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ON THE CLASSICAL CHARACTERISTIC LINEAR SERIES OF
PLANE CURVES WITH NODES AND CUSPIDAL POINTS:
TWO EXAMPLES OF BENIAMINO SEGRE *

Allen Tannenbaum

Introduction
B. Segre in [8] studies families of plane curves with singularities. (See also
Zariski [12] for an account of some of Segre’s work on curves with nodes
and cusps.) For example if we consider a maximal irreducible algebraic
(i.e. "complete") family of plane curves of degree d with precisely 8 nodes
and K cusps (by "cusp" we mean a singularity analytically isomorphic to
y2+x3), then Segre shows that the expected (" virtual") dimension of
such a family should be d(d + 3)/2 - 8 - 203BA (that is each node imposes
one independent condition, and each cusp two independent conditions).
If a certain first cohomology group vanishes (see Section 1 below for the
precise definition), then it follows from general deformation theory that
this family will be non-singular of dimension precisely d(d + 3)/2 - 8 2 K. If this cohomology group is not zero, then the deformations may be
obstructed (" the characteristic series is incomplete"), and in point of fact
J. Wahl in [11] constructs explicitly such an example of an obstructed
deformation space. It may also occur, that the cohomology group is not
zero, but that the deformations are nevertheless unobstructed. In other
words, that the complete algebraic family is non-singular, but of dimension strictly greater than the expected dimension of d( d + 3)/2 - 8 - 2 K.
Such an example is constructed by B. Segre in [8] which we will discuss in
Section 3 below.
Now in studying such deformations of plane curves with singularities
(the deformations we are referring to are formally locally trivial, i.e. they
don’t formally change the singularities; see Section 1), the first thing to
do is to identify the "characteristic linear series" which is basically the
linear system cut out on a general curve of the family by nearby curves in
the family. In the case of plane curves with nodes and cusps we will show
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that the classical Italian analysis of this works by giving an explicit
modern expression for the characteristic linear series (see the details in
Section 1 below). However for the formally locally trivial families of
deformations of plane curves with higher order singularities, we will show
that the classical techniques (as evidenced by Segre [8]) do not give a
correct description of the characteristic linear series. (See also Segre [7],
Severi [9], and Zariski [12] for an account of these classical works as well
as an extensive bibliography.)
Indeed in [8], Segre has a second example of a complete family of
plane curves of degree 6d with precisely 6d2 - 2 cusps and one cuspidal
triple point analytically isomorphic to y3 + X4. Segre claims that this
family is obstructed by computing the characteristic linear series and
showing that the dimension is greater than the actual dimension of the
family. However because of the erroneous classical description of the
characteristic linear series, Segre’s claim about the obstructedness of his
family is false, and we will show in point of fact that his family is
unobstructed by using the correct characteristic linear series (see Section

3).
This work was partially done while the author was a guest at the
Sonderforschungsbereich of the University of Bonn. The author wishes to
thank Professor F. Hirzebruch for his invitation to come, and the staff
for their hospitality.
1. Some déformation

theory

We will sketch here some of the relevant deformation theory from
Horikawa [4], Tannenbaum [10], and Wahl [11]which we will need in the
sequel. All our schemes will be defined over k a fixed algebraically closed
field of characteristic 0. We begin with the following definitions from

[11]:
DEFINITIONS (1.1): (i) Let V be a non-singular variety, D c V an effective
Cartier divisor, ND the normal sheaf of D in V. Using the LichtenbaumSchlessinger cotangent complex, define

(ii) Define a functor from the category of finite local artinian
bras to the category of sets by
H’( A) :

=

(subschemes
which

are

of

k-alge-

flat over A inducing D on V
trivial deformations of D in the Zariski

VXSpec k Spec A

locally

topology}.
Then H’ is pro-representable, H’(k[~]/~2)
is obstructed by elements in H1(D, N’D).

