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ON THE LOGARITHMIC PLURIGENERA
OF ALGEBRAIC SURFACES

Yoshiyuki Kuramoto

Introduction

Let S be a nonsingular algebraic surfaces over the complex number
field C. We study the logarithmic plurigenera P, (S) under the
assumption that there is a surjective morphism f:S—>A to a non-
singular curve A whose general fiber C, is an irreducible curve such
that the logarithmic Kodaira dimension k(4) is non-negative. Such a
situation can arise from the quasi-Albanese mapping as of S. If
k(C,) = -, ie. C,=P' or A!, then P,(S) =0 for all m >0. Thus we
assume that <(C,)=0. Then by the addition formula for logarithmic
Kodaira dimension ([6]), we have some m > 0 such that P,(S)= 1. In
this paper we shall look for integers m such that P, (S) = 1.

We use the following notations:
S: a nonsingular complete algebraic surface which contains
S as a Zariski open set,
D=S-S: the complement of S in S. We assume that D has only
normal crossings and every irreducible component of D
is nonsingular.
a nonsingular complete algebraic curve which contains A
as a Zariski open set,
f:S—>A: arational mapping defined by f. We can assume that f is
a morphism by taking a suitable S.

C.: a general fiber of f,

Kjs: the canonical divisor of S,
p.(S): the geometric genus of S,

B

0010-437X/81/060343-22$00.20/0

343



344 Y. Kuramoto 2]

q(S): the irregularity of S,
P,(S): the m-genus of S,
p.(S): the logarithmic geometric genus of S,
q(S): the logarithmic irregularity of S,
P,.(S): the logarithmic m-genus of S,
k(V): the Kodaira dimension of a nonsingular complete al-
gebraic variety V,
k(V): the logarithmic Kodaira dimension of a nonsingular al-
gebraic variety V,
g(C): the genus of a nonsingular complete algebraic curve C,
m(C)=(1/2)(Ks+ C, C) + 1, if C is a divisor on S,
~: the linear equivalence of divisors,
D, = D,: means D,— D, is effective or 0 if D, and D, are divisors.

The following are our results.
THEOREM 1: Under the above notations if k(A)=0 and «(C,) =0,
then PS)=1 or P«(S)= 1.

COROLLARY: Let S =A>— V() where ¢ €C[x, y] and ¢ is irre-
ducible. If P((S)=Ps=0, then S = A' X G,.

THEOREM 2: Let S be a nonsingular algebraic surface over C. If
kK(S)Z 0 and G(S)= 1, then P(S)=1 or P(S)= 1.

If S is neither ruled nor rational, then P«(S)=1 or P¢(S)=1 from
the theory of complete algebraic surfaces. Thus to prove Theorem 1,
it suffices to treat the case that S is ruled or rational. In §1, we give
preliminary results. In §2-§7, we prove Theorem 1. The following
theorem due to Tsunoda plays an essential role in §7.

THEOREM 3: (Tsunoda) Let S, S and D be as above. If k(S) =2 and
the intersection matrix of D is not negative definite, then P,(S)= 1 or
Py(S)=1.

In §8 we prove Theorem 3. In §9 we prove Corollary and Theorem 2.

The author would like to express his hearty thanks to Professor S.
litaka for his kind advices and encouragement, and to Mr. S. Tsunoda
who proved Theorem 3.
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§1. Preliminaries

LemMA 1: Let S, S and D be as in the introduction. Suppose that
there is an exceptional curve of the first kind E on S such that (E,
Ks+D)=0. Let n:S—S® be the contraction of E. Then u(D) is a
divisor with only normal crossings and P, (S) = P, (S° — n(D)).

Proor: Easy and omitted. Especially if DZ E and (D, E) = 1, then
St — w(D) is called a half point detachment from S, and if D D E and
(D—E, E)=2, then u is called a canonical blowing down. (c.f. [5])

LEMMA 2: Let S, S and D be as in the introduction. Let D=3 D; be
the irreducible decomposition of D. Let h(I'(D)) be the cyclotomic
number of the dual graph I'(D) of D, i.e.

h(I'(D)) = (number of connected components of I'(D))
- (number of vertices of I'(D))
+ (number of 1-simplices of I' (D)).

Then we have
Pe(S) = m(Dy) + po(5) — q(S) + h(I'(D)) + .

Where t is the dimension of the kernel of the canonical homomor-
phism H'(S, 05)> H'(D, Op). (c.f. [9; Theorem 2.2]).

