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ON THE HAUSDORFF DIMENSION OF JULIA SETS
OF MEROMORPHIC FUNCTIONS II
BY

JaNINA KOTUS (*)

RESUME. — On considére dans ce travail les estimations de la dimension de
Hausdorff des ensembles de Julia pour certaines fonctions meromorphes transcendentes.
Le résultat principal contient une borne inférieure pour la dimension de Hausdorff
obtenue sous des hypotheses convenables portant sur la position des pdles et sur le
comportement asymptotique de la fonction au voisinage des poles. Des applications du
théoréme sont données pour des fonctions elliptiques et trigonométriques.

ABSTRACT. — The paper deals with estimates of the Hausdorff dimension of
Julia sets of transcendental meromorphic functions. The main theorem gives a lower
estimate under some regularity assumptions on the location of the poles and the
behaviour of functions near their poles. Applications of this theorem include Julia
sets of trigonometric and elliptic functions.

1. Introduction

Let f: C — C denote a transcendental meromorphic function. For
n € N, denote by f™ the n-th iterate of f, and f~" = (f*)~!. The Fatou
set F(f) is the set of all the points z € C such that (f™),n € N, is defined,
meromorphic, and forms a normal family in some neighbourhood of 2. The
complement of F(f) in C is called the Julia set J(f) of f.

Every transcendental meromorphic function belongs to one of the
following classes :

(i) f is entire;
(ii) f is a self-map of the punctured plane, i.e. f = fo, where

fo(z) =20+ (2 — 20) ™" exp(g(z))

(*) Texte regu le 1°" mars 1993, révisé le 5 mars 1994.
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34 J. KOTUS

with £ € N and a non-constant entire function g;

(iii) f is neither entire nor a self-map of the punctured plane (i.e. f
satisfies assumption A of [2], [3], [4], [5])-

We will consider functions belonging to the third class.
It was shown by GARBER [10, thm. 1] that for each rational function f
the Hausdorff dimension of the Julia set HD(J(f)) satisfies

0 <HD(J(f)) < 2.

The estimate of BRoLIN [6, thm. 12.2] that for f.(2) = 22 — ¢ with
¢ > 2+ 212 one has

log 2

HD(J(£e)) < 1052000

where
1

glc) = (c— 3 — (e
shows that the lower bound of Garber estimate is sharp. The upper bound
of this estimate can be also attained as there are rational functions f such
that J(f) =C, e.g. f(2) = ((z — 2)/2)2

For transcendental entire functions it is known that HD(J(f)) > 1.
This follows from Baker’s result [1, cor. to thm. 1] : if f is transcenden-
tal entire, then J(f) contains a non-degenerate continuum. However, it
remains an open question whether there exists a transcendental entire
function whose Julia set has dimension exactly one. The upper bound for
the Hausdorft dimension of Julia set for these functions is 2, and it is
attained e.g. for f(z) = exp z, since J(f) = C. Thus 1 < HD(J(f)) < 2.

For a transcendental meromorphic function satisfying assumption A
the estimate of HD(J(f)) is the same as for rational functions i.e.

)1/2)1/2

0 <HD(J(f)) <2.

The lower bound is sharp (a result announced by STALLARD) as well as
the upper bound since for f(z) = witanz, J(f) =C.

In this paper we give a lower estimate for HD(J(f)) for meromorphic
functions with infinitely many poles. Let

S = {z € C: some branch of f 'has a singularity at z},
(e o]

P=J s
n=0

TOME 123 — 1995 — ~° 1



HAUSDORFF DIMENSION OF JULIA SETS 35

Equivalently one may write
P= {z : for some n € N some branch of f~™ has a singularity at z}.
Denote the closure of P by P. Let :
o A={a,: f(an) = 00, n € N} be the set of poles of f;

o b, denote the first non-vanishing coefficient of the principal part of f
of the Laurent expansion at the pole a, ;

e« D(a,r)={z:]|z2—a| <r}.
THEOREM. — Let f be a meromorphic function satisfying :
(i) A is infinite and dist(A, P) =d > 0;
(ii) there exist 3 > 0 and £ > 0 such that for a,, € A one has |an| ~ nP
and |by| ~ n7¢;
(iii) there exist m € N,y < (8+&)/m, and r,, such that r, ~n~7, and

()] ~ 1£(2)] ~ — Ll

|z — an|™
for z € D(ap, ).
Then HD(J(f)) > m/(¢ + (m +1)3).
Above and in the sequel |a,,| ~ n® (analogously |b,| ~ n7¢, etc.) means

cl< Ian|n_ﬁ <C

m |by|
— 1l
|z_an|m+1

for some constant C' > 0 and all n > nyg.

