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On some non-Archimedean normed linear spaces
I

by

Pierre Robert

Introduction

This paper is the first of a series to be published under the same
title and numbered I, I1, . . ..

In this work we study a non-standard type of pseudo-normed
linear spaces, herein called V-spaces.

V-spaces depart from the classical normed linear spaces ([7],
[86]) in that the usual requirements on the norm function

(0.1) [lax|] == || ||2]] for all # and for all scalars «,
0.2)  lz+yll = llz|[+]lyl| for all a,y,
are replaced by

(0.3) |lax]] = [|z]| for all # and all scalars « 5 0,
< Max {|[all, |lyll} for all o, y,

0.4
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and, also, by the additional condition that the norm of an element
is either 0 or is equal to p” for a fixed real p, 1 < p < 0, and some
integer n. A V-space is assumed to be complete with respect to its
norm and the field of scalars to have characteristic 0 ([10]). Thus,
in the usual terminology, a V-space is a complete strongly non-
Archimedean pseudo-normed linear space over a field of scalars
with characteristic 0 and a trivial valuation.

The author’s attention was directed to this abstract structure
by the following example. A classical method to obtain informa-
tion about the asymptotic behaviour of a real valued function is
to compare it with the elements of an “asymptotic sequence” of
functions (see Erdelyi [9], van der Corput [38], [89]). C. A.
Swanson and M. Schulzer [32], [88], have extended this method
of comparison to functions defined on some neighbourhood of a
non-isolated point of a Hausdorff space and with ranges in an
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2 Pierre Robert [2]

arbitrary Banach space. It will be shown, in Part III, that when
applied to the elements of a linear space of functions, the results
of this method can be expressed by assigning to each function a
norm under which the space is a V-space.

Linear spaces satisfying the defining properties of a V-space,
except for the retention of (0.1) in place of (0.3), have been
systematically investigated by A. F. Monna [24], [25]. Most of
the results of Monna are valid under the additional conditions
that the space be separable or locally compact. Except in trivial
cases, V-spaces are neither locally compact nor separable.

In Parts I and II we investigate the basic topological and
algebraic properties of V-spaces. A notion of utmost importance
in this work is that of “distinguishability’’. “Distinguished sets”
and ‘‘distinguished bases” are defined in Section 5, Part I. The
concept of distinguishability has been introduced by Monna
[24, V], [25, I] under a different name and through another
formal definition. Monna has shown that in non-Archimedean
normed linear spaces over a field with a non-trivial valuation,
distinguished bases exist only under restrictive conditions. How-
ever, by use of a modified form (Theorem I1-6.1) of the classical
Riesz’s Lemma ([7], [86]), it is proved in Part II that a V-space
admits a distinguished basis. It follows (Theorem I-5.6) that an
element belongs to the space if and only if it is a sum of a formal
series in terms of the elements of a distinguished basis. Thus,
the role of a distinguished basis in a V-space is similar to the role
of a complete orthogonal basis in a Hilbert space.

We also consider V-algebras and give theorems on the existence
of inverses and on the spectra of elements of a V-algebra. Most of
these theorems are simple modifications of the classical theorems
of the theory of normed rings ([7], [26]).

Examples of V-spaces and V-algebras will be displayed in Part
III. ““Asymptotic spaces” are constructed by widening the scope
of the method of C. A. Swanson and M. Schulzer [32], [88], referred
to above. We also define ‘“‘moment spaces” in which, for example,
one can interpret the methods of Lanczos [21] or Clenshaw [2]
for the approximation of the solutions of certain differential
equations.

Later Parts will be devoted to the study of linear and non-linear
operators on V-spaces. By setting a proper norm on these opera-
tors, the set of bounded operators forms a V-space of which the
set of bounded linear operators is a subspace.

