1,...,Js), with 1 < j. < m, and denote by X7*
the adjoint operator of X7. Then

(23)  M*?(Q) = {f € L7(9) | 3g; € LP(Q) such that
|1 x7pdo= [ grodo, e C@), 191k},
Q Q

Suppose {u;} to be a Cauchy sequence of M*?(Q), then {X7u;}, for
|J] < k, are all Cauchy sequence in LP(f2). Hence there exists u’ € LP(Q)
such that X7u; — u’ in LP(2). On the other hand

/quJ*cpda:-—-/XJujgodm, peC, |J| Lk.
Q Q

Let 7 — oo, we have
/uoX‘]*godx:/chpdx, p e C(Y), |J| <k,
Q Q

which proves u® € M*?(Q), X7u® = u’ and |[u; — u°||prr0() = O.

b) Setting £ = []|;,<; LP(€2), then E is a reflexive Banach space for
1 < p < +0o. Define T : M*¥?P(Q) — E by Tu = (X’u), then T is an
isometry from M*?(Q) to E. Since T(M*?(Q)) is a closed subspace of E
and T(M*?(Q)) is reflexive, then M*?(Q) is also reflexive. The proof for
separability is similar.

We denote by MyP(Q) the closure of C$°(Q) in M*?(Q). From the
subellipticity of Hérmander’s operator H, we have the following lemma. :

LEMMA 2. — Let Q be a bounded subdomain of M. Assume that X
satisfies the Hormander’s condition in M. Then, we have the continuous
imbedding MEP(Q) ¢ Wk/m™2(Q) for all k > 1, p > 1 and there exists
C =C(p,Q,r) such that

(24) llullwerra () < Cllul|prrn ()
for all w € MPP(Q). (Here, W*P(Q) is the usual Sobolev’s space.)

For the proof of this LEMMA, see [2, 9]. Using the classical Sobolev in-
equality in W*P(Q) and imbedding LEMMA above, we obtain the following
Sobolev inequality for the function space M*?((2).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



150 C.-J. XU

THEOREM 3. — Assume that Q is a C*® domain. Then, we have
continuous imbedding
Lrw/(n=kp/T)(Q)  for kp < nr,

k,p

Further, there exists a constant C = C(n,r,p, k) such that for any
u € MEP(Q) we have

[[wllprpsn=rprmyq) < Cllullprery — for kp < nr,
(2.6) kjn—r/

H““cm(ﬁ) < ClQ Pllullprri)  for k/r —n/p>m > 0.

By a contradiction argument based on the compactness result of

the usual Sobolev’s space, we obtain an interpolation inequality for the
space M*?(Q).

LeEMmMA 4. — Assume that §2 is a C™ subdomain of M and u an element
of M*?(Q). Then, for any e > 0 and 0 < |J| < k, we have

I1X 7l o) < ellullares (o) + CllullLo )
where C = C(k,Q,¢).

We define now a metric p(z,y) associated with X in M as in [7, 9],
and take

Bgr(z) = {y € 2| p(z,y) < R}

for R > 0 small enough. Then, in the function space M*P?(2), we have
also the following Poincaré inequality.

LEMMA 5

(1) For any z° € Q, there exists Ry > 0 such that for all 0 < R < Ry,
if p € My?(Bgr(z)), then

(2.8) el Lr (Br(z0)) < CRIIX Q|| Lr(Br(20))

where C is of independant on ¢ and R.
(2) If, in the system of vector field X = (X1,...,Xn) there exists at
last one vector field which can be globally straightened in ), then we have

(2.9) llel|zr(@) < C diam Q|| X || 10 (q)
for all p € Mé’p(ﬂ), where C is of independant on ¢ and €.
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SUBELLIPTIC VARIATIONAL PROBLEMS 151

(3) There exists a constant C and a radius Ry > 0 such that for any
z° € Q and any R, with 0 < R < Ry, for which Byr(z®) C Q, we have

(2.10) /B |u(z) — Tg|’dz < CR”/B Z|Xju(x)|”dx

R j=1
for allu € M'V?(Bg), where @ = |Br|™" [ u(y)dy and |Bg| denote the
volume of Br(z®).
The proof of (1) is classical and we can find the proof of (3) in [8].
Now, for u € M}(Q) and k > 0, let

