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HARDY SPACES AND ANALYTIC CONTINUATION
OF BERGMAN SPACES
BY WOLFGANG BERTRAM AND JoacHIM HILGERT (*)

ABSTRACT. — We introduce a family of weighted Bergman spaces associated to a
compactly causal symmetric space and investigate the relation of the corresponding
Hardy space with the analytic continuation of this family. For an important class
of compactly causal symmetric spaces defined by involutions of Euclidian Jordan
algebras we obtain precise results which are analogous to the corresponding situation
for bounded symmetric domains.

RESUME. — ESPACES DE HARDY ET PROLONGEMENT ANALYTIQUE DES ESPACES
DE BERGMAN. — Nous introduisons une famille d’espaces de Bergman pondérés
associée & un espace symétrique compactement causal, et nous examinons la relation
entre I’espace de Hardy correspondant et le prolongement analytique de cette famille.
Pour une classe importante d’espaces symétriques compactement causaux, définie par
des involutions d’algébres de Jordan euclidiennes, nous obtenons des résultats précis qui
sont en analogie avec la situation correspondante pour les domaines bornés symétriques.

0. Introduction

0.1. A family of weighted Bergman spaces.

Let D be a bounded symmetric domain of tube type, realized as
a generalized disc in the complexification V¢ of a Euclidian Jordan
algebra V. There is a well known family of Hilbert spaces of holomorphic
functions on D, called weighted Bergman spaces and defined by

(01) BXD): ={f € 0O(D);
1712 = cH/DIf(z)|2(Det B(z2)""dz < oo}

(*) Texte regu le 14 avril 1998, accepté le 1°T juillet 1998.
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436 W. BERTRAM, J. HILGERT

(cf. [FK94, Ch. XIII]). Here the density appearing in the integral is defined
by the Bergman polynomial

(0.2) B(z,w): =idy, —22 O w + P(z)P(w),
where x (0 y and P(z) are related to the triple product
T(z,y,2) = z(yz) — y(zz) + (zy)2
associated to the Jordan algebra V¢ via
T(z,y,2) =(x0y)z and T(z,y,z) = P(z)y,

and the constant ¢, is chosen such that, if the norm ||1]|,, of the constant
function 1 is finite, then it is equal to one. If V is simple, then the
space BZ(D) is not reduced to zero if and only if

r

p>1- on
(with n = dim V' and r the rank of V; ¢f [FK94]; there the parameter
is v = p - 2n/r). The space B%(D) is the ordinary Bergman space of D.
The harmonic analysis of the weighted Bergman spaces with respect to
the group G(D) of holomorphic automorphisms of D (or, more generally,
its universal covering G(D)) is well developed. These spaces contribute to
the holomorphic discrete series of G(D).

In this work we will introduce an additional structure, define a more
general class of weighted Bergman spaces and study some natural pro-
blems in their harmonic analysis. The additional structure is given by
distinguishing an open dense domain

(0.3) E: ={z€D; falz) #0}

in D, where « is an involutive automorphism of V and f,, the holomorphic
polynomial on V' given by

(0.4) fa(z): = Det(P(z + a(2))).
For example, if V' = V; x Vj is the direct product of a simple Jordan

algebra with itself and
a((z,y)) = (y,2),

then = is the domain considered by Chadli [Cha98]. Other data lead to
the cases considered by Koufany-@rsted [K(97], Molchanov [Mo97], and
Betten-Olafsson [BO9S).
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HARDY SPACES AND ANALYTIC CONTINUATION OF BERGMAN SPACES 437

We now define a family of weighted Bergman spaces depending on two
real parameters p and A:

(0.5) B2,(8): ={fe0E);
19105 = e [ 17| fala)| 7 (et Bz, 2)* a2 < oo},

where dz is Lebesgue measure, restricted to the open domain = C D.
For A = 0, any function from B2 . can be extended to a holomorphic
function on D (Prop. 2.1.1), and ’chus B? () = B2(D). In the second
parameter, the behavior is “periodic” since clearly for k € N multiplication
by f¥ yields an isomorphism of B? , onto B? , 5, The argument remains
valid for any rational parameter k = p/q such that there exists a
holomorphic function f with f = f*¥ (i.e. f¢ = (fa)P); we call such
parameters admissible.

