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Generating Functions of Class-Numbers
by
G. N. Watson
Birmingham (England)

1. Introduction.

In the notation of Kronecker!) and Humbert %), let F(n)
and G(n) denote the number of uneven classes and the whole
number of classes of binary quadratic forms of determinant
— n, with the usual conventions that classes equivalent to

a(@®+y?), a(2x®+2zy-+2y°)
are to count as } and 1 respectively, and that

F(0)=0, G(0)=—{;.
Also let 3)
G(n)—F(n)=Fy(n), F(n)—F,(n)=E(n),
F(n)4-8F(n)=J(n), F(n)—8F,(n)=I(n).

The power series in which the general coefficients are such
class-numbers admit of a transformation theory analogous to
the theory of Jacobi’s imaginary transformations of the theta-
functions. The formulae, however, are not of such a simple
character as the Jacobian formulae because they involve certain
infinite integrals; alternatively, the formulae may be regarded as
supplying a means of expressing the integrals as the sum of two
convergent series. The first of these two points of view is probably
the more important because it is a simple matter to obtain
asymptotic expansions by means of which the infinite integrals
may easily be calculated.

Two transformations of generating functions of class-numbers
have been discovered by Mordell 4); the method by which

1) L. KrONECKER [Journal fiir Math. 57 (1860), 248—255].

?) G. HuMmBERT [Journal de Math. (6) 3 (1907), 387—449].

3) Evidently F,(n) is the number of even classes.

4) L. J. MorDELL [Quarterly Journal of Math. 48 (1920), 334; Messenger of
Math. 49 (1920), 65—72].
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he proved them depended on the use of properties of solutions
of certain functional equations.

In this paper I propose to give a direct and systematic dis-
cussion of the transformation theory based on a quite straight-
forward application of the methods of contour integration. The
difference between the integral function used by Mordell as
the solution of his functional equations and the modified forms
of Hermite’s expansions which I use is rather remarkable.

The notation which I shall use for theta-functions is the
classical second notation of Jacobi (modified, as usual, by the
substitution of 4, for Jacobi’s 3#), so that 5)

A5(, q) =2q"”e2’”'w s (2, q) =z(_1 )nqn’eznia: ,

n=—o n=—o

94 (e, q)ZZ(__i)2n+1q(n+a})’e(2n+1)iz N NE q):zq(n+4})*e(2n+l)iz ;

N=—o N=—®

the parameter ¢ will be omitted from these functional symbols
whenever its absence cannot cause confusion; the argument will
also be omitted when it is zero, so that

02(0’ Q)='92 s "93(()’ Q)‘_‘ﬁ:i s 794(0’ Q)=’¢94 »

£20)

= =0y =0,949,.

=0
I shall also write

q___em"r , qlze—m'lt

—mir=a, w/t=4,

b

so that
af=mn?.

In order that we may have ] q |<1, it is, of course, essential
that the real parts of « and g should be positive, and, in par-
ticular, that « and f themselves should be positive when they
are real.

The notation which I shall use for generating functions of class-
numbers is the notation introduced by Humbert, namely €)

%) I prefer not to follow the practice (initiated by H. J. S. Smith) of using
a double-suffix notation for the ordinary theta-functions in work on the theory
of numbers.

¢) The use of a dash in two senses, to indicate derivates of theta-functions and
to indicate a change of sign of ¢ in generating functions, should not cause confusion.
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(1L01) o/ ()=D " F(Un+3), o " (q)= o (g),

n=0

(1.02) F (g)=q"F(4n), B (9)= . F (—q).
n=~0

(1.03) Z (g)= g 1(n), Z(0)= F (—q).
n=0

In addition I shall use a notation introduced by Petr?),
with some slight amplifications, and therefore I shall write

(104) 7 (q)=20 ¢"*sF@n+7), 7' (q)= .7 (¢™),

n=0
(1.05) % (q)=42 4" T(n), Y )= U (=9
n=0
I recall the well known relations
(1.06) F(4n+1)=G(4n+1),
(1.07) F(4n+42)=G(4n+2),
(1.08) 4F(8n+8)=38G(8n-+3),
(1.09) 2F (8n+17)=G(8n+7),
(1.10) F(4n) =2F(n),
(1.11) G(4n) =F(4n)+G(n),
(1.12) > g F(an+1)=}030, ,
=0
(1.13) > g+ F(an+2)=1049,
n=0
(1.14) zqzm F(8n+38)=193,
n=0
(1.15) F (q9)+ Z (g)=193

These formulae are due to Kronecker 8) and Hermite °).

7) K. PeETr [Rozpravy Ceské Akademie Cisare Franti\s!ka Josefa 9 (1900),
No. 388]. Petr writes simply U for what I here call U(—gq?).

8) L. KrONECKER [Journal fiir Math. 57 (1860), 248—255]; see also H. J. S.
Smite [Report British Assoc. 1865, 348].

?) C. HErmITE [Journal de Math. (2) 7 (1862), 25—44].
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The results to be obtained in the present paper are formulae

connecting .7 (9), & ' (q), . (q), F ' (q) with the corres-

ponding functions of g;. I shall also obtain a formula connecting

the two functions
T, T (@)

this formula seems to be completely new, and it might be difficult
to prove it by Mordell’s methods.

In the contour integrals which I shall use, it is to be understood
in all cases that the paths of integration are straight lines; it
is also to be understood that ¢ is a positive number so small
that the integrands of the various integrals have no poles in
the strip of the plane of breadth 2¢ which is bisected by the real

axis with the exception of those poles which lie on the real axis
itself.

