Bulletin

de la SOCIETE MATHEMATIQUE DE FRANCE

COMPATIBILITY OF THE THETA
CORRESPONDENCE WITH THE
WHITTAKER FUNCTORS

Vincent Lafforgue & Sergey Lysenko

Tome 139
Fascicule 1

2011

SOCIETE MATHEMATIQUE DE FRANCE

Publi¢ avec le concours du Centre national de la recherche scientifique
pages 7588




Bull. Soc. math. France
139 (1), 2011, p. 75-88

COMPATIBILITY OF THE THETA CORRESPONDENCE WITH
THE WHITTAKER FUNCTORS

BY VINCENT LAFFORGUE & SERGEY LYSENKO

ABsTrRACT. — We prove that the global geometric theta-lifting functor for the dual
pair (H,G) is compatible with the Whittaker functors, where (H,G) is one of the
pairs (8Os, Spay,), (SP2y,S0s,42) or (GLy,GLy41). That is, the composition of the
theta-lifting functor from H to G with the Whittaker functor for G is isomorphic to
the Whittaker functor for H.
REsuME (Compatibilité de la théta-correspondence avec les foncteurs de Whittaker)
Nous démontrons que le foncteur géométrique de théta-lifting pour la paire duale
(H,G) est compatible avec la normalisation de Whittaker, ot (H,G) est I'une des
paires (SQsg,,,SPay,)s (SPay; S0ay,42) ou (GLy, GLyt1). Plus précisément, le composé
du foncteur de théta-lifting de H vers G et du foncteur de Whittaker pour G est
isomorphe au foncteur de Whittaker pour H.

We prove in this note that the global geometric theta lifting for the pair
(H,G) is compatible with the Whittaker normalization, where (H,G) =
(804,,,SPay)s (SPop:SOgy,y2), or (GLy,GLyy1). More precisely, let k be an
algebraically closed field of characteristic p > 2. Let X be a smooth projective
connected curve over k. For a stack S write D(S) for the derived category
of étale constructible Qg-sheaves on S. For a reductive group G over k write
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76 V. LAFFORGUE & S. LYSENKO

Bung for the stack of G-torsors on X. The usual Whittaker distribution
admits a natural geometrization Whitg : D(Bung) — D(Speck).

We construct an isomorphism of functors between Whitg o F' and Whit g,
where F': D(Bungy) — D(Bung) is the theta lifting functor (cf. Theorems 1, 2
and 3).

This result at the level of functions (on Bung (k) and Bung(k) when & is
a finite field) is well known since a long time and the geometrization of the
argument is straightforward. We wrote this note for the following reason.

Our proof holds also for £ = C in the setting of D-modules. In this case for
a reductive group G, Beilinson and Drinfeld proposed a conjecture, which (in a
form that should be made more precise) says that there exists an equivalence ag
between the derived category of D-modules on Bung and the derived category
of ®-modules on Locy. Here Locg is the stack of G-local systems on X, and G
is the Langlands dual group to G. Moreover, Whits should be the composition
D(D-mod(Bung)) 2§ D(Locg, 0) =5 D(Spec C).

A morphism v : H — G gives rise to the extension of scalars morphism
7 : Locy; — Locg. The functor 4, : D(Locy, ) — D(Locg, 0) should give rise
to the Langlands functoriality functor

71 = ag' 0¥, o ay : D(D-mod(Bung)) — D(D-mod(Bung))

compatible with the action of Hecke functors.

In the cases (H? G) = (S@2nvgp2n)’ (Sp2nvs@2n+2) or (GLnaGLn+1)
the compatibility of the theta lifting functor F' : D(D-mod(Bungy)) —
D(D-mod(Bung)) with the Hecke functors ([6]) and the compatibility of F
with the Whittaker functors (proved in this paper) indicate that F' should be
the Langlands functoriality functor.

NOTATION. From now on k denotes an algebraically closed field of charac-
teristic p > 2, all the stacks we consider are defined over k. Let X be a smooth
projective curve of genus g. Fix a prime ¢ # p and a non-trivial character
Y F, — @z, and denote by £, the corresponding Artin-Schreier sheaf on A'.
Since k is algebraically closed, we systematically ignore the Tate twists.

