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Introduction

Given a subscheme, (or analytic subspace) Y of a relative scheme (or
analytic space) X/S, one may wish to link the tangent cones of the fibers
of X/S at points of Y with the normal cone of X along Y. (which generalises
the normal bundle; see (1.8)). The main result of this work (see th. 2.3
and its avatar th. 3.6) is that if we imbed Y in Y x s Y and X x s Y diago-
nally, there exists a canonical sequence of morphisms of normal cones

which is ’exact’ in the sense that Cx, y is a quotient of Cx x sy, y by a
natural action of Cy x SY, y, if Y is smooth over the base S. Hence, in that

case, Cx, y is flat over Y if and only if CX sY, y is, and then the fiber of this
last space above a point of Y is nothing but the tangent cone at this point
to the fiber of X/S. The geometric meaning is that the various tangent
cones to the fibers of X/S at points of Y glue up into a nice flat family
parametered by Y if and only if Cx, y is flat over Y

This exact sequence of normal cones gives rise locally to a split
sequence of graded Algebras, looking only at the terms of degree 1, we
must get an exact sequence of Modules and this is nothing but the well-
known sequence

The main result enables us to give, for a notion of relative normal flatness
which we introduce in Section 3, a numerical criterion similar to Bennett’s
in [1], and to prove the existence of a relative Samuel stratification, i.e. a
partition of X into subschemes (or subspaces) such that two points belong
to the same subscheme (or subspace) if and only if the Samuel function
of the fibers of X/S through these points are equal. (See Section 4).

Notations

Throughout this paper we work either in the category of schemes or in
the category of analytic spaces defined over a valued, complete, non

1 This research was supported by the C.N.R.S., Paris and NSF GP 9152.
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discrete, algebraically closed field. By scheme, we mean a non necessarily
separated one.

If X is a scheme (resp. analytic space), we note (9x the structural sheaf
of rings on X. If x is a point in X, OX,x (resp. mx, x) (resp. x(x)) is the local
ring of X at x (resp. its maximal ideal) (resp. its residue field).

Let ff be an (9x-Module, Fx is the stalk of 3F at x, F(x) =
Fx ~OX,x K(x) is the fiber of F at x.

0. Smooth morphisms and regular immersions

We recall here some basic properties we shall use in the later sections.
For more details (maybe not strictly necessary at the first reading) one
may refer to [4] exposé 2 or [5] Ch. IV, § 16 and 17, Ch. 0, § 15 and 19,
and [2] exposé 13.
From now on the topological structure on a noetherian local ring 0

will always be that defined by its maximal ideal and completion will
mean with respect to this topology.

0.1. Let us recall A being a topological ring, B, A’ topological A-
algebras, if B is formally smooth over A, B ~A A’ is formally smooth
over A’. (In particular, if P is a prime ideal in A, A p the localization of A
at P, B p = B~AAP is formally smooth over Ap).

0.2. If B is formally smooth over A, C formally smooth over B, C
viewed as an A-topological algebra is formally smooth over A.

0.3. B is formally smooth over A, if and only if B is formally smooth
over Â.

0.4. If A ~ B is a local morphism of noetherian local rings, m (resp. K)
the maximal ideal (resp. residue field) of A, B is formally smooth over A
if and only if B is A-flat and B/mB = B (8) A K is formally smooth over K
([5], 0.19.7.1).

0.5. If A is a local noetherian k-algebra where k is a field, K its residue
field, if K is an extension of finite type of k, A is formally smooth over k
if and only if A is geometrically regular (i.e., for every finite extension k’
of k, the semi-local ring A Qk k’ is regular).

0.6. Assumptions as in (0.5). Moreover assume k = K. Then A is for-
mally smooth over k if and only if Â is k-isomorphic with some ring of
power series k[[T1,’ ° °, Tn]] ([5], 0.19.6.4).

0.7. From (0.4) and (0.6), one may easily deduce that if A ~ B is a local
morphism of noetherian local rings residually trivial, B is formally
smooth over A if and only if B is A-isomorphic with some ring of power
series Â[[T1, ..., Tn]] ([5], 0.19.7.1.5).
0.8. Let k be a field, K an extension of k. K is formally smooth over k

if and only if K is a separable extension of k ([5], 0.19.6.1).
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0.9. Let S be a locally noetherian scheme (resp. analytic space), f: X ~ S
a morphism of schemes locally of finite type (resp. of analytic spaces).
Let x be a point in X, s = f (x).
The following conditions are équivalent : 

(1) f is smooth at x.
(2) (!Jx, x is formally smooth over OS,s.
(3) f is flat at x and the canonical morphism f, X, = f-1(s) ~ Spec k(s)

is smooth at x.

