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0. Introduction

J. Auslander has raised the following question: Are minimal distal
homeomorphisms of compact metric spaces coalescent? (For definitions
see § 1). We construct an example which shows that the answer is, in
general, negative. For certain classes of minimal distal homeomorphisms
an ainrmative answer is known. e.g. for minimal homeomorphisms with
discrete spectrum and for totally minimal homeomorphisms with

quasi-discrete spectrum. This is implicit in [5] and [3] respectively. An
interesting study of a class of distal homeomorphisms, called skew-
products (and first introduced in [1 ]), appears in [2]. Our work shows
that minimal skew-products on finite-dimensional tori are coalescent
(§ 2) but we construct an example of a non-coalescent, minimal skew-
product on an infinite-dimensional torus (§ 3). In § 1 we show that
minimal homeomorphisms of finite dimensional tori with generalised
discrete spectrum are skew products.

1. Definitions

Let (X, d) be a compact metric space and T : X - X a homeomorphism.
T is minimal if TE = E, E closed, implies E = 0 or X. T is distal if
whenever x ~ y there exists ô &#x3E; 0 with d (Tnx, Tny) &#x3E; (5 for all n e Z.

This condition is independent of the metric d. T is coalescent if S : X ~ X
is continuous and ST = TS imply is a homeomorphism of X. If T is
minimal and ST = TS for S : X ~ X continuous then S maps X onto X,
since S(X) is a non-empty closed set with TS(X) = S(X). Therefore to
show that a minimal homeomorphism is coalescent we need only show
that each continuous map commuting with it is 1 - 1.

K n will denote the n-dimensional torus, written multiplicatively. A
skew-product homeomorphism of K nis a map T : Kn -+ Kn of the form
T(z1, ···, zn) = (03B1z1, ~1(z1)z2, ~2(z1, z2)z3, ···, ~n-1(z1, ···, zn-1)zn)
where a ~ K and ~i: Ki -+ K = K1 are continuous 1 ~ i ~ n -1. Define a
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metric on K by d1(e21tiX, e21tiY) = infm~Z|x-y+m| x, y E R, and a metric
on Kn by dn(z, w) = 03A3ni=1 d1(zi, wi) if z = (z1, ···, Z.) and w = (w1, ···,
wn) E K". T is distal, for if z ~ w let i be the least integer with zi ~ WJ.
Then d1((TPz)i, (Tp w)i) = d1(zi, wi) for all p ~ Z and therefore

dn(Tpz, Tpw) ~ dl(zi, wi) for all p E Z.
A skew-product on an infinite-dimensional torus K°° is a map of

the form T(z1, z2, z3,...) = (03B1z1, ~1(z1)z2, ~2(z1, Z2)Z3, ...) where
ce E K and (pi : Ki ~ K are continuous i ~ 1. Such a map is distal as is

easily seen using the metric d,,,(z, w) = l’ 1 -L d1(Zb wi). If T has the
special form (z1, z2, ···) ~ (03B1z1, ~1(z1)z2, ~2(z1)z3, ···) then T is

minimal if and only if oc is not a root of unity and for every n ~ 1 and

(0, ..., 0) ~ (m1, ··· mn) E Zn there is no continuous map F : K - K

satisfying F(03B11)/F(z1) = ~1(z1)m1 ~2(z1)m2 ··· ~n(z1)mn ([2], see also

[4]).
A minimal skew product homeomorphism T on a finite dimensional

torus X has generalised discrete spectrum of finite order in the following
sense: If Ho = K and Hi+1 = {f ~ C (X, K)|f(Tx)/f(x) ~ L(Hi)}, where
L(Hi) denotes the closed linear span of Hi in the uniform topology of
C (X), then for some positive integer k L (Hk) = C (X). (C (X, K) denotes
the group of continuous maps from X to K and C(X) the space of all
complex-valued continuous maps of X). The members of Hi are called
the i-th generalised eigenfunctions. Theorem 9 of [4] asserts there are
closed subgroups of X, X = G0 ~ G1 ~ ··· ~ Gn = {e} such that

Gi-1 = {g E XIT(gx) g-1 (Tx)-l E Gil and L(Hi) = {f ~ C(X)I f(gx)
= f(x) for all g E Gil. Our first result shows that these subgroups are
all tori and that any minimal homeomorphism of a finite-dimensional
torus with generalised discrete spectrum (necessarily of finite order) is
a skew product for some basis of the torus.