Roughly speaking, the assertion (iii) enables us to replace f’ by its
principal part in a r,-neighbourhood of the pole a,, uniformly with respect
to n. Observe that the condition on f in (iii) implies

f(z)~entbp(z—an) ™™+

in D,, = D(ay,ry,) with ¢, controlled uniformly in n. In other words, when
we reconstruct f from f’ in D, this condition says that the «constants of
integration) ¢, are not too large.

Of course, the hypothesis (iii) is satisfied for periodic functions when
we can, however, substantially simplify the formulation of this theorem.
On the other hand, the assumption (iii) is satisfied for some non-periodic
functions (see examples 4 and 5). In the proof we use this to control the
geometry of a hyperbolic Cantor set of points escaping to infinity through
neighbourhoods of poles.

In section 2 we prove the theorem, while in section 3 we indicate its
applications to certain families of functions.
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36 J. KOTUS

2. Proof of the theorem

Let
lf’( 1)|

EERATEEN]
be the distortion of f on a domain D. It is clear that if f is a homeomor-

phism of a domain D onto f(D), then L(f, D) = L(f~1, f(D)). In the
proof we apply the following propositions.

L(f,D) =

ProposiTION 2.1 (cf. [9, p. 32]). — For every 0 < s < r and for every
univalent map g : D(z,r) — C, the distortion of g in the disc D = D(z,s)
is bounded by the constant L

r+s>4
r—s/

LigD)<L=r(2)=(

ProposiTION 2.2 (cf. [13]). — Let E be a compact subset of C and
a be a positive number. Suppose that there exist a probability measure u
supported on E, and constants K, rq > 0, such that for each z € E and
r < 1o we have u(D(z,r)) < Kr*. Then HD(E) > «

For a, € A let D, be the disc D(an,r,), where 7, is given in
THEOREM (iii). There exists 0 < t < 1 such that Dy C f(D,) if k > n'
and n is very large. Indeed, from (iii)

[bn |

I——m for ze€ Dn

|fl~

uniformly with respect to n. As |an| ~ n?, |by| ~n=¢ and 7, ~ n~7 we
have that
lbalry™ = O(n™~%).
Thus if v < (8 + £)/m, then
bp|r™ = o(nP).

It follows that Dy C f(D,) since |ay| ~ k% > n'® = o(nf). Let
0 <t <1, n; €N be very large and

N={neN:ni<n<m}

Then Dy, C f(D,,) if k,n € N . Define the sets :
U n, E={z: f*(z) €T for all n € N}.

TOME 123 — 1995 — n° 1



HAUSDORFF DIMENSION OF JULIA SETS 37

PropPOSITION 2.3. — We have E C J(f).
Proof. — First we prove K = infr|f’| > 1. By assumption (iii) if
z € D, then

/ m |by| m|by| +1)y—¢
I~ e 2 g 2 O

Shrinking, if necessary, the neighbourhoods of poles in (iii) we may assume
that 7, > (Cn")~! with some v € (£§/(m + 1),(8 + £)/m) and C > 0.
Then K = infp, |f'| > 1 for all n > ny and we may assume ny = n}
for suitably chosen C' > 0. Suppose zp € E N F(f). By the definition of
the Fatou set there exists disc D = D(z,r) such that (f*|p), n € N,
is defined, meromorphic and forms a normal family. Thus there exists
a subsequence of iterates (f™) holomorphic on D and converging to
a holomorphic function g. Hence ¢'(2) # oo in D. On the other hand
9’ (20) = limg_ 00 (f™) (20) = 00, as K™ = infr |(f™)'| — oo, so we arrive
at a contradiction. Thus, zo € J(f). []

Take a disc D; for some t € N. We introduce the following collection
of sets :

By = {Bo = D},
By = {Bi1,: B1, is a component of YD,
for some n € N, By ,, C By},

By, = {Bk,n : Bk,n is acomponent of f_k(Dn)
for some n € N, By C Bk—1,4 € Bi—1}.

Moreover, we define
o0
A= |J Bin and B=() A
By n€By k=1

Of course, B is contained in E.