=

H0(D, N’D) and smoothness
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(iii) Let T be an algebraic k-scheme and X ~ T a flat morphism of
finite type. Then X ~ T is a formally locally trivial family of deformations
if for every closed point t E T and every n &#x3E; 0, in the diagram

Xn

is

a

(iv)

locally
Define

trivial deformation of Xl in the Zariski topology.
functor J03B4,03BA,d on the category of algebraic k-schemes

a

by

J03B4,03BA,d(S) := {relative effective Cartier divisors C P2 X

S which as flat
families of curves over S are formally locally trivial at all
s E S, and whose geometric fibers are plane curves of degree
d with precisely 8 nodes and K cusps and no other singulari-

ties}.
Then in

[11], pages 560-563
algebraic k-scheme VS,tC,d.

it is proven

that J03B4,03BA,d is representable by an

REMARKS (1.2): (i) Note that if D E V,6,,,,d (by this we mean that there is
closed point in V03B4,03BA,d corresponding to D), then the Zariski tangent
space of V03B4,03BA,d at D may be identified with H°( D, N’D), and if H1(D, Ni)
= 0, D is a smooth point of VS,tC,d ((1.1)(ii)).
(ii) In order to compute the cohomology groups of N’D we will first
relate it to a certain line bundle. We therefore make the following
definition (see also Arbarello-Cornalba [1]):
some

DEFINITION (1.3): Let S be a non-singular irreducible projective surface
and D ~ S a reduced curve. Let 03C0’: ~ D be the normalization morphism, and if i : D - S is the inclusion map of D into S, set gr i o 03C0’:
~ S. Let R be the ramification divisor of 17, i.e. the divisor D defined
by the zeros of the differential d 77. Then we define a sheaf N’03C0 by the
=

exact sequence

where for a scheme X, Tx denotes the tangent sheaf
of Kâhler differentials).
REMARK (1.4): Note it is clear that
bundle. If we define N03C0 by

N’03C0

is

(the dual of the sheaf

locally free,

i.e. it is

a

line
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then

N’03C0

fits into

an exact

sequence

pages 23-24 for details).
We also note that HO(D, N03C0) is isomorphic to the set of infinitesimal
deformations of the pair ( D, 03C0) ([4]).
We can now state the following result:

(see [1],

Let D c S, 03C0, 03C0’, N’03C0 be as in (1.3). Then (a) 03C0’*N’03C0
where
ND is the normal bundle of D in S, and J is the
ND 0 03C0’*J0
Jacobian ideal of D ( the first Fitting ideal of the sheaf of Kâhler differentials ). In particular, there exists an exact sequence

LEMMA

(1.5) :

where T is

a

torsion

sheaf,

and

(b) If D only has nodes and (ordinary) cusps as singularities, then 03C0’*N’03C0
Ni. In particular, Hi(D, N’03C0) H’(D, Ni) for i 0,1.
=

PROOF: We prove (a) and (b) together. First note that by Piene [6], page
261 we have that 03C9 CO ~ 03C0’*03C9D where 03C9, OD are the dualizing
sheaves on D, D respectively, and C is the conductor ideal (i.e. C
: =
AnnOD(03C0’*O/OD)). Then taking the highest exterior powers of the
exact sequence (1) of (1.3) we get that

again from [6], page 261, we have that CO(-R) = JO.
applying the projection formula, we get that
But

Hence

Next from the exact sequence

it is clear that ND = J - ND. From this the existence of the exact sequence
asserted in (a) is immediate, and from this exact sequence and the fact
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that 03C0’ is
in (a).

affine,

we

Finally if D only
268) shows that

from which

get the relations about the cohomology groups stated
has nodes and cusps,

a

simple

calculation

([6],

(b) follows.

page

Q.E.D.

REMARKS (1.6): (i) (1.5) above is a generalization of Proposition (1.4)
[10], page 110.
(ii) The proof of (1.5) shows that

where K5 is the canonical divisor on D. In
be the genus of D, then by Riemann-Roch

particular

if

we

let g

=

in

g()

By Serre duality we have that

Let
i

=

on

D

=

b, U

...

ub, where the Di are the irreducible components of D,

1, ..., s. (We only assumed that D is reduced; it may be
each irreducible component of D, Di, we have that

reducible.)