Ar={z€Q|u(z) >k} and A, ={zeQ|u(z)=k}.
It is readily seen that these sets are mesurable, and

A = U Apte, ArUAL = ﬂ Ap—e,

e>0 e>0
Mes(Ax \ Agte) — 0, Mes(Ag—c \ (Ax U A;C) —0

as ¢ — 0. For the functions u*)(z) = max{u(x) — k,0}, we have

LEMMA 6. — Let u € M}(Q) and k > 0. Then u*) € M}(Q) and for
j=1,...,m, we have

(2.11) Xju('“) _ {Xju(m) for almost all x € Ay,

0 at other places.

Proof. — From the definition, for u € M} (), there exists a sequence
{up} C C§°(Q) such that lim,_, ||up — u|[pr1(@) = 0. Thus u, — u and
Xjup — Xjuin L?(Q) for j = 1,...,m. We have immediately ug,k)
in L2(9). Setting AY = {z € Q| up(z) > k}, we have, for p — oo,

— ul®)

Mes(Ak \ (AZ N Ak)) — 0,
Mes(AP \ (47 N (Ax U A}L))) — 0.

In fact, we know that Mes Q?¢ = Mes{z € Q; |uy(z) —u(z)| > €} — 0
for all ¢ > 0 and p — o0, and Ag1. N (NN QP€) C A} for e > 0.

Ap 0 (Apge N\ QP9)) = Agye 0 () QPF) C AP N 4,
A\(APNAg) = (A \ Akye)U(ApreNOPE)U (Apre N(Q\QP)) \ (AR N Ag).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



152 C.-J. XU

Now; for § > 0, take € = €(6) such that

MeS(Ak \Alc+e) <356

1

2

and p(6) such that for p > p(6), Mes QP(®) < 1§ implying that
Mes(Ag \ (4} N Ax)) < 6.

On the other hand, A} N (R \ Q7€) C Ax_., hence is also contained in
AP N Ag_.. Now

AP\ (AN (ArUAL)) = (AAN(Q\QPF) U (AR NOPe)\ (AP N Ak—.)
U(AD N (Ai-e \ (4 U 4L)).
For § > 0, take € = ¢(6) > 0 such that
Mes(Ap—c \ (A U A}))< 56
and p(6) such that for p > p(§), Mes Q¢ < 16. Thus
Mes (A} \ (A7 N (A U 4}))) < 6.
Now, since u, € C*°(Q), Az is an open subset of 2 and, for j =1,...,m
Xjul) = {Xjup %n A -
0 in Q\ 4.
In fact, denote by E; = {zx € Q | X;(z) = 0}. Then Mes E; = 0, and X;

is a nondegenerate vector field on Q2 \ E;. Then we can obtain, as in the

classical case, X ju;k) = 0 for almost z € Afc’l \ E;.

Hence, {Xjug,k)}pzl,m,oo is a bounded sequence in L?(f2). Then there
exists u(()? € L?() such that a subsequence of {X jug,k)} converges weakly
to ug’f} in L?(Q), i.e. for all p € C§(N), we have

lim (X;ulf), @) = (ug), ).

p—00
On the other hand
. k T k *
Jim (Xjup?, o) = lim (uf®), X7 o)
= (u®, X7)
= (Xju(k)7 (p)
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SUBELLIPTIC VARIATIONAL PROBLEMS 153

Thus X;u®) = u( ) € L*(Q) for j = 1,...,m, which proves u¥) € M(Q)

because Supp uﬁ,k) is compact in 2 and X; u( )

almost z € 2, hence

converges to X;u®) for
lim Mes{z € Q; |X;ulP) — X;u®| >e} =0
p—‘)
foralle >0and j =1,...,m. Denote
E® = {X € Ay; |X;ulP) — Xju| > e}
Then we have :

B = (B0 (AL 0 40)) U (BS 0 (44 (42 N 4,)))

P
where, for p — oo,
Mes(E% N (A} N Ag)) = Mes{z € AY N Ay ; |Xjup, — Xjul > e} — 0,
Mes(E,’,f N (A]c \ (A:z N Ak))) < Mes(Ak \ (Ai N Ak)) — 0.