PROPOSITION 2.4. — There are constants k = v + S(m + 1)/m and
v=r—¢&/m>0 such that for each k € Nyn € N and By, € By,

diamBkm — kU
— ~n Y
diam Bj_1 ¢

with By_1,¢ € Bx—1 and By, C Bg_1,4.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



38 J. KOTUS

Proof.— We may again increase slightly v to have y > £ /m, and assume
that r, < d =dist (A, P) for all n € N. Thus f*~! is a homeomorphism
of Bi_1, onto f*=1(By_1,) = Dy. Let L(f¥~1, Bx_1,) be the distortion
of the function f*~! in By_; . Clearly

L(f*7Y, Be_1,e) = L(f~*71, Dy),

and by PROPOSITION 2.1,

~h-1) py (Tt (dEreNt
L ’De)—L<d> (d—rg> L
Thus
diam By, », S -1 diamfk‘l(BkYn)
diam Bi_1,0 — diamfk“l(Bk_u)
_ - diam(f~1(D,) N Dy)
diang

-1
> (LCrensupp-y(p,ynp, 1)

For z € Dy we have |f’| ~ m|be|/|2z — ag|™F?, so
sup| /(2)] ~ PO g/

if z € f~Y(D,)ND,. This implies that for some § > 0, k = y+B(m+1)/m,
v=y—¢/m>0

diam Brn o o —(r48(m+1)/m) gr=€/m _ §p=r pv.
diam By_1 ¢

Similarly we have

diam Bk,n

. —1 _ v
diam By_1 ¢ < LC(ren™ infgs(p,ynp, 1f]) " <nn7"e

for some universal n > 0. []
Proof of the theorem. — Let @ < k™!, N be an integer such that
n1 > N >ng >nt +1 and

N
Z n~" > max{§~°, (6 diam By)~*}.

—mt
n=n,

ToME 123 — 1995 — ~° 1



HAUSDORFF DIMENSION OF JULIA SETS 39

Now, inspired by an idea in [11], we define a probability measure u
on B such that for 7 < rq and 2 € B, u(D(z,r)) < Kr* with some
constant K > 0. The measure p is the limit of probability measures pug,
as k — oo. Let pg be the suitably scaled Lebesgue measure on By,
i.e. po(Bp) = 1. We put u3 =0 on By \ A; and py(B1,,) =0 for n € N
andn>N.IfneNandn< N

N

p1(By ) = (diam By ,)* / ( " (diam Bl,n)a).

—mnt
n=n;

N
Thus p1(Bi1,n) > 0and Y, pi(Bi1,n) = po(Bo). By ProposITION 2.4 and

n=nt
the choice of N,
N N
Z (diam By ) > Z (6 diam Byn™")*
n=n} n=nt

(6 diam By)* Z n_ " >1,

_nt

so p1(B1,) < (diam B ,)* for n € N,n < N. Assume that we have
defined pg—1 on Bg_1s € Bi—1. We define p; by letting up = 0 on
Bi—1,0\ Ak, ik (Bkn) =0ifn e Nandn > N. Forne N andn < N

N
e (Br,n) = (diam By ;) * pk—1(Bi-1,¢) / (Z (diam Bk,n)a>'

—mnt
n=n;

Now, we apply PROPOSITION 2.4 to By, € Bi, n € N,n < N, that is,

N N
> (diam Bi»)* > > (diam By_1,0 60" "¢")®
N
= (diam Bg_1,0)*¢"* > (6n7"%)°
n=n}

> (diam By_1 )
by the choice of N. This, together with the assumption pg_1(Br-1,¢) <
(diam Bj_1 ¢)®, implies

N
pr—1(Br-1,) /Z (diam By,)* < 1,

—nt
n=nj
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40 J. KOTUS

hence px(Bin) < (diamBy,)*. The sequence pj converges to the
limit probability measure p supported on a set B’ contained in B. By
the construction pu(Bg,) = uk(By,) for all & € N and n € N, so
,U,(Bk’n) < (diam Bk,n)a.
Take z € B and r > 0. Define
ek = Inf{dist(z',0Byn) : 2 € B' N By},

and observe that if By, C Bip_1,¢ then e, < €x—1¢. Moreover g, — 0
when k — oco. Hence there exists & € N such that ex, <7 < éep_1,4, SO

D(z,7) C D(2,€x-1,¢) C Br_1,.

