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ON INTEGERS GENERATED BY A FINITE NUMBER OF FIXED
PRIMES

R. Tijdeman and H. G. Meijer

Let p,, -, p, be different primes, r = 2. Denote the multiplicative
semigroup generated by them by N. We arrange the elements of N in
increasing order, 1 = n, < n, <ny <---. It was noted by Polya [3] that
lim;_, . n;,,/n; = 1. Later better estimates were obtained for the quotient
;. 1/m;. See [1], [5], [6]- In this paper we investigate the set of quotients
n,q/m; (i=1,2,3,---). Theorem 1 contains a complete characterization
of this set in case r = 2. The situation for r > 2 is much more complicated.
As a first step we made the following conjecture.

Let t be fixed, 1 £t <r—1. Then there exist infinitely many pairs
n;, n;, , such that one of the numbers #;, n;, ; is composed of p,,- -, p,
and the other is composed of p,.{," ", p,.

We prove this conjecture for t =1 in Theorem 2 and for t =2 in
Theorem 3. The case t > 2 is still open. Since t = 1 and t = 2 are equivalent
to t =r—1 and t = r—2 respectively, the conjecture is true for r < 5.

Let p,,- -, p, be different primes, r = 2. By the sequence composed of
pi»* P, We mean the monotonically increasing sequence N = {n, -,
of all numbers which are of the form p%'--- p*, where k,, -+, k, are
non-negative integers. We observe that

n; n; .
(1) dn; and dn;,, = 7 and 151 are consecutive elements of N.

Indeed, n/d <n;<mn;,,/d would imply n; <dn;<n;,,, which is
impossible. We denote the G.C.D. of two integers a and b by (a, b).

We shall use the following lemmas
273



274 R. Tijdeman and H. G. Meijer [2]

LeEmMA 1: Let p,, -, p, be fixed primes, r = 2. Let n,, n,,* " be the
sequence composed of these primes. Then there exist positive constants
C,, C, and N such that

k. ik fo >N
<N —n < rn; = IV.
(log n;)“! LT (log ny)©

@

ProoF. The first inequality is a corollary of [5, Theorem 1]. The
second can be found in [6].

LEMMA 2: Let n,,n,, - be the sequence composed of the primes
Pi, s b, Withr 2 2. Then

lim (n, M4 q)

i— o n;

= 0.

PrOOF: Let d; = (n;, ;). If n; = n,/d;, then, by (1), n;., = n;,,/d;.
Hence, by (2),

1 Miven 2 My

(log n))“* n; - o (log n,)¢>

It follows that

Cy
(log n)“2 < (log %) )

1

Since the left hand term tends to oo if i —» oo, we also have n;/d; - oo
if i > o0.

3

We need several elementary results from the theory of continued
fractions. Let £ >0 be an irrational number with simple continued
fraction [a,, a;, a,, - -]. The n-th convergent [a,, ", a,] to & is denoted
by 4,/B,. Itis well known that the denominators B, form a monotonically
increasing sequence of integers for n > 1, that the sequence A4,/B,,
A,/B,, A4/B,," - is monotonically increasing to & and A4,/B,, A;/Bj;,
As/Bs, - - is monotonically decreasing to &. The convergents A4,/B, are
the best approximations to ¢ in the sense of Lemma 3(a). For our con-
venience we give a slightly different form of this assertion in Lemma 3(b).
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LemMa 3:(a) The convergents to & are just the fractions A/B having the
property that every fraction r/s with 0 < |r—s&| < |A — B¢| satisfies s > B.

(b) If A,/B, is a convergent to &, then every fraction r/s with
0 < |r—sé| < |A,— B,¢| satisfies s 2 B, ;.

Proo¥: See [2, Satz 2.18, 2.17].

Apart from the convergents to ¢ we shall consider a larger set of
fractions. We recall

An+1 = an+1An+An—-17
(3) forn = 0.
Bn+1 = an+1Bn+Bn—1’

We call a fraction

A jAn+An—1 . .
—_—=" " withje {1,2,--, a,
B~ jB,+B, , J { Qui)

a one-sided convergent to & (Néherung). We call it a left convergent if
A/B < ¢ and a right convergent if A/B > £. We can arrange the one-sided
convergents to ¢ with increasing denominators. Part of this sequence
reads as follows

An An+An~1 an+1An+An—1 _ An+1 An+1+An
Bn,Bn+Bn—1’ ’an+1Bn+Bn—1 Bn+1’Bn+1+Bn‘

It follows immediately from the construction that

(jAn+An—1)/(jBn+Bn—1) (/ = 19'“7 an+1)

are on the same side of &, but 4,/B, and (4, , + 4,)/(B, .+ B,) are on
the opposite side of &.

