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Introduction

In practice it is useful to know when the relative duality map

is an isomorphism, where f : Xi Y is a flat, locally projective, finitely
presentable map whose fibers X(y) are pure r-dimensional, F is a
quasi-coherent sheaf on X, and N is one on Y, and where Extf
denotes the m th derived function of f * Homx. (The notion Ext f was
used by Grothendieck in his Bourbaki talk on the Hilbert scheme, no.
221, p. 4, May 1961, and it may have originated there.) Theorem (21)
below deals with the following criterion: For f flat and lf p (locally
finitely presentable), Dm is an isomorphism for all N if and only if
Rr-mf *F commutes with base-change. It is proved that the criterion is
valid for 0 ~ m ~ r if and only if the X(y) are Cohen-Macaulay.
Below, moreover, all the preliminary duality theory is developed from
the beginning.

General Grothendieck duality theory ([10]; see also [4,1,2, pp.

161-2]) seems to require more to yield that Dm is an isomorphism for
all N, namely, that all the Rqf*F be locally free. (Thus, for example,
this article would be a sounder référence than [4] to appeal to in the
proof of the lemma on p. 28 of ’Enriques’ classification of surfaces in
char. p. Part II’ by Bombieri and Mumford in Complex Analysis and
Algebraic Geometry, Cambridge University Press (1977).) Moreover,
the approach below is simpler and more naive than that of the general
theory; it is largely Grothendieck’s original approach [6], but with
some modifications inspired by Deligne’s work [10, Appendix], and it
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does not involve the derived category. While some preliminary results
can be derived from the general theory, there is no advantage in doing
so; little or no more work is required in obtaining them from scratch.

In general, a dualizing sheaf 03C9f does not exist, only a left-exact
functor f’N from quasi-coherent sheaves N on Y to those on X. By
definition, 03C9f exists when f ’N has a tensor-product form, f ’N =

,wf Q9 N. (The form is required to be preserved by open restriction.)
For example, tof exists when Y is the spectrum of a field because

every sheaf on Y is free. The functor f’N is accompanied by a map
of functors tfN : Rrf*f!N ~ N and the pair ( f ’, tf) is a right adjoint to
R’f *.

Locally, X may be viewed as a closed Y-subscheme of a suitable
projective space P = PeY and then there is a canonical isomorphism,

This isomorphism could be made the basis of a local construction of
f’N. However, it is slicker and more general to use the ’spécial adjoint
functor’ theorem [12, Thm. 2, p. 125]. This is done below in Part I.

The method was inspired by Deligne’s work [10, Appendix], although
Deligne’s actual construction is différent. It was, in turn, inspired by
Verdier’s work [ 15] and it requires Y to be locally noetherian so that
there are enough quasi-cohérent injectives.

Part 1 also treats of the basic properties of a ’dualizing pair’ (f!, tf),
including notably some results about base-change. One such result
(Thm. (5, i)) asserts that the formation of (f!, tf) commutes with flat
base-change (Thm. (5, i)). This result is similar to Verdier’s main

theorem [16, Thm. 2, p. 394], but it is much easier to prove. It is used
mostly for open embeddings and permits in many situations a reduc-
tion to the case of an affine base-change. Another result (Thm. (5, iii))
deals with that case of an affine base-change g : Y’ - Y; it asserts the
formula,

Finally, a third result (Prop. (9)) asserts that if a dualizing sheaf £of
exists, then it is flat, it continues to exist after any base-change, and
its formation commutes with base-change.

Part II contains the main result (Thm. (20)), the criterion for Dm to
be an isomorphism. For m in the restricted range 0 s m s n for n  r,

the condition that the X(y) be Cohen-Macaulay is too strong; the

appropriate condition is, as one would hope, the vanishing of

H r-q ( OX(y)( - p)) for q = 1, ..., n and p ~ po(y), or equivalently, the
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vanishing of certain Ext’s. The proof involves in an essential way nearly
everything before it in both Parts 1 and II. Another re sult (Thm. ( 15)) in
Part II gives the rather usef ul formula,

here h : Z ~ X is a finite and finitely presentable map such that the
composition g = f ~ h : Z ~ Y is flat with pure s-dimensional fibers, and
X/ Y is required to satisfy an appropriate condition.
A third result (Prop. (22)) in Part II asserts that if the X(y) are

Cohen-Macaulay, then the restriction 03C9f | V, where V ~ X is the
smooth locus of f, is canonically isomorphic to the sheaf det(03A91V/Y).
The proof is an adaptation of Verdier’s neat proof of a similar result
[16, Thm. 3, p. 397]; it takes advantage of the flexibility of relative
duality theory and does not involve a prior computation of det(03A91) on
projective space. In Example (25), relative duality is used to derive
from the infinitesimal study of the Hilbert scheme a generalization of
Mattuck’s formula for nI 1 of the symmetric product of a smooth
curve. The article closes with a brief discussion in Remark (26) of
some refinements.
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I. Dualizing pairs

Fix a proper, finitely presentable morphism of schemes, f : X ~ Y.
Fix an integer r such that the condition, dim(X(y)) ~ r, holds for all
y E Y, where X(y) denotes the fiber X Q9 k(y) over y.

