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On uniform distribution and the density of sets of
lattice points*

by

Bodo Volkmann

In 1953 M. Kneser [1 ] proved a theorem on the asymptotic
density of the sum set of two sets of non-negative integers which
states that, in general, the analogue of Mann’s inequality holds,
and describes the sum set in the exceptional cases where this
inequality is violated. So far, no generalization of Kneser’s

theorem to lattice point sets appears to be known, but it has

been proved by the speaker [3] that the inequality under con-
sideration is true, at least, for a certain class of pairs of lattice
point sets which are defined by means of uniformly distributed
sequences of real numbers.
The details are as follows: Let Ak be the set of all lattice points

a = (a,, a2, ..., ak), ai ~ 0, in the euclidean space Rk, and define
for any a,

For any set A  039Bk and any x ~ 0 let A (x ) = 03A303B1~A, ~a~ ~x1
and D(A ) = lim,.-O, A(x)/x if this limit exists. Furthermore we
consider fixed positive irrational numbers 03BB1, 03BB2,..., Â,, and we
map each lattice point a = (a,, ..., ak ) onto the point p(a) in
the unit cube Ck whose coordinates are the fractional parts of
Â K a K (K = 1, ..., k). With any set M C Ck we associate the set
AM of those lattice point a E Ak for which p (a) E M. If we define
the sum A + B of two sets in Ak by ordinary vector addition the
following theorem is true:

THEOREM: For any two open sets Mi, M2  Ck, the densities
D(AM1), D(AM2)), D(AM1+AM2) exist and satisfy the inequality

The proof consists in showing that, if the elements of a given set
A  039Bk are ordered in any way compatible with the partial order-

* Nijenrode lecture.
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ing induced by 11 a 11 ~ ~b~, then the sequence .p(a1), .p(a2), ...
is uniformly distributed in C,. This implies that, for any open set
M  Ck , the density D(AM) equals the Jordan content of M,
as is easily demonstrated. Furthermore, it can be shown, denoting
addition mod. 1 by (B, that always AM1 + AM2 = AM1~M2.
Thus, the problem reduces to the corresponding question for sums
of open sets in Ck, with content taking the place of density.
The theorem then follows from a result by A. M. Macbeath [2].
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