Elementary theorems of the theory of bounded linear operators
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on Banach spaces still apply in V-spaces. However, important dif-
ferences will be exemplified: a continuous linear operator is not nec-
essarily bounded; the uniform boundedness theorem does not hold.

We give a simple characterization of bounded linear operators.
As applications of this important theorem we derive a result of
H. F. Davis [4] and indicate how asymptotic expansions of the
Laplace transforms of certain functions of two variables can be
obtained (see V. A. Ditkin and A. P. Prudnikov [6]).

Theorem IV 6.5 allows the comparison of the spectra of two
bounded linear operators when the norm of their difference is less
than 1. The result is obtained by showing that an inequality
proved by C. A. Swanson [84], [85] for linear transformations
with eigenvalues on a Hilbert space can be modified into an
equality in V-spaces. )

The problem considered by C. A. Swanson and M. Schulzer in
[82] and [88] is that of the existence and approximation of
“asymptotic solutions” of certain equations in Banach spaces.
In Part V, we extend the results of Swanson and Schulzer to
arbitrary V-spaces and V-algebras (Theorems 2.2, 8.2, 4.3). Our
methods of proof are different than those of [82] and [38]. Our
hypotheses are weaker and consequently our proofs are more
involved. Possible simplifications of the hypotheses are mentioned.

In Part VI we consider continuous linear functionals. It is
known that continuous linear functionals on a V-space are
bounded (Monna [24], III) and that the Hahn-Banach Theorem
is valid (Monna [24], III, Cohen [8], Ingleton [17]); we give a
new proof of the latter using distinguished bases.

The main result of this chapter is a representation theorem for
linear functionals on certain bounded V-spaces. The representa-
tion theorem is a generalization of a theorem of H. F. Davis [4]
which asserts that the space of continuous linear functionals on
the space of asymptotically convergent power series in a real
variable is isomorphic to the space of polynomials in that variable.

It is shown (Section VI-2) that a new norm, called ‘“*norm”,
can be defined on the set of finite linear combinations of the
elements of a distinguished basis of a V-space X, and that, under
this norm, this set is a V-space isomorphic to a subspace of the
dual of X. This isomorphism is isometric and is obtained by use
of a particular type of inner product.

In Parts IV, V and VI, applications of the theorems are shown
using some of the examples of asymptotic spaces described in
Part IIL
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1. Definitions and notations

DerFINITION 1.1. A pseudo-valued space is a non-Archimedean
pseudo-normed linear space over a trivially valued field with
characteristic 0.

Thus, if X is a pseudo-valued space, F its field of scalars, 0 and
0 are the additive identities of X and F, respectively, then

(L1) [0] = o,

(1.2) o] = |2| for all ze X and all xe F, a #0,
(I3)  |z+y| = Max {|a], [y]} forallz, ye X.

It follows easily that for all 2, y € X, |2| # |y| implies:

(L4) |e-+y| = Max {|z], [y[}-

DerFINITION 1.2. A pseudo-valued space X will be called a
valued space if

(L.5) |z] = 0 implies 2 = 6.

2. Topological properties

The topology considered on the (pseudo)-valued space X is the
topology induced by the metric d:

d(ma y) = Im_yl

The open ball S(z, r), the closed ball S’(z, r) and the sphere
B(z, r), with center « and radius r, are defined by

(1.6a) S@,r) ={yeX:d(x,y) <r}, r>0,
(1.6Db) S, r)y={yeX:dx,y)=r}, r=0,
(I.6c) B(x,r) ={yeX:d(x,y)=7r}, r=0.

TrHEOREM 2.1. If X is a (pseudo-) valued space, then
(i) for any z, y € X and 7,
S(z,r) = S(y,r) or S(z,7) nS(y,r) =0
S'(@,r) = S'(y,r) or S'(@, )" S'(y,r) =0
(where @ denotes the empty set).
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(ii) For any 2 € X and r > 0, S(z, r), S'(2, r), B(, r) are all
closed and open.

