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84 CHAPTER 6 THE ENRIQUES CLASSIFICATION 

Chapter 6. The Ehriques Classification 

13. Statement of the Enriques Classification Theorem 

I introduce the classes of surfaces comprising the Enriques classification and give examples of each 
of these classes before I stae the classification theorem. 

So I first introduce a number of useful concepts related to the classification theorem 
and illustrate these by examples. 

Definition 1. Let S be a surface and C a smooth (projective) curve. A morphism 
f : S —• C is called a fibration if f is surjective and has connected fibres. If the generic 
fibre (which is a smooth projective curve) has genus g, the £bration f is called a genus-g 
fibration. A genus-1 fibration is also called an elliptic fibration. Any surface admitting an 
elliptic fibration is called an elliptic surface. 

Before giving some examples let me summarise the basic properties of the Kodaira-
dimension as treated in §10. 

Definition-Proposition 2 . The Kodaira-dimension K(X) of a projective manifold X is 
the maximal dimension of a pluricanonical image. Equivalently K(X) = k if and only if 

Pm 
there are two positive numbers A, B with A < —r < B for all m ^> 0 for which PM(X) 4=- 0. 

If all plurigenera of X vanish, one sets K(X) = —oo. 

Examples 3. 

1. The easiest example is of course a product C x F of two smooth curves, which is a 
fibration in two ways. Let me calculate the invariants. It was shown before that q(C x F) = 
g(C) + g(F), the sum of the genera of the factors and that pg(C x F) = g(C) • g(F). In 
a similar way one finds Pn(C x F) = Pn{C) • Pn(F). So this gives examples of Kodaira-
dimensions — oo (one of the factors P 1 ) , 0 (both factors elliptic), 1 (one factor elliptic and 
one of genus > 2) or 2 (both factors of genus > 2). 

2. Another type are the fibre bundles over a smooth curve C with fibre F and structure 
group Aut F , the group of biholomorphic automorphisms of F. You construct them by 
covering C by Zariski-open sets Uj and glueing the union Uj x F by means of transition 
functions Ui Pi Uj - » Aut F. 

Concrete examples are the quotients of a product of two curves, C x F1 by a finite 
group G, where G is a group of automorphisms of C and Ff. Even more concretely, one 
may take G = Z / a Z © Z / 6 Z as a subgroup of translations of some elliptic curve F' and 
construct a ramified Galois-cover C P 1 ramified in three points with covering group G. 
See Problem 1 for the construction of such coverings. This yields C x F'/G, at the same 
time a fibration over P 1 with fibre Ff and a fibration over F'/G with fibres C". 



85 §13 STATEMENT 

To compute the invariants of S = C! x F1 jG note that 

H^S.Q1) =H°(C x F ' ^ f = H°{C',Sll)G ®H°(F,,Q1f 

H°{S,Kfm) =H°(C' x F',K®™F,)G = H°(C',K®rf ® H°(F',Kfrf. 

Now one uses a special case of Hurwitz formula for mappings / : C' —»• C between curves. 
Recall that locally / is given by z »-> w = ze and e is the ramification index and it equal to 
1 except for finitely many points, the ramification points Rj with corresponding ej. The 

fdivisor R = Y^/j(ej ~~ l s c a U e ( l the ramification-divisor and Hurwitz formula states 

Kc< = f*Kc ® 

This is most easily seen by observing that dw = e ^ 6 " 1 ^ so that the divisor of any mero-
morphic 1-form on C is R + / * ( the divisor of a meromorphic 1-form on C). 

If C is the quotient of C by a group G acting on C", the group-action forces the 
ramification to be the same on all points of a fibre of Cf —> C = Cf/G. So R = Y^(ek ~~ 
l ) / ~ 1 ( Q / t ) , where f~xQk is a complete fibre above Qj. Now = ekf^Qk, a n d hence 

i2 = —)<?*• It follows that 

k K 

To compute H°(C\ K®m)G note that any G-invariant m-canonical holomorphic form comes 
from an m-canonical meromorphic form on C and the preceding formula then shows that 

H°{C',K$r)G = H°(K®m ® £ [ ( 1 - —) • m]Qk), 
k 6 k 

where [s] means the integral part of the number s. For simplicity, let us write 

Rm(C',G) = y/[(l--)-m]Qk). 

Combining the formulas yields 

q(S) =g(C'/G)+g(F'/G) 

Pg(S) =g(C'/G)-g(F'/G) 

pm(S) =h0(C'/G,K®™G ® 0(Rm(C',G))) • h°(F'/G,Kfr;G ® G(Rm(F',G))). 

3. A special case of the previous case form the so-called bi-elliptic surfaces. 

Definition 4. A surface S = E x F/G, where E and F are elliptic curves, G a group of 
translations of E acting on F in such a way that p9(S) = 0 is called bi-elliptic. 



86 CHAPTER 6 THE ENRIQUES CLASSIFICATION 

By the previous calculation pg(S) = 0 if and only if F/G is a rational curve. It is 
relatively simple to classify the possibilities for G and F (any E will work). Since G is a 
translation subgroup of E it must be abelian and as a transformation group of F it then is 
the direct product T x A of its subgroup T of translations and the subgroup A consisting 
of automorphisms of F preserving the origin. Since the product is direct, the points of 
T must be invariant under A, which strongly restricts the possible T. Furthermore, since 
F/G is rational, G cannot consist of translations of F only, and so A must be cyclic of 
order 2, 3, 4 or 6. Since G is a group of translations of E it is either cyclic or a direct 
sum of two cyclic groups. From these remarks the following list of possibilities is almost 
immediate: 

la. G = Z / 2 Z with generator acting as the canonical involution x i—> —x on F. 

l b . G = Z / 2 Z © Z / 2 Z with one generator acting as in 1 a., while the other generator acts 
as translation over a point of order 2. 