In [2, Satz 2.21, 2.22] a complete characterization of the one-sided
convergents is given. The second theorem states the following.

LEMMA 4: If a fraction A/B with positive denominator has the property
that every fraction between & and A/B has a denominator greater than B,
then A/B is a one-sided convergent to €.

We shall use Lemma 4 to derive a slightly different characterization
which is more analogous to Lemma 3(a) and more appropriate for our
purposes.
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LEmMmA 5:

(a) The left convergents to & are just the fractions A/B having the
property that every fraction r/s with A— BE < r—s& < 0 satisfies s > B.

(b) The right convergents to & are just the fractions A/B having the
property that every fraction r/s with 0 < r—s& < A— B¢ satisfies s > B.

Proor: Since the proofs of both parts are almost identical we only
prove the second assertion.

Let A/B have the property that every fraction r/s with
0<r—sé& < A—B¢

satisfies s > B. Then every fraction r/s with & < r/s < A/B satisfies s > B.
Indeed, if r/s were a fraction with s < B and & < r/s < A/B then it would

follow that
r A
0<r—s¢&= s<——§> <B <— —é) = A— B¢,
S B

which is a contradiction. It follows from Lemma 4 that A/B is a right
convergent.

Let A/B be any right convergent. By definition 4/B can be written
in the form

A jAn+An—1 .
4 o > € 1’ 2a.'.7 n >
4 B~ jB+B,_, jed Ayi1)

where 4,_,/B,_, and A,/B, are convergents to & with

A A,
5 <<
®) B, ¢ B,
Define A*/B* by
(6) A*¥—B*¢ = min (r—s¢)
r—s&>0
s<B

Since ¢ is irrational, A* and B* are uniquely determined. It is obvious that
there does not exist a fraction r/s with s < B* and 0 < r—s& < A* — B*¢.
Hence, by the first part of the proof, 4*/B* is a right convergent. It follows
from (6) and (5) that 0 < A*—B*¢ < A,_, —B,_, £. On applying Lemma
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3(b) we obtain B* = B,_,. Since A*/B* is a right convergent to ¢ and
B* < B, we obtain

A* A+ A,

— = where ie {0, 1,---, j}.
B* _ iB,+B, , { Ji

Q]

We have, by (7), (5) and (4),
A*—B*¢ = i(4,—B,H)+(A4,.,—B,_, %)
gj(An—Bné)+(An~1—Bn—1£) = A_Bé’

while equality holds if and only if i =j. By (6), A*—B*¢{ < A—B¢L
Hence, i = j and A*/B* = A/B. In view of (6) this completes the proof
of Lemma 5(b).

4

Let o and B be real numbers with o > § > 1. By the sequence composed
of o and f we mean the monotonically increasing sequence N = {n;}2,
of all numbers of the form o', where k and [ are non-negative integers.
The following theorem gives a complete characterization of the set of
quotients {n;, /n;}> ;.

THEOREM 1: Let o and f be real numbers with o > 8 > 1, and such that
& = log B/log a is irrational. Let n,, n,," - be the sequence composed of
aand B. If S={m, /nli=1,2-}, then S is the set of all products
a~*B! and o*B~" which are greater than 1 and such that k/l is a one-sided
convergent to &.

REMARK: In view of Theorem 1 one can define a natural generalization
of the continued fractions as follows. Let o, -, a,, be real numbers all
greater than 1. Let n,, n,, - be the sequence composed of a;, -, a,,.
Put S = {n;,,/nji =1, 2,---}. We would be very interested in a character-
ization of S like Theorem 1 does in case m = 2.

PrOOF: Let k/l be a one-sided convergent to £. We shall prove that
a* and B' are consecutive elements of N. This implies that k/I belongs
to S.

Assume k/I is a left convergent to &. Then o < B'. Suppose there exists
an element of° such that o < a"f* < . Hence, [ > s = 0. We have

k<r+sé <l
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or, equivalently,
k—1¢& <r—(—s)¢ < 0.
This is a contradiction with Lemma 5(a).
If k/I is a right convergent to ¢, then f' < o* and a similar argument

gives that p' and o* are consecutive elements of N.