(4) f is flat at x and OXs,x is geometrically regular. If K(X) = K(S) (auto-
matically satisfied in the analytic case), then the conditions (1) to (4)
are also equivalent to the following one.

(5) OX,x is (9s,, isomorphic to some ring of power series S,s[[T1,···, Tn]].
0.10. A smooth morphism remains smooth after base extension.
0.11. The composition of smooth morphisms is a smooth morphism.
0.12. Assumptions as in (0.9). If f is smooth at x, OX,x is a reduced ring

if and only if (9s,, is reduced.
0.13. Assumptions as in (0.9). The set of points where f is smooth is

open in X (perhaps empty).
0.14. Let k be a field, X an algebraic scheme over k. Assume X is

integral. X is smooth over k at its generic point if and only if its function
field is a separable extension of k.

Let us now come to regular immersions : 
0.15. Let i : Y ~ X be an immersion of noetherian local schemes (resp.

germs of analytic spaces). Let y be the closed point of Y (resp. the picked
point on the germ Y), the following conditions are équivalent : 
(1) i is a regular immersion.
(2) Xy = Ker (9x, y ~ OY,y is generated by a regular sequence of elements

for (Px, y.
(3) The canonical morphism SymOY,y [Jy/J2y] ~ gr5y (9x, y is an iso-

morphism and Jy/J2y is a free-(9y, y-Module.
(4) Let X = Spec X,y,  = Spec Y,y, î  ~ X is a regular immersion.

0.16. Assumptions as in (0.15). Let S be a noetherian local scheme (resp.
germ of analytic space), s its closed point (resp. picked point). Assume that
X and Y are S-schemes (resp. analytic spaces), i is an S-immersion and

Y is flat over S. The condition (1) to (4) are equivalent to the following one : 
(5) X is flat over S and is:Ys ~ X, where x (resp. X,) is the fiber of Y

(resp. X)over s is a regular immersion.
0.17. Assumptions as in (0.16). Assume that Y and X are smooth over S.

Then i is a regular immersion.
0.18. Assumptions as in (0.17). If the residual extension K(s) - K(X) is

trivial then there exist S,s-isomorphisms 
yl, Ys]], E2 : éy, y - S,s[[Y1,···, Ys]], such that the diagram (of
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(3s, s-algebras):

where 03C9 is the canonical projection, is commutative.
0.19. Let i : Y ~ X be an immersion of schemes (resp. analytic spaces).

i is a regular immersion at y E Y if the immersion iy induced on the local
schemes (resp. germs of analytic space) at y is a regular immersion. i is a

regular immersion if it is at every point y E Y
0.20. If i is a regular immersion at y, there exists an open neighborhood

U of y in X such that  regular immersion.
0.21. i : Y ~ X is a regular closed immersion if and only if: J being the

Ideal defining Y in X, J/J2 is a locally free (9y-Module and the canonical
morphism Sym(9y [J/J2] ~ grJ (9x is an isomorphism.

0.22. Let fi X - S be a morphism of schemes locally of finite type
(resp. of analytic spaces). Assume the scheme S is locally noetherian. Let
i : Y ~ X be an S-immersion. Let y be a point in Y. If X is smooth over S
at i(y) and Y smooth over S at y, i is a regular immersion at y.

0.23. Let f : X ~ S as in (0.22). Let 11 f: X ~ X x sX be the diagonal
immersion. If f is smooth at x, 11 f is a regular immersion at x. (Apply
0.22+0.10+0.11).

0.24. Conversely if 11 f is a regular immersion at x and f is flat at x,
f’ is smooth at x.

1. Some functorial properties of Yxls, gry and a nice commutative
diagram

We recall here some definitions and properties of the differential in-
variants used in the categories of schemes and analytic spaces. The reader
is referred in the algebraic case to [5], Chap. IV, § 16, in the analytic
case to [2], exposé n’. 14.

1.1 Let f:X ~ S be a morphism of schemes (resp. analytic spaces),
0394f:X~X SX the diagonal immersion, i = 1,2: pi:X SX~X the
canonical projections. There exists a projective system of (9x-Algebras
(JnX/S)n~0 called the system of relative jets of X/S. (One calls it also the
system of relative principal parts.)
For simplicity, assume 11 f is a closed immersion and let D be the

associated OX SX-Ideal. JnX/S = p1*(OX sX/Dn+1). Let
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1.2. If S is a locally noetherian scheme and f is locally of finite type or
if f is a morphism of analytic spaces, n ~ 0, JnX/S is a coherent OX-Module.