2a. F = C / ( Z © Z i ) and G = Z / 4 Z , the generator acting as multiplication by i. 

2b. F = C / ( Z 0 Zt ) and G = Z / 4 Z 0 Z / 2 Z , one generator acting as before, the other by 
translation over a point of order 2. 

3a. F = C / ( Z © Z/>), p = e 2 7 "/3 a n c [ Q = g / 3 Z , the generator acting as multiplication by 

P-

3b. F = C / ( Z © Z /9) , p = e 2 7 " / 3 and G = Z / 3 Z © Z / 3 Z , one generator acting as multipli­
cation by /9, the other by translation over (1 — p) /3 . 

4. F = C / ( Z © Z/>), /9 = e 2 7 r i / 3 and G = Z / 6 Z , with generator acting as multiplication 
by - p . 

The formulas established in Example 2 can be used to show that first of all pg = 0 and 
a = l . Then one sees that Pm < 1 and that i f 0 m = O where m = 2 (in case la ,b) , m = 4 
(in case 2a,b), m = 3 (in case 3a,b), m = 6 (in case 4). So the Kodaira-dimension is 0 in 
all cases. 

4. Take a fixed point free linear system \D\ on a curve C. Let p and q be the two 
projections of C x P 2 onto C and P 2 and consider a generic member S of the the linear 
system \p*D ® g * ( 3 # ) | . By Bertini, S will be smooth. The projection p induces a fibration 

T S —> C with fibres plane cubic curves, i.e. this is an elliptic fibration. The canonical bundle 
rformula shows that Ks = p*{Kc ® D) and hence the Kodaira dimension is 1 whenever 

! deg D > - deg Kc = 2 - 2#(C) . 

Definition 5. 

J. A surface with q = 0 and trivial canonical bundle is called a K3-surface. 

2. A surface with q = 0,p^ = 0 and i f ® 2 trivial is called an Enriques surface, 

3. A complex 2-torus which admits an embedding into a projective space is called an 
Abelian surface, 

4. A surface is a surface of general type if its Kodaira-dimension is 2. 
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Examples 6. 

1. Let us consider complete intersections S of multidegrees ¿ 1 , ^ 2 ? • • • ,dn in P n + 2 . The 
canonical bundle formula shows that Ks = Os(di+d,2 + .. .+dn—n—3). It is easy to see that 
the only combinations giving trivial Ks are di = 4, (di,d2) = (2 ,3) , ( ¿ 1 , ^ 2 , ^ 3 ) = (2 ,2 ,2 ) . 
An application of Lefschetz theorem (A2.21) shows that S is simply connected so that 
q(S) = 0. So there are three types of K3-surfaces which are complete intersections. 

2. To find an Enriques surface S one first observes that Ks gives an element of order 

exactly 2 in the Picard group (since pg = 0, the canonical bundle cannot be trivial) and 

so there exists an unramified Galois cover S of degree 2 with K§ trivial. Indeed, one may 

take 

s = { s e Ks I ̂ 2 = 1 } , 

where one considers the total space of Ks and 1 is the global section corresponding with the 

constant section 1 of the trivial bundle. Noether's Formula expresses x(0(S)) as a linear 

combination of e (5 ) and (Ks,Ks)- By Corollary A2.8 the Euler number gets multiplied 

by the degree of the cover, while the selfintersection number of Ks of course also gets 

multiplied by the degree. So x(@s) = ^x(^s) = 2 and hence q(S) = 0. Conversely, any 

K3-surface 5 with a fixed point-free involution i yields an Enriques surface. This one sees 

as follows. Let q : S S/i == S be the natural degree 2 cover. Then for any divisor D on 

S one has q*q*D = 2D. This is clear for irreducible curves and it then follows by linearity. 

In particular q*q*Ks = 2Ks, but q*Ks = K$ as locally any holomorphic 2-form on S is a 

lift of a holomorphic 2-form on S and so 2Ks is trivial. 

Now you construct a fixed point free-involution on a suitable K3 which is an intersection 

of three quadrics in P 5 . Let Xo,..., X$ be homogeneous coordinates on P 5 and consider the 

intersection S of three quadrics Q'j(Xo,Xi,X2) + Q"(X3,X4,Xs), j = 1,2,3. For generic 

choices of Q'j and Q'j this intersection S will be a smooth surface. The involution 1 given by 

(XQ, Xi, X2, X$, X 4 , X$) 1-» (XQ, X\, X2, — ^ 3 , — X4, — X5) has two planes of fixed points: 

the planes Pi = { X0 = X1 = X2 = 0 } and P 2 = { ^ 3 = X4 = X5 = 0 } . They miss S 

precisely if the three quadrics Q11Q21Q31 resp. Qi^Q^Qz (considered as quadrics in P 2 , 

resp. P i ) have no point in common. For generic choices of and Q" this will be the case. 

So then S jt will be an Enriques surface. 

3. A classical construction of a K3-surface is the Kummer surface. One starts out with 
an Abelian surface A (for example the product of two elliptic curves), blows up the surface 
A in the sixteen points of order 2, obtaining a : A —> A. The canonical involution ¿ (sending 
x to — x) extends to an involution 1 on A and the quotient 5 = A / ? is a K3-surface. To 
show this let me calculate the invariants. 