2. Ezpansions of quotients of theta-functions.

Before proceeding, I shall state certain expansions of a type
which are easily derived from relations between various expansions
associated with Humbert’s generating functions. The twelve
expansions in question form three sets, each containing four
expansions, such that the members of a set are obtainable from

each other by altering the variable by a half-period. The expan-
sions are as follows:

Py(x)By(z) 9”’82'””
2.01 A =9 E
( ) 192 0 ( ) —-ne—zx_q’net.’t

? 1)ngnie2niz
(2.02) 9, @@ _ Z (g
2(&2) "___—w —ne—zx_*_qnew
(2.03) 9 01(‘”)02(‘”)_ Z (—1)rgm+Heen )iz
. 2 3(*7/') q—’n -}e-‘tm_,'_qn_*,i.e,’x s
9 (n+3)%p(2n+1)iz
2.08) 9, 2@%@)__ . z grrbe -
4(-’”) n _wq—n—%e——m__qn_,_i.elz
19‘2(‘%)794(4%) . -|-q2n321x
(2.05) '33 —_— Y = Z q’n ean; ,
'l?]_(m) N oo 1— q2’n,627,a;
9y (2)05(2) . < . 1—g2ne2iz
2.06) 9, —————= 1yrgnigenic =9 €
(2.06) 3, Gy(2) @n;w( )rgn'e e
95(2)94(@) - 2 e
(2.07) ¥q W: —Z (— 1)nq(n+§) o(2n41)iz W ’
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(2.08) 9, h(@)y(@) _ . 2 gn+higen iz 1tg#n+ieie
?9( z) n=—oo 1—q2n+lg2iz ’
(w)ﬁa(m) ) +q2”e2i¢

2.09) 9 2 _ 1)rgnie2niz — 11 T

( ) ' 19( ) znzw( )q 1—-q2’ne2ia: ’

4 ﬁ < o 1— 2n,2ix

2.10) 9, 2@%W@_ O g sl
192(37) n=—o 1+q ne2®

(2.11) 194M=—i Z g +P?e@nibiz ﬂ
193(«77) Pt 1+q2n+1e2iz s

(212) 8, 2OBO_ S gy 1O

1—g2n+le2iz .

 Oa(a)

I have not seen these expansions anywhere in print, though,
by expanding the series on the right as double series and then
rearranging them as Fourier series, it is easy to reduce the
expansions to certain expansions given by Hermite 10).

It is also a simple matter to establish the expansions in the
following manner. It may be verified that (for the first of the
twelve) the expression

n=—a

—2id,(z) < R
9y 05(2) 4(@') Z

—ne—i:t___ qneiz
is a doubly periodic function of x# (with periods = and =) which
has no poles at the zeros of any of the functions

Ps(x), Y4(x), 1—g®me*T.

Hence, by Liouville’s theorem, the expression is a constant;
and the value of this constant is

—2 i n2,2nic —2 9
lim 209, (x) z qe _ it ﬂ
z—>0 ’192193(,23)19'4(w)n=_wq—ne—w__ qrei® 192,193194 o €~ —gi®
— 01, —_—
XX

This establishes the first result, and the others can be proved
in a similar manner.

10)  Qeuvres de Charles Hermite 2 (1908), 244.
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3. The modified form of Humbert’s expansions.

I now state certain formulae involving the generating functions;
these formulae are derived from Humbert’s ') expansions by
the same process as that by which the formulae of § 2 are derived
from Hermite’s expansions. The formulae are

o) —0, 2OND_ o (40,0 —ai>, :‘_1)&‘5_

192(41’) it —ne—iz+qneiz ’
9y(2)95(2) S ngieniz
. Py —————— =4 ) 4> ——
B02) 9,08 S (@) 0la) 42, s
Dy(2)9y(2) = (n—})qn-Pren-niz
. — = =4. 9 4> =
(3 03) 192 194(.7}) M (q ) 3(w) +n=_m qi—"’e%m_qn—-f}eiz
(@), () — (—1)rgn-bpen-1iz
(8.04) —192—0—3(;}—=4- L (q) 94(@) +4_§_: gt remis { gntgiz
95(2) 9, (2
(8.05) —, 2EOND)_ - o (4)8y(2) +
Bs()
. o ) l_qzn—1ezu
+l Z (_1)‘n(2n__1)q(’n—i)ze(2n—1)’m:____—__. ,
— 1+q2n—lezix
N=-—0a0
¥1(2)d
(8.06) ¥, @@ _,. & (g) () +
By(2)
d B . 1+q2n-—182ix
+ Z (2n—1)gn-brn-liz _
1_q2n—182zx
NnN=—am
Fy(@)By(x) < s smip L T
. — 2 T 2nqn’e2nix
B07) 9y =58 F (q) ta(@) +n=2w ngen T e
93(2) 9, () S o L
3.08 Py ————— =4 9, —1)2pgnietnic —— .
(3.08) 9, T D 0le) 2, (SNyamgretns

The first four formulae are derivable from one another by
changing the variable by a half-period and (in the case of com-
plex half-periods) using one of the formulae of § 2. The same
remark applies to the last four formulae, some of which have

been stated by Mordell 12) with the corresponding formulae
for Z (q).

11) G. HuMBERT [Journal de Math. (6) 3 (1907), 349—350].
12) L. J. MorpELL [Messenger of Math. 45 (1916), 75—80].
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4. The transformation of 5 (q).