That implies X;u*)(z) = X;u(z) for almost € A; and j = 1,...,m.
On the other hand, we have

0\ A, = (2 (A2 U 4x)) U (A2 \ (A N (Ag U A}))) U (Ag U 4})
where, for p — oo,
Mes{z € Q\ (42U 4x); |X;ul)| > e} < MesdA? =0,

For the term A} N A}, if Mes A}, # 0, denote by Q={zeQ|X ;(z) # 0}

Then Mes € = Mes Q, and Qis an open subset of (2 by using Hérmander’s
condition. Hence, just as in the classical case, there exists A such that

Mes A}, = Mes Ay, and Xu(z) =0forx € A, and j=1,...,m. Then

Mes{z € AL N A} ; |X;ulP(z)| > e}
= Mes{z € AL n A | Xjup(z) — Xju(z)| > e}
< Mes{z € Q; |Xjup(z) — X;u(z)| > e} — 0,

for p — oo, which proves lim,_,, X; u(k)( ) = 0 = X;u®)(z) for almost
z €N \ Ag.
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154 C.-J. XU

3. Existence of minimizing points

Assume that  is a C*® bounded subdomain of M. We now consider
the problem of minimizing the functionnal

(3.1) I(u):/QF(m,u,Xu)dx

in the function space M, ().

For the existence problem, we assume that the function F(z,u,£) :
2 x R x R™ — R satisfies the following conditions :

(1) F(z,u,&) > Al§P for p > 1 and A > 0;

(2) F(z,u,§), Fu(z,u,§) and F¢;(z,u,§) are, for j = 1,...,m, con-
tinuous functions in 2 x R x R™;

(3) F(z,u,&) is convex in £ for all (z,u).

We will prove the following existence theorem :

THEOREM 7. — Let X satisfy the condition (H) and the assumption (2)
of LEMMA 5. Assume that F satisfies the conditions (1), (2), (3) and that
there exists a function p € MyP(Q) such that I(p) < +oo. Then the
functionnal I(u) attains a minimum in My*(Q).

Proof. — Assume that {u;} is a minimizing sequence in My (),
that is uy € My?(Q) and I(uy) = dy — d = infveM&.p(Q) I(v). From
condition (1), we get

(3.2) / | Xug|Pdx < I(ug) < constant independant of k.
Q

On the other hand, from the point (2) of LEMMA 5, we obtain :

(3.3) /|uk|pda: Scl/ | X ug |Pdz.
Q Q

Hence ”“k”M(}”’(Q) < const, independant of k. Now, M1?(Q) is a reflexive
Banach space for p > 1. Passing to a subsequence when necessary, we
know that {uy} converges almost everywhere in 2, strongly in LP(2) and
weakly in M?(Q) to a function uy € My (Q). We have to prove that
I(up) = d. From Egorov’s theorem, for any € > 0, there exists a subdomain
Q. C Q such that Mes(2\ Q) < € and {ux} converges uniformly to ug
in Q.. For N > 0, we define Qny = {z € Q; |uo| + |Xuo| < N}. Since
uy € M}P(R), we have Mes(2 \ Q. ) — 0 when N — oo. Putting

TOME 118 — 1990 — ~° 2



SUBELLIPTIC VARIATIONAL PROBLEMS 155

Qv = Q. NQy C Q, we have Mes(2 \ Qe nv) — 0 when ¢ — 0 and
N — oo. Using the condition (3), we find

/ (F(z,uxXug) — F(z,up, X)) dz
QN

/ ZFﬁf T, Uk, Xug) - Xj(ux — uo) do
QN

+/ (F(m,uk,Xuo)—F(w,uo,Xuo)) dz
- Qe ,N

Let k — oo. Since F¢, (x,ur, Xug) is bounded and converges uniformly
in Q. n and X;(ur — uo) — 0 weakly in LP(12), we deduce

/ Zng x, uk, Xuo)X;(up —up)dr — 0 as k — oo.
QN

On the other hand, {ux} converges uniformly to u in Q,
/ (F(x,uk, Xug) — F(z,u0, Xug))dz — 0 as k — oo.
Qe,N
Therefore, we have obtained, for any ¢ > 0 and N :

lim F(m,uk,Xuk)de/ F(z,up, Xug) dz.
k—oo Jo, N Qe N

That means d > fQE ~ F(z,u0, Xuo) dz. Now, let ¢ » 0 and N — oo : we
have proved the theorem.