For a k-stack locally of finite type S write simply D(S) for the category
introduced in ([3], Remark 3.21) and denoted D.(S, Q) in loc.cit. It should be
thought of as the unbounded derived category of constructible Q;-sheaves on
S. For x = +,—,b we have the full triangulated subcategory D*(S) C D(S)
denoted D} (S, Q) in loc.cit. Write D*(S), € D*(S) for the full subcategory of
objects which are extensions by zero from some open substack of finite type.
Write D*(S) C D(S) for the full subcategory of complexes K € D(S) such
that for any open substack U C S of finite type we have K |p€ D~ (U).
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COMPATIBILITY OF THE THETA CORRESPONDENCE 71

For any vector space (or bundle) E, we define Sym*(E) and A%(E) as quo-
tients of F ® E (and denote by z.y and = A y the images of x ® y) and we will
use in this article the embeddings
Sym?*(E) - E®E and A*(E)— E®E

— w®y-5y®w

(1)

TNy —

TQY—yRx
x.y s

1. Whittaker functors

Let G be a reductive group over k. We pick a maximal torus and a Borel
subgroup T' C B C G and we denote by Ag the set of simple roots of G. The
Whittaker functor

Whitg : D=(Bung) — D™ (Spec k)
is defined as follows. Write §2 for the canonical line bundle on X. Pick a T-
torsor Y on X with a trivial conductor, that is, for each & € Ag it is equipped
with an isomorphism dy : fog‘,T — Q. Here fg‘rT is the line bundle obtained

from Y7 via extension of scalars T & Gy, Let BungT be the stack classifying
a B-torsor ¥ g together with an isomorphism

C:IpxpT—=Ir
Let € : Bun}” — A! be the evaluation map (cf. [1], 4.3.1 where it is denoted
evg). Just recall that for each & € Ag the class of the extension of @ by Q
associated to ¥ g, ¢ and d4 gives €4 : Bun%T — A! and that e = Y acAg €a-
Write 7 : BunIgVT — Bung for the extension of scalars (¥,() — Y5 x5 G.
Set Pg = ¢* £y[dn], where dy = dim Bun”. Let dg = dim Bung. As in ([7],
Definition 2) for & € D~(Bung) set

(2) Whitg(7) = RT(Bun”, P) ® 7*(9))[—dg]

REMARK 1. — The collection (97, (da)acas) as above exists, because k is
algebraically closed, and one can take Y1 = (\/ﬁ)Qp for some square root vQ

of Q2. One has an exact sequence of abelian group schemes 1 — Z — T 17
GA¢ — 1, where Z denotes the center of G. So, two choices of the collection
(F1,(0s)aca,) are related by a point of Bunyz (k) and the associated Whittaker
functors are isomorphic up to the automophism of Bung given by tensoring
with the corresponding Z-torsor.

REMARK 2. — When Y is fixed, the functor Whitg : D~(Bung) —
D™ (Speck) does not depend, up to isomorphism, on the choice of the isomor-
phisms (05)seag- That is, for any (A\s)aeca € (k*)2¢, the functors associated
to (Fr1,(0a)seas) and (Fr,(Asbs)aecas) are isomorphic. Indeed, the two
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78 V. LAFFORGUE & S. LYSENKO

diagrams Bung <& Bun‘lg\,,T 5 A associated to (0s)acas and (M\ada)acac
are isomorphic for the following reason. Since k is algebraically closed,
T(k) — (k*)2¢ is surjective. We pick any preimage v € T(k) of (As)aca, and
get the automorphism (¥ 5,() — (¥ B,7(¢) of Bun%T, which together with the
idendity of Bung and A! intertwines the two diagrams.

1.1. Whittaker functor for GL,,. — For i,j € Z with ¢ < j we denote by 7; ;
the stack classifying the extensions of Q% by Q! ... by Q7, i.e. classifying
a vector bundle F;_;1; on X with a complete flag of vector subbundles 0 =
Ey C E; C ... C Ej_;;1 together with isomorphisms Ejy.1/Ej ~ Q= for
k=0,..j—i Write ¢ : A ; — A! for the map given by the sum of the
classes in Ext'(0),Q) = A' of the extensions 0 — Eyi1/Ey — Egy2/Er —
Ek+2/Ek+1 —>Ofork=0,...,j—i—1.

For G = GL,, we consider the diagram Bun,, = <~ Mon—1 nst AL where
Ton-1 : Mn—1 — Bun, is (0 = Ey C --- C E,) — E,. This diagram is
isomorphic to the diagram Bung < Bun;{,T 5 A' associated to the choice of
F whose image in Bun,, is Q" '@ Q" 2 ... @ 0.

Therefore the functor Whitgr,, : D™(Bun,) — D~ (Speck) associated to the
above choice of 7 is given by

Whitgr, (9) = R e(Non—1,€5 1 (Ly) @75 1 (9))[dim N 1 — dim Bun,,].