We now attack one of the main problems. In formula (8.08)
put =0; then

l_qzn
l_I_an

—1ic o +1ic oA, — 02
J‘ J‘ 27z o~ e*—e Iz
T omi sin 7z X ez

—o —1ic o +1ic

4 F (g) 00, q) =— 2 (—1)" 2ng™

by Cauchy’s theorem on residues, since the only poles of the
integrand between the two lines forming the contour are at the

points g=n (n=—00,..., —2, —1,1, 2,..., ) and the residue
at z=mn is
an__ ,—on
(—1)"2”6—“"26—0;;;{:?_—“'
e e
Now consider
® +1c
1 273 X — e *E
o - e ———— ds.
T, 4 SN e**+-e

On the path of integration we may write
1 0
2—2@'2(3(2"“)””,

n=0

sin 7g
so that
o +ic oz —oz
1 2nx e —e

—_ 2
27 sin 72 e e g3 dz
—o +1c

o +-1ic

e 02
z Arize(2n+1) miz—oz dz
271:’& o R eaz+e—az

3 0 +1ic
L3 [ e,

2'7nn=0 —o +1ic

say. We calculate these integrals in the following manner. The
poles of f,(2) are simple poles at the points

Ip=(m-+%)mi/a (m=—o0,..., —1,0,1,..., c0)
and the residue at z,, is

swmtd) { (m+3)(m—2n—})a?

o? }:An'm’

«
say.
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Now, P denoting the ‘ﬁrincipal value’ of an integral, it follows
from Cauchy’s theorem that

1 o +1ic w42,
—{I —P f }fn(z)dz=ln,0+ An,1+ LR +ln,n—1+%ln,n’

271
—oo +ic —® +2z,

and therefore

1 w-4ic
= . fn(z)dzzln,o'*bln,l—*' LA +ln,n—1+%}'n,n

27
— w+41ic

+=—P f fnla-+t)dt

2m

Next, by rearranging repeated series, we see that

Voot D {0t Ay st « - Ay noatddn}

n=1

=Z {%}'m, m+ }'m+1, m+3'm+2,m+ .. }

s s ) 14+ e—(2m+1)atla
2 z m, m 1—e— (2m+1)n%o

272 < 214, 2m+

2m+41 °
m=0 l—ql "

Further we have

P f (G tt) dt

=PI {(J'_“)_ —I—t} —Oltz—("'*'i)znz/aeiti_e_—itdt

eat___e—txt

=4m:q1("+%)’f te=*" coth ot dt,

— 0

the symbol P being omitted in the last line because there is no
longer a pole on the path of integration. It will be observed that
the result of this analysis is to obtain a path of integration
which passes through the statlonary point, not of f,(z), but of
its important factor e(2n+Nmis—az’

The analysis is, in fact, a rudlmentary form of the ,,method
of steepest descents”.
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It therefore follows that

1 o +1ic 27z e g
— ; e dz
27t sin 73 %% | g%
—® +1'a
22 2m+1 hnd g
= (m+%)q, ”"“LWL —2 qu(n““*’z te= coth at dt.
OC 1— q 2m+1
m=0 n=0 i
1 © —1ic
The other integral 13) —— may be treated in a si-

271
—o0 —iC

milar manner, by changing the sign of ¢ throughout the previous
work. Consequently

272 < S B
4 Z (q) 940, q)=;—2m=z_w{(m+l)9‘ b lq—;m—ﬂ}

—28,(0, ql)f te=" coth ot di |

that is to say, by (8.06),

s F (@) 0,0,9) =5 PODRRWBOD)_y 5 (0)0,00,09)]

—29,(0, ¢, )f te=t" coth of dt.

—a0

By using Jacobi’s imaginary transformation for 94(0, gq),
namely 9,(0, ¢)V (— it) = 9,(0, ¢;), and writing mu/a for t, we
see at once that

(4.1) fm'u,e“ﬂ"2 coth zmu du=1393(0,q,) — Z (q) — (—iv)’s FZ (q).

This is one form of the required transformation of % (q)-
Interchange « and f; we deduce that

(4:2) [(ue=st* cothmu du—403(0.9) — F (¢) = (—in)"h F (1)

By combining the last two formulae and using Jacobi’s
imaginary transformation of #4(0, ¢), we see immediately that

(4.8) f ue—P** coth nu du= (—ir)’/zf ue™*** coth mu du ;
0 0

13) Two integrals so related will, for brevity, be called ,conjugate’.
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a direct proof of this formula has been constructed by Rama-
nujan ) with the help of the theory of reciprocal functions.

I defer the consideration of the consequences of these results
to § 7.

5. The transformation of %5 '(q).

We can treat .% ’'(q) in much the same way as % (q).
In formula (8.08) put # = 0 and change the sign of g, so that

4 F ()90, 9) = z S

2n
n=—w 1+q
w—1ic — 0o+ %% — g~ %%
2
=—— + 27z cot mz - e~*F ——— da.
271 { f e** g%
—co—u: 2] +1/C
Now consider
1 ® +ic ey
— 273 cot 7z - €% ———-dx.
27 e**4-e

—o +ic

On the path of integration we may write

]
cot ng=—1 (1 +2 Ze2mu'z) ,
n=1

so that
1 © +ic \ eXE__gm0E
— 2nz cot 3+ 6% —————d3
2m eocz + P
—o0 +1¢

1 ® +iC —0LZ

had ) e
=—— 2m'z(1 42 Z ez’m“) P L A———, | 1

(0 414 —oL2
= e**+-e

St _f:w%(z . @,(2)ds)

n=1—mw +ic

© +1¢

say. We calculate these integrals by expressing f D, (3)dz

. 0+, —®+ic
in terms of D, (2)dz, where

—o -+,

£, = naifa. (n=0,1,2,...)

1) S. RAMANUJAN [Quarterly Journal of Math. 46 (1916), 253].
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If, as before, we write z,=(m-31)mi/x, the residue of D,(2)
at z,, is

_ An*(m+3) exp{ (m+%)(m—2n+%)n2} —u

o [+

say, and we have
0 +1C
1

n—1 £

Al

5i)  PnlEda= D o o | Balat o,
— +1C m=0 —00

the empty sum in the case n=0 being interpreted as zero.
Next, by rearranging repeated series, we see that

® n—1 ® =]
z Hn, m= z Z Hn,m
n=1m=0 m=0 n=m+1
Qa0
. z Km+1, m
- 1 —e—@m+D7?/a
m=0

Further we have

oct__e—al

® ® nmt — ot 2T €
f@n(5n+t)dt=f 4:::15{—“—‘[‘75}6 * n/ueat+e—atdt

a0
=4mi "’ f te~** tanh af dt.
—®

It therefore follows that

0 +1C oz -0z

—ouz2 —¢ d
o 272 cot m2 . e ;&;q_ p—r, 3
——oo-H,c

27" < g, mP*

=— Z i(m+ 1) giom—i—g,mih
M=—c0
[1+2Zq n} f te-*" tanh of dt.
n=1 —0

The conjugate integral may be treated in a similar manner,
by changing the sign of 7 throughout the previous work. Con-
sequently
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@

2
s T @R = .