Since I has only fixed points along the exceptional curves of A, the possible singular 

points of the quotient axe among these. Choose local coordinates (#, y) in a neighbourhood 

U of a point of order two such that 1 is given by (x, y) H-> (—x, — y). Locally in one of the two 

standard coordinate patches of a~lU there are coordinates (ix, v) such that a(u, v) = (uv, v) 

and l(u,v) = (u,— v). In particular, the quotient by the involution is smooth, and (u,v2) 

can be taken as local coordinates on the quotient. If u is a non-zero holomorphic 2-form 

on A, in these local coordinates, after multiplying with a non-zero constant, you find 

a*u; = d(uv) A dv = \du A d(v2). 
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Now let q : A —> S := A/Z be the natural projection. The preceding formula then shows that 
a*uj = q*a for some nowhere zero 2-form a on S. In particular Ks is trivial. Furthermore, 
any non-trivial holomorphic 1-form on S would lift to a non-trivial T-invariant holomorphic 
1-form on A and such a form corresponds to a non-trivial holomorphic one-form on A which 
is invariant under the natural involution. These don't exist and hence q(S) = 0. 

After these preparations let me state the Enriques Classification theorem. 

Theorem 7. (Enriques Classification) Let S be a minimal algebraic surface. Then S 
belongs to one of the following non-overlapping classes: 

1. (K = - o o , q = 0) S = P 2 , S = ¥n, (n = 0 , 2 , 3 , . . . ) . 

2. (K = — oo, q > 0) S a geometrically ruled, surface over a curve of genus > 0. 

3. (K = 0, q = 2,pg = 1) S is an Abelian surface, 

4. (n = 0, q = l,Pg = 0) S is bi-elliptic, 

5. (K = 0,q = 0,pg = l)S is K3, 

6. (K = 0, q = 0,pg = 0) S is Enriques, 

7. (K = 1) S is minimal elliptic but NOT K = 0 or K = —oo, 

8. (K = 2) S is of general type. 

Problems. 

13.1. Let C be a compact Riemann surface and let T C C be a finite set of points. Let G be a finite 
quotient of the fundamental group of C \ T and let / ' : D1 -> C \ T be the finite unramified 
covering with covering group G. Show that there exists a compact Riemann surface D D D' 
and a holomorphic map / : £ ) — > C extending / ' . Apply this to the case C = P 1 , and T 
consisting of three points to construct a covering of P 1 with group the direct product of two 
finite cyclic groups. 

13.2. Let X and Y be compact complex manifolds of the same dimension and let / : X —> Y be 
a finite surjective map of degree d. The ramification locus is defined as the locus Rj C Y 
of points where df does not have maximal rank. Show that R/ is a divisor and that Ky = 
f* Kx ® O(Rf). Derive the Hurwitz formulas from it in case X and Y are curves. 

14. The Enriques Classification: First reduction 

An important part of the classification theorem rests on the following proposition which deals with 
Case 4. of Proposition 12.4. The proof of this proposition is very technical and will be dealt with 
in the following sections. In this section, the proof of the Kodaira classification will be reduced it. 

Proposition 1. Suppose S is a surface with Ks nef and (Ks, Ks) = 0, q = 1 and p9 = 0. 
Then K(S) = 0 or 1 and /c(5) = 0 if and only if S is bi-elliptic. 
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Let me give two immediate consequences of this proposition: the characterisation of 
K = — oo-surfaces and the characterisation of the minimal rational surfaces. 

Corollary 2. For a minimal surface Ks is nef if and only if K > 0. In particular a surface 
is ruled (or rational) if and only if K = — oo. 

Proof: If Ks is nef Proposition 12.4 combined with the previous proposition shows that 

either P2 > 0 so that K > 0 or the surface is bielliptic and then also K > 0. Conversely, if 

Ks is nef, the surface must be minimal by Reformulation 6.14. 

This proves the first part of the corollary. 

For the second part, one may assume that S is minimal and from the first part one may 

assume that Ks is not nef. But then S is geometrically ruled or S = P 2 . • 

Corollary 3 . Let S be a minimal rational surface. Then S = P 2 or S = F n , n ^ 1. 

Proof: Since S is rational, K(S) = —00. So, by Proposition 12.2 S is the projective plane 

or S is geometrically ruled. In the latter case, since q(S) = 0, by Corollary 7.13 the surface 

S must be a Hirzebruch surface. • 

Next, let me continue the proof of the classification theorem by considering the case of 

an elliptic fibration. 

Theorem 4. Suppose that S is a surface with Ks nef and (Ks<> Ks) = 0. Then K(S) = 0 
or 1. in the last case S admits the structure of an elliptic ñbration. 

Proof: By Proposition 14.2 one has K(S) > 0. Assume that K(S) > 1. Then for n large 

enough | n l f s | is at least 1-dimensional. Let Df, resp | D | be the fixed part, resp. the 

variable part of this linear system. 

Claim (D,D) = (Ks,D) = 0, 

Proof: (of Claim) One has 0 = n(Ks,Ks) = (D^Ks) + (D,K$) and since each term is 
> 0 by nefness of Ks these must vanish. Now 0 = n(D, Ks) = D) + ( D , D{) and again, 
each term is non-negative, since D moves and so (D,D) = 0 = ( D , Df ) . • 

The claim implies that the rational map f = <pnKs

 l s a morphism and that f : S C 

maps every divisor D € \D\ to a point and so C is a curve. This is true for all n large 
enough so that | n X s | is at most 1-dimensional and hence K(S) = 1 in this case. If D is a 
smooth fibre of / , the adjunction formula says that the connected components are elliptic 
curves and so, taking the Stein factorisation of / , one obtains an elliptic fibration. • 

Finally, consider the case of Kodaira dimension 0. 