In order to prove that every element of S is of the required form, put
n; = o"f%, n;, = a"+1f%+1. Since o > f, we have

0(r,+1ﬁsi > OCr'ﬁs'+l g ni+1a

and, hence, either r,,; < r; or s;,; < s;. Since both cases are treated in

13

similar ways, we only deal with the first. Assume r;, ; < r;. Thens;, |, > s;.
Put k=r,—r;,,, | =s,,,—s;. We have a *B' =n,,,/n, > 1. We shall
prove that k/l is a left convergent to £. We have k/l < log B/log a = &.
Suppose there exists a fraction r/s with s < [ and

k—IlE <r—s& <.
Then
(8) ar—k+riﬂl—s+s, — nie(r—k)loga+(l—s) log > ni'
Since r—k+r,=r+r;;.; > 0and I—s+s; = 5; > 0, we obtain
(9) O(r—k+riﬂl—s+si e N.
On the other hand,
(10) ar—k+r,~ﬁl—s+si — ni+1erloga—slogﬁ < ni+1‘
The contradiction (8), (9), (10), proves by Lemma 5(a) that k/I is a left
convergent to £. (In case s;,, < s; the fraction k/I turns out to be a right
convergent to &).

5

It would be very valuable to have a characterization like Theorem 1
for sequences composed of r multiplicatively independent positive
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numbers, r > 2. This would solve the conjecture in the introduction
immediately. We now prove case t = 1 of this conjecture.

THEOREM 2: Let n,, n,, - be the sequence composed of the primes
D1, P, (r = 2). Let p be one of these primes. Then there exists an infinite
number of pairs n;, n,, , such that n; is a pure power of p and n;,, is not
divisible by p.

ProoF: Without loss of generality we may assume p =p,. Let k be a
positive integer and n;, = p* Let n; ., =p% - pr and n, =p}7". It
follows from (1) that n,_, ; = p%--- plr. Since, by Lemma 2,

n.
n =—J% _ _, 5 for k — o0,

(M Myr)

we obtain infinitely many different pairs n; , n, ., with the required
property.

ReMaRrk: In the same way one can prove the existence of infinitely
many pairs n;, n;,, such that n;,, is a pure power of p and n; is not
divisible by p.

6

Finally we prove case ¢ = 2 of our conjecture.

THEOREM 3:Let py, -, p, ber > 2 different primes. Let M = {m,m,, -}
be the sequence composed of these primes. Let p and q be two primes from
Pi> "> Py. Then there exist infinitely many pairs m;, m;. | such that one
of the numbers m;, m;, | is composed of p and q and the other is neither
divisible by p nor by q.

The proof is based on two lemmas.

LEMMA 6: Let r > 2. Let M = {m;, m,," -} be the sequence composed
of the different primes py, -, p, and N = {n,n,, -} the sequence
composed of p, and p,. Suppose there exists an iy such that for every
i,

mie N=(m_,p,p;) >1 and (my,y,p,p;) > L.

Then there exists an i, such that for every i = i,
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(@) if m;e N and m} < m;_,m;,, then m;_, € N,
(b) if m;e N and m?} = m;_,m;, , then m,,, € N.

Proor: We know from Lemma 2 that

m;_
St BN asi— oo.
(m; 1, my)
We choose i, such that
m;— . .
————>m,, forixi.
(m;_y, m)

In the sequel we only consider i with i = 1i,.
Assume m;eN. Let m; = pip5. Put m;_, =pit---p* and m;,, =
plll e pir. Then

MMy

My < ——— < M4y
m;

Hence, we have either
(11) M Mg /m; = m;
or
(12) m;_ym;, /m; ¢ M.
We note m;_,m;, /m; = pkrTli-ephetlazbplatls... petle I (11) holds,
then ky+Il;=---=k+1 =0, and, hence, ky=--=k, =0 and
Iy =---=1=0.In this case both m;_; e N and m; ;€ N. If (12) holds,
then
(13) ki+l,—a<0 or ky+l,—b<O.