DEFINITION (1): An r-dualizing pair (f’, tf) consists of a covariant
functor f’ from the category of quasi-coherent sheaves on Y to the
category of quasi-coherent sheaves on X and a map of functors,
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tf : (Rrf*)f! ~ id, inducing a (bifunctorial) isomorphism of (quasi-
coherent) sheaves on Y,

f or each quasi-coherent sheaf F on X and each quasi-coherent sheaf
N on Y.

PROPOSITION (2): Let (f’, tf) be an r-dualizing pair.
(i) tf makes f’ a right adjoint to RTf *; that is, tf induces a

(bifunctorial) isomorphism of groups,

(ii) (f’, tf) is determined up to unique isomorphism; in fact, for a
fixed N the pair (f!N, tfN) is determined up to unique isomorphism by
(1.1) or by (2.1) with F variable.

(iii) f’ is left exact and it commutes with arbitrary (small) inverse
limits.

(iv) f’ commutes with (small) pseudo-filtered direct limits.

PROOF: Assertion (i) comes by taking global sections in (1.1).
Assertions (ii) and (iii) are well-known, simple formal consequences
of (i) [EGA OI, 1.5, pp. 38-41].
To prove (iv) let (Na) be a pseudo-filtered direct system of quasi-

coherent sheaves on Y, and consider the canonical map u from
lim f ’Na into f ! lim N,,,. We have to prove u is an isomorphism. The
question is local, so we may assume Y is affine. Then X is quasi-
compact and separated. Now, u will be an isomorphism if the induced
map Homx(F, u) is an isomorphism for each quasi-coherent sheaf F
on X. In fact, since a quasi-coherent sheaf on a quasi-compact and
quasi-separated scheme is a (filtered) direct limit of lfp (locally finitely
presentable) sheaves [EGA 1, 6.9.12, p. 320], we may take F to be lfp.
Then Homx(F, -) commutes with pseudo-filtered direct limits because
Homx(F, -) clearly does and f * does. (To obtain the commuting of f *
and limits, it is easy to adapt the proof of [5, Thm. 3.10.1, p. 162].)
Hence in view of (2.1) it sufhces to prove that the canonical map,

is an isomorphism. It is an isomorphism, however, because Rrf*F is
lfp by (3, iv) below.



43

LEMMA (3): Let F be a quasi-coherent sheaf on X.
(i) Rqf *F = 0 holds for q &#x3E; r.

(ii) Rrf*F is right exact in F.
(iii) Rrf *F commutes with base-change.
(iv) Rrf *F is lfp (locally finitely presentable) if F is.

PROOF: The questions are local on Y, so we may assume Y is

afhne.

Assertion (i) obviously implies (ii). If (i) and so (ii) hold, since
F Q9y N is quasi-coherent for any quasi-coherent N on Y, then

Rqf*(F Q9 N) is right exact in N for q a r; hence the following
assertion, which includes (iii), also holds:

(iii’) Rqf *F commutes with base-change for q ~ r.
For (i) as well as (iv), we may assume F is lfp. Indeed, since Y is

affine, X is quasi-compact and separated; so F is a filtered direct limit
of lfp sheaves Fa by [EGA 1, 6.9.12, p. 320], and Rqf *F is equal to
lim Rqf *Fa for any q. (For the latter, the proof of [5, Thm. 4.12.1, p.
194] is easily adapted.)
There exist a noetherian scheme Yo, a proper map f o : X0 ~ Yo, an

lfp sheaf Fo on Xo, and a map Y - Yo such that f and F come from fo
and Fo by base-change [EGA IV3, 8]. Since Yo is noetherian, (i) and
(iv) hold for fo and Fo by [EGA 1111, 4.2.2, p. 130, and 3.2.1, p. 116].
Hence (iii’) holds for f o and Fo. Therefore (i) and (iv) hold for f and F.

THEOREM (4) (Existence): An r-dualizing pair exists.

PROOF: Suppose first that Y is affine. We now construct a right
adjoint to Rrf* by verifying the hypotheses of the ’special adjoint
functor’ theorem [12, Thm. 2, p. 125, in dual formulation]. First, the
category of quasi-coherent sheaves on any scheme has arbitrary
(small) direct limits [EGA 1, 2.2.2, iv, p. 217] and it obviously has
small hom-sets. Next, Rrf * preserves all (small) direct limits and all
pushouts of families of epimorphisms because it is right-exact by
(3, ii) and because it preserves all (small) filtered direct limits since f
is quasi-compact and quasi-separated.