Proposition 5. Suppose that Ks is nef, that (Ks^Ks) = 0 and that K(S) = 0. Then S 
is bi-elliptic, an abelian surface, a K3-surface or an Enriques surface. 
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Proof: By Proposition 12.4 and Proposition 14.1 you only have to consider the cases 
pg(S) = 0 = q(S) and the case pg(S) > 0 (and hence pg = 1). Moreover, if pg = 0 one 
must have P2 — 1, again by 12.4. Let me first deal with this case. I claim that P 3 = 0. If 
not, then P 3 = 1. Let D2 G \2KS\ and D 3 € \3Ks\. So 3D2 and 2£>3 are both divisors in 
|6i^s|. Since P$ < 1 you must have 3D2 = 2£>3 and there must be an effective divisor D 
with D2 = 2D and D 3 = 3D. Necessarily D = D 3 - D2 € | i f s | , but = 0. So indeed 
P 3 = 0. 

Now apply the Riemann-Roch inequality to 3Ks- One has 

h0(ZKs) + h°{-2Ks)>l 

and hence h°(—2Ks) > 1. Since P 2 = h°(2Ks) = 1 this is only possible if 2i^s is trivial. 
It follows that S is an Enriques surface. 

I next suppose that pg = 1. Consider the Noether formula in this case. It reads as 
follows. 

1 2 ( 2 - ^ ( 5 ) ) = e(S) = 2 - 4g(S) + b2 

and hence b2 = 22 - 8q(S). So q(S) = 0, 1, 2. 

In the first case you have a K3-surface. Indeed the Riemann-Roch inequality applied 
to 2Ks yields h°(2Ks) + h°(—Ks) > 2. In a similar way as in the previous case, I infer 
from this that Ks is trivial. 

I shall exclude the possibility q(S) = 1 and show that 5 is a torus in the remaining 
case. 

Since q(S) > 0, you can find a non-trivial line bundle OS(T) with Os(2r) = Os (any 
non-trivial 2-torsion point of the torus P i c 0 ( 5 ) gives such a line bundle). If q = 1, the 
Riemann-Roch inequality reads 

h°(Os(T)) + h°(Os(Ks-T))>l 

and hence h°(Os(Ks — r) > 1. Take D G \Ks — T | and let K be any canonical divisor. One 
has 2D = 2K since P2 = 1 and hence D — K, contradicting the fact that OS(T) ^ Os-

In the second case, you first look at the possible components of the canonical divisor 
K = Ylj mjCj. Since Ks is nef and (Ks-> Ks) = 0 you find (Ks, C{) = 0. Writing down 

0 = (K,Cj) = mjiCj.Cj) + J2mi(C^Cj) 

you see that either (Cj,Cj) = —2 and Cj is a smooth rational curve, or you have (Cj,Cj) = 
. 0 but also (C j ,C j ) = 0 for all i ^ j . So you can partition the connected components of 

UCi into two types: unions of smooth rational curves on the one hand and smooth elliptic 
curves or rational curves with one node on the other hand. 

I consider the Albanese map S —> Alb 5. It either maps to a curve C C Alb S or it 
maps onto the (two-dimensional) Albanese. In the first case, since q(S) = 2 the curve C 
is a genus 2 curve by Proposition 10.6. Let / : S -» C be the resulting fibration. By 
the preceding analysis, every connected component D of the canonical divisor K is either 
rational or elliptic. Since such curves cannot map onto a curve of genus 2 these must be 
contained in some fibre F of / , say over c € C. 

Now I need Zariski's lemma: 
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Lemma 6. (Zariski's Lemma) Let f : S —» C be a fibration of a surface S to a curve C 
and let F = Y2i mid be a fibre, where C, is irreducible. Let D = Y^i r%Ci be a Q-divisor. 
Then ( D , D) < 0 and equality holds if and only if D = rF for some r e Q. 

Proof: Let Fi = mid so that F = £ • Fi. Also, set Si = ri/rrii so that D = J2i *iFi. One 
has 

i i<j 

= F ) - J > ? + s2 -2sisj)(Ft,FJ) 

with equality if and only if Si = Sj = r for all i and j , which means D = r = rF. • 

By Zariski's Lemma D = a/b • F with a, 6 positive integers. Then bD = /*(a[c]) and 
hence h°(ndD) and h°(ndKs) grow indefinitely when n tends to infinity. This contradicts 
K ( 5 ) = 0. The possibility that Ks is trivial is left. In this case, simply take an unramified 
cover C —• C of degree > 2 and pull back your fibration. You get an unramified cover 
S' - 4 5 of degree > 2 and Ks> is still trivial, x(®S') = 0 and hence q(Sf) = 2 by what we 
have seen. But q(S') > q(C') > 3, a contradiction. 

There remains the case that Alb 5 is a 2-torus and that the Albanese maps surjectively 
onto it. It is an elementary fact that in this case a* : H2(Alb S) —> H2(S) is injective 
(dually: every 2-cycle on A l b X is homologous to a cycle which lifts to a 2-cycle on X). 
Since 6 2 ( 5 ) = 6 this then is an isomorphism and so no fundamental cohomology-class of 
a curve maps to zero. In particular, the Albanese map must be a finite morphism. So, if 
D is a connected component of the canonical divisor it cannot map to a point and hence 
it must be an elliptic curve E which maps to an elliptic curve Ef C Alb 5 . Now form the 
quotient elliptic curve E" = Alb S/E1 and consider the surjective morphism S —• E". The 
Stein-factorisation then yields an elliptic fibration and D is contained in a fibre. By the 
Zariski lemma 14.6 it follows that D is a rational multiple of a fibre and as before one 
concludes that K(S) = 1. It follows that the only possibility is that Ks is trivial, but then, 
by the formula for the canonical divisor of coverings (Problem 14.2) I conclude that the 
Albanese map is a finite unramified covering and therefore S itself is a torus. • 

15. The canonical bundle formula for elliptic fib rat ions 

The formula refered to in the section heading will be used in the final step of the classification 
theorem but is also of independent interest. The proof given here does not use relative duality in 
contrast with the proof of [B-P-V]. 