TaeorEM 2.2. If X is a (pseudo-) valued space and r > 0, then

(i) S(0, r) and S’(0, r) are subspaces of X;

(i) The quotient topologies on the quotient spaces X/S(6, r)
and X/S’(0, r) are both discrete.

Proor: (i) is easily verified.

(ii) The natural mapping from a topological group to one of
its quotient groups is a continuous open mapping. The points in
the quotient groups X/S(0,r) and X/S'(6, r) are translates of
the balls S(0, r) and S’(0, r) respectively. The balls S(6, r) and
S’(6, r) are both closed and open (Theorem 2.1. (ii)), hence the
points in the quotient groups are both closed and open ([28],
p- 59).

3. Sequences and series

TaeorEM 3.1. If X is a (pseudo-) valued space:
(i) A sequence {z,} in X is a Cauchy sequence if and only if

lim d(wn, wn+1) = lim Imn_wﬂ+l| = 0.
n->00 n—00

(ii) A series ¥, 2, in X is a Cauchy series if and only if
lim d(z,, 0) = lim |z,| = 0.

The proof of this theorem is omitted. It is a mere modification
of the proof of a similar theorem for fields with a non-Archimedean
valuation. See [81], p. 28 or [40], p. 240.

The proof of the following theorem is also omitted (cf. Lemma
5.5 below). Part (i) is quoted, without proof, in [29], p. 189.
Part (ii) follows from Theorem 8.1 (ii) and inequality (I.3).

TueoreM 38.2. If X is a (pseudo-) valued space:

(1) A convergent series is unconditionally convergent, i.e. any
reordering of its terms converges to the same sum(s).
(ii) If > @, is convergent and has sum z, then

(1.7) |z] < sup |z,]|.
n

4. Compactness

In this section we give a characterization of the compact subsets
of a (pseudo-) valued space X.
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If the topology of X is discrete, a subset of X is compact if and
only if it is finite. Thus X itself is not compact. Since each point
forms a neighbourhood of itself, X is locally compact.

If the topology of X is not discrete, then X is neither compact
nor locally compact. Indeed every neighbourhood V' of 6 contains
a ball S(6, r) for some r. This ball contains a point x such that
|| # 0. Thus V contains the discrete subspace generated by x.

We shall use the following definition:

DeriniTiON 4.1. Let A C X. The set 2(A4) defined by
Q(A) = {r :|a| = r for some z e A}
will be called the norm range of A.

THEOREM 4.2. Let X be a (pseudo-) valued space, and 4 be a
subset of X.

(i) A is compact if and only 1f for each » > 0 it is a finite union
of disjoint compact subsets K, K,, . . ., K,(,, such that z e K,
and y € K, implies

le—y| <r for i = §,

1.8
(1.8) |z—y| =r for 1 .

(ii) If 4 is compact and does not contain 0, except possibly as
an isolated point, then its norm range £2(A) is finite.

Proor: (i) A set is certainly compact if it is a finite union of
compact sets.
For the converse, let A be compact and r > 0 be arbitrary.
The family
S ={S(zr):xed}

is an open cover of A. We can extract from & a finite subcover
{S(@y, 7), S(@y, 1)y « + o5 S(@p(y, 7)} such that the S(z;, r) are dis-
joint. (See th. 2.1. (i)). Then (I.8) is satisfied with K, replaced by
S(z;, r). Take K; = A n S(z;, r). K, is compact since it is the
intersection of a compact set and a closed set (Th. 2.1. (ii)). Then
(I.8) holds.

(ii) Since 0 is at most an isolated point of A4, there exists r > 0
such that

leg| =7 for all ze 4, x # 0.

Consider, for this particular value of r, the sets K;, 1=1,2, ..., N,
of (i). Then, 0 ¢ K,, z € K; and y € K, imply
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lz| =7, |yl = and [a—y| <.
By (1.4), |#] = |y| and the conclusion follows.