REMARK 3. — If F is an irreducible rank n local system on X let Autg be the
corresponding automorphic sheaf on Bun,, (cf. [2]) normalized to be perverse.
Then Autg is equipped with a canonical isomorphism Whitgr,, (Autz) = Q.
This is our motivation for the above shift normalization in (2).

1.2. Whittaker functor for Sp,,,. — Write G,, for the group scheme on X of
automorphisms of ©" @ Q" preserving the natural symplectic form A?(0" ®
") — Q. The stack Bung, of G,-torsors on X can be seen as the stack
classifying vector bundles M over X of rank 2n equipped with a non-degenerate
symplectic form A?M — Q.

The diagram Bung, " N, % Al constructed in the next definition is
isomorphic to the diagram Bung < Bun%T 5 A associated, for G = G, to
the choice of 1 whose image in Bung, is L& L*®@ Qwith L=Q"® Q" ' @
- @ Q (with the natural symplectic structure for which L and L* ® Q are
lagrangians).

DEFINITION 1. — Let AN, be the stack classifying ((Ly,..., L, ), E), where
(0=LyC Ly C..CL,) €My, and E is an extension of @ x-modules

(3) 0 — Sym’L, - E—Q—0
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COMPATIBILITY OF THE THETA CORRESPONDENCE 79

We associate to (3) an extension
(4) 0—-L,—-M-—>L02—0

with M € Bung, and L, lagrangian as follows. Equip L, & L} ® Q with the
symplectic form (I,1*), (u,u*) — (I,u*) — (u,l*) for l,u € L, I*,u* € L*. Here
(., .) is the canonical paring between L,, and L. Using (1), we consider (3) as a
torsor on X under the sheaf of symmetric morphisms L} ® Q2 — L,,. The latter
sheaf acts naturally on L, & L} ® Q) preserving the symplectic form. Then M
is the twisting of L,, ® L} ® by the above torsor. This defines a morphism
TG, - Wgn — BunGn.

Note that the extension of Q by L, ® L, obtained from (4) is the push-
forward of (3) by the embedding Sym®L,, — L, ® L,, we have fixed in (1).

Let eg, : NG, — Al denote the sum of € ,,(L1, ..., L,) with the class in
Ext(0,Q) = A! of the push-forward of (3) by Sym?L,, — Sym?(L,/L,_1) =
02,

The functor Whitg, : D™(Bung,) — D™ (Speck) associated to the above
choice of Y7 is given by

Whith(g) = RPC(WGH, ng (fw) ® Wén(g))[dN(Gn) - dGn]

with dy(g,) = dim Ag, and dg, = dim Bung,, .

1.3. Whittaker functor for SO,,, (first form). — Let H, = SQO,,.The stack
Bunpg, of H,-torsors can be seen as the stack classifying vector bundles V
over X equipped with a non-degenerate symmetric form Sym?V — @ and a
compatible trivialization detV = #).

The diagram Bung, Ry H, Al constructed in the next definition is
isomorphic to the diagram Bung < Bun%T 5 A associated, for G = H,, to
the choice of 7 whose image in Bung, is UGU* with U = Q" 1@Q"2@-..@®
O (with the natural symmetric structure for which U and U* are isotropic).

DEFINITION 2. — Let Wy, be the stack classifying ((Uy,...,Uy), E), where
(U1,...,U,) € Mon—1 (i.e. we have a filtration 0 = Uy C U; C ... C U, with
U; /U1 =~ Q" ¢ for i =1,...,n), and E is an extension of f)x-modules

(5) 0—-AU,—-E—0-0
We associate to (5) an extension
(6) 0-U,—-V-U:—-0

with V € Bung, and U, isotropic as follows. Equip U,,®U;; with the symmetric
form given by (u,u*), (v, v*) — (u, v*)+ (v, u*) with u,v € U,,u*,v* € U}:. Us-
ing (1), we consider (5) as a torsor under the sheaf of antisymmetric morphisms
Ur — U, of Ox-modules. This sheaf acts naturally on U,, @ U preserving the
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80 V. LAFFORGUE & S. LYSENKO

symmetric form and the trivialization of det(U,, ®U}¥). Then (6) is the twisting
of U, ® U} by the above torsor. This defines a morphism 7, : ¥y, — Bung,.
Note that the extension of x by U, ® U, obtained from (6) is the push-
forward of (5) by the embedding A%U,, — U,, ® U, fixed in (1).
For A\ € k* let €y, » : N, — A! be the sum of €y ,—1(U1,...,Uy,) with
Au, where u € Ext(0),Q) = A! is the class of the push-forward of (5) by
A2Un — A2(Un/Un_2) = ). Set €H, = €H,,1-

The functor Whitg, : D¥(Bung,) — D~ (Speck) associated to the above
choice of Fr sends & € D=(Bung, ) to

(7) Whit g, () = Re(Va,,» €, (Ly) @ 7y, (M))dn(a,) — d,]

with dy(g,) = dim N, and dy, = dim Bung,. By Remark 2, if we replace in
(7) €m, by €m,  then the functor Whity, gets replaced by an isomorphic one.