REMARK 8. — For the non-homogeneous Dirichlet problem, we have to
study the trace of M!?(Q) functions. If € is C* and non-characteristic
for X, we know from [2] that for v € M'?(Q), the function u| ., is
measurable in 9. In this case, we can consider in a similar way the
minimizing problem of I(u) in M = {v € My*(Q) | v — p € M"P(Q)}
for some function ¢ € M'?(Q) which take a prescribed value on the
boundary 0f2.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



156 C.-J. XU

4. Estimation of Esssup|u| of weak solutions

In the preceeding section, we have obtained a weak solution in M? for
the variational problem I(u). We now study the regularity of this solution.
For simplifying the notations, we suppose that p = 2 and consider non-
homogeneous problems. We have :

THEOREM 9. —— Let X satisfy the condition(H) and the assumption (2)
of LEMMA 5. Assume that I(v) attains a minimum in M = {v € M(Q) |
v—p € M}(Q)}, at u € M1(Q) and Esssupygq |u| < My. Let the function
F(z,u,&) satisfy, for |u| > My, the following conditions :

(4.1) F(z,u,8) > Aé* — plul® — [ulo(2),
(4.1) F(z,u,0) > plul + uPo(c),

where A >0, p >0, a €]2,2], ¢ € LY(N), ¢ > jnr and 2 = 2nr/(nr — 2).
Then we have

(4.3) Esssup |u(z)| < C
Q

where C' depends on n, r, A\, p, a, Mo, |||z, || Xu||L2 and Mes Q.

Proof. — We take A, = {z € Q | u(z) > k}, and prove the majoration
Esssupg u(z) < C. (The proof of Esssupg(—u(z)) < C is similar, using
in this case the set A = {r € Q| —u(z) > k}.) Setting

k u(z) ifzeQ\ Ay,
u'(z) = .
k if x € Ay,

then, for k > M, and from the LEMMA 6, we get u* = u — u®) € M, and
I(u) =d=infI(v) :
/ F(z,u,Xu)dz < / F(z,u*, Xu*)dz
Q Q

= F(z,k,0)dz + / F(z,u, Xu)dz.
A Q\ Ak

Hence

/F(a:,u,Xu)de/ F(z,k,0)dz.
Ak Ak

It follows from the conditions (4.1) and (4.2) that
)\/ | Xu|*dx — / (lul® + [uo(z)) dz < / (uk* + k*¢(z)) dz.
Ak Ak Ak-
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SUBELLIPTIC VARIATIONAL PROBLEMS 157

Taking k > 1, we have

/,;,c | Xu?dz < %/Ak (,u|u|a + |u'2¢,(x)) dz

From the conditions of the THEOREM, we also have g > %nr, 2/(a—2) >

Lnr and [[ul| = [u®~2]] 3/(u_s, hence

-2 2
/Ak [u|*dz < |[u® I|L5/("‘2)(Ak)|lu ”LE/(EH—a)(A,c)

< 2||ul| llw = Kl[3er () + k° Mes®“ Ay)

L2A)(

/A [u(e) Po(@) dz < Il agan 16l )
k
S 2|l(PHLq(Ak)(HU kHle (Ay) + k‘2 MeS2/f2 Ak),

where {1 =2%x2/2+2—a), b =2q/(q— 1), £1, £y € ]2,2[. Therefore,
we have obtained, for all £ > max{My, 1}, that

(4.5) / | Xu|?dx < Z Ci(|lu — k|3, (Ar) + k2(Mes Ay )2/%),
1=1,2
where C; = 4/1/)\]|u||z;(2m, Cy = 427 Y ||| and 2/6; =1 —2/(nr) + &;
with €1 = 2/(nr) — (@ —2)/2 > 0 and €3 = 2/(nr) — 1/q > 0.
Hence, THEOREM 9 can be proved with the following lemma :

LeMMA 10. — Let u € MYP(Q), with 1 < p < nr, and Esssupyq u(z) <
ko < +00. Assume that for any k > ko, we have

N,

(4.6) / Xude <93 =Kl o,
J N
+ 7 Z k% (Mes Ay, )17/ (M) 46
7j=1

where £; <P, €5 > 0 and p < o < €;p+ p. Then, we have
(4.7 Esssupu < C(n,7,p,k,7,45,5,€5, ||ul| 17) -
Q
Proof. — First, it follows from the Holder inequality

llu = Kl ay) < (Mes A)YS P lu — k| 7 4,..