Finally, we have to find a small generating set Q for the category of
quasi-coherent sheaves on X. Let Q be the (small) set of all quasi-
coherent quotients of all the sheaves of the form ~U(O~n(U)U) where
U runs through all the open subsets of X, Ou denotes the extension
by zero of the restriction Ox ) U, and n(U) is a positive integer
depending on U. Obviously, every lfg (locally finitely generated)
quasi-coherent sheaf on X is isomorphic to one in Q. Now, every
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quasi-coherent sheaf is a direct limit of its lfg quasi-coherent sub-
sheaves [EGA 1, 6.9.9, p. 319] because X is quasi-compact and
quasi-separated as Y is affine. Therefore, Q is a small generating set,
as desired.

We now have a pair (f!, tf) such that (2.1) holds for each quasi-
coherent F and N. If F is lfp, then (1.1) also holds for each

quasi-coherent N by [EGA I, 1.3.12, ii, p. 202] because Y is affine and
Rrf*F is lfp (3, iv). Therefore, (l.l) holds for each quasi-coherent F
and N, because every quasi-coherent sheaf on X is a filtered direct
limit of lfp sheaves [EGA 1, 6.9.12, p. 320] and Rrf*, so both sides of
(1.1), preserve such limits, since f and X are quasi-compact and
quasi-separated. Thus an r-dualizing pair exists when Y is affine.

In general, Y has a basis consisting of its affine open subschemes
U, and we now prove that the r-dualizing pairs for the various

restrictions f U patch together. Let N be a quasi-coherent sheaf on
Y. To prove that the various pairs of sheaves (f | 1 Ur(N U) and maps
tf|U(N | U) define a global sheaf f ’N and global map tfN, for which,
obviously, (1.1) will automatically hold, it clearly suffices to show that
whenever U contains V then the restriction of the pair for U is
canonically isomorphic to the pair for V. To show this, by uniqueness
(2, ii) it suffices to prove that the restriction of tf|U(N | U) induces an
isomorphism,

for each quasi-coherent sheaf G on f -1 V. Now, this would-be

isomorphism is the restriction of the isomorphism,

(f | U)* Homf-1U(j*G, (f | U)!(N | U))  HomU(Rr(f | U)*j*G, N | U),
where j:f-1V ~ f-1U is the inclusion. Note that j is affine, so j * G is
quasi-coherent.

THEOREM (5) (Behavior under base-change): Consider a cartesian
square,

Let (f!, tf) and (f’!, tf,) be r-dualizing pairs for f and f’. Then the

following formulas (or functorial, canonical isomorphisms) in the
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quasi-coherent sheaves N on Y and N’ on Y’ hold under the pre-
scribed conditions on g :

(i) if g is flat,

(ii) if g is quasi-compact and quasi-separated,

where b : Rrf*g’* ~ g*Rrf’* is the canonical map. (It is the composition
of the edge homomorphisms of the two Leray spectral sequences.)

(iii) if g is affine,

PROOF: (i) If g is an open immersion, then the assertion follows
directly from the construction of a dualizing pair, particularly the last
paragraph of the proof of (4), and from the uniqueness (2, ii).

In general, by uniqueness (2, ii) it suffices to prove that the map

9*tfN induces an isomorphism,

for each quasi-coherent sheaf F’ on X’. The question is local on Y
and Y’, and the formation of (f!N, tfN) commutes with open restric-
tion by the preceding paragraph. Hence, we may assume Y and Y’
are affine.

Suppose first that F’ has the form g’*F where F is a quasi-coherent
sheaf on X. Then (5.2) is the pullback of the isomorphism (1.1),
because Hom’s and higher direct images commute with flat base-

change [EGA 1111, 1.14.15, p. 92].
It now suffices to find a presentation of the form,

where G and H are quasi-coherent sheaves on X, because both sides
of (5.1) are left exact in F’ since Rrf’* is right exact (3, ii). Set
G = g’*F’. It is quasi-coherent and the canonical map u: g’* G -+ F’ is
surjective in view of [EGA I, 1.7.1, p. 213] because g’ is affine. Since
K = Ker(a) is quasi-coherent, similarly we may set H = g’K.
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(ii) By uniqueness (2, ii) it suffices to prove that (g*trN’) 0 (bf’’N’)
induces an isomorphism,

for each quasi-coherent sheaf F on X. By adjunction therefore it

suffices to prove that the composition,

HomX’(g’*F,f’!N’) ~ HomY’(Rrf*g’*F, N’) ~ HomY’(g*R’f*F,N’)

is an isomorphism, where u is induced by tf-N’ and v is induced by
the adjoint b#. Now, u is an isomorphism by (2, i) and v is an

isomorphism because b# is by (3, iii).
(iii) When g is affine, (iii) and (ii) are equivalent because ’tilde’ and

direct image are essential inverses [EGA 1, 9.2, p. 361] and because b
is an isomorphism [EGA 1111, 1.4.14, p. 92].

DEFINITION (6): An r-dualizing sheaf úJf or úJx/y is a sheaf on X for
which there exists, for each open subscheme U of Y and each

quasi-coherent sheaf N on U, a canonical isomorphism,

which is functorial in N and commutes with open restriction.

EXAMPLE (7): (i) If Y is the spectrum of a field then an r-dualizing
sheaf Wf exists because every sheaf on Y is free.