1.3 Let i : Y ~ X be an immersion. Let us define JX/S(Y) = i*(X/S).
1.4. Let gr0 JX/S(Y) = OY, n ~ 1,

~n~0 grn JX/S(Y) has a canonical structure of OY-Algebra called

gr JX/S(Y). If i = idx, we write simply gr Yxls instead of gr JX/S(X).
Note that by definition gr 1 Yxls = Qlls and (9x being (9x-flat,

grl JX/S(Y) = i*(03A91X/S).
1.5. Let us recall that the nth infinitesimal neighborhood of Y for i is

(if i is a closed immersion and denotes the associated (9x-Ideal) the
subscheme (resp. analytic subspace) of X defined by Jn + 1.

1.6. Finally, let us denote by gry X the graded (9y-Algebra associated
with i. Again if i is closed, gry X is grJ (9x = ~n~0 Jn/Jn+ 1.

1.7. If S is a locally noetherian scheme and f is locally of finite type,
or if f is a morphism of analytic spaces, grY X is an (9y-Algebra of finite
presentation.

1.8. If Cx, y is Spec gry X (resp. Specan gry X) the canonical morphism
Cx, y ~ y is the normal cone of X along Y
Given a commutative diagram

where i and i’ are immersions, one gets canonical maps : 

1.12. If the diagram on the right hand side is cartesian, then (1.9) is an
isomorphism.

1.13. If h is flat and the diagram on the left hand side is cartesian, then
(1.10) is an isomorphism.

1.14. Let y be a point in Y, s its image in S, Xx, Yx, Ss the local scheme,
(resp. germ of analytic space) of X at x, Y at x, S at s. The stalk of JX/S(Y),

gr JX/S(Y), gry X at y is JXy/Ss(Yy), gr  gryy Xy.
1.15. Given an immersion i:Y~X of S-schemes (resp. S-analytic

spaces), we get canonically immersions of S-schemes (resp. S-analytic
spaces)

03B4(i): Y ~ X x s Y, 03B4’(1) Y sY~X SY such that
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is commutative, hence graded (9y-Algebras gry Y x s Y and gry X x s Y
and normal cones CY SY,Y and CX SY,Y.

1.16. Let us note that, if X and S are Spec of complete noetherian local
rings and if the associated residual extension is trivial, Y x s 1: X x sX,
X x s Y are local schemes. Denote by  the Spec
of the completion of their respective local rings. We obtain commutative
diagrams : 1

The canonical morphisms gry X x s Y - gry X ; s Y and gry Y x s Y ~
gry Y S Y are isomorphisms. If  is the ideal defining X in XSX,
JnX/S is canonically isomorphic to 

1.17. Let us consider the following commutative diagram of graded
(9y-Algebras: 

where a and 03B2 arise from the functoriality property (1.11) and the com-
mutative diagram: 

where 03B2’ arises from the functoriality property (1.10) and the commutative
diagram
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where 03B1’n, 03BBn, y,,, the homogeneous component of degree n of a’, 03BB,03BC are
induced respectively by:

the (9s-linear map obtained from the action of

Note that Mn = An(Id Y).

LEMMA (1.18): The (9y-Algebra JnX/S(Y) is canonically (9y-isomorphic to
the structural sheaf of nth infinitesimal neighborhood of Y for the immersion
03B4(i), (9y,,,,[n] endowed with the structure of (9y-Algebrafrom the projection
XxSYon Y.

PROOF : From the commutative diagram : 

and property (1.12) we get an isomorphism of Wy-Algebras 

Applying now [5] Chap. IV.16.4.11, resp. [2], with the section 03B4(i), we
have now an isomorphism of OY-Algebra:

But i = p1o03B4(i), so finally the isomorphism of OY-Algebras:

LEMMA (1.19) : 03BB and J1 of diagram 1.17 are isomorphisms.

It is enough to prove that 03BB is an isomorphism. From Lemma (1.18),
we get a canonical isomorphism: grn JX/S(Y) ~ grnY X X S Y It is easy to
see that it is reciprocal of 03BB.

REMARK (1.20): If S is a locally noetherian scheme and f is locally
of finite type, or f is a morphism of analytic space, gr JX/S(Y) is an
(Çy-Algebra of finite presentation. Immediate from (1.7) and (1.19).