LeEMMA 3: Let w:V —> W be an r-sheeted Galois covering, where V
and W are complete normal algebraic varieties over C. Let D be a
Cartier divisor on W. Then we have

a) dim H(V, Oy(w*D)) = 1=> dim HAW, Ow(rD)) = 1,
b) dim H(V, Oy(7w*D)) = 2=> dim H(W, Ow(rD)) = 2.

ProoF: Using the same argument as [2; §6] or [4; §10.11], we can
prove the above lemma. Details are omitted.

In that follows we tacitly use the notation in the introduction.
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§2. The case k(C,) = — and k(A) = —©

ProposITION 1: If K(C,) 20, k(A)=20, «(C,) = — and k(d) = -
then PA(S)=1.

PROOF: By the assumption, S is rational and A =P'. Hence there
exists a composition of a finite sequence of quadratic transformations
w:S—>S where f:S$—A is a P-bundle over 4 and f =f°pu. Since
%(A)=0, A C C* and so D contains two reduced fibers of f which we
denote by F, and F,. If D contains two horizontal components with
respect to f, then by Lemma 2 p,(S)=1. Thus we assume that D
contains only one horizontal component which we denote by H. If (H,
F))=2, then by Lemma 2 p,(S)=1. Hence we assume (H, F))=1.
Let C, be a general fiber of f and F, be the fiber such that
F, = supp(Fl). Since &(C,) =0, it follows that (C,, H) = (F,, H)=2.
Hence F, # F, and F, contains an exceptional curve E,. If EENH =
0, we can contract E,. Thus we may assume (E;, H)=1. If E, is an
edge component of F, (i.e. (E,, F,— E;) = 1), then (E;, D ~ E,) = 2 and
so by Lemma 1 we can contract E,. Thus we may assume that F,
contains two components C; and C, such that (C,, E\) = (C;, E)) = 1.
Let u': S — S’ be the contraction of E;. Put u4(Cy) = Ci, u4(Cy) = C}
and u+(H)= H'. Since 2F, = C,+ C,+ 2E,, we have

K§+H+2F|§K§_E1+H+C|+C2+3Elz IJ‘I*(K§/+H’+C;+C9.

On the other hand by the Riemann-Roch theorem we have

dim HXS’, 0s(Ks+ H'+ C;+ C%)
=(1/2)Ks+H'+C{+C3, H+Ci+C)+1=1.

Thus we have

dim H%S, 0s(Ks+ H +2F)) = 1.
Similarly, dim H%(S, 0s(Ks+ H +2F,) = 1.
Hence, dim H%S, 052Ks+2H +2F, +2F,)) = 1.

Therefore, Py(S) = dim H°(S, 05(2(Ks+ D))) = 1. Q.E.D.
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§3. The case xa(C,) = — and k(A)=0

PROPOSITION 2: If &(C,)=0, k(4)=0, «(C,)=— and x(4)=0,
then 132(8) =1.

Proor: By the assumption we have the following commutative
diagram:

S £

S

N
AN
A

bl (-TCIJ>

£~

Where A is a nonsingular elliptic curve, f:S—A is a P'-bundle,
p:S—S is a composition of a finite number of quadratic trans-
formations and S — S = D is a divisor with normal crossings. We may
assume that all irreducible components of D are horizontal with
respect to f. Put D =3I H;, where the H; are irreducible components.
Since the H; are horizontal g(H;)=g(A)=1. Hence if Zg(Hp=2,
then by Lemma 2 we have p,(S)= 1. Thus we assume that D is an
irreducible horizontal curve such that g(D)=1. We put u=
piopao- - o, where w; : Si— S; is a quadratic transformation with
center p;, So= Sand S,=S. Let E, = wi'(p;). For the sake of sim-
plicity we use the same letter E; for (uiso---°pu,)*E; also. Put
(D)= D. Let v; be the multiplicity of the proper transform of D to

S;-1 at pi. Then we have
p*D =D+ vE, w*Ks~Ks— E.
i=1 i=1

Let F be a fiber of f:S - A. We put (E, D)= d. Since every excep-
tional curve on S is contained in some fiber of f, it follows that
(F, D)=(C,, D). By the assumption that &(C,)=0, we have (C,,
D)= 2. Hence d = 2. Since S is a ruled surface of genus 1, there is a
non-negative integer b su.h that

D =—(d/2)K;s + bF,

where = means numerical equivalence. Since g(D) = 1, we have

0=(D,D+Ks)= (D~ 3 uE, D+Ks~3 (- DE;)
i=1 i=1
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- (f),l‘)+Ks~)—§r; vy — 1)

i=1
= (—(d/2)Ks + bF, (1-(d/2))Ks+ bF) — E_:‘ vi(y; — 1)

r

=2b(d—1)— vy, —1).
i=1

Thus we have

M Zrl 12vi(vi—1)=b(d - 1).