(m+3)?
{(m+%) % }

g~ t—g,m+d

—284(0, q,) f te—** tanh ot dt ,

—

that is to say, by (8.08),

4G "(q)95(0, g)= 7;"; [192(0, 91)1391'(((()), qql1))192(0’ 1) — 494(0, q1) R (91):'

—234(0, ¢y) f te~o* tanh ot dt.

-

By using Jacobi’s imaginary transformation of #,(0, ¢) and
writing nu/o for ¢, we see at once that

[ et tanh s du—1040, ) — o7 (02) — (—ies F (a),

0

and therefore, disposing of the theta-function by (1.14),

(5.1) fm—ﬁ“’ tanh mu du=e~*lnt o/ '(q, ) — (—it)’ls B '(q)
0

An alternative method of disposing of the theta-function is
to write

fue—ﬂ“’tanh mudu=(—it)’h {39,200,q9) — F '"(¢)} — ¥ (¢1)>

0

so that, by (1.15), we have
(5.2) f ue P tanh nu du=(—it)’r 2 '(q) — & (q1).
0

I remark that the integral on the left admits of a trans-
formation, though, unlike the corresponding integral of § 4,
the transformation is not symmetrical. To obtain it, take the
well known formula

©sin 27 tu

dt,
sinh nt

(5.8) tanh nu = 2 I

0
which gives
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f ue-B¥ tanh nu du = 2 f f ue—pu* sin 2t dt du

sinh 7t

27t
_ J‘ J‘ . Sin 2mtu du it

N
=\z dt
B f sinh 7t

0
The required transformation is consequently

* ue—ou?

du.

(5.4) f ue—4* tanh wu du=(—iz)": f

0

sinh 7w

6. The transformation of .7 ' (q).

The last fundamental transformation which I shall consider
is that of the function defined by (1.04), namely

el T (q) =2 (—1)gn+ s F(8n47).
n=0

To discuss this function take Humbert’s formula %)
S o wit 2 I
RN z g2+ [+ F(8n+17)= z —1)»+L n21 e
n=0

2n+1)2
q( +1)

P — z (2n+41 )ZW’

q—-2n_|_ 2n
and replace ¢ by iV a; we get

el 90, iv/g) D (—1)gn+aF(8n+7)

n="0

N " qz(’n'{"*)’
Z (—1)rdn? _n+ n+ Z B G e sprer

n=-—o Nn=-—a0

Nn=—a0 N=—00

and hence, in the usual manner,

-]
el 9,/(0,iV/q) D (—1)"q"+ T F(8n+7)
n=0 .
®—1C —o0 41c Az e—2az’
—_ 8 dz
271 f +J sin g e*?-}e—a2
— —1C ® 41
® —1ic —o+ic) g2 o202t
—_—— + dz.
27 CcOS T2 e*%—e~%2
—w —1¢ w +1c
15) G. HumserT [Journal de Math. (6) 3 (1907), 368].




52 G. N. Watson. [14]

The four integrals on the right have to be discussed separately;
first we have

1 ® +-1i¢ 47.;%2 e—txz’
_ _ dz
271 sin g e*?--e—*2
— +1c
© +1C (dn+1)miz (4n+3)miz
z 8mizte—2u4® ¢ e dz
2m €% 47
—oo +1c
1 © +41ic
= Z g,(2)dz ,
% 47 —0
=" +1ic

say. The residue of g,(z) at ) z,, is

s (m+})?
—(—1 )m——(—m:——”— [exp iz, ~exp 87iz,,] exp (4nmiz,,—20z2},)
o

= @n, m>
say; also
1 ® +1c
’2;@ gn(z)dz:@n,o"’f_ @n,1+ ... +Qn,n—1+%@n,n
—ow +1c
1 -]
+-—P f gu(zn+1)dt
2m

and hence, by rearranging repeated series, we see that

© +1c¢
z f gn(z)dz_ Z (7Qm, +9m+1 m+ Om+2, m+ )

— w+1ic

LSef
+§7z}gop_wg"(z”+t)dt

1-+te (4m+2)7e2[o

%Z —;m+2n Pf ga(3+)dt .

Now

16) As hitherto, we write
Zm = (m + Pnifo, L, = mavifo.
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1+e—(4m+2)n’/a 278 & N 2m—1+q2m+1
% Z Qm, g—(4m+2)7!2/a - —QT =0(_1)m(m + %) 2(m+%) q_m__i_ qm+i
43 qz(m+i)z
—_ — 2 1.___
273 <
——5 2, (= )" m 3o b gt — gty
m=0
S w2 S (—1)n(m ot B
= — — m(m - R
a3 = ql—m—§ q:rln+} a3 i
Also
P |ttt
=) (n—}—%—)ﬂ’b 2 q -—n-ge—nil_*_q n+gemit _
=4(—1 )"q12(n+i)2 P J. ( - +¢ 1 i(eal_e—all) e—2xt3qy

*(2n+1)at e~2* cos mt

o eal —e —at

dt

=4(—1)rg, 2 m+d¥(g, -4 q " +1) _[

— Q0

a2 eod J— e-d‘

® 2,2\ o—2ut? gj
—4(—1)"qf‘”**"(qf”‘*—ql’“*)f (tz—(nﬂ)n)e S g,

Collecting our results and treating the conjugate integral in a
similar manner, we find that, for the first pair of integrals,