REMARK (1.21): If f: Y - S is smooth over S at x, the stalk at x of 03A91Y/S
is a locally free OY,y-module and its symmetric algebra is canonically
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isomorphic to the stalk at x of gr JY/S. Immediate from (1.19) and (0.23),
(0.21).

2. The key exact séquence of cones

Given Ya scheme (resp. analytic space), we say that C is a Y cone if C
is Y isomorphic to the Spec (resp. Specan) of an OY-positively graded,
augmented Algebra of finite presentation generated by its degree 1

elements. It is equivalent to saying that there exists on C an action of the
multiplicative group Gm, y induced by a Y immersion of C in a locally
trivial Y vector bundle. We note (0) = Spec (9y (resp. Specan Cy).
Remark that we have canonical Y morphisms, p:C~(0), v:(0)~C.

p is the structural morphism, v is the vertex.

DEFINITION (2.1): Let (0)~C’~~ sequence of Y
morphisms of Y-cones. We say that it is exact if there exists a covering
(Yi)i~I of Y by open sets such that if Ci = C x Y Y, C’ = C x Y Y, C"i =
C x y Y there exists a commutative diagram of Y-cones

where : 

(i) the vertical arrows are closed immersions

(ii) the upper horizontal sequence is an exact and split sequence of trivial
vector bundles (i.e., Spec (resp. Specan) of the symmetric Algebra of a
free (9y,-Module)

(iii) the action of C’i by translation on Vi induces an action on Ci and Pi
induces a Y-isomorphism of Ci/03B1i(C’i) on Ci’.

We leave to the reader as an exercise to check that (iii) may be changed
to:

or

(iii") A splitting of the upper exact sequence induces a left inverse of oci,
so that the induced morphism Ci - C’i x YlC"i is a Y-isomorphism.

REMARK (2.2) : Note that if (0) ~ C’ 03B1 C 14- C" ~ (0) is exact, a is an

immersion and f3 is surjective.

THEOREM (2.3) : Let X be an S-scheme, i : Y - X an S-immersion. Assume : 
(1) X and S are local schemes, Spec of noetherian complete local rings
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(2) x (resp. s) being the closed points of X (resp. S), the residual extension
K(s) ~ K(x) is trivial

(3) Y is formally smooth over S at x.
Then the canonical sequence

is an exact sequence of Y-cones.

PROOF : Let 0 (resp. A) (resp. S) be the local ring of X (resp. Y) at x,
(resp. S) at s. Let M be the maximal ideal of 0 and choose T = (03C41,···, Tn)
to be a system of generators of M. Let t/1: S[[t]] ~ 0 be the S-morphism,
such that 1 ~ i ~ n, 03C8(ti) = Li. t/1 is surjective. From (2) it follows that
O=S+M.
Take f~O. Thus there exists f0~S, hi~O, such that:

Now, applying to each hi the same process, and so on, we get for
03B1=(03B11,···,03B1n), f03B1~S, such that : f=03A303B1:|03B1|~n f03B103C4 where

H = 03B11 + ... + 03B1n, 03C403B1 = 03C403B111 ... inn. 0 being complète f = 03A303B1f03B103C403B1 and
03C8 being continuous f = 03C8(03A303B1f03B1t03B1). Let R = S[[t]], Z = Spec S[[t]] ;
then, we have an S-immersion of X in Z formally smooth over S at x.
From [5] (0.19.6.4 and 0.19.7.1), the S-algebra A is S-isomorphic to

a ring of formal power series over S, S[[y]]. Hence, we have a surjective
S-morphism 03C8: S[[t]] ~ S[[y]]. We can find (cf. 0.18) an S-isomorphism
03BB:S[[y, z]] ~ S[[t]] such that

So, up to S-isomorphisms, the S-immersion of Y in Z corresponds to the
canonical projection S[[y, z]] ~ S[[y]].
By functoriality, we get a commutative diagram (of Y cones)

corresponding to the following one (of A-algebras)
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Condition (i) appears to be trivially satisfied.
Look now at condition (ii). As already observed in Section 1, one does

not change the normal cones by replacing the usual tensor product by
the completed one. For simplicity, call x the closed point of Z, Y x S Y,
X  s Y: Z S Y; we have a commutative diagram of S-algebras :

where vertical arrows are S-isomorphisms, ~1(y) = y, ~1(z) = z, ~2(y) = y,
(P2(Z) = 0, ~2(y’) = y’. So the ideal of OZSY,x (resp. OYSY,x) defining Y
in Z x S Y (resp. Y x S Y) appears to be generated by (z, y - y’) (resp.
(y - y’)). Consider now the commutative diagram (of S-algebras)