First we treat the case that »; =1 for all i. In this case b =0 and
D +(d/2)Ks=0. We may assume S = S. Then we have

(D+Kg, F)=((1-(d[2))Ks, F)=d —2=0.

If d>2, then H%S, Os(—(m—1)D—(m—1)Kg))=0 for m =2,
because F?=0. Thus from the exact sequence

Os(—=mD — (m — 1)Kg) > Os(— (m — 1)D — (m — 1)K)
- 05(—(m — 1)(D + Kg)|p) = Op,
we get the exact sequence
0 HYD, 05)—> H'(S, 0s(— mD — (m — 1)Kg)).
Hence, dim H'(S, 0s(m(D + Ky))) = dim H'(S, Os(—mD —(m — D)K3))
=1.

Since HX(S, 0s(m(D + Ky))) = H(S, Os(—mD — (m — 1)K3)) = 0, apply-
ing the Riemann-Roch theorem, we obtain

dim HS, 0s(m(D + Kg))) = 1 for m = 2.

Especially, we know P,(S)= 1 in this case.

Now we assume that d =2. Put D =A. Corresponding to the
morphism f|p:D- A, we get the homomorphism y:A->4A of 1-
dimensional Abelian varieties. We denote the kernel of ¢ by G. Let
S =8 x zA be the fiber product. Then we have the following com-
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mutative diagram:

f f

De— WU
B «——— W

—_
v
¥

—>

Where ¥:S—S and f:S—A are projections. Since ¢:A >4 is a
2-sheeted unramified Galois covering, so is ¥:S— S. And we know
that f:S— A is also a ruled surface of genus 1. Let D be a cross-
section of f defined by D = {(a, a)|la € D}. Then we have

v*D =¥ (D)={(a,a+0)lc €G,a€D}= Y o(D),

oc€EG

and o(D) N a'(D) = ¢ if o# o'. Hence ¥ (D) consists of 2 connected
components and each component is a nonsingular elliptic curve. Thus
applying Lemma 2, we obtain

dim HS, 05(¥*D + Kg)) = 1.
Since ¥*D + Ks = ¥*(D + Ks), we can apply Lemma 3a) and obtain
dim H%S, 052(D + K3))) = 1.

Thus we complete the case that »; = 1 for all i.

Now we assume that =/, (»; — 1) > 0. It is obvious that v; = d for all
i.

Suppose that there is v; such that »; = d. Then D has a d-ple point
po. Let F, be the fiber of f which contains p,. Since (15, Fo) =d, we
know DN E, = {po}, and D and F, have no common tangent line at Po-
The quadratic transformation with center p, appears in u=
e« o u,. We denote it by wo. Let Fj and D' be proper transforms
of F, and D by u,, respectively. Then we have F;ND'=¢ and
(F§)*=—1. And the proper transform of Fjto S is also an exceptional
curve which does not intersect with D. By Lemma 1, we may assume
that there is not such a curve on S. Thus we assume that v; < d for all
i

If d=2, then we have v; =1 for all i. But this contradicts the
assumption. Therefore we assume that d = 3.

Suppose that there is »; such that v, =d —1. Then D has a d-1)-
ple point p,. Let F, be the fiber of f which contains p,. Let po be the
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quadratic transformation with center po, F{ and D' be the proper
transforms of F, and D by p,, respectively. If D N Fy—{po} = ¢, then
D and F, have no common tangent line at p, and intersect simply at
some other point. If D N F, = {po}, then D' and F} intersect simply at
one point of pg'(pe). In each case, we have (F§, D') =1 and (Fg)*=
—1. Thus, there is an exceptional curve E on S such that (E, D)= 1.

By Lemma 1, we may assume that there is no such curves on S.
Hence we reduce the problem to the case that d 23 and v, =d —2 for
all i.

Since D + K5~ u*(D + Kg) — 2 (v, — 1)E,, we have
i=1
) dim H°S, 0s(m(D + K3)))
= dim H%S, 0s(m(D + K3))) —21 a2)m@; — D(m@; = D+ 1).

On the other hand, by the Riemann-Roch theorem we have

3) dim H(S, 0s(m(D + Ky)))
= (1/2)(m(D + Kg), mD + (m — DKs) = m*d — 1)b — m(m — 1)b.