J< —ic J~——oo +1ic 437!22 6'2“22
— dg
2m sin 7z exe-|-g~az
—o —1ic o +1ic)
4n? g 2(m+h? A3 <
=—— ( 1)m(m+l)zm 5 Z (

M= —0

—1)m(m-})? gymem
Mm=—c
2n—|—1)nt e—”‘ cos 7zt

et —e—od

T8 Z( 1)ng, 2+ (g, -n~d4-qy "+*),[

< * 2.2\ ,—20t? i
—8 Z (—1)ng, 2P (g ~n-t—q ) f (‘2 SRS Va )e sin 7t gy
n=0 —

az eat J— e—at
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@ 2 ©
—_ z ( 1)m(2m+1)2_.—ﬂ Z (_1)m(2m+1)2q m(2m+1)
3 —-m—%__ —q m+% aa N
m=—x M= —c0
(2n+1)7t e~22# cos mt

18> (capgpen | B

N=-—0 —

(n+%)2n2\ e~ sin nt

—8 Z (=1)" Mznﬂ)f (tz* o2 ) o gl dt.

= —o0 —

The transformation of the first pair of integrals is now complete
and we turn to the other pair. We have

1 (% gm2 -2
— —dz
271 . COS TI3 %% — e—%?
—ao0 +1¢
1 [°F% ®, pUn-Dmiz__ plan+l)miz
= — 8722 Z e—202%]y
2m Y +1.c —e-“z — e A
1 87!226“” 2ocz’ 1 ® +ic
= 2mi %2 g0z " 2mi Z hn(2) dz.
—00 +1C n 1 —ow +ic

say. Leaving the first integral on the right for the moment, we
observe that the residue of &,(2) at {,, is

2

4
—(—1)™ wm [exp (—mil,,)—exp nil ] exp (4nmil ,,—2al%,,) =0y, m>

say; further
1 ® +1c

'2__. hn(z) dz:an,1+0n,2+ see +Gn,n—1+%6n,n
7 —a +ic

1 o0
4+ —P f h(Cu+t) dt
2m Y

and hence, by rearranging repeated series, we see that

had ®© +4-1¢
1
é;iz f n(Z Z % m m+am+1,m+am+2,m+ .. .)

n=1 —o +1ic m=1

21—2 fw P (L, +t) dt

1+e~=mn”/<>c 1 < f”
Z e T 3 ;11) —whn(én+t) dt .
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Now

1—|—e—4m.71 2o 273 & gyt g,

B g et B0

%z Om, m g—4mn“/oc 0‘321( 1)™m3q, 2™ P
273 & \
Z(_ Lymme——— —m+q m o3 (—1)™m?q,2™ (g, ™ +q,™)
m=1
__2_7;3 (*l)mmzﬂ _%t_s (_ l)mmqum(2m+1) .
& e 4" +q™ ol e

Also

~P f ho(Ca+t)dt

2 —np—mit___ oM prrit
e ()
i(ed.l_e—-(xt)

®2nnt e—2%% cos mit

=4<—1>"q12"”(q;n—q1”) |

——Q0

o eat —e —ot

nﬁng)e*%‘f2 sin nt

—4-1raetaa) [ (e

o2 et _pg—ad

and lastly

1 petic Snzzem'z‘”zzd . fw \ e—24 gin 7t
e —, |- T

271, exF__p—az
— +1ic —®

eat —e —at

Collecting our results and treating the conjugate integral in
a similar manner, we find that, for the last pair of integrals,

© —ic —o +1c A2 e—2ocz"‘
—_ - dz
2mi COS TZ e%F—p—uz

— 0 —1iC © +1ic

Z q,*™ Z 2, m(2m+1)
=— (—1)mamz 2 + (—1)™4m?2q, ™(2m+
M——w q —m+q asmﬁ—w
> ® n2n?\ e—2* sin 7t
+4 z (”‘1)"912"2(91_"4‘91")‘[ (tz— a_z) et ook dt

—0

0

*2nmt e~ cos nt
—4 2 (=1)"q:* (g, —q,") f dt

o ext—eg-al
N=—a0

—0
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o0 2 2
__® z (_1)m4m2__qi._ Z (—1)mdan2q,mem+D)
13 m+ m O(.3
M= — M= — 0
ot © 2,2\ p—2al? o
neme\e sin 7l
+8 Z (—1)”91"‘2"+1’f (t2— “2) prrm— dt
= —0a0

-0

* 0 — 2082
2nnt  e—%%" cos mi
+8 E (—1 )nqln(2n+1)f di

o erxt_e-—oct
N=—®
—®

Now combine the expressions obtained for the two pairs of
integrals; we get

-1’0, iVq) Z( —1)ngn+lsF (8n+17)

i q.2™ i g e b?
—_— m, 2____~ —1\m 2+ 0000
B I: z =y 4mq_m+ ¢ +mz (@A ¢ -
m=—cw =—o
_E_s (_1)m(4m+1)q1m(2m+1)
o3
m=—w
2nsl) * e~20t 5in ot
+-— Z (—1)"(4n+1)g," 2"+ ey
n———oo —®
87 < te—204" cos it
+—; (—1)™(4n—+1)g, m”“’f Ty
N=—00 -0

ns @
____._3@—1/97"501'(0, i\/a) z (_l)nq1n+7/aF(87L+7)
o n=0.
1/ i o in/ o n® @t ree=2 sin m
e—eiq, sd, (0, v ql) |: 2a3+ Tt _g—at
4 ® ¢ —20t2 (A
o e s )

o ext —eg—at

—

The next step is to dispose of the derivates of the theta-functions;
this can be effected by expressing them in terms of the moduli
and quarter-periods of Jacobian elliptic functions, with the
help of the formula