Multiple fibres of a fibration / : S —> C of a surface S onto a curve C are defined in 
the following way. If F = rrtjFj is a singular fibre with Fj irreducible, the multiplicity 
of F is the greatest common divisor m of the numbers m,* and F is called multiple if this 
multiplicity is > 1. If F = / _ 1 c = mFf is such a multiple fibre and { 17, z } C C a 
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coordinate disk about c, the function z o f vanishes of multiplicity m along F'. Since all 
fibres are connected, all g G 0(f~1U) are of the form g = h o / with h G 0(U) and so, if # 
vanishes along F' it must vanish with order > m. 

Now Of-iu(mFf) = Of-iu(F) is trivial and so Of-\jj{Ft) has order < m. Smaller 
order is impossible, since it would give a function vanishing to order < m along Fr. It 
follows that O(F') has order precisely m in P i c ( / ~ 1 l / ' ) . I claim that this also holds for the 
restriction of the bundle to Ff. 

Lemma 1. The bundle OF'(F') has order m in P i c F ' . 

Proof: The proof depends on the existence of an exponential sequence on Ff. 

Sublemma 2 . Let C = riiCi be any effective divisor on a surface S. Let OQ be the 
sheaf of functions on C which are restrictions to C of functions which are nonzero in a 
neighbourhood in S of a point of C. There is a commutative diagram 

Os restriction) Qc Q 

exp exp 

0*s restriction) Q*c 1 

and the map exp fits into an exact sequence 

Proof of sublemma: For simplicity assume that C has connected support. If g £ X c , from 
exp(#) — 1 = X)m>i(^ 7 r ^5 r ) m / m ' ^ f ° U ° w s that e 2 w i g — 1 6 X c . Here you use 'closedness of 
submodules' [Gr-Re, Chapt. 2 §2.3]. This remark implies that the diagram is commutative, 
the only non-trivial part in the exactness statement for the exponential sequence is the fact 
that e x p ( / ) = 1 for / € Oc implies that f\C = n 6 Z . To see this, let g G Os restrict to 
/ and consider e 2 n i g — 1 G X c . Look at g\C{. This function must be equal to some fixed 
integer n by the usual exponential sequence and connectedness of the support of C. So g — n 
vanishes along every C,, say precisely to order m;. Then also exp(g) — 1 = ^2i{27rig)m/m\ 
vanishes precisely to order m t along C{ and hence rrti = n^, i.e. g — n G X c and so / = n 
on C. • 

Proof of the lemma: 

Let me triangulate S such that F1 supports a subcomplex. See Appendix A2, Example 
A2.1 (this treats the case when F' is smooth; in the case at hand, there are finitely many 
singular points and the same methods apply to yield the desired triangulation; anyway, I 
advise you to accept these topological fineries upon first reading). In particular it follows 
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that F' is a deformation retract of a neighbourhood, which one may assume to be of 

the form f^U with U an open neighbourhood of c £ C. Then the restriction maps 

Hp(f"1U^Z) —y HP(F',Z) are isomorphisms. Now consider the exponential sequence on 

f~lU and its restriction to F'. I find a commutative diagram 

H^F^Z) - » H1{OF<) -+ Hl(0*F.) -> H2(F',Z). 

Chasing through this diagram now gives the result. • 

Next, an explicit description of the possible multiple singular fibres in an elliptic fibra-

tion is needed. 

Lemma 3 . IfF = mFf is a multiple fibre of an elliptic fibration, Ff is either a smooth 

elliptic curve, a rational curve with one ordinary double point or a cycle of non-singular 

rational curves. 

Proof: For a smooth fibre (K,F) = 0 by the adjunction formula and hence (KyF') = 0 

which implies that X(OF') = 0 by Lemma 5.7. So, if F1 is connected, it is either an elliptic 

curve or a rational curve with an ordinary node by remark 5.8. If F' is reducible and 

E{ is a component of the fibre i 7", Zariski's lemma 14.6 implies that (E¡,Ei) < 0 and 

hence, by minimality and the adjunction formula, E¡ must be a smooth rational curve 

with (Ei,E{) = —2. Again by Zariski's lemma, we see that the intersection number of two 

distinct components components E¡ and Ej is 1 or 2. Now I claim that the topological 

space F' cannot be simply connected. Indeed, by the previous lemma, there is a non-trivial 

torsion bundle on Fr and so H1(F\Z) ^ 0. If some intersection number (Ei^Ej) is equal 

to 2 there must be exactly two components forming a cycle as can be seen as follows. If 

F' = Yli niEi one has 

0 = (Ei,Ff) = -2m + J2nÁEi,Ej). 