6 and ao are S-isomorphisms and 6(y - y’) = y".
Now we can identify gry Z (resp. gry Z x s Y) (resp. gry Y  S Y) with

gr(z) S[[y, z]], (resp. gr(z, y’’) S[[y, z, y"]]), (resp. gr(y’’) S[[y, y"]]), à with
gr (03C3·~1),  with gr (CP2). Finally, by letting : Z = cl z mod (z)2 or

mod (z, y")2, Y" = cl y" mod (y")’ or (z, y")2 (as no confusion may pos-
sibly happen), it turns out that: :S[[y]][z] ~ S[[y]] [Z, Y"] is simply
the canonical injection, : S[[y]][Z, Y"] ~ S[[y]][Y"] is simply the
canonical projection, so that (ii) holds clearly.
We shall prove now that (iii’) is satisfied, i.e., that: 

is a cocartesian diagram (in A-algebras). The vertical arrows being sur-
jective, this amounts to saying that the ideal generated in gry Z  S Y by
the image of the kernel of the left hand side arrow is the kernel of the
right hand side arrow.
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Recall now ([7] IL2. Lemma 5) that, B being a noetherian ring, I, J
ideals in B, by definition, the sequence 0 ~ in J (B, I) - grj B - grj B /1 - 0
is exact. If, for f ~ B, f ~ 0, we note vj(f’) = (sup n: f E Jn} and ini f =
cl f mod J03BDJ(f)+1, it is easily seen that inJ(B, I ) is generated by all inj f
with f~I, f ~ 0.

If I is the ideal in S[[y, z]] defining X in Z, the ideal K generated by
~1(I) in S[[y, z, y’]] is that defining X x s Y in Z S Y

So, after transformation by 6 as above, what we have to check is that:

in(z, y") (S[[y, z, y"]], u(K» is generated in gr(z, y,,) S[[y, z, y"]] identified
with S[[y]][Z, Y"] by à(in(z) (S[[y, z]], I)).
Take an element g in 03C3(K) ~ 0. There exists fi~I, Qi E S[[y, z, y"]]

such that: 

and

But, cl g03B1 mod(z, y")03BC-|03B1|+1 is in S[[y]][Z], so it vanishes and for

a : lai ~ v, g03B1~(z)03BC+1. So, finally,

So there exists some a such that g03B1~(z)03BD-|03B1|+1, and restricting 1 only to
those a :

REMARK (2.4): In fact, we proved that for every S-immersion of X in
Z, a local scheme, Spec of a noetherian complete local ring, formally
smooth over S

is an exact sequence of trivial vector bundles and diagram (I) is cartesian.
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COROLLARY (2.5) : Let f : X ~ S be a morphism of analytic spaces (over a
complete, valued, non discrete, algebraically closed field k), i : Y - X an

S-immersion, x a point in Y, s its image in S.
(i) If Y is smooth over S at x, there exists an open neighborhood U

(resp. V) of x (resp. s) in X (resp. S) such that f(U) = V and that, letting
X o (resp. Yo) (resp. So) to be the restriction of X (resp. Y) (resp. S) on U
(resp. U n Y) (resp. V), the canonical sequence of Yo-cones : 

is exact.

(ii) If Y is smooth over S, then

is exact.

PROOF : The exactness of a sequence of cones being of local nature, (ii)
is an immediate consequence of (i).
Now, things being local around x, we may assume that i is a closed

immersion and f is a separated morphism. Let us choose an immersion
of an open neighborhood U1 of x in X in an open set S2 of some affine
k-space E". Since Y is smooth over S at x, there exists an open neighbor-
hood W (resp. V) of x (resp. s) on Y (resp. S) such that f(W) = V, W ~ U1
and f|W:W ~ V is smooth.
Let U be any open set contained in f-1(V)~U1, whose intersection

with Y is W Clearly, f(U) = E Now, by shrinking 03A9 if necessary, we may
also assume that the immersion of U in 03A9 is closed, so that combining
with f 1 U, we get a closed v immersion j0:U ~ V x Q. Let Zo = V x Q;
finally, Yo is smooth over So, io : Y0 ~ X o is a closed So-immersion and
jo : X0 ~ Zo is a closed So-immersion in an analytic space Zo smooth
over So.
By functoriality, we get a commutative diagram of Yo-cones :