The weighted Bergman spaces are Hilbert spaces such that for all z € =
the point evalutions f +— f(z) are continuous. Thus there exists a vector

Kglw\) such that f(z) = (f | K(“”\)) The function
K(ﬂa)\) ExE (C, (w, Z) — Ki‘u’)\) (UJ)

is called the reproducing kernel of B2 ,(Z). We prove (cf. Cor. 2.1.4):

A
THEOREM 1. — If u > 1— 2_r_ and 3 is an admissible parameter, then
n

the space BZ, \(E) is non-trivial, and its reproducing kernel is given by
KN (z2,w) = fo(2)M? (Det B(z,w))ﬁﬂf—a(—w)kﬂ,
where B is given by (0.2) and f, by (0.4). []
Next we explain how harmonic analysis enters into this picture.

0.2. Group actions and spectrum of weighted Bergman spaces.

As is well known, the group G(D) acts transitively on D. The domain
E C D is stable under the action of the subgroup of G(D)

(0.6) G: = G(D)-%)~
:={9€G(D); (-a)g: =(-a)ogo(—a) =g},

but this action is not transitive. However, the action of G on the open
dense subset

(0.7) X:={uex; fa(u) #0}
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438 W. BERTRAM, J. HILGERT

of the Shilov boundary
S:={zeV; (2)7 ' =2}

of D is transitive. We write X = G/H, where H is the stabilizer of the
base point 0 = ie € X. Then X is a compactly causal symmetric space,
and = is the domain in its complexification X¢ considered in [HOQ91]
(cf. [Be98, Th. 3.3.5]). The Ge-invariant measure dv(z) on X, restricted
to =, is related to the Lebesgue measure dz of V¢ via

(0.8) Av(2) = | fal2)| ' dz

(cf. [Be98, Prop. 2.4.3]). Thus the Bergman space of Z
B%(E): = {f € O(E); /:|f(z)|2d1/(z) < oo}

is equal to the space Bi (E). The other spaces corresponding to the
“diagonal” A\ = u have the following interpretation:

THEOREM 2. — If % is an admissible parameter, then the reproducing
kernel of B%(Z) is given by the function K(1'1) defined in Theorem 1.
If %,u is an admissible parameter and p > 1 —r/(2n), then the space

- 1—
B(E): = {f € 0(5) / 1F )P (KOV(2,2) ™ du(z) < oo}
is non-trivial and equal to Bi H(E) Its reproducing kernel is
Kn) — (K(l 1))

The group G acts unitarily on the spaces B(Z) via ordinary translation
of functions. We are interested in describing the decomposition of B2( )
into irreducible representations. There are two approaches to this problem
the first describes the representations appearing in the decomposition
as highest weight representations and then determines the corresponding
highest weights; this has been worked out for the group cases and yu =1
by Krétz (cf. [Kr97]). The second approach, which we use in this work,
is geometric. We apply an idea that appears in the work of Jakobsen
and Vergne [JV79] to the specific geometric situation given by a bounded
symmetric domain with an involution a: The space

“:={z2€D;alz)=-2}CD
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is a bounded symmetric domain in its own right; it is associated to
X = G/H in the sense that D~ = G/K with K maximal compact in G.
It is a special feature of our setup (not predicted by the general theory of
the domain E in [HO@91]) that D~ belongs to the boundary of Z; this
boundary is in a sense “opposite” to the boundary X C 0=. Elements of
Bi,%(E) (k > 0 admissible) have a holomorphic continuation to all of D;
thus we can restrict them and all their partial derivatives to D~. These
differential restrictions determine the function entirely, and because G
acts transitively on D™, it is not too difficult to decompose the space
of restrictions thus obtained under the action of G (Theorem 2.3.5).
The interest of this technique lies in the fact that it yields not only
the spectrum, but also exhibits natural intertwining operators of certain
function spaces into the holomorphic discrete series of G.