Suppose k, <a and k, <b. By (1), pi *p5 * is preceeded in M by
p% -+ p*. Since

m.:
b—ky _ i
D> = -

(m;_y, m)

a—k;

D1

>m

ig?

this is a contradiction with the condition of the lemma. Hence, k, > a or
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k, > b. Similarly, I, > a or I, > b. Without loss of generality we may
assume k, > b. Then, by (13), k; <a and [; < a. Thus I, > b. So we
obtain

(14) ki <a IlLi<a ky>b |[I,>b
We define a sequence of positive integers {a;} 2, by
m,, = pips  forj=0,1,2---

We have, by (1) and (14),

ko—b+j ks k-

Mg, -1 = Piph Py Dy

— plipl2a—=bt+j 3. .. lr
and m, . = pip3 P3Py,

for j=0,1,---, b. Consider the pairs of quotients

Mg,—1 My 4y .
15) (L,i— forj=0,1,2,--.
m,  m,
We know
Mg, —1 ki—a, k2—b k k Ma;+1 li—apla—byl !
= =i T p o p and = = py TR TPy
maj aj

for j=0, -+, b. Let J, be the smallest value of j for which on€ of the
quotients in (15) assumes another value. This J,, exists, since, by Lemma 1,
m;, ;/m; tends to 1 as i » c0. We assume that the first quotient changes
firstly. Thus

m m

-1 _i-1 -1 _ My
(16) 1> -2~y Tanl 0 Tl Tl
maJ maJ—l mao m;
and
May_1+1 Map+1 _ Mitq
(17) as-1 —_ . = ao — t
maJ—l mao mi

Put m,, _, = p§*--- pj~and m,, ,, = pi*--- p}. The following argument
shows x, =0. If x, >0, then, by (1), m,,_,/p, is the precessor of
m,,/p, = m,, _,,and, hence,m, _,/m, =m,  _,/m,  in contradiction
with (16). Since we know from the argument preceding formula (14) that
both k; < a and x, < J is impossible, we have
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(18) K, > a.
Consider
m = maJ-1+1maJ—1 .
m,,
We have, by (17)
maJ—1+1 ma_;—l m;q maJ_1
m = my, = . m,,_,
maJ_1 ma_y mi ma;
— pl11+K1—ap122+Kz—b—1p133+K3 - pir"'xr.
From (18) and (14) we see that me M. Moreover,
ma‘;71+lma;_171
My, 41 >mM>—"""—"2—=>m, .
maJ—l
Hence,
(19) m=m, ..
This implies l;+k;=-"=1l+x,=0. Thus [;=---=1 =0 and

m;, ; € N. Furthermore, in view of (17), (19), the definition of m and (16),

My Mgy w1 Mgy 4

m; WlaJ_1 m
— maJ < maJ—1 - mi
maJ-l maJ—1—1 mi—l

Similarly, the assumption that the second quotient in (15) changes
firstly leads to m;_;eN and m;_,/m; > my/m;,,. This completes the
proof of the lemma.

LEMMA 7: Let r > 2. Let M = {m,, m,," -} be the sequence composed
of the primesp,,- -, p,. Let p and q be two arbitrary primes fromp,,: -, p,
with p > q and let N = {n,, n,, -} be the sequence composed of p and q.
Suppose there exists an i, such that for every i = i,

meN=(m_,,pq) >1 and (m;,,pq) > 1.
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Then there exists a monotonically increasing, unbounded sequence
T,, T,, Ty, -+ such that no interval [Ty, qTy,] contains an element of
M\N.

Proor: Let [ay, a,, a,," - -] be the continued fraction of & : = log g/log p.
Put 4,/B, = [a,, ", a,] for h =0, 1,2, --. Tt follows from the Gel'fond-
Schneider theorem [4, Satz 14], that ¢ is transcendental. Hence, the
sequence a,, 4, , d,, " is not periodical [2, Satz 3.1]. There therefore
exist infinitely many values h with a, > 1.

Let H be such that ay > 1. It is no loss of generality to assume
Ay/By < & We consider the subsequence N, of N beginning with

Byg-1—1

Ty = p*Hq and ending with ¢T, = pA=gBr-1,

An-1-1gBa and consider the

(If Ay/By > ¢, we may choose Ty =p
interval [Ty, pTy].)
Let n, = p‘q" be in N, n; # qTy. Since qT, < gBu*Bu-1 < pAutdn-1

we have
(20) ¢ < Ag+Ayz_, and d < By+By_,.