(ii) If X is the projective r-space pr y and f is the structure map,
then an r-dualizing sheaf cvf exists and is isomorphic to OX(-r-1).

Indeed, any quasi-coherent sheaf G on X is equal to (~pf*G(p))~
by [EGA II, 2.6.5, p. 38]. Hence taking OX(-p) for F in (1.1) yields
the following formula:

By Serre’s explicit computation [EGA 1111, 2.1.12, p. 98], the sheaves
Rrf*OX(-p) are free and finitely generated; hence, the formula may
be rewritten as follows:
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This formula is obviously compatible with open restriction. Thus 03C9f

exists. Finally Serre’s same computation shows that the graded
module in (7.1) is isomorphic (a priori noncanonically) to the module,
~f*OX(-r-1)(p). Hence 03C9f is isomorphic to OX(-r-1).

PROPOSITION (8): The following statements are equivalent :
(i) An r-dualizing sheaf 03C9f exists.
(ii) For each open subscheme U of Y in a basis, (f | U)! is right

exact.

(iii) For each open subscheme U of Y, the functor (f | U)! is right
exact.

(iv) For each open subscheme U of Y, the functor (f | U)’ is exact.

PROOF: Obviously, (i) implies (ii). And (ii) implies (iii) because each

(f | U)’ commutes with open restriction (5, i). Each (f | U)’ is left

exact (2, iii), so (iii) implies (iv). Obviously, (iv) implies (iii). Finally,
(iii) implies (i) with wf = f!OY f ormally [EGA 1112, 7.2.5, p. 46] because
each (f | U)’ preserves all (small) direct sums (2, iv) and commutes
with open restriction (5, i).

PROPOSITION (9): Assume an r-dualizing sheaf 03C9f exists.
(i) There are formulas, or canonical isomorphisms,

the second is functorial in N and commutes with open restriction.
(ii) 03C9f is fiat.

(iii) In any base-change diagram (5.1), the map f’ also admits an
r-dualizing sheaf Wf’, and in fact, there is a canonical isomorphism,
03C9f’ = g’*03C9f.

PROOF: (i) The first formula is obvious, and the second holds
formally because Rrf*f! is right exact and preserves all (small) direct
sums. The second commutes with open restriction because Rrf*f! and
tf do (5, i).

(ii) 03C9f is flat because of (8, (i) ~ (iv)).
(iii) The question is local on Y and Y’ by virtue of (5, i) and

(8, (ii) ~ (i)), so we may assume Y and Y’ are affine. Then the

assertion is obvious in view of (5, iii).
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II. Higher duality

Fix a flat, locally projective, finitely presentable morphism of

schemes, f : X ~ Y. Assume that all the fibers X(y) are equidimen-
sional of the same dimension r.

DEFINITION (10): We shall say that nth order duality (n ~ 1) holds
on XIY if the following conditions are met:

(i) An r-dualizing sheaf 03C9f exists and it is lfp (locally finitely
presentable).

(ii) Let F and N be quasi-coherent sheaves on X and Y, and
consider the bifunctorial map on Y

Dm = Dm(F, N) : Exti(F, 03C9f ~Y N) ~ HomY(Rr-mf*F, N) (m a 0)

induced by the sheaved Yoneda pairing and the map, (tfOY) ~Y N.
(a) Then Dm is an isomorphism for all m ~ n if N is injective for

the category of quasi-coherent sheaves on Y.
(b) Fix any F that is flat and lfp and fix any m with m - n. Then

Dm is an isomorphism for any N if Rr-mf*F commutes with base-
change. Conversely, Rmf*F commutes with base-change if

Dm(F | f -’ U, N’) is injective for any affine, open subscheme U of Y
and any quasi-coherent sheaf N’ on U.
Moreover, condition (ii) is required to hold when Y is replaced by

any open subscheme and f by the restriction.
We shall say that full duality holds rather than rth order duality

holds.

PROPOSITION (11): (i) Assume an r-dualizing sheaf 03C9f exists and is
lfp. Then nth order duality holds on XI Y if for each point y of Y there
exist an open neighborhood U of y, a relatively very ample sheaf 0(l)
on f -’ U and an integer po such that

(a) Rr(f | U)*O(-p) is locally free for p ~ p0, and
(b) Rr-q(f’ U)*O(-p) = 0 holds for p ~ po and q = 1, ..., n.
(ii) If nth order duality holds on X/Y, then for each quasi-compact

open subscheme U of Y and for each relatively very ample sheaf 0(l)
on f-1U there exists an integer po such that (i, a) and (i, b) hold.

(iii) If nth order duality holds on XI Y, then nth order duality holds
on any X’IY’ obtained form XI Y by a base-change g : Y’ - Y.

PROOF: (i) The proof proceeds by induction on n. We have to
check (10, ii) with m = n. The checking may be done locally on Y, so
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we may assume that Y is affine and that (a) and (b) hold with Y for
U. Moreover, since Y is now affine and since C1Jf is lfp, if we increase

po if necessary, we may assume (by reduction to the noetherian case
[EGA IV3, §8, § 11 ] and by [14, (i), p. 58]) that the following relation
holds:

(11.1) Hq(X(y), 03C9f(y)(p)) = 0 q 2: 1, for p ~ po and for y E Y.