0.3. Analytic continuation of weighted Bergman spaces and
classical Hardy spaces.

The reproducing kernel of a Hilbert space is a positive kernel, corres-
ponding to the positivity of the scalar product. Conversely, every positive
kernel defines a Hilbert space of functions. For u > 1 — r/(2n), the func-
tion K9 (w, 2) given by the formula in Theorem 1 is the reproducing
kernel of a weighted Bergman space and is thus positive. The set W C R
of parameters p for which the formula in Theorem 1 defines a positive defi-
nite kernel K(#9 (the so called Wallach set) can be determined explicitly,
cf. [FK94, Th. XII1.2.7):

09 w={fog -l mel

It is strictly bigger than the Bergman range u > 1 — r/(2n) belonging to
the weighted Bergman spaces. The corresponding “absract” reproducing
kernel spaces will be denoted by B, (D), the superscript 2 being reserved
for p in the Bergman range. The question arises whether the Hilbert
spaces B, (D) belonging to parameters outside the Bergman range have
an analytic significance similar to the Bergman spaces. This is in fact true
for the parameter p = 1: The space By (D) is the Hardy space H?(D) of
holomorphic functions f on D having square integrable boundary values
in the sense that

(0.10) Iy = sup, [ |l dotu

is finite, where do is the normalized U-invariant measure on X (cf. [FK94,
p. 269]). Here U is the stabilizer of 0 in G(D) which is compact and acts
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440 W. BERTRAM, J. HILGERT

transitively on . The space H2(D) has a reproducing kernel, the Cauchy-
Szeg6 kernel S(z,u), defined by the property

(0.11) f(z)=/ZS(z,u)f(u)dcr(u).

Since H?(D) = B 1 (D), we have the explicit formula S = K(2:9) given
by Theorem 1 for the Cauchy-Szego kernel. Its square is the reproducing
kernel of the classical Bergman space B?(D).

0.4. The Hardy space of = and its comparison with the
classical one.

We are now going to explain to what extent the preceding results can
be generalized to the domain =. The Hardy space H*(Z) of = is defined
as the space of holomorphic functions f on = having square integrable
boundary values on X in the sense that

(0.12) £V = sup /X 17(v- )P dz < oo,

where I' is a certain subsemigroup in the complex group G¢ such that
Z = I' - ie. An explicit formula for the reproducing kernel of H?(E) is
known only in some special cases. Our approach to this problem is trying
to realize the space H?(Z) as the point belonging to the parameter y = %
in the analytic continuation of the weighted Bergman spaces Bﬁ (2). Note
that because of Theorem 2 the analytic continuation of the spaces B2 (=)
is easy to describe: These are just the spaces B, ,(Z) corresponding to
the kernel K(*#) for admissible parameters y in the Wallach set W. Our
main results in this context are:

THEOREM 3. — Assume that % is an admissible parameter. Then we
have an inclusion of function spaces

(0.13) By (E) Cc H*(2).

THEOREM 4. — Assume that X is irreducible. Then the inclusion (0.13)
is an equality if and only if the rank of X is equal to its split rank; this
is the case if and only if X admits both compact and non-compact Cartan
subspaces. Then the Cauchy-Szegé kernel of H?(Z) is given by K (%*%),
and its square is the Bergman kernel K(1:1) of =.