But the diameter of By_; ¢ is also comparable with r. To see this observe
that .
diam By_1,¢ < osup|(f~* V)| < o sup|(f*1)|”
D, Bye

with
o =max{diam D, : n}{ </ < N}.
On the other hand, for some 2z’ € B' N By,
r > egpn = dist(z’,0Bg.)
> dist (/571 (2'), f*~}(0Bi.a)) i |(£~4V)'
. —1v)-1
> i |(F71]
with
T= min{dist(@Bl,m,aBgyp) :ni <m, p< N}
Finally we obtain
diamBx_1¢ _o© (supp iy D) o _
. < p (infB;u DD < g S?sz(f ", Dy) <

by ProposiTioN 2.1 and dist(4, P) = d > 0. Consequently we get
/,L(D(Z,’/’)) < ZN(Bk,n) = Z/w"k(Bk,n) < E(dlam Bk,n)a

< N(N”n)a(diarn Bk_l’g)a
< N(N"nLo/T)%r".

By ProposiTION 2.2 (with the constant K = N'*V*(Lno/7)*) we have
HD(B') > a. As we have chosen arbitrary v € (§/m, (8 + £)/m) we may
write

L

RS

HD(J(f)) 2 HD(B') > m/(§+ (m+1)5). [

ToME 123 — 1995 — ~° 1



HAUSDORFF DIMENSION OF JULIA SETS 41

3. Examples
Let f be a meromorphic map on C. For A € C let

I(z) = Af(2).

We consider further only these A for which dist(A(fy), P(fr)) > O.
Recall that for meromorphic functions f with finitely many singular
values (i.e. card S(f) < oo) the Fatou-Sullivan classification of periodic
components of F(f) holds. This is a consequence of the general version of
the Sullivan theorem proved in [5].

ExampLE 1.
Let fa(z) = A(tanz)™, m € N, A € C. Then

A(fx) ={an=(n+ %)TftnGZ}

is the set of poles. It is easy to see that 3 =1, £ =0, so

m
m+1

HD(J(f3)) >

In particular, HD(J(fx)) > % for m = 1.

Now, we compare the above estimate with an upper bound for the
Hausdorff dimension of Julia set for fy(z) = Atanz.

ProposITION 3.1. — Let fy(z) = Atanz, with A € R and 0 < |\| < 1.
Then

HD(J(fy)) < 3 +AM2/m + O(|A)).

Proof. — For |A\] < 1 we have f{(0) = A, so 0 is an attracting
fixed point. If additionally A > 0, then there is a repelling fixed point
zx € (0, %7‘(’) C R, which belongs to the boundary of the basin of attraction
of 0. Analogously, for —1 < A < 0 there is a repelling periodic point of
order 2 with the same property. The functions f) have poles at the points

of the set

A:{an:(n—k%)w:nEZ}.
Let 6y = |ap — 2x|, and I, = (an — 6x, 0, + 6x) C R. Then J(f)) is a
Cantor subset of R and J(f\) C | Iy, see [8]. Take I}, t € Z. As in

n=-—oo

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



42 J. KOTUS

the proof of THEOREM we define the following family of sets.
By = {Bo = 11},
By = {Bin : Bynis a component of f~'(I,)
for some n € Z, By, C By},

By = {Bk,n : By, is a component of R
for some n € Z, By, C Br—14¢ € Bk_l},

Thus
A = U By n

By n€By

is a covering of J(fy) and diam By, < dy — 0 if K — oo. To prove that

HD(J(f»)) < « it is sufficient to show that, for each k € N,
> (dam Brn)* < > (diam Br_1)%,
By, n€By By _1,0€8Bk_1
or equivalently that for each k¥ € N and each By_1, € Bi—1
Z (diam By ,)* < (diam By_1.¢)%,

Bi,n€G(Bk-1,¢)
where

G(B-1,6) = {Bk,n € Br : Beyn C Bi—1,¢}-
By ProposITION 2.1 the distortion L(f~*~1 I,) is bounded by

l7'('-?—(5)\ 4
Loy = (2—2
() (%ﬂ_ék)
so
1
Z (diam By )

diam By_1¢)¢
( k I’Z) Bk,n€G(Bk-1,0)

ZBk,neG(Bk—l,e) (diam fk—l(Bk’"))a
(diam fk-l(Bk_l’e))a

too (diam(f1(I,) N Ip))™
(g6, ) Zenmmeel Ten W D)

o0

< 2L NE5) T Y (20w [(7)'])”

n=0

< L*(f* 7, Bi-1,)

o]

= 2L%(\ Z(/\Q l)\l hT )“

n=0
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HAUSDORFF DIMENSION OF JULIA SETS 43

since (fy '(w))’ = (arctanw/A)’ = A/[A?+w?] and sup; (f5!)’ is attained
at the left edge of I,,, i.e. at w = a,, — 6. Thus