1.4. Whittaker functor for SO,,, (second form)

DEFINITION 3. — Let %Hn be the stack classifying (V; C --- C V,, C V),
where V € Bung, , V,, C V is a subbundle, (V1,...,V,,) € Ap n—1 (i.e. we have
a filtration 0 = Vo C V; C ... C V,, with V;/V;_; ~ Q" % for i = 1,...,n), and
the composition
Sym?V,, — Sym?V — 0

coincides with Sym?V, — Sym2(Vn /Vin—1) = 0 (in particular V,,_; is
isotropic).

The morphism %y, : N, — Bung, sends ((Vi,..,V,),V) to V. The
morphism €g,, : N, — Al is given by €, (Va, .., Vo), V) = €0.n-1(V1, ..., V).

Define a morphism & : Ny, — 771{" as follows. Let (Uy,...,U,), E) € Vu,
and let V' be as in Definition 2. For i = 1,...,n — 1 define V; as the image of U;
in V and V,,_; as the orthogonal of V; in V. Then we have a filtration

0=VyCcWiCc..CVp1CVpy1 C...C Vo1 C V=W
Recall that we have an identification U, /U, _1 ~ 6. The exact sequence 0 —
Un/Upn—1 = Vit1/Viu—1 — Vpi1/U, — 0 admits a unique splitting s such that
the image of O = V,41/U, 5 Vit41/ V-1 is isotropic. Thus, V,41/V,—1 is
canonically identified with ) @ © in such a way that the symmetric bilinear
form Sym?(0 @ ©) — 0 becomes

(1,0).(1,0) = 0, (1,0).(0,1) =1, (0,1).(0,1) — 0

Under this identification &) = U, /U,,—1 — Vy11/Vp—1 = OP O sends 1 to (1,0).

Define V,,, equipped with & ~ V,/V,_; by the property that € =~
Vio/Va—1 < Vig1/Vi—1 sends 1 to (1, %) € U@ O. The following is easy to
check.
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COMPATIBILITY OF THE THETA CORRESPONDENCE 81

LEMMA 1. — The map & : Nu, — Nu, is an isomorphism. There exists
A € k* such that €y, o k = €g, \ and Ty, O K = Tp,, .

By Remark 2, if we replace in (7) ey, ,7mm, by €m,,7m, then the functor
Whitg, gets replaced by an isomorphic one.

2. Main statements

Write Bun,, for the stack of rank n vector bundles on X. Let Bunp, be the
stack classifying L € Bun,, and an exact sequence 0 — Sym*L —? — Q — 0.
Remind the complex Spy on Bunp, introduced in ([4], 5.2). Let ¥ be the
stack over Bun,, whose fibre over L is Hom(L, Q). For ¥, = 9 xpun, Bunp,
let p: X,, — Bunp, be the projection. Write q : X,, — A! for the map sending
s € Hom(L,Q) to the pairing of s ® s € Hom(Sym?L,Q?) with the exact
sequence 0 — Sym?L —? — Q — 0. Let dy, be the “corrected” dimension of
X, i.e. the locally constant function dim Bunp, —x(L). Set

Spy =g Lyldy, .

Let @ be the line bundle on Bung, whose fibre at M is det RT'(X, M). Write
Bung,, for the gerb of square roots of ¥ and Aut for the theta-sheaf on Bung,,
([4], Definition 1). The projection v, : Bunp, — Bung, lifts naturally to a
map ¥, : Bunp, — Bung, . In what follows, we pick an isomorphism )

(8) Spy — vy Aut[dim. rel(#,,))]
provided by ([5], Proposition 1). Here dim.rel(%,) is the relative dimension of

Uy. The isomorphisms we construct below may depend on this choice.

2.1. From Sp,,, to SOy, 5. — Let F : D™ (Bung, )1 — D~ (Buny
theta lifting functor introduced in ([6], Definition 2).

) be the

n+1

THEOREM 1. — The functors Whity, ,, o F' and Whitg, from D™ (Bung, ) to
D™ (Speck) are isomorphic.