1
In the situation of Theorem 4, multiplication by f# is an isomorphism

H?(D) = By(D) — By,1(3),
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and in this sense H?(D) is realized as a subspace of H%(Z). The question
whether in this way the classical and the non-classical Hardy spaces
are isomorphic has attracted much interest during the last years, cf. e.g.
[BO9S8], [Cha98], [K@97], [0D98]. From our point of view, the problem
can the Hardy space be realized as the point with parameter p = %
in the analytic continuation of the weighted Bergman spaces? is the
mathematically correct formulation of the question are the classical and
the non-classical Hardy spaces isomorphic? — the trouble being that
“non-canonical” isomorphisms between the two Hardy-spaces may exist,
as shows the compact case (Section 3.4). Moreover, our formulation of
the problem makes sense for any compactly causal symmetric space,
not only for the ones related to Jordan algebras. However, our proof
of Theorem 4 uses the Jordan-structure via the explicit formula for the
Bergman kernel. It would be interesting to have an abstract proof not
involving this formula, either geometric or via highest weight theory. From
a geometric point of view it is remarkable that in the cases where (0.13)
is an equality, the “causal group” G(D) has a unitary and irreducible
representation in H?(ZE).

Contents of the paper

1. Geometric and algebraic preliminaries

2. The spectrum of a family of weighted Bergman spaces
3. Comparison of Hardy spaces

4. Open problems

Section 1 contains the classification (Section 1.5) and some preliminary
results on involutions of (Euclidian) Jordan algebras which are, however,
of interest in their own right (¢f. Theorem 1.6.1, Theorem 1.8.2). The
full information provided by Chapter 1 is needed only for the proof of
Theorem 4; in the other parts of Chapters 2 and 3 only the general facts
explained in Sections 1.1-1.4 are used. Finally, the approach to Bergman-
and Hardy spaces presented in this paper leads naturally to some open
problems (Chapter 4) which we will investigate in subsequent work.

We would like to thank M. Chadli and J. Faraut for helpful discussions
and the Mathematics Institute of Jussieu, where part of this work was
done, for the kind hospitality.

The first named author gratefully acknowledges support by the DFG-
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1. Geometric and algebraic preliminaries

1.1. Euclidian Jordan algebras and associated symmetric
domains.

Let V be a Euclidian Jordan algebra with unit element e and Q the
associated symmetric cone. The cone €2 can be defined as the component
of e of the set of invertible elements of V. Our basic reference is [FK94];
we follow the notation introduced there. The tube domain

To=V+iQC V¢
has, via the Cayley transform
C:D—Tq, C(2)=ile+2)(e—2)"1,
a bounded realization D = C~1(Tgq). The Shilov boundary
E:{ZGVC; 2:2‘1}

of D is, via the Cayley transform, equivalent to the conformal compac-
tification V¢ of V introduced in [Be96], and the group G(Tg) of biholo-
morphic automorphisms of Ty, acting by birational maps on V, is (up to
connected components) the conformal group Co(V) introduced in [Be96].
Its complexification G(Tq)c is the conformal group Co(V¢) of V¢; it acts
by complex birational maps on V¢. The stabilizer U of the base point 0
in G(D) is a compact group acting linearly on V¢. Its complexification
is (up to connected components) the structure group Str(Vg) of V. The
group U acts transitively on X.

It is well known that the disc D is the connected component of 0 of
the set

{z € V¢ ; Det B(z,2) # 0},

where B is as in (0.2). The G(D)-invariant measure on D has the density
(Det B(z,2))~! with respect to the Lebesgue measure of V¢, where the
determinant is taken over C (c¢f. [FK94]).

1.2. A decomposition of bounded symmetric domains.

Let o be an involution (automorphism of order 2) of the Euclidian
Jordan algebra V' and denote by the same letter its C-linear extension
to Vg. Then we have the eigenspace-decompositions V = V* @ V~ and
Ve = Vc+ @ Vi with respect to a. The intersections of the eigenspaces
with the bounded symmetric domain D,

Dt:=DnVd, D :=DnVg,

TOME 126 — 1998 — ~N° 3
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are easily seen to be bounded symmetric domains (cf. [Be98, Prop. 3.1.1]),
the former being of tube type (since V' is a Euclidian Jordan algebra), the
latter in general not. Their automorphism groups are related to the group
G(D) as follows. Let ¢.(g): = ¢g¢p~! be the conjugation by an element ¢
of Co(V¢); then G(D) is stable under the involutions a. and (—a)., and
we denote the connected fixed point groups of these involutions by

G*: =G(D)¥, G~ :=G(D) -

It is then easily verified that Gt acts transitively on Dt and G~ acts
transitively on D~ ; in other words, we have surjective homomorphisms

pr:GT — G(D¥), g+ g|p=.