ReEMARKS: (i) The fact that the valuation on the field F is the
trivial valuation is responsible for a high discretization in a
(pseudo-) valued space. As a result, we may say, loosely speaking,
that compactness is a very restrictive property and that it is
rather difficult for a subset of a (pseudo-) valued space to be
compact.

No convex set is compact unless it is reduced to a single point
(or to a subset of S(6, 0)). No set with a non-empty interior is
compact unless the space is discrete and the set is finite.

One can expec¢t that compactness will not play an important
role in this theory.

(ii) The results of Theorem 4.2 may be compared with Property
4, in Theorem 2 of Monna, [24], Part I, page 1048.

Monna has shown that if a non-Archimedean normed linear
space over a field of scalars with the trivial valuation is locally
compact, then the field of scalars is finite. ([24], Part II, p. 1061.)

5. Distinguished bases

Let A be a subset of a topological linear space X, over a field F.
The subspace (A4) generated by A4 is the set of all the finite linear
combinations of elements of A. The topological closure of (4)
will be denoted by [4] and be called the closed subspace generated
by 4. -

We introduce the following definition:

DeFINITION 5.1. Let 4 be a subset of a topological linear space
X.

(i) 4 is said to be a completely independent set if
z ¢ [A\{z}] for each z e A.

(ii) 4 is called a complete basts if it is a completely independent
set and [4] = X.

Clearly, in an arbitrary topological linear space, a completely
independent set is also linearly independent. The converse is not
true as is shown by the following example. Let C[0, 1] be the
space of all the real valued continuous functions f on [0, 1], with
the uniform norm:

[Ifll = sup |f(3)l;
0=A<1
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let X be the subspace of C[0, 1] generated by @, u E,, where

By={p,:n=0,1,2..} ¢, i) =1,
Eo — {e—r tr > 0}, e_,(l) = g—rA.

It is known (Weierstrass’ Theorem) that the set @, is a com-
pletely independent set which is a complete basis but not a Hamel
basis of X. Thus @, u E is a linearly independent but not com-
pletely independent set.

TaEOREM 5.2. A complete basis 4 of a topological linear space
X is also a Hamel basis of X if and only if (4) contains an open
set.

Proor: If 4 is a Hamel basis (4) D X. Conversely, suppose that
(A4) contains an open set. Then (4) contains an interior point and
(A4) is a subgroup of X. It is known ([18], p. 106) that any sub-
group of a topological group which contains an interior point is
closed (and open). Thus, 4 is a linearly independent set and
(4) = [4] = X.

Returning to the theory of valued spaces, we introduce the
notion of distinguishability in the following way.

DerFiNITION 5.8. Let 4 be a non-empty subset of a (pseudo-)
valued space X.

(i) 4 is said to be a distinguished set if no element of 4 has
norm equal to 0, and, if for any finite subset of distinct points
Zys Xay -« o, Of A,

|z +apzyt . oo to,2,| = Max |2,
1

o; € F, whenever «; £ 0for¢t=1,2,...,n.

(ii) A is called a distinguished basis of X if A is a distinguished
set and a complete basis of 4.

In a later paper of this series, we show that there exists a norm
on the space X of the example above, under which X is a pseudo-
valued space. The Hamel basis @, u E, will be shown to be
neither a complete nor a distinguished basis.

The essential feature of a distinguished set 4 in a (pseudo-)
valued space is the following: if #, ye 4, # #y and |z|=]|y|=r,
then |ax+fy| = r, except when a = § = 0.

The author has not been able to show the existence of distin-
guished bases in arbitrary (pseudo-) valued spaces. Nevertheless,
under an important additional assumption on the norm range of
the space, we shall prove, in Part II, that a (pseudo-) valued space
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has a distinguished basis. This assumption will be satisfied in all
the examples and applications to follow.
In the case of an arbitrary (pseudo-) valued space, we have:

THEOREM 5.4. A (pseudo-) valued space admits a Hamel basis
which is a distinguished set.