Combining (2) and (3), we calculate
dim H%S, 0s(m(D + K5)))
2 mi(d= Db~ m(m = Db —m* 3 12)( - 1)
+mm=1) 3 (1) % (v~ 1)
=m(m 1) (3 12w~ 1-b)
=A2m(m =1 (T - n-@d=1" 3 niw-1)
= (12m(m =1 %, (1= (af(d = D)(wi ~ 1)

= (1/2)m(m - 1)(d - 1)~ 2 v —1)
= (1/2)m(m — 1)(d — 1),

Especially we get dim H%S, 05(2(D + Ks))) = (d — 1)"' > 0. Therefore
we have Py(S)=1. Q.E.D.
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§4. The case k(C,) = — and x(A) =1

ProposiTioN 3: If &(C,)20, k(4)=0, k(C,)—» and k(A)=1,
then p,(S)= 1 and P,=2.

Proor: Let D=3, C; be the irreducible decomposition. From
the assumption we know (C,, D) =2. We may assume that all C; are
horizontal with respect to f. Since g(C;) = g(4) = q(S) =2, by virtue
of Lemma 2 we have p,(S)= 2/, g(Ci) — a(S) = (r — 1q(S). Thus if
rz2, we have p,(S)=2. Hence we assume that r = 1. Put ﬂc, =
Applying Hurwitz' formula to ¢ : C,— A, we get

g(C) = (deg ¥)(q(S)— 1)+ 1+(1/2) ,,Zg (e(p)— 1),

where e(p) is the ramification index of ¢ at p. Since deg ¢ = (C,,
C.)=(D, C,)=2, we see

g(C)=2qS)-D+1zqS)+1.
Hence p,(S) = g(Cy) — q(S) = 1, and if pz(S) =1, then we have q(S) =
2,deg =2, Z,ec, (e(p)—1)=0 and g(C,) = 3. Thus if p,(S) =1, then
Y:C,— A is a 2-sheeted unramified covering. Let S = S X ;C, be the
fiber product. Let. ¥:§—-S and f:S— C; denote the first and the
second projectiens respectively. Then ¥ is a 2-sheeted unramified
covering and q(S) = g(C;) = 3. Put ¥ (C,) = =i, C} where the C/ are

irreducible components. Applying Hurwitz' formula to ¥|c;: Ci— C,,
we get

g(C) = (deg(¥|c))(3— 1) + 1 = 2(deg(¥|c)) + 1.
Thus by Lemma 2 we have
dim H'(S, 05(¥™'(C) + Ks) = 3 ¢(C) - q(3)

z2> deg(¥|c)+s—3=2degy+s—3=s+1=2.
=1

Since ¥¥(D+ Kg)= ¥ (C)+ ¥*Ks= ¥"'C,+ Kj, applying Lemma
3b), we infer that P,(S) = 2. Q.E.D.

REMARK: p,(S)=1 was proved by Miyanishi-Sugie in [12; §2].
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§5. The case k(C,)=0, k(A)=—= and S is an irrational ruled
surface

PropoSITION 4: If i(C,)=0, k(4)=0, k(C,) =0, k(A)=—o, S is
ruled and q(S) = 1, then p,(S)= 1.

PROOF: Let a:S— B:=a(S) S Alb(S) be the Albanese mapping of
S, then B is a nonsingular curve of genus q(S), and the ruling of S is
given by a. By the assumption, we know that D = § — S contains two
reduced fibers of f which we denote by F, and F,. For a general point
p of S, the fiber of f which contains p is a nonsingular curve of genus
greater than 0 which we denote by C,, and the fiber of a which
contains p is a nonsingular rational curve which we denote by C,.
Then C,# C, and C;N C, # ¢, hence (C,, C,) = 1. Therefore for any
u €B and w € 4, we have (f*(w), a*(u)) = 1. Especially, F;, and F,
contain horizontal components with respect to a which we denote by
H, and H; respectively. Then from Lemma 2 we infer that p,(S)=
gH)+g(H)—q(S)zqS)=z1. QE.D.

§6. The case k(C,) =0, k(A) = —x, and S is rational

ProposITION 5: If K(C,) =0, k(4) =0, k(C,) =0, k(A) = —» and S
is rational, then Py(S)=1 or P(S)= 1.

ProOOF: By assumption, D contains two reduced fibers of f which
we denote by F; and F,. We may assume D = F, + F,. We contract all
exceptional curves contained in fibers of f and then we have the
following commutative diagram:

g n

S
AL

where f:$ - A is a rational elliptic surface which has no exceptional
curves contained in fibers and u:S—>S$ is composed of a finite
number of quadratic transformations. Let F, and F, be fibers of f
such that F; = supp p.*ﬁ, and F, = supp ,u,*ﬁ‘z. Then by the canoni-
cal bundle formula [10], we know

Ks~-F+3 (m, - 1P,
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where the m,P,’s are all multiple fibers of f and F is a general fiber of

f. Since S has an exceptional curve E which is horizontal with
respect to f, we have

—1=(E,Ks)=~(E,F)+ 3 (m,— 1)(E, P,)
- (—1 +3a —m;‘)) (E, F).
Hence f:S— A has at most one multiple fiber which we denote by
myP,. Putting mo =1 if f is free from multiple fibers, we have
KS ~ _Po.