For the F given in (10, ii), construct a surjection, u : E ~ F, with E
a direct sum of 0(- p )’s for various p ~ po; use a finite sum if F is
lfp. Set G = Ker(u). If F is lf p and flat, then G is lf p [EGA IV3,
11.3.9.1, p. 137] and flat as f is flat.
For the N given in (10, ii) consider the following commutative

diagram:

where the bottom line arises from part of the long exact sequence,

(11.3) Rr-nf*E ~ Rr-nf*F ~ Rr-n+1f*G ~ Rr-n+1f*E ~ Rr-n+1f*F.

The top line of (11.2) is exact because we have

(11.4) Exti(E, W ~ N) = E9 Rqf *(w/(p) ~ N) = 0 for q ~ 1

by the local-to-global spectral sequence for Ext’s and by (11.1) and
base-change theory.
Assume n a 2 first. Then the top left term in (11.2) is equal to 0 by

(11.4). Moreover, by (b) the first and third terms in (11.3) are 0, so the
second map in the bottom line of (11.2) is an isomorphism. Therefore
(10, ii) with m = n holds for F and N because (10, ii) with m = n - 1
holds for G and N by induction.
Assume n = 1 now. Suppose N is injective. Then the bottom line of

(11.2) is exact because the first term of (11.3) is 0 by (b). Therefore,
the third vertical map in (11.2) is an isomorphism because the first two
are. Thus (10, ii, a) holds.
Suppose F is flat and lfp and Rr-1f*F commutes with base-change.

Then Rr-’ f *(F 0 M) is right exact in M. Hence Rrf *F is locally free



50

because it is lfp and commutes with base-change (3). Therefore, the
last map in (11.3), call it v, is locally split (in fact, split as Y is affine),
because v is surjective since Rr+1f*G is 0 by (3, i). Now, the next-to-
last term Rrf *E is locally free by (a). Therefore, the kernel K of v is
locally free. So, the second map in (11.3) is locally split, because it is
injective since Rr-1f*E is 0 by (b). Consequently, the bottom line in
(11.2) is exact. Hence the third vertical map in (11.2) is an isomor-
phism because the first two are. Thus the first part of (10, ii, b) holds.

Suppose D’(F, N) is injective for all quasi-coherent sheaves N on
Y. Then the bottom line of (11.2) is exact in the middle for all such N,
because the first two vertical maps are isomorphisms. It follows

formally by taking for N the kernel K of the map v from R rf * E to
Rrf*F (the last map in ( 11.3)) that the inclusion map of K into Rrf*E
is split. Now, v is surjective since Rrl’f *G is 0 by (3, i). Hence v
itself is split. Since Rrf*E is locally free by (a), and R’f *F is lfp by
(3, iv), therefore Rrf *F is locally free. Consequently, since Rrf *F
commutes with base-change (3, iii), so does Rr-lf *F. Thus also the
second part of (10, ii, b) holds.

Finally, condition (ii) is required to hold also after Y is replaced by
any open subscheme; it does because the hypotheses are obviously
stable under open restriction.

(ii) Since U is quasi-compact and úJf is flat, there is (as above) a po
such that the following relation holds:

and for any quasi-coherent sheaf N on U.
Fix p a po and consider the map Dq(O(-p), N) in the following

form:

First take q = 0. Then (11.6) is an isomorphism, and it follows from
(11.5) that its source is an exact functor in N. Since Rr(f | 1 U)* o( - p )
is lfp (3, iv), it is therefore locally free. Thus (i, a) holds. Moreover,
Rr(f U)* O(- p ) commutes with base-change (3, iii).
Take 1 ~ q ~ n and suppose Rr-q+1(f | U)*O(- p) is locally free and

commutes with base-change. Then Rr-q(f | U)*O(-p) also commutes
with base-change by base-change theory. Hence, since nth order
duality holds by hypothesis, (11.6) is an isomorphism. The source is
equal to 0 by (11.5). Since N is arbitrary, therefore

Rr-q(f | U)* O(- p ) is equal to 0. Thus (i, b) follows by induction on q.
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(iii) Let f’ : X’ - Y’ denote f x Y’. Then wf, exists and is lfp in view
of (9, iii) because 03C9f is so. Now, choose a covering of Y by quasi-
compact open subschemes U such that f-1U admits a relatively
ample sheaf 0(1). By (ii), for each U there exists an integer po such
that (i, a) and (i, b) hold. Moreover, the proof of (ii) yielded that each
sheaf Rr-q(f | U)* O(- p ) for q = 0,..., n commutes with base-

change. Therefore (i, a) and (i, b) remain valid with f’ for f, with g-1 U
for U, and with g*O(1) for 0(1). Hence nth order duality holds on
X’I Y’ by (i).