In the “generic case” these homomorphisms are also injective (cf. Remark
1.8.5). The case o = idy is somewhat singular since V'~ is then reduced to
a point. Note that in this case G~ is the compact linear group U defined
in Section 1.1, whereas G(D~) should be defined as the trivial group.

1.3. Compactly causal Makarevi¢ spaces.

Let, as above, a be an involution of the Euclidian Jordan algebra V
and G: = G~. Then, according to [Be98, Th. 3.3.6], the group G acts
transitively on the open dense domain

X ={u€es; fulu)#0}

of the Shilov boundary X. Further, X is a symmetric space with geodesic
symmetry —j with respect to the base point ie, where j(z) = z7! is the
inverse in the Jordan algebra V¢. The corresponding involution of the
group G is given by

(—=9)+g = (=3)9(=3)-
We thus can write X = G/H with H open in G(~9)~.

The space X is a causal symmetric space: The symmetric cone €2
defines on V' a flat causal structure (a constant field of cones obtained
by translating  to each tangent space of V) which is transported
to the Shilov boundary ¥ via the Cayley-transform C. The structure
on V is invariant under the group Co(V) = G(Tg), and therefore the
structure on ¥ is invariant under G(D); in particular, its restriction to X
is invariant under G. We describe this causal structure on X in more
detail: Let 7 be the complex conjugation of V¢ with respect to V. Then
(—j7)« is a Cartan involution on G (cf. [Be98, Section 2.2]). Denote
by g = € @ p the corresponding Cartan decomposition of g. Moreover
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444 W. BERTRAM, J. HILGERT

let g = h @& q be the decomposition associated to the involution (—j)..
These decompositions can be described as spaces of vector fields. We
denote by j.v the homogeneous quadratic vector field (j.v)(z) = —P(z)v
with v € V and by ste(Ve) C gl(Ve) the Lie algebra of the structure
group of V¢. Then using the fact that g is the subalgebra of co(V¢) fixed
under (—a). and under (j7)., one gets

p={v+suTv;veVg} =V,

t=iL(V')® Der(V)*,
1=qedq =1 L(VY) o {v+jv;veV}
h="hedhy =Der(V)* @i{v—jww; veV }.

(1.1)

The cone W in the tangent space Tp X = q defining the causal structure
on X is given by
(1.2) W:=4dC0)'Q=—{iL(v") + (v +:v7);

veEQu=vt +v v e VEL

In fact, the Cayley transformed version of the cone W C q is the cone of
vector fields

(1.3) W' =CW ={v—j.av; veQ}
in the space of vector fields
(1.4) q:=Cg={v—j.av; veV}

where C, denotes the forward transport of vector fields by the Cayley
transform C. This cone corresponds to the causal structure considered
in [Be98, Section 3.2].

In particular,
(1.5) Wnge=—i{L(v"); v eQnVt}

is isomorphic to Q7 : = QNV*. Note that this is just the symmetric cone
associated to V' (this holds because Q+ = eX(V") . ¢). Thus the causal
structure we consider has the property that WNqe # 0; i.e. X is compactly
causal (cf. [HO96, Def. 3.1.8]), and moreover it has the special feature that
both W and W N qe are self-dual (w.r.t. suitable scalar products).
Finally, note that the space X appears as an open orbit in a Shilov
boundary. Not all compactly causal symmetric spaces have this property,
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but “most” of them have (see Section 1.5). These are precisely the Maka-
revié spaces (cf. [Be96], [Be98]) among the compactly causal symmetric
spaces.