Let X be the stack classifying (M, (Uy,...,Un+1), E,s) with M € Bung,,
(U1, ...; Uny1) € Mo (ie. Upg1/Up = Q"F for k = 0,...,n), E an extension
0— AZUH_H —F — 0 —0,and s:U,;1 — M a morphism of &) x-modules.

Let ag : ¥ — Bung, be the morphism (M, (Uy,...,Upnt1), E,s) — M. Let
Ba : X — Al be defined as follows. For (M, (Uy,...,Uns1),E,s) € X,

Bo(M, (Uy, ey Upi1), B, 8) = €0.0(Uty ee Uni1) +¥(E) — (E, A%s)

(1) Once v/—1 € k is chosen, this isomorphism is well defined up to a sign.
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82 V. LAFFORGUE & S. LYSENKO

where (E) is the pairing between the class of E in Ext(©), A%U,,; 1) and the
morphism A2U,, 11 — A?(U,41/Un_1) = Q and (E, A%s) is the pairing between
the class of E in Ext(0),A%U, 1) and A%s : A2U,;; — A?M followed by
A’M — Q.

Let a, = n(n + 1)(1 — g)(n — 3), this is the dimension of the stack clas-
sifying extension 0 — A2U,,; —? — € — 0 of Ox-modules for any fixed
(Ul, ey UnJr]_) S %,n'

Let d,, denote the "corrected" relative dimension of ay, that is, dn, =
ap+dim N, +x (U, ®M) for any k-points M € Bung, and (Ui, ...,Unq1) €
Non- One checks that (8) yields for 4 € D™ (Bung, ) an isomorphism in

D™ (Speck)
Whitgr,,, 0 F(F)= RI(X, ai(F) ® B (Ly)[day])

We will show later that Theorem 1 is reduced to the following proposition.

n+1

PROPOSITION 1. — There is an isomorphism ax (8% (Ly)[2an]) = 7a 165, (Ly)
in D™ (Bung, ).

The proposition is a consequence of the following lemmas. Let % be the
stack classifying (M, (U, ...,Up41),s) with M € Bung,, (Ui,...,Uny1) € Mop
(ie. Upr1/Up = Q"F for k = 0,...,n), and s : U,y; — M a morphism
such that the composition A%2U,, A—2>S A’M — Q coincides with AU, ; —
A2(Un+1/Un—1) =

Let ag : & — Bung, be the morphism (M, (Uy, ..., Unq1),5) — M. Let By, :
9 — Al be the map sending (M, (Uy,...,Upny1),8) € Y to €0.n(Ut, ..., Uns1).

LEMMA 2. — There is an isomorphism ay 83 (Ly) = ay87,(Ly)[—2ax] in
D_(Bungn)!.

For i € {1,..,n + 1} let %, denote the open subset of % given by the
condition that the image of U; by s is a subbundle of M. One has open
immersions %, ., C %, C .. C %, C Y. Denote by ay : %, — Bung, and
By, : Y, — A’ the restrictions of ay and By to ¥

i

LEMMA 3. — The natural maps O‘%HJ%HH(&) — O‘ynﬂ%n (Ly) = . —
aylﬁlﬂ*yl(fw) — ay,B3,(£Ly) are isomorphisms in D™ (Bung, ).

Proof. — First, onehas %, ., = %, _, thanks to the condition that the compo-

2
sition A2U, 41— A2M — Q coincides with A2U, 41 — A2(Upy1/Un_1) = Q.
Write %, = 4. Let i € {1,...,n—1}. We are going to prove that the natural
map

a%!ﬁfyi(fw) - ayi—l’!ﬁ?;i—l(fw)
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COMPATIBILITY OF THE THETA CORRESPONDENCE 83

is an isomorphism. Set Z; = ¥, ,\%¥,, let az, and Bz, be the restrictions of
ay.  and By to Z;. We must prove that az, 87 (£y) = 0.

Let ; be stack classifying (M, (Uy,Us,...,U;),s;) with M € Bung,,
(U1,Uz,...,U;) € No—ig1n, i - Ui — M such that the restriction of s; to U;_1
is injective and its image is a subbundle of M, but the image of s; is not a
subbundle of M of the same rank as U,. The map ay, decomposes naturally
as 7, 5 7, Bung, . It suffices to show that the x-fibre of vz, 8% (£y) at
any closed point (M, (U, Us, ...,U,), s;) € I; vanishes.