The proof is identical to the proof of the existence of a Hamel
basis in a linear space ([86], p. 45). A distinguished Hamel basis
is a maximal distinguished set.

Definition 5.8 (ii) is slightly redundant. Indeed, we shall prove
in Theorem 5.6(i) below that a distinguished set is completely
independent. Thus a distinguished basis 4 in a (pseudo-) valued
space X is a distinguished subset such that [4] = X. To prove
Theorem 5.6 we shall need the following lemma, which is an
improvement over Theorem 8.2 (ii).

LemMma 5.5. Let A be a distinguished subset of a (pseudo-)
valued space X. Let {z,} be an at most countable subset of 4.
If o, € F, a, # 0 for each n, and # = >, «,,, then

|z] = sup |2,]-
n

Proor: By Theorem 8.1 (ii), given r < |a,|, there exists N
such that for all » > N, |2,| < r. By Theorem 8.2 (ii)

I z 0{'nm'rzl = r,
n=N+1

and, since 4 is distinguished,

N
I z“nwnl = max |wn| 2 Imll >T.
n=1 1=nsN
Thus,
N
2] =] 3 aua,+ 3 ap2,| = max |z,| = sup|z,|
n=1 n>N 1=snEN n

Note that this supremum is attained.

THEOREM 5.6. Let X be a (pseudo-) valued space.

(i) A distinguished subset 4 of X is completely independent.

(ii) If 4 is a distinguished basis of X, then every z € X can be
represented uniquely (except for order) by a series >, a,,,
with 2, €4, 0, e F, n =1,2,....

Proor: (i) Let @, be an arbitrary point of A. Suppose that
#y € [B], where B = A\{x,}. Then there exists a sequence {y,}
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in (B) which converges to z,. It follows that there exists an
element y of (B)

Y = &+t .. Aoy, #;,#0, ;€B, i=12,...,m,
such that |y—zy| < |@,), i.e.
m
| 3oz < |xo] £ Max |z,|, o= —1.
i=0 0sism
This contradicts the distinguishability of 4.

(i1) Since z € [4], there exists a sequence {y,:n =1,2,...}
in (A4) which converges to 2. Let 2, = y, and g, = y,—Yy,_; € (4)

for n = 2, 8, .... Then the series >3, 2, converges to z.
Let
& = ocnl‘ll"nl_}_‘x"n2mnz_'_ LI +an,p(n)mn,p(n)’ Oy # 0’ Z,; € A'

The set {z,;,:n=1,2,...,7=1,2,..., p(n)}is a countable set.
Let its elements be ordered into a sequence {z,,:m =1,2,...}
such that |z,,| = |2,,.,| for all m.

For each integer m = 1, there exists an integer N(m) such that

|2.] <|@n| for all n = N(m).

Therefore, for each m, the number of integers n such that
z,, = &,; for some §, 1 <j < p(n), is finite. The series >, 2,
can thus be reordered by grouping the terms in ,, for each
integer m.

The uniqueness (except for order) follows from Lemma 5.5.

Consequences of the above theorem are:

(i) If A is a distinguished subset of X, then

Q(4) = ((4)\{0} = Q([4])\{o}.

(ii) If A is a distinguished basis of X, then inf Q2(4) =0
when X is not discrete, and in any case 2(4) = 2(X)\{0}, i.e.
for every r € 2(X), r # 0, there exists # € 4 such that |z|=r.