If n¡ < rij it follows from 2n¡ = 2n¿ + J2k&¿ nk(Ek,E¡) that all coefficients n¿ must be one 

and that there are exactly two E¡. If (Ei,Ej) < 1 and three components meet in a single 

point one similarly finds that there are no more components, contradicting non-simply 

connectedness of F1 in this case. So there must be a cycle contained in F' and it is easily 

seen that then there can be no more components. • 

Corollary 4. The dualising sheaf U>F' = OF>{KS ® 0(Ff)) is trivial 
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Proof: To compute the dualising sheaf recall Proposition 5.9. If F' is elliptic, of course 
upi = Kpt = Ok'- Otherwise, there is a global meromorphic one-form a on each com­
ponent Ei = P 1 with poles in two points with opposite residues (the form dz/z has this 
property with respect to 0 and oo) . If one scales such a form on each of the components suit­
ably, the residues in points belonging to two components cancel. This defines a trivialising 
section of the sheaf WPI. • 

Let me come now to the main result. 

Theorem 5. Let S be surface with Ks nef and let f : S C be an elliptic fibration. Let 
Fi, i = 1,. . . , ra be the multiple fibres and let mi be the multiplicity of F{ = m^F/. One 
has 

m 

Ks = f*L + Y,(^-l)F; 
1=1 

with L a divisor on C of degree xiPs) ~ x(®c)-

Proof: 
Step 1.: Ks = f*L + ~~ 1)-^/ f ° r some divisor L on C. 
Take N smooth fibres G\,..., Gjy and tensor the exact sequence 

0 -> Os -> OCjT °i) -> ®i°Gj(Gj) - » 0 
j 

with Ks- Since OGJ(KS + Gj) = OQJ by the Adjunction Formula and the fact that Gj is 
a smooth elliptic curve, one finds 

0 -> 0{KS) - » 0{KS + Y, GJ) ®J°Fj -> 0. 

j 

The long exact sequence in cohomology gives h°(Ks + ^2j Gj) > p9 — q + (N — 1) and so 
for N large enough, there exists a divisor D £ \Ks + J2j Gj\- N o w Gj) = 0 = (Ks, F) 
and so (D, F) = 0 implies that D consists of linear combinations of fibral components D{, 
i = 1,. . . , M . Since D is effective, and Ks nef, one has (D,Di) = (Ks,Di) > 0. On the 

-other hand, from Proposition 12.4 one sees that (Ks,Ks) = 0 and hence 

0 = (Ks, Ks) = (D,KS) = (52diDi,Ks). 

It follows that (D,Di) = (Ks,D{) = 0 and so (D,D) = 0. If D = with D[ the part 
supported in exactly one fibre, it follows that (Df^D[) = 0 and from Zariski's lemma one 
concludes that D[ is a rational multiple of a fibre. Any part supported on a multiple fibre 
F{ can be written as n^F/ + rjjFj with 0 < rii < m, and r, 6 Z . The parts supported on a 
non-multiple fibre Gj must be of the form TjGj with TJ £ Z and so Ks = f*(L) + Yli ni^i 
and since Opi(Ks + F-) = O^1. = C*F' ( ( n * + 1)^/)? by the previous Corollary, one finds 
that nxi + 1 = rrii. 
Step2. degL = x(Os)-x(Oc). 
Compute h°(Ks + X)j Gj) in two ways. First, note that Yli(mi^)-^i l s a fixe<i component 
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of \KS + E > Gj\ and so h°(Ks + Gj)) = h°(Os(f*L + £Gj) = h°(Oc(L + £ • c;)), 
where Cj = f(Gj) G C. Riemann-Roch then shows that 

h°(Ks + Y^Gj) = degL + N + l - g(C) 
j 

provided N is large enough. On the other hand, the computation from Step 1 shows that 

h°(Ks + £ Gj) = X(Os) + N - 1 + dim ( im H^OsiKs)) -> H\Os{Ks + ^ Gj))). 
j j 

The dimension of the image in the preceding formula, by Serre-duality translates into the 
dimension of the image of H1(Os(— X)j Gj)) H1(Os), which, by exactness of the usual 
cohomology sequence, is the dimension of the kernel of Hl(Os) —> ®JH1(OGJ)- N o w the 
Hodge decomposition for H1 tells us that Hl(0) = H°(Q1) and so, the dimension I am 
after is equal to the dimension of the kernel of H0^^) © j i f ° ( f i ^ . ) . But this kernel 
consists precisely of the holomorphic one forms which are pull backs of 1-forms on C and 
these form a space of dimension g(C). See Problem 17.3. 

Combining everything, you get 

h°(Ks + Y,Gj) = degL + N + l-g(C) = x(Os) + N-l+g(C) 
j 

and so deg L = x(Os) ~ 2 + 2g(C) = X(Os) - x{Oc). 

• 

16. Two technical results and the final step 

For the final step of the proof of the classification theorem, an easy topological result about 
fibrations of surfaces over curves is needed but also an involved result about isotrivial fibrations. 
Then the proof of the classification theorem can be completed by proving Proposition 14.1. 

First I state and prove the fact about the topology of fibrations. 

Proposition 1. Let S be a surface with Ks nef and let f : S -* C be a fibration onto a 
curve. Let S(f) C C be the (finite) set of critical values of / , i.e. c € S(f) if and only if 
at some s € f~l(c) the map df(s) vanishes. Let F be a smooth fibre and let Fc = f"l{c). 
One has 

• e (5 ) = e(C)e(F) + £ (e(Fb) - e(F)). 
»€*(/) 

Furthermore, e(Fb) — e(F) > 0 with equality if and only if Ft supports a smooth elliptic 
curve. 
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Proof: You triangulate C in such a way that 8(f) becomes a subcomplex V of the 
resulting complex Kf. Likewise you triangulate f~~lL and extend the triangulation to 
S Let (if, L) be the resulting pair of complexes. Then e(K) = e(K \ L) + e(L) = 
e(Kf \ L')e(F) + J2beS(f) e ( j ^>)- The l a s t equality follows, since / is topologically a lo­
cally trivial fibration over the set of non-critical values of / . See Problem 17.1. So 
e(5) = e(C)e(F) — e(F) + YlbeS(f) e(^>)> which proves the first statement. For the 
second statement I need 

Lemma 2 . Let C = Yli Ci be any curve on a surface, where C{ are the irreducible 
components. Then e(C) > 2\(Oc) with equality if and only if C is smooth. 