We distinguish two cases.
(i) ¢ = Ay. We assert that n;, = p* 4#¢**B5 Since Ay,/By <&,
we have
n, < p-TAgttBEe N

1

Suppose

c— Ay d+Byg

ny, = p'q < pTHg

This implies
Ayg—Byé < (c—s)—(t—d)¢ < 0.
By Lemma 3(b), [t—d| = By, ,. Hence, d = By, ort = By, , in contra-
diction with (20).
(ii) ¢ < Ay. Since d < By_,—1 implies p‘q? < pugPr-1"1 =T,
we have d = By_,. We assert that n;, ., = p*T47-14?"Bu-1  Since

Ag_1/By_; > & we have

n, < ptAE-igiTBu-ie N,
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Suppose

ctApg-1,4d-BHg-

ny, =pq<p q

Then
0<(s—o)—(d—t) < Ag_,—By_ ¢

By Lemma 3(b), {d—t| = By. If d—t <0, then t > d+ By = By + By,
and p*q' > qP#*B=-1 > ¢ T, which is false. Hence, d —t = 0. This implies
s—c>0 and d = By +t. By Lemma 5(b) (s—c)/(d—t) is a right con-
vergent to & Since Ay/By is a left convergent to £, we obtain
d = d—t = By+ By _,, which is impossible in view of (20). Summarizing
we see that among the quotients n,, ,/n; for n,e N, only p~*#¢®# and
pAE-1g~Br-1 occur. Note

21 pAr-ig=Bu-1 5 pmAngBu 5
We now assert that

. ;i Ny Niv1  Miv2
(22) myyqy/ny = ptuigTBE s L= S or o = S
ni—y n; n; Mi+y

3 i 1

Since n; = Ty, implies n;,, = p~*#¢®"n,, we have n, > Ty. Hence,
n;_, € N,. Suppose

. n.

i it2 —A
=——=p g
Bi—1 Miyy

By

Then

—2AH+AH_1qZBH—BH_1n‘

i, = i-1-

By a,; = 2, it follows that n,, , = B *Br-1+Bru-2 This is a contradiction.
yay i+2=4

We now turn our attention to the subsequence M, of M starting with
Ty and ending with qTy. Let mye N, m; # qTy. Put m; = n;. Hence,
n;.,€N,. Note that n;_; <m,_, <m; <m;, <n;;,. The condition
of Lemma 7 enables us to apply Lemma 6. Hence, m;_, =n;_, if
m <m;_ym,y and m;,, =n;,q if m Zm_,m . It follows that

— 3 2
(23) mi_y =n;_y i ny S ym Snogngy
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and

(24) M =Ny A RS Zm_n g 2 n n .

We can now prove that all elements m; with T < m; < gTy belong to
N,. Suppose Ty = m, and all integers m;, m;,, -, m; belong to N,,
while m; < qTy;. We shall prove that m;, , € N,. Put m; = n;. We distin-
guish two cases.

(i) nj_yn;.q < 02 It follows from (24) that m; , = n;,  eN;.

(ii) n;_yn,,, = n? Itfollows from formula (21) and the lines before that
j—17%j+1 J
n; — p—AHqBH’ Mj+1 — pAHﬂq—BH_l‘
n n;

ji—1 J

Since n; = Ty, implies n;, , = p~*7¢""n;, we have n; > T, and, hence,
n;_;€Ny. By (22) we have nj,,/n;., = p*-1q” Pt Let n; ;= my.
Since n;,,/n;,, = n;,/n;, we obtain from (23) that n; = m;._ . Hence,
M = m; and i*—1 = i. It follows that m;,, = my =n; , eN.

Since we have constructed an infinite number of T’s such that all
integers m; € [ Ty, qTy] belong to N, the lemma has been proved.

We are now going to prove the main result.

ProoF oF THEOREM 3: It is no restriction to assume p = p,, 4 = p,,
p > q. Suppose that there are only a finite number of values i for which
the statement of the theorem holds. Then the condition of Lemma 7 is
fulfilled for some i,. It follows that there exists an unbounded sequence
T,, T,, Ty, -+ such that each element m;e[Ty, qT;] belongs to the
sequence N composed of p and g. Let N = {n,,n,, ny,"--}. We know
from Lemma 1 that n,,,/n;,—1 as i— oo. Consider the sequence
Pshy, P3hs, P3fy, . These elements belong to M\ N. However,
Pshi+1/P3h; — 1 as i— oo. This is a contradiction.
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