9,'(0, ) =2¢T1(1—g¢>)*;

n=1
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we thus get
e—smif),’ (0’ ,,;\/E):gql/s IL {(1+g21)(1—g2n))2
n=1
2K\ */2
:(—) (4hck’ ) e
JT

so that

e~ 9,(0, Vg, (K)/ .
= — = (—11)’/2

e—"smi 191'(0, i\/q) K )
Hence we have

®

Z (—1) g+ s F(8n—+7)+(—i7)~"l z(_l)nQ1n+7/sF(8n+7)
=0

n=

O

(_”)s/z 7w w2 [ e~ sin it P * te=2at* cos mt
Gls gl |: :'

2&3 o2 » etxl_e‘w o eott__e—od

-~

The next step is to simplify the integrals on the right. Since
the residue at the origin of

(doz—mi) emiz—202?

ed.z—e—az
. )
is ——, we have
20

*H (fox—rri) emiz-2ast
ed.z_e-az dz
—o0 -1¢
(4oct~m) evit—2at?
T o, + f e—-tlt dt
72 f te2%* cos nt P f * -2t gin mt &t
T o, + 4o ext__p—at t+n » et p—ot
Y -

In this result it is permissible to take 4ac=x, and then we get

) . 0
3 + n2 e~20®gin mt Ll te—22 cos 7t
2a3 ext__p—ot o et g—at

— 0 — Q0

dg

°°+‘/4m/“(4ocz g )emvie—2az?
= 2 f o2 __ p—02

—a +1/ 7vifo

4”q11/sfao ue—20u?

® exugt] i __ p—oup—1/ymui

- 00
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2/ 25q, s J*“’ sinh au . e~204*

o sinh? au + cosh? au

—

— 7\3 sinh ¢
= el = tePt—— " dt
2V s(a) f cosh 27t

— o0

The required transformation is therefore

(6.1) 2 (—1)rgn+ls F(8n+7) + ——- ,/ Z( 1)ng,"+IsF(8n+7)

n=0 (
_ ﬂ f I sinh nt P
(—it)ld cosh 27t~ ’
that is to say
1 we [ sinh 7t
6.2) e~"lsvi T — el T = iVh f te~2pr ———adi.
( ) € 7 (q ) + (—1:‘[)3/28 7 (91 ) (——’I:'E)alz J (4 COSh 271,’t
By interchanging « and 8, we infer that
® sinh nt ” sinh nu
6.3 f te2P? —___dt—=(—i7)’l J g L ppu————y
(6.3) Y ¢ cosh 2nt (=im)h /- e cosh 2nu “
To prove this last result directly, observe that 17)
sinh nt — (“sinh zu sin 4atu
(6.4) —_— = u,
cosh 2t cosh 27u

and therefore

f _spn Sinh ot sinh 7t =2 J f 2ﬁﬁ,smh 7w sin 4oty du dt

Y - cosh 2nt Yo Lo cosh 27w
o0 o0 . -
— sinh 7w sin 4atu
=V2 J I te—2p0 d dt du
Yo Y cosh 27w

3 o .
:(E) /zf w20 sinh 7u du,
VA -cosh 27ty
which immediately gives the result in question.

7. Sets of transformations of generating functions.

From the results of §§ 4—6 it is possible to construct a large
number of formulae, each formula containing three terms, two

17) Cf. J. Harkness and F. MorLEY [Introduction to the theory of analytic
functions, (1898), 226].
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of which are generating functions proceeding in powers of ¢
and ¢, respectively, and the third term being an infinite integral;
it is always possible to secure that the formulae contain no
theta-functions by means of devices such as were used in obtaining
(5.1) and (5.2).

The most interesting formulae consist of three self-contained
sets of six formulae; each set of six formulae involves twelve
generating functions in all, namely three series proceeding in
powers of ¢ and nine series obtained from these three by replacing
q successively by —¢q, ¢; and — ¢;.

To save space, I shall state only three out of each set of six
formulae; in each set the three omitted are the reciprocals of
those which are stated, and they are immediately obtainable by
interchanging ¢ with ¢,.

The first set of six formulae consists of relations which connect
the six functions

L), Z @, Z @ L', F' Z (g

with their reciprocals; these formulae are immediate consequences
of the results of §§ 4 and 5. The formulae are as follows:

(1.01) 7 (q) — (—ir)~* Z (1) :—fwte—“‘ztanhntdt,
0

0 tg—ﬂta
= (—ir)""l dt,
(—ir) f sinh nt

0

(1.02) el o/ (q) — (—i)~ . 77 (@)= f e~ tanh it df
0

© t—ﬁlz
:(—ir)—s/zf ¢ dt,

sinh nt

0

(108) T () —(~in)h F ()=~ te="cothtd
0
=—( ——ir)—a/zf te—B% coth nt dt ,
0
and the three reciprocal formulae.

I shall merely state the second and third sets of formulae,
and shall leave the proofs of them to the reader. In each case
a proof can be constructed very easily (with the help of formulae
of the first set) by expressing the first function on the left in
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each formula in terms of either . %% (¢)and < (g) or of %% '(q)
and % ’(q), whichever is applicable to the function in question.

The second set of six formulae consist of relations which
connect the six functions

* éoanl(n) ’ ang(n) ; i qn+laFy (4n+38),

7n=0
22:0(—1 )"q"Fi(n), ;Zo(_l )rgnG(n), Zo(ﬂ yngn+*IsF (4n+3)

with the reciprocal functions obtained from them by writing ¢,
in place of ¢. The formulae are as follows:

(1.04) 2> g"Fy(n)+(—i7)~"h > ¢,"G(n)
n=0 n=0
= ——f te—o# coth nt dt,
0
(1.05) 2> (—1)"g"Fy(n)+(—i7) —%Z g, +IeF (4n1-8)
0
f te—m’a
~ 7 J sinh nt b
(7.06) Z —1)ngnG (n)—(—i7) ’/az( 1)ng,"+IF, (4n+3)

f te—at’
T sinh it nt b
and the three reciprocal formulae.