If

then h1(N’03C0) = 0.
Note that our above arguments are valid for an arbitrary reduced
D on an arbitrary non-singular projective surface S. We specialize
now to the case S = P 2, and we suppose that D is a plane curve of degree
d with precisely 5 nodes and K cusps as its only singularities. By (1.5)
hi(N’03C0) hi(N’D). Then h0(N’D) - h1(N’D) is the " virtual dimension" in the
sense of B. Segre [2] of the irreducible component containing D of the
parameter space ((1.2) of plane curves of degree d with 8 nodes and K
cusps. In this case (2) gives the well-known classical formula
curve

=

(note that KP2 ~ -3l where 1 is
equivalent to").

a

line and " - " denotes "is

linearly
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Finally the sufficient condition (3) for H1(N’D) H1(N’03C0) to vanish
reduces in this case to the famous classical criterion that for D irreducible, if 3d &#x3E; K, then the characteristic series is complete.
2. The

dependence of cusps

We are now ready to construct the example of Segre [8] of an unobstructed deformation space of plane curves with cusps but with dimension strictly greater than the virtual dimension. We set some notation,
that we will use throughout this section.
Let d be an integer &#x3E; 1. Let f be a general homogeneous form of
degree 2d in the variables x, y, z (the homogeneous coordinates of P2),
and let g be a general homogeneous form of degree 3d. Let Y1 c P 2 be
the curve defined by f, and let Y2 ~ P2 be the curve defined by g. Since f
and g have been chosen generally, Y, and Y2 will intersect transversally in
6d2 distinct points Pl, ... ,p6d2· Let Y c P 2 be the curve defined by the
equation f3 + g2 0. Then Y has degree 6d, and cusps precisely at the
points p1, ...,p6d2 but no other singular points. Let 03C0’: Î - Y be the
normalization of Y, and ’11’ 03C0’ o i where i : y _ p 2 is the inclusion map,
and let N’03C0 be defined as in (1.3). Then we have the following key result:
=

=

PROOF: Blow up the surface P2 at p1,...,p6d2 and call the resulting
surface S’. Let e’1, ...,e’6d2be the corresponding exceptional divisors. Let
Ili be the point of intersection of the proper transform of Y on S’ with the
exceptional divisor el for each i=I,...,6d2. Now blow up S’ at the
points ql, ... ,q6d2 and call the resulting surface S, and the corresponding
exceptional divisors el, ... ,e6d2. Let Pi denote the total transform of pi on
S for i = 1, ..., 6d2. Then note that
(03B4ij is the
Kronecker delta), and Pi·ej 0 for all i, j = 1,..., 6d2. Then letting " denote "is linearly equivalent to", if Y is the proper transform of Y on S
(which is of course the normalization), then ~ 6dl-03A3l(2Pi+ei). Finally let 1 denote a divisor on Y corresponding to OS(l) 0 O. Then from
=

Pi·Pj=ei·ej= -03B4ij

"

(1.6)(ii)

We

now

Step (1).
03A3i(Pi + ei).

break up the proof into several steps:
Let Y be any effective divisor
Then

linearly equivalent

to 6dl -
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PROOF: In what follows we slightly abuse notation by letting C - D denote
the intersection number as well as a divisor on C corresponding to
(9s(D) 0 (9, for C c S an effective divisor. Then we will first show that
. Y. But K ~ y. Y+ Y-Ks and KS~ -3l+03A3i(Pi +
A
el). simple computation then reduces us to showing that

3l+K-R ~

But this follows immediately from the fact that each point of the
ramification divisor has multiplicity 1, and that the intersection number

ei·=ei·(-2Pi-ei)=1 for each i = 1, ..., 6d2.
Next consider the exact sequence

using the above computation and the long exact cohomology
sequence applied to (*), we’ll be done with the proof of Step (1) once we