If 4 is a distinguished basis of a (pseudo) valued space X,
the unique series

o0
(L.9) Sa,2,, 2,€4, a,eF, «,#0,

n=1
which converges to a given point z € X, will be called the expan-
sion of z in terms of A. According to Theorem 8.2 (i), the terms
of such an expansion can be reordered to give a non-increasing
series, i.e. a series such that |z,| = |z,,| for all n = 1.
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NotaTtioN: If 2 € X and y € A, we shall denote by (2, y), the
coefficient of y in the expansion of z in terms of 4. With this
notation (I.9) becomes

(o]

(I.10) z = (2 T,)42,.
n=1
Assuming that a (pseudo-) valued space X admits a distin-
guished basis, we can state

TueoreM 5.7. All distinguished bases of X have the same
cardinality.
This theorem justifies:

DEeFINITION 5.8. If a (pseudo-) valued space X admits a distin-
guished basis, the cardinality of this basis will be called the
(algebraic) dimension of the space.

The proof of Theorem 5.7 is omitted; it is similar to the proof
given by Dunford and Schwartz ([7], p. 258) for the invariance
of the cardinality of complete orthonormal bases of a Hilbert
space 1.

Theorems 5.6 and 5.7 indicate that, to some extent, the roles
of distinguished sets and distinguished bases in a (pseudo-) valued
space are similar to the roles of orthogonal sets and orthonormal
bases in a Hilbert space ([7], pp. 252—258).

6. Modification of Riesz’s Lemma

We conclude Part I of this work by proving a modified version
of Riesz’s Lemma. This theorem will be used in Part II to prove
the existence of distinguished bases in certain types of pseudo-
valued spaces.

In the case of a normed linear space X over the real or complex
field with the usual valuations, Riesz’s Lemma can be stated as
follows ([86], p. 96; also [7], p. 578):

“Let Y be a closed, proper subspace of X. Then for each «
such that 0 < « <1, there exists a point z, € X such that
llzell =1 and |ly—=z,|| > « for all yeY.”

If X is a (pseudo-) valued space, the above statement must be
modified. The reason for the alteration is the impossibility of

1 If 4 and B are two distinguished bases of X, the only modification to [7],
p- 258, is the replacement of the words “--- the inner product of a and b is
non-zero - - -, or of the symbol *“---(a,b)40--" by ‘“--(a,b)p#0 and
(b,a)q #O0- -7,
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finding, for each z such that |z| # 0, a scalar « such that |az| = 1
(unless, of course, |z| = 1 for all # € X such that |z| 7~ 0).

TaEOREM 6.1. (Modified Riesz’s Lemma)

Let Y be a closed, proper subspace of a (pseudo-) valued space
X. For each « such that 0 < « < 1, there exists a point z, € X
such that

ly—z,| > «|z,] for all yeVY.

Proor: (i) If there exists z € X, |3| # 0, such that
ly—z]| = ]z| for all ye,

take z, = zforall «, 0 < « << 1.
(ii) If (i) fails, let 2y, € X\Y and choose y, € Y such that

[yo—2o| <|o| (so that |yo| = | zo])-

Define
—
6(y)=_u, ?/EY, Iy|7é0,
|yl
8 = inf 8(y).
veY
Then, § < 6(y,) < 1. Moreover é(y) < 1 implies |y—a,| < |y|and
hence |y| = |#,|; therefore, since Y is closed,
ly—|
ay) = 2oL
: ||

is bounded away from zero for y € Y. Thus
0<d<l.
Let « be given, 0 << « < 1, and let
¢’ = min {«16, 3(14-9)}.
6 < ¢’ < 1. There exists y, € Y such that

_ [y1—ao]

Bly) = T < .
! £
Let x, = 2y—y,. Then
(I.11) |z,| < &'|2ol = 8|yl

Now let ye Y. If |y—=a,| = |,| the proof is finished, so we
may assume
Iy_ al < Iwal'
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Then |y| = |@,| < |y1| (by (I.11)) so that |y+y,| =|y,|. Hence
since y+y, € Y, we have by the definition of d:

ly—z.] = ly+y1—2o] = 0|y+y.| = 0]ul,
and by (I.11)

é
ly—a,| > =5 a|z,| = o]z,

This completes the proof.
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