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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Using point (2) of LEMMA 5 and, as in the proof of LEmMmaA 6, u(*) ¢
M,P(9), we have '

llu - kHij(Ak) < Co(Mes Ak)l/l’;l/ﬁHXu“LF(Ak)-
On the other hand,

Ic(MesAk)l/5 <L= HUHLF(Ak)'

Thus, for
(4.8) k>k = max{ ko, L(2C? Nw)fj/(p(ﬁ—fj))}’
we have
N Ny
Yl =kl 4,y <720 Co(Mes A)VS7||Xul g, 4
j=1 j=1
Ny o B
< 1Xull7o a0y Z CE(LK1)PP=t)/(t5pp
j=1
1 P
< '2‘”X“”Lp(,4k)-

Taking 6 = min{e; — (a; — p)/P > 0, we have obtained, for k¥ > k', that

(4.9) / | XulPdz < v, kP (Mes Ap) e/ ()8
Ak

where v; = 2v Z;\’;l L%i—P, Now, for u € Mol’p(Q), we use the Holder
inequality and the LEMMA 5 to obtain

[ = Rydr < Flgra, (Mes A7
Ak
<C; (/ IXu|pda:)1/”(Mes Ak)l—l/m—l/(m)
Ak
< Cl'}’ll/pk(MeS Ay,)V/pHo/p=1/(n)+1=1/p+1/(nr)

Hence, we have proved, for k > k',

(4.10) / (u — k) dz < Cyk(Mes Ay)'+o/P
Ay

ToOME 118 — 1990 — ~° 2



SUBELLIPTIC VARIATIONAL PROBLEMS 159

Therefore, the integrable function u satisfies the conditions of lemma 5.1
of chapter 2 of [13]. We have proved this LEMMA and hence THEOREM 9.

For studying the regularity of weak solution of variational problem I(u),
we give some conditions on F' such that the weak solution of variational
problem is also the weak solution of its Euler’s equations. Suppose
F(z,u,() satisfies

|F(z,u,0)| < u(IS1? + [uf® + vo(z)),
(4.11) |Fu(@,u, O < p(ICP2 + [P~ + 1 (),

|Fey (2,0, 0)] < w(I¢] + P/ +ws(2)),
where 9o € L'(), ¥, € LX), ¢ € L3(Q), with 2’ = 2/(2 1) and
2<2=2nr/(nr—2).

Now, let n € M}(Q) and I(u) = d = inf I(v). Then, for all ¢ € R,
we have
o(t) = I(u+tn) > I(u).

Hence, we have formally

doo(t) 7
2ett) :A(Zng(x,u+tn,Xu+tXn)Xjn

—
! +Fu(x,u+tn,Xu+tX17)n) dz,

and from (4.11)
1, 1 )
|Fe; Xyml < S1Fg, [* + 51X
< C (92l + [ul® + Inl® + | Xul? + | Xn|?),
1 5 1 5
|Fun| < glFul2 + 5In|2
SOl + [uf® + Inl* + | Xul® + | Xn)?).