1.4. The domain E associated to a compactly causal Makarevic
space.

The domain = defined by equation (0.3) is related to the holomorphic
action of a complex semigroup as follows. If W C q is the Ad(H)-invariant
cone given by (1.2), we denote by exp(iW) the image of iW C iq C g¢
under the exponential map of G¢. Then, according to [Be98, Th. 3.3.5],

E = Gexp(iW) - ie.

In [HO®91] the domain = is introduced via an extension of the cone W
to an Ad(G)-invariant cone W in g: by general results on invariant cones
(cf. [HO96]) there exists a G-invariant open convex cone W C g which
satisfies . . .

(—=7)(W)=-W and Wnq=W.
Then (¢f. [HOQD91, Lemma 3.1 and its proof]) Gexp(iW) is a subsemi-
group of G¢ such that 2 = G exp(iW) - ge. It should be noted here that

the extension W of W with the given properties is in general not unique.
Our results will not depend on the extension W chosen. However, there is
one “biggest” extension which is rather canonical in the given geometric
context and which we will fix in the sequel.

ProrosiTiON 1.4.1. — Let S(D): = {g € Co(V¢); g(D) C D} be the
compression semigroup of D and let

I: =GcNS(D)={g€Gc; g(D) C D}

Then T' is a semigroup with 2 =T - ie, and it contains G exp(iW). It is
of the form T = G exp(iW/), where W is a regular Ad(G)-invariant cone
n g with . . e

(=9)«W)=-W and Wnq=W.

Proof. — From [Be98, Cor. 3.3.3] it follows via Cayley-transform that
Gexp(iW) C I'. Therefore [Be98, Th. 3.3.5] implies that = C T" - ie. The
other inclusion follows from the fact that I' C (G¢c N S(D)) and thus
I'-ie C (X¢ N D) which is, according to [Be98, Th. 2.1.3 (iv)], equal to =.

The remaining statements are best proved using the tube realization
Tq of D. Then the compression semigroup S(Tq) is of the form

S(TQ) = G(TQ) exp(icmax)

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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with the maximal invariant cone Cpax C g(Tq) given by
Cmax = {X € 9(Tq); (VWweV)X(v) €}
(see [Cha98, Th. 1.1]). From Equations (1.3) and (1.4) we deduce that
W' = q' N Crax.

Moreover, the Cayley transformed version of the involution (—j)* is
(—1id)«, and the description of Cpax given above shows that

(_ id)*c’max = _Cmax-

It follows that the cone W: = 'max (1 @ has all the desired properties.
(Note, however, that we cannot conclude that this cone is maximal

ing) []
1.5. Classification.

In this section we classify simple pairs (V,a); this means that V is
a Euclidian Jordan algebra having no proper ideal invariant under the
involution a. The spaces V and V* are described as Jordan algebras;
in particular, Sym and Herm denote Jordan algebras of symmetric,
respectively Hermitian, matrices with their natural Jordan product

XYy =4xy+vx),
and RP x RY is the space RPT? with the Jordan product
z -y =b(z,e)y + by, e)r — b(z,y)e,

where b is a form of signature (p,q) and e such that b(e,e) = 1. The
spaces V'~ are described as Jordan triple-systems (JTS): they inherit
from V the Jordan triple product

(2,9, 2) — 2(y2) — y(22) + (zy)z

which defines V™~ as non-degenerate JTS in the sense of [Sa80, 1.6]. In
particular, Asym and Aherm denote JTS of skew-symmetric, resp. skew-
Hermitian matrices and Mat(p x ¢;F) denotes the JTS of p x g-matrices
over F. By Hermitian we mean, if there is no other specification: Hermitian
with respect to the canonical involution of the base field (¢f. [Be96]). In the
case IF is the skew field H of quaternions, we consider also its involution

p:l—1 t——i j—3 k- -k
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