The third set of formulae consists of relations which connect
the six functions

i q"G(4n), i
n=0 n=0
2

D (—1)gG(an),
n=0

s

¢*{5F,(n)—F(n)}, ¢+ G(4n+3),

=0

8

n
(—1)yq"{5Fy(n)—F(n)}, > (—1)ngn+'sG(4n+3)
n=0
with the reciprocal functions obtained from them by writing ¢;
in place of ¢q. The formulae are as follows:
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(1.07) D q*G(4n)+(—ir)"h > ¢ "{5F;(n)—F(n)}
n=0 n=0

-]
=—2 f te~** coth nt dt ,

0
(1.08) D (—1yqG(am)—(—iz)"h > (—1)g,»h G(4n+3)
n=0 n=0
@ te—ot?
=_2J; sinhzmt
(7.09) z (—1)"g" {5F1("2)—F(n)}+(—if)‘a/’z ;"1 G(4n+-3)
n=0 n=0
® te—od?
——2| = £
0 sinh ni

and the three reciprocal formulae.
I remark that, so far as I know, no investigations of arith-
metical properties of the class-number

5F,(n)—F(n)
appear to have been published.
In addition to these sets, a few isolated formulae exist. The

formula involving the function %/ (g), defined by (1.05) and
its reciprocal is self-reciprocal. This formula is

(7.10) 2 (q) + (—it)"h U (q)=—8 f te~o* coth mtdt.
0
The corresponding formula involving

> ¢"E(n)
n=0
is also self-reciprocal; but this formula, namely
(711) > gE(n)=1583(0, ¢)=(—ir)~ > ¢,"E(n),
n=0 n=0

is obviously trivial.
The formulae which involve

" (q) and D (—1)"q"E(n)
n=0
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respectively are
—out?

sinh 7t

(r12) U (g) — 4= T (=8
0

(7.18) > (—1)q"E(n)=158,%(0, g)=§(—i7)~" > ¢, +":F (8n+3) ,

n=0

the latter being trivial.
Finally, by the result of § 6, there is the self-reciprocal formula

(114) el T (q) + (—ir)theh T (g)
_81/3 J‘ o SInh 7t sinh xt¢ it

cosh 2t

dt .
cosh 2t

_ 8\./23/ fwte—zﬂ‘z sinh =t
(—ie)h )

8. A relation between three infinite integrals.

By eliminating generating functions from three suitably
chosen members of one of the sets of formulae given in § 7, it
is possible to construct an interesting relation which connects
three infinite integrals. Thus, in the formulae (7.01), 7.02),
(7.02) respectively, take

wy )
= s T .
14y y—i

where the real part of y is positive.
When the phases of the three complex numbers

Y 1
Ty’ y—i’ Y

are taken to lie between — ix and iz, we see without difficulty
that

y _yertw
y—i  1+iy

Hence the three formulae become
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© to-nut?yp—mit?

sinh st

dt ,

(1 _}?{iy)a/z L (emwla+iv)y . Z7 (g=alv) =*J;

© to—mytipmit?

(1 4 iy)"h o (emwlO+in)y _ GF (e )ZJ' m
0

F (e) =yl Z (e)= —-J te~ve* coth nt dt .

0
By eliminating the generating functions from these formulae,
we immediately obtain the relation required, namely

(8.1) f

0

sinh nt

® © -yt pmit?

sinh nt

® go—Ttt3 [y p—rit?
Fyh f i i

te—vt* coth mt dt=f
0

sinh mt
0

It is not very difficult to construct a direct proof of this for-
mula; we shall first prove a subsidiary formula, namely 18)

(8.2)

® g—miz? gin 2t cosh mt— eit®
X = .
_[ sinh sz 2 sinh nt

0
where ¢ is real.
Consider the integral

e—iz?
dz
cosh 7z cosh w(z—t)

taken along two lines parallel to the real axis and passing through
the points — 3¢, ¢ respectively. The upper line is to have inden-
tations below it at 47 and ¢ 4 ¢, and the lower line is to have
indentations above it at — }¢ and — ¢ 4 ¢, so that there are no
poles of the integrand in the strip between the indented lines.
It therefore follows from Cauchy’s theorem that

1 © —31i —ow +1s —piz?
SR
by4%

cosh zz cosh 7(z—1)

— —%i ® +i1,'
is equal to the sum of the residues of the integrand at the simple

poles ¢, 34 + ¢, — i, — 4¢ 4 ¢, that is to say it is equal to
1—e~7# cosh mt
2etmi -
7 sinh ot

18) For an indirect and much more elaborate proof of (8.2), see S. RAMANUJAN
[Messenger of Math. 44 (1915), 81—82].
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If we now write —31i and z--}¢ for z on the two parts of
the path of integration, we find that
1 ® o~milx—}i)2_ p-mrilz+}i)2 1 —e—Ti# cosh nt

" Pf dx = 2¢dmi ,

nt < sinh nz sinh 7(z—1) 7 sinh 7t

that is to say

® izt 1—e7i cosh nt
——————dr=1 : .
Y o Sinh w(z—1) sinh =2

Hence, replacing # by 241, we have

® e—mixp—2vixt . et _oosh 7t
P de=i———7F—,
 sinhaz sinh nt
and (8.2) is an 1mmedlate consequence of this result.
We are now in a position to give a direct proof of (8.1); by
using (8.2), we have

© tg-—nytgnit’

f te—v# coth ot dt ——f _
0 sinh =t

—o
? P— cosh it —emit? &t
o sinh nt

- o . 2 .
e~z sin 2nxt
=ZI I te—® " dadt
sinh 7

o o
® Mw® 23 e
e~ %" sin 27t
=2 f f s L ———; | ¥ /)
o "o sinh

—mxdly p—miz?
—yh f xe pe W e ’
[\]

" sinhaz

and the truth of (8.1) is now evident.