EXAMPLE (12): For duality holds on X/Y for X = P(Q) where Q is
a locally free sheaf of rank r + 1 on Y. Indeed, an r-dualizing sheaf
exists and is lfp by (7, ii) because this is a local matter. Finally, (11, i)
holds with Y for U and r for po by Serre’s explicit computation [EGA
III1, 2.1.12, p. 98].

REMARK (13): Condition (10, ii, b) cannot be usefully changed by
replacing F by F Q9y M where M is an lfp sheaf on Y. Indeed,
suppose that Y is affine and that the conditions (11, i, a) and (11, i, b)
hold for n = 1 with Y for U. Take F = O(- po), fix M and suppose
that D’(F ~ M, N) is an isomorphism for all N. We are going to
prove that M is locally free.

Construct a surjection Mo-M, where Mo is free and finitely
generated, and let Mi denote the kernel. The sequence,

(13.1) 0 ~ (Rrf*F) ~ M1 ~ (Rrf*F) ~ M0 ~ (Rrf*F) ~ M ~ 0,

is exact because R’f *F is locally free by hypothesis, and if (13.1) is
split, then M is locally free as M is lfp. Consider the following
diagram, with exact top line:

The two vertical maps are isomorphisms because tof is an r-dualizing
sheaf. The third term at the top is equal to 0 because by hypothesis
D1(F ~ M, N) is an isomorphism and R’-1 f *F is equal to 0. Hence
the bottom map is surjective. Since N is arbitrary, (13.1) is split, and
so M is locally free.
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In particular, therefore there is no use in dropping the requirement
that F be flat in (10, ii, b). (The flatness enters into the proof of (11, i)
in concluding that RTf *F is locally free if and only if RT-lf *F
commutes with base-change.)

LEMMA (14): Assume nth order duality holds on XI Y. Let F and N
be quasi-coherent sheaves on X and Y. Assume either that F is flat
and lfp or that N is injective for the category of quasi-coherent
sheaves on X. Then the following relation holds :

PROOF: The question is local, so we may assume X admits a

relatively very ample sheaf 0(1). The proof proceeds by induction on
q. The assertion is trivial for q  0. For q ? 0, the induction hypo-
thesis implies that the local-to-global spectral sequence degenerates
sufficiently to yield the following relation for any p :

By duality, the right hand side is equal to 0, because Rr-qf*F(-p) is
equal to 0 by (3, i). Now, there is an obvious canonical isomorphism,

Therefore, since p is arbitrary, the assertion holds.

THEOREM (15): Let h : Z - X be a finite and finitely presentable map
such that the composition g = f 0 h : Z ~ Y is flat and all its fibers are
equidimensional of the same dimension s. Assume (r - s)th order
duality holds on XIY. Then there is a canonical isomorphism of
functors in N,

PROOF: For any quasi-coherent sheaf G on Z, the sheaf,

is clearly equal to the sheaf,
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Since h*OZ is a sheaf of Ox-algebras, there is an obvious change-of-
rings spectral sequence. It degenerates by (14), which applies because
h*OZ is flat and lfp in view of the hypotheses. So (15.2) is equal to the
source of the map,

Note that the target’s first argument is equal to Rsg*G because h is
affine; hence by duality on Z/ Y the target is equal to

g* Homz(G, g!N). Therefore by Yoneda’s lemma the desired map
(15.1) exists.
Checking that (15.1) is an isomorphism is a local matter. So we may

assume f admits a relatively very ample sheaf 0(1), because it does
locally. Then setting G = h*O(p) in (15.3) renders (15.3) an isomor-
phism, because then h*G is flat and lfp and because Rsf*h*G is

equal to Rsg*G, so commutes with base-change by (3, iii). It follows
that tensoring both sides of (15.1) with h*O(p) f or any p and then
applying g* yields an isomorphism. Since h*O(1) is relatively very
ample f or g as h is finite, theref ore (15.1) is an isomorphism.

REMARK (16): Alternatively, the proof of (15) may be completed as
follows. We may assume Y is affine. Then there is an exact sequence
0 - N - N1 ~ N2 in which Ni and N2 are injectives for the category of
quasi-cohérent sheaves on Y. Both sides of (15.1) are left exact in N;
the right hand side is because f! is exact in N and because of ( 14) with
N,IN for N. Therefore (15.1) is an isomorphism, because it is when N
is injective as (15.3) is then.

REMARK (17): If r = s holds in (15), the proof simplifies; then, (14)
is unnecessary and (15.3) is automatically an isomorphism for all G
and N. Consequently, the hypothèses may be relaxed and the follow-
ing result obtained: Let f : X ~ Y be a proper, finitely presentable
map and h : Z ~ X a finite, finitely présentable map. Set g = f ~ h.
Then there is a canonical isomorphism of functors in N,

Moreover, therefore, the implicit hypothesis that f be locally pro-
jective is superfluous in the next result, (18).

COROLLARY (18): Assume the hypotheses of (15). If h is flat, then
an r-dualizing sheaf cof exists. If ltJg exists and if lùf is invertible, then Wf
is given by the following formula :
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PROOF: Obvious.