Then

h1(OS(- + Y)) = h2((OS(- + Y )) = 0. But note that
Y ~ 03A3iPi = :A. We use now the long exact cohomology sequence
associated to 0 ~ OS ~ OS(A) ~ (f)A(A2) 0. Since h1(OS) h2(OS) 0,
we immediately have that h2(OS(A)) = 0, and we must prove that
h1(OS(A))=h1(OA(A2)) = 0. But recall that each P; is simply the total
transform on S of pi ~ P2 (i = 1, ... , 6d2) and as such is a reduced
have
-

shown

that

+

-

=

=

reducible curve of arithmetic genus 0 with two irreducible non-singular
rational components intersecting in one point. Moreover Pi·Pj = -03B4ij.
Therefore in order to show that h1(OA(A2)) 0, it is enough to compute
that
0, and this is trivial.
Let
Step (2).
2 be an effective divisor on S linearly equivalent to
3dl - 03A3i(Pi + ei) (recall that Y2 ~ P2 was defined by the form g of degree
Y )).
3d). Then we claim that h1(OS(Y))
=

h1(OPi(P2i)) =

=

h1(O2(2 ·

PROOF: Consider the exact sequence

Applying the long exact cohomology sequence to (**) we must show that

h1(OS(-2 + Y)) = h2(OS(- 2 + Y)) = 0. But note that -2 + Y - 3dl.
vanishing of these groups
cohomology sequence associated to

Then the

follows

easily

from the

long

exact
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since h1(OS) = h2(OS) =
be computed to be 0.

0,

and

h1(OS(3dl)) h1(O3dl((3dl)2))
=

may

easily

(f)Y2(Y2 . Y) O2(2 · 2 dl ).

Step (3).

PROOF: Note that Y-2dl~4dl-03A3(Pl+ei). But we have that (the
0 since (Pl + el)2
intersection number) 2 · ( Y - 2 dl )
- 2 for i = 1, ..., 6d2. Now Y2 and Y - 2 dl may be taken (in their
respective linear systems) to be effective divisors without any common
(Y - 2dl)) 0
components which implies that
=

12d2 - 12d2

=

=

(f)Y2(Y2 .

Step (4).

PROOF:

Clearly h°(tPp 2 (d - 3)) = h0(OS(d - 3)l)).

and

simple argument

a

h2(OS(2dl))
to

(***)

0. Therefore
and Serre duality,
=

as in Step (2) shows that h1(OS(2dl)) =
applying the long exact cohomology sequence
we see

that

completes the proof of Step (4) and using
obviously completes the proof of the theorem.

This

We have the sequence

the

previous

3 steps

Q.E.D.

immediately from the fact that h0(N’03C0) - h1(N’03C0) =
Q.E.D.
3)/2 - 12d2 (see (1.6)(ii» and from (2.1) above.

PROOF: This follows

6d(6d +

COROLLARY (2.3): Let V6dbe the irreducible component containing Y of
the parameter scheme of plane curves of degree 6d with precisely 6d2 cusps
and no other singular points ((1.1)). Then dim V6d2 = (13d + 2)(d + 1),
and V6d2 is non-singular at Y.
PROOF: From (2.2) we see that dim V6d2 (13d + 2)(d + 1). Clearly the
dimension of the family of plane curves {C|C is the plane curve defined
by 3 + g2 0 where f is a homogeneous form in x, y, z of degree 2d,
and g is a homogeneous form in x, y, z of degree 3d} is
=
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From this

(2.3) follows immediately.

COROLLARY (2.4) :
virtual dimension).

If d &#x3E; 2,

PROOF: In this

from

case

then dim

Q.E.D.

V6d2 &#x3E; 6d(6d + 3)/2 - 12d2 ( the

(2.1), h1(N’03C0) &#x3E; 0.

Q.E.D.