Since u — ¢, n € ML(Q) C L%(Q), the integrand is finite. Hence the
derivative dp(t)/dt exists and is continuous in ¢t. On the other hand, ¢(t)
takes its minimum on ¢ = 0, then

dp(t) )

dt ‘t:O =olu

m
=/ ( ng(x,u,Xu)Xjn+Fu(X,u,Xu)n) dz =0.
Q=

j=
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We have thus proved that u is a weak solution of the following Euler’s
equation

(4.13) > X3 Fe;(X,u, Xu) + Fu(X,u, Xu) = 0.
j=1

5. Local properties of weak solutions

In order to study the regularity of weak solutions for the Euler’s
equation (4.13), consider the following general quasilinear equation

Qu= ZX;Aj(a:,u,Xu) + B(z,u,Xu) =0

i=1

in Q CC M. Suppose that Q is bouded and connected, and that Q can be
covered by balls defined by the metric p(z,y), i.e. Q@ = |J Br(z). We also
assume that the function A;(z,u,§), for j =1,...,m, and B(z,u,&) are
of class C®(Q) x R x R™), and satisfy the following structure conditions.
For all (z,u,£) € @ xR x R™ :

Y1 Aj(z,u, )€ > €7 — g(2)?,
|B(z,u,€)| < A(IE° + f(2)),
where f, g € C°(Q?) and > 0, A is a constant.
We shall prove the following local estimate :

THEOREM 11. — Let -the operator @ satisfy the structure conditions
(5.1). Let u € M*(Q) satisfy Qu > 0 in Bg for some R >0 and u >0 in
Bg. For some q € |nr,n(r + 1)], we set

(5.2) K=|f+dll.d+llglled’, Fo=KR"™/,

with § = ng/(2n — g+ nr) > 1 and ¢’ = ng/(nr +n — q) > 1. Then, for
allp>0 and%§0<1, we have

(5.3) supii < C((1 - 8)R) ™ */?|Br|™ /7|l v (B)»

where 4 = u + Fy, Bg = B(zo,R) C Q, C = C(n,r,A,p,q,||u||)
and o = a(n,r) > 0.
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Proof. — We first assume that p > 2 and choose the test function
¢ = (*a*ler € M}(BR), where ¢ € C$°(Bgr). Using the structure
inequality (5.1), we have

/ ZA]'(.T,U,.XU)XJ'( 22 ~1eM) dr
Br i

< - B(z,u,Xu)(zﬁ?”‘leA“dx
Br

< A/ (1Xal® + f)a*r et dz
Br
and hence from (5.1), we have
(2p—1) / Ca? M X a2 de
Br

<(2p- 1)/B Ca?r2eM g2 dz + A . (g° + f)(2ﬂ2”_2e’\“dx
R R

+2A/ (IXa| + g) | X ¢|a*P~ et da.
Br
Since i > Fy and ||u||r=~ < 400, we have

2p—-1) | CPa*P~2eM| Xl de
Br

< (2p - 1)Cy / a2 2|gldz + AC, / e (|gf? + f)da
Bgr Bgr

+(2p—1) / P2\ Xl dx
Br

C,C;

+2p—1

/ X CPa?dz + 2A / oCIX cla2rdz,
Br Br

where C; = maxg e?A%. Denote v = @” and let ¢ = 5. We have

Lo exvpdz<cop [ mx)Cv2ds + 9/ X ¢2vdz, -
p Br Br p Bgr

where h(z) = (g% + f)/Fo + ¢°/F%. The choice of ¢ and ¢' implies
I[Pl pase < C(n). Using the Holder inequality, we have
[ hetvide < gl s,

Br
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and the interpolation inequality for LP norms
|[ullze < ellullpe +e7#[lullL,

where p < ¢ <, pu=(1/p—1/q)/(1/q—1/£). We have, with C dependant
on n, ¢, 7 and |9,

1C2 2| parca-2 = 11€V|13 20/ a-2)

< ellgullZe + eI ¢w| 2.

Hence
/ h¢*vidr < Cel| X (Cv)||%: + Ce~mm/ (@m0 |¢p)|2,.
Br

Let e = 1/(2C)p~2. Then

| Xz < ooty ixgp) [ v
R

Br

Using LEMMA 5, we obtain

2 22 2nr/(qg—nr)+2 2 2
( tovPas)” < ot s ixcilg) [ v,
R

Br

Now, take R, = R(6 + (1 — 6)/(2k)) for k = 0,1,2,... with 6 € ]0,1].
Using the geometry of the metric p (see [11]), we can choose a cut-off
function (, € C§°(Bg, ) such that 0 < (x <1 and (4)(x) = 1in Bg,,, and
satisfying | X (x| < 2¥C/((1 — 8)R). Thus