Proof: (of the Lemma) Let v : C -» C be the normalisation of the curve C. There is a 
commutative diagram 

0 -> C c - » vXc -> 5 -> 0 

i 

0 Oc ^v*Oc -»• A ->• 0. 

From the diagram one finds that 

e(C) = e(C)+h°(S) 

x(Od) = x(Oc) + h°(A) 
and since e(C) — 2X(OQ), one finds 

e(C) = 2X(Oc) + 2h0(A)-h°(8). 

One checks that j is injective and hence h°(6) < h°(A) and so e(C) > 2\{Oc) with equality 
if and only if h°\[A) = 0. • 

Now I can finish the proof of the Proposition. For a singular fibre Fi = ^ m^Ci, put 
F' = d- T h e lemma says that e (F ' ) > 2x(C?F')- 0 n t h e o t h e r h a n d 2X(OF>) = 
—(F',Ff) - (F',KS) by the Adjunction Formula. The first term is > 0 by Zariski's 
Lemma. For the second term write — ^2i(Ci,Ks) > —rrii(Ci,Ks) (since Ks is nef)= 

*--(Fb,Ks) = - ( . F , # s ) = e (F) ) . It follows that e(Fb) > e(F) and equality implies that 
Ff is smooth, and hence Fb = nF'. Closer inspection of the preceding computation then 
reveals that e(Ff) = 1/n - e(F). Now / cannot be a fibration with rational fibres, since Ks 
is nef. So e(F) < 0 and hence e(F') = e(F) = 0, i.e. F' is a smooth elliptic fibre. • 

Secondly, I need a result about families of curves over a base curve of low genus. To 
this end I introduce the notion of isotrivial fibration. 

Definition 3. A Gbration f : X —> Y between projective manifolds is called isotrivial 
if there exists a finite unrainified covering g : Y1 —> Y such that the pull back f : X' = 
X X y Y' —» Y' of f is isomorphic to a product-fibration X1 = Y' x F, for some projective 
manifold F. 
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Example 4 . Let G be a finite group which is the quotient of 7Ti(Y) and which acts on 
a manifold F. Let g : Y1 —> Y be the covering defined by G and consider the product 
action of G on Y1 x F . The quotient manifold (Yf x F)/G admits an isotrivial fibration 
onto Y. Conversely, any fibre bundle X —• y such that the fibre F has a finite group of 
automorphisms arises in this way. See Problem 4. 

The main result in this section is: 

Proposition 5. Suppose that f : S —> C is a fibration of a surface onto a curve of genus 
0 or 1 and suppose that f has everywhere maximal rank. Then f is isotrivial. 

Before I give a proof of this proposition I make a few comments on the situation arising 
in this proposition. Any proper surjective morphism / : X —> Y between complex manifolds 
(not necessarily compact) which is everywhere of maximal rank is called a family of complex 
manifolds. Note that all fibres in a family are compact manifolds. By Ehresmann's theorem 
(Problem 1), the family is differentiably locally trivial. I can therefore assume that the sheaf 
Uy£YHi(Xy,Z) is locally constant. In case the fibres are curves, this is a locally constant 
sheaf of Z-modules of rank 2g, where g is the genus of the fibre. Now consider f*Ky. 
This is a sheaf whose fibres are H°(Kxy) and hence have constant dimension. It is a 
non-trivial fact that f*Ky is locally trivial on Y and has rank g. This follows for example 
from deep results of Grauert. See [Gr-Re, Chapter 10, §5] or [Ha, p. 288] for a proof in 
the slightly easier algebraic setting. In the case at hand this implies that you can choose 
a basis u>i(y) , . . . , ^ ( y ) for H°(Kxy) depending holomorphically on y. Now you take any 
small open subset U C Y over which the family is differentiably trivial and so there is a 
constant basis 7 1 , . . . , 7 2 $ for Hi(Xy,Zi) over U such that the periods matrices 

/ J 7 1 " i ( y ) A 2 ^ i ( y ) \ 

are all normalised (as defined in Example 10.5). 

For the rest of the proof I assume that the reader is acqainted with some more advanced 
topics from the theory of curves, for instance with the material presented in [G-H, Chapter 
2, §6-7]. 

Any normalised period matrix ft is a symmetric matrix whose imaginary part is positive 
definite and hence defines a point in the Siegel upper half space 

t)g = { ft E Cg'g I ft = ftT, Im(ft) > 0 } . 

Note that different choices of symplectic bases for Hi give a different normalised period 
matrix ft and one can compute that these are in the same Tg-orbit, where Tg is the sym­
plectic group modulo its center ± 1 ^ acting by means of fractional linear transformations: 

7 = ( c D) 

the action is given by i(Q) = (AQ + B)(CQ + D)'1. 
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Fixing one symplectic basis for the first homology of curves over U, you get a holomor-
phic map 

the local period map associated to the family over U. In general, one cannot extend this 
map to a uni-valent map Y —> f) y , due to the monodromy action on H\(Xy,7j). This 
action can be trivialised by passing to the universal cover Y of Y. The holomorphic map 
p : Y —> \)g thus obtained is the period map. 

Let me now sketch the proof of the Proposition. 