COROLLARY (19): Assume the hypotheses of (15). If Z is a

relative complete intersection in X with normal sheaf Il, then an

s-dualizing sheaf lJJf exists and is given by the following formula :

PROOF: The fundamental local isomorphism [6, Prop. 4, p. 7; or
10, III, 7.2, p. 179; or 1, 1, 4.5, p. 13] yields the formula,

Since v is locally free, the right hand side is exact. So Wg exists by (8),
as all commutes with open restriction, and 03C9g is given by the desired
formula.

THEOREM (20): For n a 1, the following statements are equivalent:
(i) nth order duality holds on the fiber X(y)/k(y) for each y E Y.
(ii) Hr-q(ox(y)(- p» = 0 holds for q = 1,..., n, for p ~ po(y), for

any (resp. for some) very ample sheaf Ox(y)(1), for each y E Y.
(iii) Exte-r+qP(y)(OX(y), Wp(y)/k(y» = 0 holds for q = 1, ..., n, for any (resp.

for some) embedding of X(y) in a projective e-space P(y), for each
y E Y.

(iv) nth order duality holds on XI Y

PROOF: (iv) ~ (i) ~ (ii). These implications hold by (11, iii and ii).
(ii) ~ (iii). (See [1, (5.4), p. 79]). In brief, it is easy to see that the

local-to-global spectral sequence degenerates for p » 0 and yields the
relation,

It follows that (ii) and (iii) are equivalent because full duality holds on
P(y)lk(y) by (12).

(iii) ~ (iv). The issue is clearly local on Y. So we may assume that
X is a closed Y-subscheme of a suitable projective e-space P = PeY.
Full duality holds on P/Y by (12), so by (15) the following formula
holds:
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Full duality also holds on the fibers P(y)/k(y), so by (14) the Ext in
(iii) is equal to 0 for q ~ -1 also. Hence by base-change theory for
Ext’s [2, (1.10)], the following relation holds:

Moreover, for q = 0, the Ext in (20.2) is right exact in N and it is lfp
for N = Oy. Therefore, in view of (20.1), an r-dualizing sheaf exists
by (8, i) and is lf p by (9, i), for Y may be replaced by an arbitrary
open subscheme.

In view of (20.2) the change-of-rings spectral sequence degenerates
and yields the following relation for m ~ n:

Therefore, nth order duality holds on XI Y because it does on PI Y.

THEOREM (21): Full duality holds on XI Y if and only if each fiber
X(y) is Cohen-Macaulay.

PROOF: The assertion is an immediate consequence of (20, iii ~ iv),
of (7, ii), and of local algebra [1, 5.22, p. 66].

PROPOSITION (22): Suppose each fiber X(y) is Cohen-Macaulay,
and let V C X be the smooth locus of f. Then there is a canonical
isomorphism,

PROOF: Consider the graph Z C X x V of the inclusion of V into
X. It is a relative complete intersection over V [EGA IV4, 17.12.3]
with 03A91V/Y as conormal sheaf [EGA IV4, 16.3.1]. Hence by (19) there is
a formula,

because full duality holds on X x V/ V. Now, wzlv is obviously equal
to Ov, and wxxvlv is equal to the pullback of wxly by (9, iii). Therefore
the asserted formula holds.
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COROLLARY (23): If f is a local complete intersection map with
virtual tangent bundle T [SGA 6, VII, 1, 2, pp. 466-481 and 0, 4.4,
pp. 11-12] then full duality holds and wf is given by the formula,

PROOF: Full duality holds by (21). The formula may be checked
locally, so we may assume X is a closed Y-subscheme of a projective
space P. Then T is represented by the difference, (03C4P/Y | X) - vX/P,
where 03C4P/Y denotes the tangent sheaf of P/ Y and vX/P denotes the

normal sheaf of X in P. Hence the desired formula follows from (19)
and (22).

COROLLARY (24): If X and Y are smooth over a base scheme S,
then full duality holds on X/Y and 03C9f is given by the following
formula :

PROOF: The map f : X ~ Y factors into the composition of the
graph map g : X - X x s Y and the projection h : X x s Y - Y. The map
g is a regular embedding [EGA IV4, 17.12.3] and its conormal sheaf is
equal to f*03A91Y/S because g is a base-change of the diagonal map
Y ~ Y xs Y. The projection h is smooth and its sheaf of differentials
is the pullback of that of X/S. Thus f is a local complete intersection
map, whose virtual cotangent sheaf is represented by the difference,
03A91X/S - f*03A91Y/S. Hence the assertion results from (23) or directly from
(21), (19) and (22).

EXAMPLE (25): Suppose XIY is a family of Cohen-Macaulay cur-
ves. Let Z denote the scheme of divisors of degree n on XI E It is a
smooth Y-scheme of relative dimension n and we seek a formula for

03A91Z/Y in terms of 03C9X/Y.