Now we use the classification of singular fibers of elliptic surfaces by
Kodaira [11]. Since pg(S') = q(S) =0, we have

4) 12= ; br(1,) + }bj (6 + b)v(I¥) + 2v(I1) + 10v(I1*)
+ 9 (IIT*) + 4v(IV) + 8v(IV*),

where v(T) is the number of the singular fibers of S of type T.

LEMMA 4: If F; is a singular fiber of type I, or I} or IT or Il or IV,
then |Ks+2F| # ¢.

Proor: If F. is of type I,, by Lemma 2 we have |Ks+ F| # ¢. If E
is of type I}, then 2 supp F; = F; and we may assume p*F; contains
no exceptional curves. Hence we have

Ks+2F, =z u*Ks + u*F, = 0.

If E is of type II i.e. a rational curve with one cusp, then F; contains
an exceptional curve E and nonsingular rational curves C,, C, and C;
such that (C;, E)=(C,, E)=(Cs, E)=1. Let u': S-S’ be the con-
traction of E and denote n4(C;) by C} for j =1, 2, 3. Then we infer
that

Ks+2F; ZKs—E + Ci+ Cy+ C3+3E = w*(Ks + C + C3+ C3).
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And by the Riemann-Roch theorem we have

dim H%S', 05(Ks + Ci+ C}+ C%)
=(1/2)(Ks5, +Ci+ C3+ C,, Ci+Ci+CH+1=1.

Thus we have dim H%S, 05(Ks+2F,))= 1. If E, is of type IIl i.e. two
nonsingular rational curves intersecting at one point with multiplicity
two, or type IV i.e. three nonsingular rational curves intersecting one
point, then F; contains also an exceptional curve E and nonsingular
rational curves C;, C, and C; such that (C,, E) =(C,, E)=(Cs, E)
= 1. Hence similarly we have

dim H%S, 05(Ks+ 2F)) = 1. Q.E.D.

By Lemma 4 we infer that if both F, and F, are of type I, or I or
Il or IV, then [2(Ks5+ F, + F,)| D |Ks + 2F,|+ |Ks+ 2F,| # ¢, and hence
PxS)=1.

Now we assume that one of F; is of type II* or IIT* or IV*. By the
assumption, the functional invariant of S (if S has a multiple fiber, the
functional invariant of the corresponding elliptic surface free from
multiple fibers) is not constant. Therefore we know that £, (v(I,) +
v(I¥)) = 1. Hence if v(II*) = 1, then we infer from (4) that =, bv(I,) =
2 and remaining v(T) are 0. Thus one of F; is of type I, and therefore
by Lemma 2 we have p,(S)= 1. Thus we assume that one of F, is of
type III* or IV*.

Case 1. First we consider the case that one of F; is of type III*.
We assume that E, is of type III*. We may assume that F, is not of
type I, by Lemma 2. Then from (4) we know that F; is of type II. We
put

Fi=0,+20,+30,+40;+30,+205+204+ 0,, (0, 0, = (0, O,)
= (02, 03) =(0;, 0;5) = (03, Oy) = (O, Og) = (O, O;) =1,
ﬁz = C,

where the ©; are nonsingular rational curves with self-intersection
number —2 and C is a rational curve with one cusp. Since u:S— S
gives rise to an isomorphism on a neighborhood of F,, we have

F|: @0+ @|+@2+ @3+@}4+ @5+ @6+ @7,

where we denote p*®; by the same letter @,. On the other hand we
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have
u*E, = C" +2E{+3E}+ 6E;,

where p = p;° u2° 3 and C" is the proper transform of C by p and
E; are the exceptional curves of the quadratic transformations u; and

? and Ej} are the proper transforms of E, and E, to S, respectively.
We denote the total transform of E; by the same letter E;. Then we
have

F,=C"+E{+E;+E..
Since myP, ~ C, we infer that
Ks+ F,+E; ~u*Ks+ E\+ E;+ Es+ F,+ Es~ pu*(Ks+ C)=0.
On the other hand,

4F| = M*F1+3@o+2@1+@2+ @4"’2@5‘1‘2@(,"‘3@7
"’[.L*C+3@o+2@1+ @2+ @4+ 2@5+2@6+3@7-

Hence we have

4(K§+F1 + Fz) = 4(K§ + F2)+4F1 ; _4E3 + [.L*C
=C"+2EY+3E;+2E;=0.