9. Asymptotic expansions of infinite integrals.

In conclusion I put on record the asymptotic expansions of
the various integrals which occur in § 7. Two sets of expansions
will be given, one suitable for small values of «, the other for
large values of «. It will be supposed that « is not necessarily
real, but the real part of « must, of course, be positive to ensure
that | ¢ |<1.
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All the asymptotic expansions possess the property that, for
complex values of «, the absolute value of the error due to stopping
at any term never exceeds the absolute value of the first term
neglected; if, in addition, « is real (and therefore positive), the
error is of the same sign as the first term neglected.

We first prove this general property of the expansions as
follows: by Taylor’s theorem, with Darboux’s form of the
remainder for complex values of « and with Lagrange’s form
of the remainder in the special case when « is positive, on the
hypothesis that ¢ is always positive we have

" N-1 (_l)n“nﬁn (—I)NO(.NtzN
e ¥ = z ' -+0 ,
n! N!

n=0

where | 6|=<1, 0=<6<1 in the general and the special cases
respectively.
Now, when f(¢) is positive and | 6 | <1, we have

[

while, when f(¢) and « are both positive and 0 < 0 < 1, we see
that the expressions

)’

evidently have the same sign. In each of the cases to be con-
sidered, we shall be dealing with an integral in which the function
typified by f(¢) is positive; this makes obvious the asserted
properties of the asymptotic expansions.

We now discuss the set of asymptotic expansions suitable for
small values of «.

The first integral to be considered is

)N Nt2N )N Nt2N

f(t)dt 1 < | f T syt

(_ )N Ng2N N, Ns2N

»(—1)
f(t)di _f (t)dt
!

dt

® 1 ®©
f te~ coth nt dt= o +2f et
o

0
l)n 1yn— IJN!) {2n-1
dt
+ Z (n—1)! A et

[y ]

et —1
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by using Binet’s integral for the Bernoullian numbers B,,
which have the following values:
Bi=%, By,=45, By=7%,....
Thus we have

(9.1) f te—** coth wt dt = [ + z (_ )" B, n—l]

0

The second integral to be cons1dered is

[} 1 e <}
—t2 R —v
f te—**tanh nt dt = 20 2f e~ ezm-{—ldt
0
1 ®© —1 n—lan—l o t2n-—1
> — ~22( ) f dt
20 (n—1)! et 41
n=1 0
Since
1 1 2

g2m+1=62nl_1_~e4nt__1

we have at once

1 o 1)"B, 1
(9.2) f te—®tanh #tdt o —[ -+ z ) (1—22n_1)oc”—1] .

The third integral to be cons1dered is
J“” te‘“‘” (—1)r-1gn- 1J‘ 2n—1
: : dt
o Sinh nt z (n—1) p sinh szt

1 2 2
sinh nt emt—1 ext—1’

Since

we have at once

on | Ll —ZH’" B g1y,
0

sinh 7t

The last integral to be considered, namely

0 .
— sinh nt
8V/2 f te-2atr 20T g

o cosh 2wt

b

is rather more troublesome; we start with the expansion

sinh _Qlaz Qu® Qb
cosh2z 1! 8! ' 51 "'
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in which the coefficients have the values
Q =1, Q, =11, @, =361, Q, = 24611,

I mention in passing that the values of the coefficients up to
Q,, have been computed by Glaisher 1°) who has obtained a
number of properties of the general coefficient @,. We can
now evaluate the integral

® sinh nt
s R——)
cosh 2xt

by taking the formula (6.4), namely

sinh nu 24/3 f sinh z¢ sin 4t

cosh 27 2nu " cosh 2wt

(where u is supposed real), differentiating 2n+1 times with
respect to u under the integral sign (a procedure which is easily
justified), and then putting w=0. This process gives

— * sinh nt
n2n+1Qn+1:2\/2(4ﬂ)2n+1f {2n+1 ,
o cosh 2xt
so that
8V'2 Jtznﬂ smhat Qo
cosh 2nt 24n

0
From the formula

. . -
8V/2 J'te—za“—mh Ll NZ( 29)" o \/2 f amaa SO0,
0

cosh 2xt cosh 2xt

it now follows immediately that

- (" inh nt o —1)»
0.4) 8V3 [t S g (S D R,
0 n=0

cosh 2nt 23n p !

It is worth mentioning that the expansion (9.4) is not useful
for purposes of computation unless || is very small, since the
expansion starts with the terms

1l 861a® 2461103

8 ' 128 3072

In this respect (9.4) differs from (9.1) which is of a certain amount
of use in the extreme case a=u.

%) J. W. L. GLAsHER [Quarterly Journal of Math. 45 (1914), 202].
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We next discuss the asymptotic expansions suitable for large

values of |al;

these expansions are easily determined by the

transformation formulae, since |B| is small when |«| is large.

Thus we have

-4

) 3/’ )
f te—** coth nt di= (f) J te=B% coth nt dt
0 0

1

and consequently

® 1 Yo [
(9.5) f e~ coth nt dt N—(ﬁ)
o 27\ o
Similarly
@ 1 l/
(9.6) f te~®* tanh mt dt N_(l) :
2\ a
0
®  g-af? 1/x )1/2
9.7 =
(9.7) J; sinh 7t ~ 27:( o

sinh nt

(9.8) 8V2 f te—2at® dt oo (E
A cosh 2x¢ o

(Received August 16th, 1933.)

1+z

=1

S

gl [ 2 S

S el

nlan

Q +1j_—_
23np o )

The sets of asymptotic expansions are now complete.

)n lB .
W' (2n ik
= (— (=1)"Bgasn( 1
nlan ( _—22n—1

)]