The fiber ¢ of vz, over this point is the stack classifying ((Uy, ..., Un+1), S),
where (Ui, ...,Unt41) € Mo, extends (Ur,Us,...,U;), s : Upy1 — M extends

s;, and the composition A2U, 1 Iﬁf A2M — Q coincides with A%U,,; —
A2(Uny1/Unq) = Q.

Let F denote the smallest subbundle of M containing s(U;), its rank is 4 or
i— 1. Let R be stack classifying (W1y, ..., Wp41-4),t) with (Wi, .., W,41-_4) €
Mon—i and t € Hom(W,, 414, M/F). There is a morphism p : ¢ — X which
sends ((Ul, ceey Un+1), S) to ((Ui+1/Ui7 ceey Un+1/Ui), §) where 3 : Un+1/Ui —
M/F is the reduction of s. Let 8¢ : @ — A! be the restriction of 87, to Q. It
suffices to show that p|37,(£y) = 0.

Pick (Wi,..., Wpi1-4),t) € R, let J be the fiber of p over

(W, eoes Wigp1-40), 1)
Write (3 for the restriction of B¢ to . We will show that RTc(d, 8%(£y)) = 0.

If F is of rank 7 — 1 then J identifies with the stack classifying extensions
0 — U;/Ui—1 =7 — Upn41/U; — 0 of Ox-modules. Since (, is a nontrivial
character, we are done in this case.

If F is of rank ¢ then ¢ is a scheme with a free transitive action of
Hom(Uyn41/Ui, F/s(U;)). Under the action of Hom(Un41/U;, F/s(Us)), By
changes by some character

Hom(Up41/Us, F/s(U;)) — Hom(Usy1 /Us, F/s(U;)) > A,

If D = div(F/s(U;)) then F/s(U;) = Q" TY(D)/Q"~ ! naturally, and § :
H(X,Q(D)/Q) — H'(X,Q) is the map induced by the short exact sequence
0—-Q—QD)— QUD)/Y— 0,i.e. it is the sum of the residues. Since D > 0,
0 is nontrivial, and we are done. O]

LEMMA 4. — There is an isomorphism p: Y
ay. . and €g, o p = By

1 Ng, such that mg, op =

nt1’

It remains to show that Proposition 1 implies Theorem 1 . By the base
change theorem we have

Whith(g):RFc(WGn,e*Gn (Lyp)® Wén(g))[dzv(cn) —dg,]
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84 V. LAFFORGUE & S. LYSENKO

—RIc(Bung,,7q, €c, (£y) ® 9)ldnc,) — da.]
and
RL(X, 2 (9) ® Ba(Ly)[da,])=RE(Bung,, , a1 (B3 (Ly) ® Tda,]))-
It remains to prove do, — 2a, = dn(g,) — dg,- This follows from dg, =
—(1=g)n(2n+1), dn(a,) — dimNo,, = (1 = g)(—n® + n(n + 1)(n — 3)), and

x(U 1 ®M) = (1—g)2n?(n+1) where (Ui, ...,U,41) and M are closed points
in 45, and Bung,, .

2.2. From SO,,, to Sp,,,. — Let F: D™ (Bung, )1 — D*(Bung, ) be the Theta
functor introduced in ([6], Definition 2).

THEOREM 2. — The functors Whitg, o F' and Whity,, from D™ (Bung, ) to
D™ (Speck) are isomorphic.

We use the same letters as in the last paragraph (with a different meaning),
as the proof is very similar.

Let %X be the stack classifying (V,(L1,...,L,),E,s) with V € Bung,,
(L1, .y Ly) € M (ie. Lyp1/Ly, = Q"% for k = 0,...,n — 1), an extension
0— Sym2Ln — E — Q — 0 of Ox-modules, and a section s : L, — V ® Q.

Let ¢ : X — Bung, be the morphism (V,(Lq,...,L,),E,s) — V. Let
Ba : X — Al be the map sending (V, (Ly, ..., L,), E,s) € X to

€1.n(L1,....Ly) +v(E) — (E, Sym?s),

where y(FE) is the pairing between the class of E in Ext'(€, Sym®L,,) and the
map Sym?L,, — Sym?(L,,/L,_1) = Q%; (E,Sym?®s) is the pairing between the
class of E in Ext'(Q,Sym?L,) and Sym?s : Sym?L,, — Sym?V ® Q? followed
by Sym?V — 0.