Therefore we get Py(S)= 1.

Case 2. Now we consider the case that one of F; is of type IV*.
We assume F, is of type IV*. We may assume F; is not of type I,.
Then from (4) we know that F; is of type II or III. We put

Fi=0,+20,+30;+20,+ 0+ O,

(0, 0)) = (01, 0,) = (0, 0,)
=(0,, 0,) = (03, 05)=(0,, 0y =1,

where the ©; are nonsingular rational curves with self-intersection
number —2. Since p gives rise to an isomorphism on a neighborhood
of F;, we denote u*@; by the same letter O,

Case 2.1: First we consider the case that F, is of type II. Then F,
and F, are the same as in the case 1. Quite similarly we have
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K5+ F,+ E;=0. On the other hand,

3F, = u*Fi+20,+ 01+ O; + O, + 205+ 20
N[.L*C+2@0+ @l+®3+@4+2@5+2@6-

Hence we have

3(Ks+F,+ F)=3(Ks+ Fy) +3F, = -3E;+ u*C
=C"+2EVY+3E;+3E;=0.

Therefore we get P5(S) = 1.

Case 2.2: Now we consider the case where F, is of type III. Then
we have F,=C,+C, where C, and C, are nonsingular rational
curves, C;N C; is one point and (C,, C,) =2. We put C,N C,={p}.
Let p:S,—» S be the quadratic transformation with center p. We
denote the exceptional curve of u,; by E, and the proper transforms
of Cyand C; by Ciand Cjrespectively. Let w,: S,— S, be the quadratic
transformation with center C{ N C5. We denote the exceptional curve of
w2 by E; and the proper transforms of Ci, C; and E, by C/, C and E;
respectively. Then we may assume that S = S, and u = p; o w,. And we
have

p*E,=Cy+ CY+2E|+4E,.
Hence
F,=Ci+C3+E{+ E,.
Thus we infer that

Ks+ F,=p*Ks+E + E;+C{+CYy+E{+E,
= M*K§+M*ﬁ2_E2§—E2.

Hence we have

3(Ks+ Fi+ F))=3(Ks+ F))+3F, =z -3E;+ C{+ Cy + 2E| + 4E,

=C/+C{+2E|+E,=0.

Therefore we obtain Py(S) = 1. Q.E.D.
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Figure 1.

REMARK: We can construct rational elliptic surfaces free from
multiple fiber of case 1, case 2.1 and case 2.2 as follows.

Construction of case 1

Let Cy be a quartic curve in P* defined by
2y - X*=X'Y,

where (X : Y : Z) is a homogenuous coodinate in P>. Then C, has a
tacnode at (0:0:1) and a cusp at (0:1:0). Let T, be the tangent line of
Co at (0:0:1). We can resolve the singularity of Cy at (0:0:1) by
the quadratic transformations as Figure 1.

Then we know T¢ is an exceptional curve and T{¢NCy =¢. We
contract Ty and denote the resulting surface by So. Let E, be the
direct image of E,. Then we have (E))*=0, (E}))’=-2 and C§~
4E,+2E}. Hence Sy=3, and Cj{ € [2M + 41|, where M is the minimal
section and [ is a fiber. We put E,=lyand CiNly= {p, q}. We perform
quadratic transformations at p and q as Figure 2.

Let p:S — S, be the composition of these quadratic transformations.
Let C and O; be the proper transform of Cy and [, by u, respectively.
Put E3—Ey=60y, Exy—E»=0;, Ex—E;3=0, En—E;3 =0, E; -
E;=0, E;—Ep=0, and M = Os, then the ©; are nonsingular
rational curves with self-intersection number —2. Put

Fi=0,+20,+30,+40;+30,+205+20,+ 0,, F,=C.

Then F, ~ F, and Py S > P! is a rational elliptic surface with singular
fibers of type III* and of type II. Since E,; and E,4 are cross-sections of
Dicy, S is free from multiple fibers. We put S = S - supp F,— F,. Then
we infer that Py(S) = P3(S) =0, P(S)=1 and Px(S) = 2.
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Construction of case 2.2

Let C be a conic and [; a line in P? such that C and [, intersect at
one point g with multiplicity 2. Let [, be a line which does not contain
q and intersects with C simply at two point p, and ps. Put [N 1, =p,.
We perform quadratic transformations at p,, p, and p; as follows:

p: q
D2
C
P3
A
—

Figure 3.
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Let p: S —P? be the composition of these quadratic transformations.
We denote the proper transforms of ly, l; and C by Iy, 11" and C"". We
put [{=0,, En—E;3=0,, E,y—E;=0,, En—E;=0s, Eyy—En=
0,, E;;— Es3= O¢ and E; — E3; = 0,. And we put

Fi=00+20,+30,+20;+20,+ Os+ O, F, = 17"+ C"".