THEOREM 1.

If T is a minimal homeomorphism of a finite-dimensional torus X with
generalised discrete spectrum of finite order then T is a skew product.
Moreover the groups Gi determined by Theorem 9 of [4] (see above) are
all tori, and in the representation X = XI Gk - 1 x Gk-1, T has the form
(y, g) ~ (To y, ~(y)g) where To : X/Gk-1 ~ X/Gk-1 is a skew-product
and ~ : X/Gk-1 ~ Gk-1 is continuous.

PROOF:

Let Ho = K and Hi+1 = {f ~ C (X, K)|f(Tx)/f(x) ~ L(Hi)} where k
is the least positive integer such that L(Hk) = C(X). By Theorem 9 of
[4] there are closed subgroups of X, X = G0 ~ G1 ~ ··· ~ Gk = {e},
such that Gi _ i = {g E X|T(gx)g-1(Tx)-1 E Gil and L(Hi) = {f ~ C(X)l (
f(gx) = f(x) for all g E G,I. We shall show that Gk - 1 cannot be finite.
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For suppose i is the least integer such that Gi is finite where i ~ k-1
and let G be the connected component of Gi - 1. Then (x, g) ~ T(gx)g-1
(Tx)-1 maps X x G to G and since X x G is connected it maps X x G to
e (the identity element of X) i.e. T(gx) = gT(x) for g E G and G is
contained in Gk-1 contradicting the finiteness of Gk-1. If G’ is the con-
nected component of Gk-1 then by considering X/G’ we see, by the above,
that G’ = Gk-1. Similarly each Gi is connected and hence a torus. The
proof that T is a skew product is now completed by induction on the
dimension of X. Since Gk-1 is a non-trivial torus, T induces a skew

product on XIGK - 1 and X is the direct product of the tori X/Gk-1 and
Gk-1.

2. Coalescence of finite dimensional skew products

In this section we show that minimal skew products of finite-dimen-
sional tori are coalescent. C (Y, Rr) denotes the collection of all contin-
uous maps from Y to Rr, equipped with the supremum norm.

LEMMA 1.

Let Y be a compact space and S : Y - Y a homeomorphism. Suppose
C is a non-singular linear transformation of Rr with no eigenvalues of
absolute value one. Then the mapping 03C8(y) ~ 03C8(Sy) - C03C8(y) is an inver-
tible linear transformation of C(Y, Rr).

PROOF:

Write E instead of C (Y, Rr). E is a Banach space with a supremum
norm ~·~. Define L : E - E to be the continuous linear map

(L03C8)(y) = C03C8(S-1 y). If V1 = {x ~ Rr|Cn x ~ 0 as n ~ + ~} and

Y2 = {x E Rr|Cnx ~ 0 as n - - oo 1 then V1 and Y2 are closed subspaces
of Rr and V1 (D V2 = Rr. There exists 0  03BB  1 and a norm 1 -Il on
Rr such that |Cx| ~ 03BB|x| if XE V1 and |C-1 x| ~ 03BB|x| if x E V2. We sup-
pose that the norm Il.11 on E is defined using the norm 1.1 on Rr.

Let El denote the collection of all continuous maps : Y - V1 and
E2 the collection of all continuous maps 03C8 : Y ~ V2. El and E2 are
closed subspaces of E and E1 ~ E2 = E. We have ~L03C8~ ~ 03BB~03C8~ if

03C8 ~ E1 and ~L-103C8~ ~ 03BB~03C8~ if 03C8 ~ E2. Let L1 : E1 ~ E1 and L2 : E2 ~ E2
denote the restrictions of L. Then (I-L1)-1 - 03A3~k=0 Lk1 exists and

(I-L2)-1 = -03A3~k=1 L-k2 exists. Hence (I-L)-’ exists and the lemma
follows.

THEOREM 2.