Let b, = —x(2 ! ® SmeLn) for any k-point (Ly,...,L,) € N ,. Write
dq, for the "corrected" relative dimension of ay, that is,

do, =dim Ny, +bp + x(L), @V ® Q)
for any k-points (Lq,...,L,) € ¥, and V € Bung,. One checks that (8)
yields for & € D™ (Bung, ) an isomorphism in D™ (Spec k)
Whitg, o F(Y) = Rl (X, aq(9) ® By (Ly))[day)

We will derive Theorem 2 from the following proposition.

PROPOSITION 2. — There is an isomorphism ay 85 (Ly)[2bn] = 7w, €5 (Ly)
in D™ (Bung, )i.
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Proposition 2 is reduced to the following lemmas. Let % be the stack
classifying (V, (L1, ...,Ly),s) with V' € Bunso, , (L1,...,Ln) € M, (ie.,
Liy1/Ly = Q"% for k = 0,...,n—1) and s : L, — V ® Q a morphism

2
such that the composition Sym?2L,, Sym”s (Sym?V) ® Q% — Q2 coincides with
Sym?®L,, — Sym?(L,/L,_1) = Q?
Let ag) : & — Bung, be the map (V,(L1,...,Ly),s) — V. Let By : & — Al
be the map sending (V, (L1, ..., L), s) € Y to €1 (L1, ..., Ly).

LEMMA 5. — There is an isomorphism a%,gﬂ;}(fw):ay,;ﬁ*y(fqﬁ)[—an] n
D_(Buan)!.

Fori € {1,...,n} let &, C ¥ be the open substack given by the condition that
s(L;) C V®% is a subbundle of rank . We have inclusions %, C %, , C ... C
Y, C Y. Denote by g : Y, — Bunp, and By : %, — A the restrictions of
agy and By to Y,.

As in Lemma 3, one proves

LEMMA 6. — The natural maps a%ﬂﬂ*yn(fw) — a%_lv”g*yn,l(fw) — .=
thjpgﬂ*yl(fw) — Oé:y’!,@i{;/(fw) are isomorphisms in D™ (Bung, ).

LEMMA 7. — There is an isomorphism p: Y, — 3175@271 such that Tso,, op =
ay. and €sp,, o p = ﬂyn.

Theorem 2 follows from Proposition 2 because d,, —2b, = d N(H,)—H,- Let
us just indicate that dy (g, )—dim Vi, = (1—g)n(n—1)(n—32), x(L,@V&Q) =
(1-g)2n® b, =(1—g)n(n+1)(n— 3) and dg, = —(1 — g)n(2n — 1), where
(L1,...,Ly) and V are closed points in A, and Bung,, .

2.3. From GL,, to GL,,;1. — Let F : D~ (Bun,); — D~(Bun,;) be the com-
position of the direct image by Bun,, — Bun,, L — L* and the theta functor
Fynt1 @ D7 (Bun,), — D™(Bun,41) introduced in ([6], Definition 3). It is
a consequence of Theorem 5 in [6] that F' is compatible with Hecke functors
A0

according to the morphism of dual groups GL,, — GL, 11, 4 — (O 1>.

Let us recall the definition of F. Denote W be the classifying stack of
(L,U,s) with L € Bun,, U € Bun,y; and s : L — U a morphism. We
have (hy,hpy1) + W — Bun, x Bun,i1,(L,U,s) — (L,U). Then for & €
D™ (Buny,)i,

F(7) = hny1,1((hy, &) [dim Buny, 41 +x(L* @ U))),

where x(L*®U) is considered as a locally constant function on Bun,, x Bun,, ;1.
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THEOREM 3. — The functors Whitgy,
to D™ (Speck) are isomorphic.

o F' and Whitgr,,, from D™ (Bun,)

n+1

Let X be the stack classifying L € Bun,, (Ui,...,Upt1) € My, and s :
L — U,41 a morphism. We have ay : ¥ — Bun,, and By : ¥ — A! which
send (L, (Ul, “en Un+1), S) to L and 607n(U1, ‘e Un+1).

We have
Whitgy,,,,0F(Y) = Rl (Bun,, ¥ ®@ay 185 (Ly)[dim Vg n+x(L*®U,41)]) and
Whitgr, (9) = RTc(Bun,, ¥ ® (mo,n-1)1€5 5,1 (£Ly)[dim Vg ,,—1 — dim Buny,]).

For i € {0,...,n} denote by ¥; the open substack of % classifying
(L, (Uy,...Upny1),s) such that the composition L = U,i1 — Upy1/Uni1—s
is surjective. We have X = Xy D X1 D --- D %, and we have an isomor-
phism N ,—1 — X, which sends (E1,...,E,) to (E,, (Q",Q"® E4y,..., Q" &
E,),(0,1d)) with (0,1d) : E,, — Q™ & E,, the obvious inclusion.