/ ﬂznpr/(nr—zmx)("T‘Q)/(nr)
B

Ri41 4k
< 2nr/(g—nr)+2 / 20 4.
_C'(p + A o —0)2R2) Bnku dz

Take pj, = 2p(nr/(nr — 2))¥, with k > p, and replace p by ipi. Then

|lﬂ“LP’C+1 (BRk+1)

< O[(p(m*/(nr - 2))k)

2nr/(g—nr)+2

4k 1/pk
O—OVRJ
< Cak/m ((1 — Q)R)—Q/pkHﬂHLM(BRk),

+ [|@|| Lox (Bry)
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2nr/(g—nr)+2

where C = C(n,7,q,p,||ul]|r=) and a = 2(nr/(nr — 2)) +8.

Hence
8l|7551 3y, < Cadr=07/% (1 = O)R) ™ 25207 [ v,

where

-~ J 2

and a = a(n,r) > 0. Since |Bg| < 1, (for R > 0 small enough), we have

|*1/pk+1|BR|1/(2P) < |B |_1/Pk+1|BR|1/Pk+1

.BRk+1 Ry 41

|B | 1/px
:(|BR:1|) Pk+1

= C(p,r)!/Pi+1 < 2

when k is large enough. Hence

=1/Prt1)~
IBRk+1| || ”ka+1 (BR;H,I)
S C((l _g)R)—a/p|BR|—1/(2P)”ﬂ”L2p(BR).
Let k — oo. We have proved, for all p > 2,
o —a/p —-1/2p||5
<C((1-6)R B P .
supd < (= O)R) BRI llall s, (5,
Further, for 0 < p < 2, we have
~ a2 1/4
supa < C((1 —0)R) "'"|Bg|™ el , +(Br)
Bor
_a 1/4
S C((l _O)R) /2|BR| 1/4(Supu)1 227/4(/ '&2pdl')
Br

supii +2C%/7((1 - 6)R)” "/"IB 7221 5,)-

l\Dlv—x

Now, fix p and set ¢(s) = supp,, @. For § < s <t < 1, using the results
of [7], |Bir| > |By1j2R| > C|BR| and by monotonicity, ||||L2s(p,,) <
[1%]|L2#(BR)- We have

p(s) < so(t) + CA(t — s)72/7,

N~
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where A = R=%/?|Bg|~1/(3P)||di|| 12 (B,,). Repeating this inequality yields,
for any sequence 0 < pg < p; < --- < pg < 1, the inequality
k

1 1
#(po) < grop(pr) + CAY | (b — ) */P.
j=0

By monotonicity, we have ¢(pg) < (1) < ||i@||p~ < +00. Let & — oc.
We can prove

o0 1 B
o0) < plon) < CAD 5501 =) 7"
J:

If we choose pg = 8, pjy1 = pj + (1 —7)r'(1 = 6), j = 0,1,2,..., with
1> 7> (3)?/2, then the right hand side converges, which proves that

@(6) = sup@ < C((1 = O)R) /" |BR™/ )|l v 5,

6R

TaEOREM 11 is thus proved.

6. Harnack inequality and Holder continuity
We first introduce two lemmas.

LemMA 12. — Under the assumptions of THEOREM 11, assume that
u € MY(Q) satisfies Qu = 0in Q andu > 0 in Bg. Then, forall0 < 6 < 1
and s > 0, we have

{ |{z € Bgr; logii > s+ Bo}| < Cs™|Bgal,

6.1
(6.1) |{z € Bor; loga < —s+ Bo}| < Cs™*|Bggl,
where By = [BQR[_l fBGR log @i dz, and Bsg C Q.

Proof. — Use the test function ¢ = (?a~te~A%, where ¢ € C§°(ByR)
for some o > 1, with 0 < ¢ < 1 and ¢{(z) = 1 in Bg and with |X(| <
C((¢ = 1)R)~!. Under the structures conditions (5.1), we have as in the
proof of THEOREM 11

/ ¢?| X log i|*dx
Bor

<c [ (ha)+IX¢F) do

< Cl|hl|pas2|Bor]* 27 + || X¢|3 < | Borl
< C|Bg|R™*""/% 4 C|Bg|((c — 1)R)
S CR—2'BRI;
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