Let T be a minimal skew product homeomorphism of a finite-dimensional
torus X. Then T is coalescent.
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PROOF:

If Hi are the groups of generalised eigenfunctions of T and L(Hk) =
C(X) then for any continuous map S : X ~ X with ST = TS we have
Us Hi c Hi where Us : C(X) ~ C (X) is defined by (Us f)(x) = f(Sx).
In order to show that S is a homeomorphism we have to show that
Us maps Hi onto Hi for o ~ i  k. Assume this is not the case and let

1 be the least positive integer such that Us maps Hl properly into Hl.
By considering XjGz instead of X, if necessary, there is no loss in general-
ity in assuming 1 = k. In other words; we may assume that Us maps
Hk-1 onto Hk-1 (S induces a homeomorphism on X/Gk-1) but Us
maps Hk properly into Hk (S is not a homeomorphism of X). By Theorem
1 we can write T as T(y, g) = (Toy,qJ(y)g) where X = Y Gk-1,
y = X/Gk-1, and (p : Y - Gk-1 is a continuous map. It is not difhcult
to deduce from this that S(y, g) = (S0 y, 03C8(y) 6(G)) where So is a homeo-
morphism of Y, 03C8 : Y ~ Gk - 1 is continuous and u is a proper endomor-
phism of Gk-1 onto itself.

Let S be written uniquely as S(x) = a(x) A(x) where A is an endomor-
phism of X and a = 03C0 o a where 03C0 : Rn ~ X ~ Rn/Zn is the natural

projection and a : X ~ Rn is continuous. By the above S(gx) = a(gx)
A(gx) = 6(g) S(x) if g E Gk- 1 so that a(gx) = a(x) and A(g) = 03C3(g).
Hence A is a proper endomorphism of X. In the same way T(x) = b(x)
B(x) where B is an automorphism of X, b = 03C0 o 03B2, 03B2 : X ~ Rn and

b(gx) = b(x), B(gx) = gB(x) for g E Gk-1.
Since A is a proper endomorphism the characteristic polynomial

(with integer coefficients) has a factor p(03BB) irreducible over Z(03BB) and
with unit leading coefficient and constant term of absolute value greater
than one. As was pointed out to us by R. W. Carter, such a polynomial
p(2) has no roots of absolute value one. On the other hand, it is not

difhcult to see from the skew product form of T that B has characteristic
polynomial (03BB-1)n. Hence the homomorphism B1(x) = x-1 Bx is nil-
potent. Let H = {x E X|Bl1(x) ep(A)XI where l+1 is the least positive
integer such that Bl+11(X) ~ p(A)X. (p(A)x = Amx · (Am-1 x)am-1 ···
(Ax)a1xa0 where p(2) = 03BBm+am03BBm-1+···+a0, |a0| &#x3E; 1). H is a closed
subgroup of X.

Since ST = TS we have AB = BA and a(Tx) A(b(x)) = b(Sx) B(a(x)).
Let q be the natural map of X to X/H. Then q(Bx) = q(x) and a’(Tx)
A’b’(x) = b’(Sx) a’(x) where a’ = qa, b’ = qb and A’ is the endomor-
phism of X/H induced by A. Clearly the characteristic polynomial of A’
over Z is a power of p(2). Since a(x) and b(x) are Gk-1 invariant we have

where a’, b’ are regarded as maps from Y to X/H. Since we may write
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a’ = 03C0’ o oc’, b’ = 7T’ o 03B2’ where TE’ is the covering projection of some
Rr to X/H and rx’, 03B2’ : Y ~ Rr, we have

where v E Zr and C covers A’. Let v = (C-I) (03BC) where y = p/m,
p E Zr and m is a positive integer. Then m03B2’(S0y) - Cm 03B2’(y) - (I- C)p =
mrx’(Toy)-ma’(y) and by lemma 1 m03B2’(y)-03C1 = f(T0y)-f(y) for some
continuous/ : Y - Rr. Hence 03C0f(y) · b’(y)m = nl(ToY). Writing g(x) =
03C0f(xGk-1) we have g(Tx) = b’(x)mg(x). Since q(Tx) = b’(x)q(x) the
minimality of T implies that g(x) = c qm(x) where c is a constant. But
g(x) was defined by a covering map and hence is null homotopic whereas
qm(x) clearly is not. This contradiction shows that A is an automorphism
and therefore Q is an automorphism. Hence S is a homeomorphism and
T is coalescent.