Proof: (Sketch) The universal cover of C is P 1 or C. In both cases the period map then 
has to be constant since \ ) g is isomorphic to a bounded domain (see Problem 5). Now apply 
Torelli's theorem: 

Theorem (Torelli's theorem [G-H,p. 359]) Let C and Cf be two smooth curves of genus 
g such that their Jacobians together with their natural polarisations are isomorphic, or, 
equivalently such that their normalised period matrices are in the same T9-orbit. Then C 
and C are isomorphic. 

It follows that all fibres of / are isomorphic. Then you can for instance apply the local-
triviality theorem of Grauert-Fischer [F-G] which says that / must be a locally trivial fibre 
bundle in this case. If the genus of the fibre is > 2, the automorphism group of the fibre is 
always finite and hence / is isotrivial by Example 16.4. If the fibre is elliptic, this is also 
the case, but slightly more involved. Consider the action of the fundamental group of C 
on the group of n-torsion points of a fibre F. It can be trivialised by passing to a finite 
unramified covering. In particular you have the zero-section globally. Since the group of 
automorphisms of an elliptic curve preserving the origin is finite, it follows that after taking 
some unramified covering, the family becomes trivial. • 

Now, finally, the proof of Proposition 14.1 can be given. Let me recall it before giving 
the proof. 

Proposition 6. Suppose S is a surface with Ks nef and (Ks, Ks) = 0, q = 1 and p9 = 0. 
Then K(S) = 0 or 1 and K(S) = 0 if and only if S is bielliptic. 

Proof: Since q(S) = 1, the Albanese of S is an elliptic curve C and by Lemma 10.6 the 
Albanese mapping a : S -» C = Alb 5 has connected fibres. Recall (Proposition 12.4) 
that 6 2 ( 5 ) = 2 and hence e(S) = 2 — 2&i(S) + 6 2 ( 5 ) = 0. Now apply the topological 
lemma 16.1 to conclude that a : S —> C = Alb 5 is either a genus g fibration with g > 2 
and a everywhere of maximal rank, or an elliptic fibration with only smooth fibres, some 
of which are possibly multiple. In the first case, apply Proposition 16.5 to conclude that 
a : S -> C = Alb S is isotrivial, so that there exists a finite unramified covering S —> S 
which is a product. By Proposition 9.9 the Kodaira-dimension does not change under finite 
unramified covers and so n(S) = 1 in this case. So 5 is not bielliptic. If a : S C = Alb S 
is elliptic and has multiple fibres, an application of the elliptic bundle formula 15.5 shows 
that K ( 5 ) = 1 in this case too. There remains the possibility that a : S —>- C = Alb S is an 
elliptic fibration which is everywhere of maximal rank and then, again by Proposition 16.5 
one has an isotrivial fibration. There exists therefore an elliptic curve F , an elliptic curve 
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a group of automorphisms G of F acting as translations on E such that S = E x F/G. 
Since pG(S) = 0, by definition S is bi-elliptic. So only in the case K(S) = 0 you get a 
bi-elliptic surface, in all other cases K(S) = 1. 

• 

Problems. 

16.1. Let / : X —• Y be a surjective differentiate map between difFerentiable manifolds which 
is everywhere of maximal rank and which is proper. Show that / is locally a differentiably 
trivial fibre bundle. This is sometimes called Ehresmann's Theorem. Hint: see e.g. [We, 
Chapter V, Proposition 6.4]. 

16.2. Let / : X —> Y be a locally trivial fibre bundle with compact fibres Xy = f~1y. The funda­
mental group TTI(Y,yo) acts on Hk(Xy,Q) as follows (monodromy representation). Choose 
a loop 7 : / —> Y based at y and choose a difFerentiable trivialisation of the pull back of / to 
7 . So there are diffeomorphisms gt : - ^ 7 ( 0 ) -~* ^-y(t) and hence an induced isomorphism g* 
on Hk(Xy,Q). 
Show that it is independent of the choosen trivialisation and that g* only depends on the 
class of 7 in the fundamental group. 
The groups Hk(Xy,Q),y £ Y form a locally constant sheaf on Y which is nothing but 
Rk f+ty and any class ay invariant under monodromy yields a global section of this sheaf. 
Let a £ Hk(X,Q) be given and consider the restrictions ay £ Hk(Xy,Q>) of a to the fibres. 
Show that this yields a global section of i? f c /*Q. 

16.3. Let / : S —> C be an ellipic fibration and let UJ be a holomorphic 1-form on S which restricts 
to zero on a smooth fibre F. Show that u = f*u' where u/ is a holomorphic 1-form on C. 
Hint: Use the previous exercise to see that UJ restricts to zero on all smooth fibres. Now fix 
a regular value xo £ S for / and define g(x) = / J Q ^ « This yields a well-defined function on 
}~lU where U is a suitable neighbourhood of XQ. It is constant on any fibre and so is of the 
form g = f*h with h £ Oc{U) and u = f*{dh) on f*{U). The local forms dh define a global 
meromorphic form UJ' with UJ = f*uj'. Show that UJ' must be holomorphic. 

16.4. Show that any fibre bundle is an isotrivial fibration if the fibre has a finite group of automor­
phisms. Hint: any fibre bundle determines a homomorphism of the fundamental group of 
the base manifold to the group of automorphisms of the fibre ('monodromy') and the bundle 
is trivial if and only if this homomorphism is trivial. 

:16.5. Prove that t)g is isomorphic to the bounded domain 

{Ue C9*9 I t g - UUT > 0 } . 

Hint: consider the map \)g 9 Z »-» (i\g + Z)(ilg — Z)"1. 