Let W ~ X  YZ denote the universal family of divisors. Let v
denote the normal sheaf of W in X  Y Z and let px : W ~ X and
pZ : W ~ Z denote the projections. Then by general principles [7, pp.
22, 23, or SGA 3, p. 130] there is a formula,

Applying duality on W/Z turns this formula into the following one:
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By (19) and (9, iii) the sheaf wmz is equal to v 0 pX*03C9X/Y. Since W is
a divisor, v is invertible. Therefore the preceding formula yields the
following one:

This formula for the case in which X is a smooth curve over a field

was given by Mattuck in [13, Formula (2) and Prop. 1, p. 781].

REMARK (26): (i) For n - 1, there is an open, retrocompact
subscheme U of Y (possibly empty) such that nth order duality holds
on an X’/ Y’ obtained via a base-change map g : Y’ - Y if and only if
g factors through U. Indeed, (20, iii) is an open, retrocompact con-
dition by the proof of [EGA IV3, 12.3.4].

(ii) If Y is locally noetherian, then for a dualizing sheaf to exist it
is enough for there to be a canonical isomorphism of global functors,
f ’N = 03C9f Q9 N, because a quasi-coherent sheaf on an open subscheme
of Y always extends over all of Y by [EGA 1, 6.9.2, i, p. 317].

(iii) Condition (10, ii, a) came up only three times - in the proof of
(11, i), where it was verified, in Lemma (14) and in Remark (16).
Notably, it was not involved in the proof of (11, ii). Hence, it is a

formai consequence of (10, ii, b).
(iv) In (11, i) the hypothesis that Wf exist and be lfp can be

eliminated. The existence of Wf follows from the hypothesis (11, i, a)
by the reasoning in (7, ii). The finiteness of tof is more difficult to

prove, see (v) below.
(v) The sheaf f’-N is lfp if N is, in two cases: (a) Y is locally

noetherian, (b) wf exists. In case (a), reasoning as in the first part of
the proof of (20, iii O iv) we are reduced to observing that the Ext in
(20.1) is lfp because Y is locally noetherian. In case (b), we have
f ’N = wf 0 N, and wf is lf p by (vi) below.

(vi) Fix y E Y. Suppose the natural map, (f!OY) ~ k(y) ~ f(y)!k(y),
which exists in view of (5, ii), is surjective. Then there exists an open
neighborhood U of y such that wf | U exists and is lfp; in fact, there
exists a noetherian scheme Uv, a flat and projective map fv : Xv ~ U,
such that wfv exists, and a map U ~ Uv such that f | U = fv x U.

Indeed, reasoning as in the first part of the proof of (20, iii O iv) we
are reduced to verifying a corresponding statement about Ext’s. The
latter can be proved using the ideas of [2, (1.9, i)], of [EGA IV3,
§ 12.3], and of [ 11, Appendix].

(vii) Suppose that Y is a proper, finitely presentable S-scheme,
say, with structure map g : Y - S, and that the fibers have dimension
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at most s. Then Formula (2.4.1) can be generalized to various extents.
First, since Rr+s(gf)* is equal to Rsg*Rrf* by the Leray spectral
sequence and Lemma (3), and since adjunction commutes with com-
position, the following formulas follow formally:

Hence, if f and g admit dualizing sheaves, then g ~ f admits one too
and it is given by the formula,

Suppose now that wg is invertible; it is, for example, when g has
Gorenstein fibers, because ù)g is flat and commutes with base-change
(9, i, ii). Then the preceding formula is equivalent to the following
one:

Finally, if g (resp. g ~ f ) is smooth and locally projective, then wg
(resp. 03C9g~f) may be replaced by detf2’s (resp. det 03A91X/S) by (22). In
particular, Formula (24.1) is recovered via an alternate route. (There
was no need here for f to be flat or locally projective.)

(viii) The functor f’ is local on X in the following sense: Let
f1:X1 ~ Y and f2:X2 ~ Y be proper, finitely presentable maps with
dim Xi(y) ~ r such that there exists a Y-scheme U, an open Y-

embedding of U into Xl, and one into X2. Then there exists a

functorial, canonical isomorphism,

Here is an outline of a proof inspired to some extent by [10,
Appendix]. We may assume Y is affine, and by [EGA IV3, §8] and by
(5, iii), noetherian. We may replace X2 by the closure of U in Xi YX2
and so assume that X2 is the closure of U and that f2 factors through
a map h:X2 ~ X1 such that U is equal to h-1U. The set of x EXI(y)
with dim h-1(x) ~ d has dimension at most r - d - 1 ; hence by (3, i)
the Leray spectral sequence degenerates sufficiently to yield the

formula,

for any quasi-coherent sheaf F on X2. So, the duality isomorphism
(2.1) yields the relation,
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Take F = J", where J is the ideal of X2 - U, and pass to the limit over
n. Since h *J defines a subscheme supported on XI - U, the limit is

equal to the following relation by [EGA 1, 6.9.17, p. 323]:

Since we may assume U is affine, we obtain the desired relation

(26.1).
(ix) A theory of residues can be developed in the spirit of this work

following the outline in [16, pp. 398-400].
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