Condition (i) holds clearly.
Yo (resp. Zo), (resp. Yo x so Yo)(resp. Zo x so Yo) being smooth over So,

jo - io (resp. 03B4(Id Yo)) (resp. £5(jo 0 io)) is a regular immersion, so that gr1Y0 Zo
(resp. grfo Yo x so Yo) (resp. grfo Zo x So Yo) is a locally free (9Yo-Module
and its symmetric Algebra is canonically isomorphic to grYo Zo (resp.
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gryo Yo x so Yo) (resp. gryo Zo x so Yo) (see Section 0). As an exact sequence
of free module splits, it is enough to show that the upper horizontal
sequence is exact and diagram I is cartesian, or equivalently that:

is exact and diagram

is cocartesian. To do so, we have to prove the same with the induced

sequence and diagram of stalks at every point y of Yo, and Y0,y, comple-
tion of OY0,y with respect to the mY0, y-adic topology, being a faithfully
flat OY0, y-module, it is actually enough to do it after this base extension.

But, generally 0Jj being an analytic subspace of some analytic space X
and letting Yy = Spec Oy,y, *y = Spec y,y, ¥y = Spec O¥,y, y =
Spec ¥,y,

and ¥1, Pl" 2 being J-analytic spaces, xl, X2 points of X1, X2 whose
image in J is s

(where  means that the usual tensor product has been replaced by the
completed one). So, it follows immediately from the proof of Corollary
(2.3) after noticing that all residual extensions being trivial in analytic
geometry, and Yo (resp. Zo) being smooth over So, 0,y (resp. ZO,y) is
formally smooth over 0,fo(y) and there is no residual extension.
COROLLARY (2.6): Let f : X ~ S be a morphism of schemes, locally of

finite type, i : Y - X an S-immersion, x a point of X, s its image in S.
Assume S is locally noetherian.

(i) If Y is smooth over S at x, there exists an open neighborhood U (resp.
V) of x (resp. s) in X (resp. S) such that f ( U) = V and that, letting Xo
(resp. Yo) (resp. So) to be the restriction of X (resp. Y) (resp. S) on U (resp.
U n Y) (resp. V), the canonical sequence of Yo-eones :

is exact.
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(ii) If Y is smooth ver S, then

is exact.

PROOF : As above, (ii) follows from (i).
It is enough to prove (i) under the following additional hypothesis:

X is an affine scheme, S is a noetherian affine scheme, f is of finite type,
i is a closed immersion, f 1 Y: Y ~ S is surjective and smooth. X being
affine and f of finite type, there exists Z smooth over S (one may choose
some S[Ti , ..., Tn]) and a closed S-immersion j : X - Z. As in Corollary
(2.5), j - i, ô(ld Y), 03B4(j o i) are regular immersions and it is enough to show
that, at every point y of Y, the sequence (resp. diagram) of stalks induced
by

is exact (resp. cocartesian). Here, we use a trick to kill the nasty residual
extension k(f(y)) ~ x(y) which possibly may occur. f ) Y : Y ~ S is smooth,
so it is flat and thus OS,f(y) - OY,y and OY,y - OY S,03B4(Id Y)(y) are faith-
fully flat. (We obtain the second arrow from the first one by base change
followed by localization at a suitable prime ideal and one knows that
every flat morphism of noetherian local rings is faithfully flat). Apply
this base extension. After easy functorial computation (Section 1) we
reduce ourselves to prove the same replacing S (resp. Y) (resp. X) (resp. Z)
by the local scheme of Y (resp. Y x s Y) (resp. X x s Y) (resp. Z x s Y) at
y (resp. b(Id)(y)) (resp. 03B4(i)(y)) (resp. bU 0 i)(y)). But now, all those local
schemes have the same residue field x(y) at their closed point and smooth-
ness is preserved. So that, it is, in fact, enough to prove our statement
with S, Y, X, Z local schemes and trivial residual extension k(f(y)) ~ k(y).
But (as in the analytic case) if Y is the Spec of the completion of the local
ring of Y at its closed point, the canonical projection  ~ Y is faithfully
flat, so that after this base change, and usual functorial computation (see
again Section 1) our proposition becomes an immediate consequence of
Theorem (2.3) and Remark (2.4).

REMARK (2.7): Under the hypothesis of Theorem (2.3) (resp. i)
Corollary (2.5)) (resp. (i) of Corollary (2.6)) grY X  S Y being 10