3. A counter-example on the infinite-dimensional torus

We now construct an example of a non-coalescent minimal distal
homeomorphism of an infinite dimensional torus. The example is a

skew-product and has generalised discrete spectrum of order two. If

z, w E K we shall write 1 z - w to mean the distance d1(z, w) defined in § 1.
Let T : K~ ~ K~ be defined by

where a, 03B2 E K and the continuous map cp : K - K will be chosen to
make T minimal. T is a homeomorphism, S is not 1 - 1 and ST = TS.
Let w E K be non-algebraic. Then p(w) ~ 0 for every polynomial pCÀ-)
over Z. Let fi be not a root of unity. Choose a sequence of integers
N = {1  n(1)  n(2)  n(3)  ···} so that |03B2n(i)-w|  1/i for i ~ 1.

Then choose a, not a root of unity, so that |03B1n-1| ~ 1/n2 for n running
through some subsequences of N. (We shall show below how such an a
can be constructed.) Without loss of generality we can suppose this
subsequence is N. Put an = an -1 if n E N, an = an -1 if n ~ - N =

{ -n(i)}i~1, and an = 0 if n ~ N ~ - N. Since 03A3|zn| ~ 203A3 1/n2  00,

1 anzn converges uniformly to a continuous function H(z), which is

real-valued since an = ân . Define cp : K - K by cp(z) = exp [2ni H(z)].
It remains to show that T is minimal. T will be minimal if for every

integer k ~ 0 and every k + 1-tuple of integers (m o , mi, mk) i=
(0, 0, ···, 0) the equation
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has no continuous solution F : K ~ K. Fix k ~ 0 and (mo, m1, ···, mk)
E Zk+ 1. Since each continuous F:K~K is of the form F(z) = zl
exp [203C0if(z)] where l ~ Z and f : K ~ R is continuous, equation (3.1) has
a solution if and only if there exists v e Z such that l03B1+f(03B1z)-f(z) =
m0H(z)+m1H(03B2z)+···+mkH(03B2kz)+v has a solution for 1 and f.
Let f(z) ~ Ibnzn (L2-convergence). If f satisfies the above equation and
n ~ 0 then (03B1n-1)bn = a"(mo+ml 03B2n+···+mk03B2nk) = anp(03B2n). If n e N
then bn = p(03B2n) ~ p(w) ~ 0 and therefore l’Ibnll = 00. The above

equation has no solution for f and hence (3.1) has no solution for F.
We now give an indication ot how oc can be constructed. Let N =

{1  n(1)  n(2)  ···} be given. We wish to find oc, not a root of

unity, such that |03B1m(i)-1| ~ 1/m(i)2 for some subsequence {m(i)}i~1
of N. Equivalently we wish to find an irrational a e [0, 1 ] such that for
all i ~ 1 there exists p(i) e Z with |a-p(i)/m(i)|  1/m(i)3. Put m( 1) =
n(1), I1(j) = [j/m(1)-1/m(1)3, j/m(1)+1/m(1)3] j = 1,..., m(1)-1
and Fi = ~m(1)-1j=1 I1(j). Choose n(il) so that 2/n(il)  1/m(I)3. Put
m(2) = n(i2). I2(k) = [k/m(2)-1/m(2)3, k/m(2)+1/m(2)3] 1 ~ k ~
m(2)-1 and F2 = ~m(2)-1k=1 I2(k). Each Ii(j) contains at least two

intervals of the form I2(k). Choose n(i3) so that 2/n(i3)  1/m(2)3.
Put m(3) = n(i3), I3tl) = [l/m(3)-1/m(3)3, l/m(3)+1/fn(3)3] 1 ~ 03C1 ~
m(3)-1 and F3 = ~m(3)-1l=1 I3(l). Each I2(k) contains at least two intervals
of the form I3(l). Proceeding in this way we construct m(i) so that
2/m(i)  1/m(i-1)3, IaR) = [q/m(i)-1/m(i)3, q/m(i)+1/m(i)3], i ~ q
~ m(i)-1 and Fi = ~m(i)-1q=1 Ii(q).’ Then ~~i=1 Fi is a subset of [0,1] with
the same cardinahty as the real line and therefore contains an irrational
number.
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