Then F,~ F, and ®: S —>P' is a rational elliptic surface free from
multiple fibers and with singular fibers of type IV* and of type III.
Put S = S —supp F,— F,. Then we infer that P(S) =0, Py(S) =1 and
P(S)=2.

Construction of case 2.1

In the above construction of case 2.2, we replace C + 1, by a cubic
curve with one cusp and the remaining part goes quite similarly. Then
Py(S) =0, P5(S) =1 and P«(S) =2.

§7. The case k(C,) =1, k(A)=— and § is rational

ProrosiTioN 6: If «k(C,)=1, k(A)=0, k(A)=—-~ and S is
rational, then P4(S)=1 or P¢(S) = 1.

ProoF: From the addition formula ([6]), we know k(S)=1. By
assumption D contains two reduced fibers of f which we denote by
F, and F,. Hence the intersection matrix of D is not negative definite.
Therefore if K(S) = 2, then by Theorem 3 P,(S)= 1 or P¢(S) = 1. Thus
we assume that k(S)=1. Then by [7; (2.3)-(2.8)] we have a fibering
g:S—>P' such that a general fiber of g|s is a C* or an elliptic curve.
Since the genus of C, is greater than 1, F, and F, contain horizontal
components with respect to g. Therefore a general fiber of g|s is a C*.
Hence using [7; (2.6) and (2.8)], we reduce the problem to the
following:

Under the condition that —2+3; (1—-m;") >0, look for the
integer m such that —2m +3; [m(1—m;)] =0, where m; are

integers or © and [ ] is the integral part.

We infer that for any such m;, m =4 or 6 is sufficient. Q.E.D.
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§8. Proof of Theorem 3

First we note that when we contract an exceptional curve E on S
such that (E, K5+ D) =0, the condition on the intersection matrix of
D is also preserved. Hence by Lemma 1 we may assume that there is
no such exceptional curve on S. By Proposition 2, 3, 4 we may
assume that S is rational and by Lemma 2 we may assume that each
connected component of D is a tree of nonsingular rational curves.

Let Ks+ D =(Ks+D)'+(Ks+ D)™ be the Zariski decomposition
of Q-divisor (c.f. [7]). We put (Ks+ D) =Z!_; a;C; where the a; are
rational numbers such that 0 < a; = 1 and the C; are irreducible curves.
Suppose that C;Zz D for 1=i=tand C;CD fort+1=si=r If (Ks,
C)z0for 1=i=t, then

r t

(2‘ a;C;, 21 a,C)=(Ks+D—-(Ks+ D)+ - 2 a,C;, Zl a,~Ci>

=1+1

r t

t
= (Kg +D— 21 a;Ci, 21 a,~C.-) = (Kg, ZI aiCi> =0.
i=t+ i= 1=

This contradicts to the negative definiteness of (Ks+ D). Hence (K3,
Ci) <0 for some iy such that 1=i,=t. Since (C;, C;) <0, C;, is an
exceptional curve such that (Ks+ D, C,) =0, which is a contradic-
tion. Therefore C;C D for 1=i=r. Thus we have (Ks+D) =
K5+ D,,, where D,, = D —(Ks+ D) is an effective Q-divisor. Since
the intersection matrix of D is not negative definite, there are some
irreducible components of D which don’t occur in (Ks+ D). Hence
the part of D,, with coefficient 1 is an effective integral divisor which
we denote by Dy. Then we have

Dn=Do+ 3 dC,
i=1

where the C; are irreducible curves and the d; are rational number
such that 0 <d; <1. It is easy to see that if C; intersects with D,
di=1—-m;' where m; is a positive integer. Since n(Ks+ D)=
nKs—[-(n —1)D,]+ Dy = nKs+[nD,], we have P,(S)=dim H’S,
0s(nKs—[—(n — 1)D, ]+ Dy)) for n =2, where[ ]is the integral part of
a Q-divisor. Since dim HXS, 05(nKs—[—(n — 1)D,]1+ Dy)) = 0, by the
Riemann-Roch theorem we have

P.(S) = (1/2)(nKs — [~(n = )Dn], (n = DKs — [~(n =)D, + 1

+(1/2)(Dy, 2n — DKs —2[~(n — 1)D,, 1+ Dy) for n = 2.
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By Kawamata’s vanishing theorem [8] we have

H'(S, 05(nKs—[—(n — 1)Du]))
=H'(S, 0s(-(n = DKs+[-(n = 1)D,]) =0

for n = 2. Hence we have
) P.(S)=1/2)(Dy, 2n — 1)Kg—2[—(n — 1)D, ]+ Dy) for n = 2.