L Z (diam By )

(diam By_1 ¢)® Br.n€G(Bi_1.0)

< 2(NL)) [ (A2 + (3r = 80)?)
+ io:{/\2 +((n+ 3)r— 6,\)2}‘0‘]
n=1

< 2(NLK)" [(én — 872 4 Z(m)—%]
n=1

= 2(AL)” (37— 672 + 72¢(20) |,
where ( is the Riemann zeta function. If A > % then ¢(2a) < oo and for
IA[* < 72%(2¢(20)) 71
Z (diam By, ,,)* < (diam Bi_1,0)“.
B,n€G(Bk-1,¢)
The inequality |A|* < 72%(2¢(2a))~! implies that
o< I+ M2 2A/n? = L+ A2 m o). [

Thus for fy(z) = Atanz, A € R, the estimate in THEOREM is sharp
when A — 0.

ExAMPLE 2.
Let fy be a simply periodic function with finitely many poles in each
strip of periodicity. Then g = 1, and £ = 0, thus

HD(J(fx)) =
and HD(J(f\)) — 17 as m — .

The assumptions concerning 3, £ and m in THEOREM are fairly general.
In some cases ProPosIiTION 3.1 shows that the conclusion of THEOREM is
precise. However, for

m L
m+1 = 2

1
T A +exp(—22)
with A >0, 8=1,& =0, m =1 (like for fy in Example 1, m = 1) we
have proved in [12, thm. 2] that
HD(J(gx)) > 1 - C(log] log/\|)_1
for some C' > 0 and A — 0. Hence the lower bound for HD(J(g,)) tends

gx(2)

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



44 J. KOTUS

to 1 when A — 0. This estimate has been shown by studying the dynamics
of these maps. So, the estimate in THEOREM is not optimal for these gy’s.

ExAMPLE 3.

Let fy be a doubly periodic function of order m € N of the poles
(e.g. an elliptic function). Clearly, £ = 0 and we show that for all these
functions 8 = % Let a1, ..., an be all the poles belonging to D(0,r). The
number of poles in D(0,r) is proportional to the number of fundamental
parallelograms contained in D(0,r), i.e. N ~ 7r?/a?, where a? is the area
of a fundamental parallelogram. Thus r ~ N2 and |ay| ~ 7 ~ N'/2,
By THEOREM
2m

>1

HD(J(f) = — =1L

and HD(J(f))) — 27 if m — oo.
Now we apply THEOREM to non-periodic functions.

ExampPLE 4.
Let
A2) = (A +exp(—2%*)) 7", keNU{1}.

For A > 0 we have dist(A(fy), P(fy)) > 0 and J(f)) is a Cantor set.
Ifk= %, fx is periodic, so 8 =1, £ =0, and HD(J(f»)) > % For k> 1
we have 8 =1/(2k), £ =1—1/(2k), m = 1, which implies that

2k

HD((f2) 2 5,

T

+

For second order differential equations of the form f” + h(z)f = 0,
where h(z) is an entire function, it is known from the elementary theory
of differential equations in complex domain that all solutions f of this
equation are entire functions, and that the zeros of any f # 0 are simple.
Let h(z) be a polynomial of degree k. Obviously, for £ = 0 the equation
possesses two linearly independent solutions, each of which has no zeros. In
the case k > 1, it follows from the Wiman-Valiron theory (see [14, p. 281])
that the order of growth of f # 0 is %(k + 2). Hence, when k is an odd
integer, the Hadamard factorization theorem and the Borel theorem on
roots of entire functions (e.g. [7]) imply that the exponent of convergence p
of the sequence {a,, : f(a,) =0, n € N} is equal to %(k+2). Let g =1/f,
then

A(g) ={an:n €N}, [a,] = O(n"/?*e)

for any € > 0 and |b,| = |f'(an)| 7.

ToME 123 — 1995 — ~° 1



HAUSDORFF DIMENSION OF JULIA SETS 45

ExaMPLE 5.
If h(z) = —z, then one of solutions of f” — zf = 0 is the Airy function

. 1 . .
Ai(z) = 5 /ImC:n>0 exp(%zﬁ3 +i¢z)d¢.

The zeros of Ai are at the points

n(n— 1) + o),

[\l [J4]

an = (

Set fx=A/Ai, thenm=1,8=2,¢= ¢}, and HD(J(f))) > 2.
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