It is easy to compute that for L = E, with (Ey,...,E,) € M n,—1 and
(Uy,...,Ups1) € My we have dim NG, + x(L* ® Upy1) = dim N1 —
dim Bun,,.

Therefore we are reduced to the following lemma. We denote by ay, : X; —
Bun, and By, : X; — A! the restrictions of aryy and By to X;.

LEMMA 8. — The natural maps ay, 185 (Ly) — ax, 185 (Ly) — .. —
a, 1By, (Ly) — ax1B5(Ly) are isomorphisms in D™ (Buny, ).

Proof. — We recall that X = X,. Let ¢ € {1,...,n}. We are going to prove
that the natural map

a, 1By, (Ly) = aw,_,1B%,_, (Ly)
is an isomorphism. Set Z; = X;_1\%X;, let a7, and Bz, be the restrictions of
ay,_, and By, , to Z;. We must prove that az, 167 (£y) = 0.

Let &; be stack classifying (L,(V1,Va,...,V;),t) with L € Bun,,
V1, Va,.., Vi) € M1, t : L — V; such that the composition L BN
Vi — V;/Vi is surjective but ¢ is not surjective. The map «y, decom-
poses naturally as Z; K T % Bun,, where vz,(L, (U1,...Uny1),8) =
(L, Unt2—i/Uns1—is-- -, Unt1/Uns1-i),8) and ag,(L,(Us,...Upt1),s) = L.
It suffices to show that the x-fibre of 77,87 (£y) at any closed point
(L, (V1, Va, ..., V;),t) € J; vanishes.

Let us choose a closed point (L, (Vi, Vs, ..., V;),t) € I, and define L” = Kert¢

and L’ the kernel of the composition L A V; — V;/V1. Then L’ is a subbundle
of L of rank n+ 1 —¢ and L” is a subbundle of L of rank n+1 — 4 or n — 4.
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The fiber ¢ of 7y, over this closed point is the stack classifying
((U1,..,Ups1), s), with an isomorphism between U, 1/Up+1—; and V; send-
ing Ujint1-i/Unt1—; to V; for any j € {0,...,i} and s : L — U, such
that the composition L > Upy1 — Upi1/Uny1-i ~ Vi is t. Let R be
stack classifying ((Ui,...,Uny1-4),8:) with (U1,...,Up41-) € N, and
s; € Hom(L”,U,y1_;). There is a morphism p : ¢ — % which sends
(U1, .., Upt1),8) to (Uy,...,Upt1-4),8:;) where s; is the restriction of s to
L". Let By : @ — A! be the restriction of 8z, to @. It suffices to show that
pBy(Ly) = 0.

Pick ((U1,...,Upns1-4),8) € R, let J be the fiber of p over
((U1,...,Ung1-4),8:). Write B, for the restriction of By to J. We will
show that RT'c(d, 83(%Ly)) = 0.

If I’ = L” we have an exact sequence 0 — L/L" — Up,i1/Upy1-i —
Unt2-i/Uns1—i — 0, and J identifies with the stack classifying extensions 0 —
Unt1—i =7 = Ung2-i/Uny1—i — 0 of Ox-modules. Since f, is a nontrivial
character, we are done in this case.

If L'/L" is a line bundle then ¢ is a scheme with a free transitive action of
the HO of the cone of the morphism of complexes of k-vector spaces

RHOm(Un+1/Un+1_i, Un+1—i) — RHOIH(L/LH, Un+1—i)
which is also the cone of the morphism of complexes
RHom(Upy2—i/Uny1—i, Unt1-i) — RHom(L'/L",Upy1-4)

and whose cohomology is concentrated in degree 0. The last morphism of
complexes comes from the non zero morphism L'/L” — Upio_i/Upt1—i =
Q=1 which identifies L'/L" to Qi~1(—D) for some effective non zero divisor
D. Therefore the H? of this cone is equal to

HY(X,Ups1-i © Q" 7(D) /Upy1-: @ Q' 79)
and ﬁ;}(fw) transforms under this action through the character
HY(X,Upi1-s @ QYD) /Ups1_s @ Q) —
H(X, (Un41-i/Un-1)@Q2' " (D) /(Uns1-i/Un—:)@Q' ") = H(X, D) /Q) = A

where o is the sum of the residues. Since D is non zero, o is a non zero character
and we are done. O
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