Suppose that Po(S) = 0. Then we have (D, 3Ks—2[~D,]+ Dy) =0
Hence 3(Do, Ks+ Do) +2(Dy, Zi-; C))=0. Let Dy,j = 1,. .., u be con-
nected components of Dy,. Then we have (Dy, K5+ Do) = —2u. Thus
we have

©) (Do 3 G)=3u.

On the other hand, from (Ks+ Dy, Dy,) =0 we know
(Ks+ Dy, Do) + (21 dC;, DO,.) + (}‘1 D, Do,,) =0.

Therefore we have

%) (Zl 4C, Dy )22 for 1=j=u.

Since 0 < d; <1, we obtain

®8) (2 C.-,D0i>z3 for1=j<u.
i=1

From (6) and (8) we have

) (; G, Do,.>=3 forl=j=su.

Since every connected components of D is a tree of nonsingular
rational curves, we know from (9) that 3 irreducible components of
2i.1 G intersect with Dy, for 1 =j = u. We denote the coefficients of
these 3 components in D, by 1 —a;', 1—-b;' and 1—c;"', where a;, b
and c; are positive integers such that g; = b; = ;.
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Suppose moreover that P5(S) = 0. Then from (5) we infer that
_21 ([—2(1 = aiH]+[-2(1 = biH+ [-2(1 = ¢ )] = 5u.
=

Hence for some j, we have
—[-2(-aiN-[-20-b;N - [-20-c; D=5

Since we have a;'+b;'+c¢;'=1 from (7), we get a;, =2, b;,; =3 and
¢, = 3, and therefore we have

—[-20-aHN - [-20 = b - [-2(1 - ¢;H =5.

Hence we have

=2 (201 = aiH+[-2(1= b1+ [-2(1 = ¢;H) = 5(u — 1).

i#io
Thus we deduce that
ai=2bjz3and ¢;=z3forl=j=u

Suppose moreover that P,(S)=0. Then we can deduce by similar
way that b; =3 and ¢;= 6 for 1 =j = u. Then we have

fod

Py(S) = (1/2)(Dy, 11K5 —2[~ D] + D)

= (11/2)(Do, K5 + Do) + }_}l B+4-[-5(1-ciHD

=—1lu+2 3+4+5=uzl. Q.E.D.
j=1

§9. Conclusion
By Proposition 1 ~ 6, we complete the proof of Theorem 1.

ProOF OF THEOREM 2: Let as:S = B C ¥ be the quasi-Albanese
mapping where B is the closure of as(S) in the quasi-Albanese
variety &s. Then by the assumption we may assume that dim B = 1.
Then by the property of the quasi-Albanese mapping ([3]), k(B)=0
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and a general fiber of ay is irreducible. Since «(S) =0, we have k (a
general fiber of as) = 0. Thus we can apply Theorem 1 to as:S — B.
Q.E.D.

Proor oF CoOrROLLARY TO THEOREM 1: We have a fibering ¢:
S—->C*. Let C, be the affine curve defined by ¢=u.
Then by Theorem 1 we get k(C,) = —x for a general u € C*. Since C,
is affine, we have C, = Al. Thus by [4; Theorem 9.7] we complete the
proof. Q.E.D.

REMARK: We can prove more sharpened result apart from
Theorem 1 as follows. But to do this the deeper result [1] is neces-
sary.

ProrosiTiON 7: Let S = A?- V(¢) where ¢ €EC[x, y] and ¢ is
irreducible. If Py(S) =0, then S = A' X C*.

ProoF: Let C be the closure of V(¢) in P? and H. = P?— A% Then
S =P?-(C U H.). We put C U H. = D. If there are at least two points
at which D is not normal crossing, it is easy to see that P,(S)= 1.
Hence C has at most one cusp. We may assume deg C = 2. Since
P:(S)=0, C N H.. is one point, C is rational and C has only cusp
singularity. Put C N H, = {p}. If p is not the cusp of C, then p and the
cusp of C are two points at which D is not normal crossing. Thus C has
one cusp at p and so V(¢)= C —{p}= A'. Therefore we can apply [1]
and complete the proof. Q.E.D.
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