3. The classical characteristic linear series
we mentioned in the Introduction, in his paper [8], page 35, Segre
gives a second example which he claims defines an obstructed family of
integral plane singular curves with ordinary cusps and one higher cuspidal
point. We will show in point of fact that Segre’s family is not obstructed
and will show that his error (and apparently the classical Italian geometers’ error [7,8,9]) is a sometimes incorrect identification of the characteristic linear series for such kinds of deformations. Segre associates his
characteristic linear series to H0(N’03C0) instead of H0(N’D) (see also Wahl
[11], Mumford [5], and Mumford’s appendix to Chapter V of Zariski [12]
for discussions of the characteristic linear series for curves). In the case of
formally locally trivial deformations of plane curves whose only singularities are nodes and cusps, we have shown in (1.6) that Hi(N’03C0) Hi(N’D),
i
0, 1, so in this case there is no problem. But for the formally locally
trivial deformations of higher order singularities one no longer has such

As

=

an

identification.

We now completely analyze the Segre example from a modern point
of view. Let g be a homogeneous form in x, y, z of degree 3d such that
the curve Y2 c P 2 defined by g has a node at some point p and no other
singularities. We will assume (as is done in [8], page 35) that d &#x3E; 2. Let f
be a homogeneous form in x, y, z of degree 2 d such that the curve
Yl~ P2 defined by f is non-singular and passes through p so that the
curve Y, U Y2 has an ordinary triple point (i.e. with distinct tangents) at
p. Let Y be defined by f3 + g2 = 0. Then Y has 6d2 - 2 ordinary cusps
(defined by the points of intersection of Y1 and Y2 outside of p) and a

cuspidal triple point analytically isomorphic to y 3 + x 4 at p. (To see this,
note that if we represent Y2 locally around p as x2 + y2 = 0, and Y, as
y 0, we get that locally around p, Y is isomorphic to (x2+y2)2+y3=0.
One can now either make a rather long messy calculation that (x2 + y2)2
+ y 3is analytically equivalent to y 3 + x4, or as mercifully pointed out to
us by G. Barthel and C. Gibson one can use the results of Arnold [2],
page 33.) Define N; as before. Then:
=

THEOREM

(3.1): h1(N’03C0) = (d - 1)(d - 2)/2.
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PROOF: The
steps. Blow

proof is almost identical to that of (2.1)

so we just sketch the
and
denote
the resulting
up P2 po := p, p1,... , p6d2-2
surface by S". Let e"i be the corresponding exceptional divisors ( i =
0, ..., 6d2-2), and let q; be the point of intersection of e"l with the
proper transform of Y on S" for each i. Next blow up S" at the points
qo, ql, ... , q6d2-2 and denote the resulting surface by S’ and the exceptional curve corresponding to qo by e’. Blow up S" at the point of
intersection of the proper transform of Y on S" with e’, and call this
(final) blown up surface S and the resulting exceptional vivisor e. Let P,
be the total transform of Pi on S, and similarly Q, the total transform of
q, on S for eachi = 0,..., 6d2 - 2. Note that

at

for all i, j 0,...,6d2 - 2. The proper transform of Y on S,
(which is
of course the normalization), is linearly equivalent to the divisor
=

where 1 is the total transform of

a

line in P2. Let l denote

a

divisor

on

corresponding to OS(l) ~ O. Then j ust as in (2.1) we have :
Step (1). Let Y be any effective divisor linearly equivalent to 6dl (2Po + Q0 + e) - 03A36d2-2i=1(Pi + Qi). Then h1(O(3l+K - R)) =

h1(OS(Y)).
PROOF:

Again we show that 3l

+ 03A36d2-2i=0(Pi+Qi)+e,
reduced to

showing

+K-R~

and then
that

Note that the point in R whose
other ramification points have

intersection numbers)
i=1,...,6d2-2.

using

y. Y. We note that Ks - - 31
adjunction formula, we are

the

image is p has multiplicity 2,
multiplicity 1. But we have

·(Q0+e)=-(Q0+e)2=2, and

that if
of Step (1) of (2.1)
set
N +ext following the argument
show
that
But
must
h1(OA(A2))=0.
Y~03A3Pl=:A,
again
we see

-

while the
that (the
·Qi=1 for
we

we

in (2.1) this is trivial (note in this case Po is a reduced, reducible curve
of arithmetic genus 0 with three irreducible non-singular rational components, while Pi,...P6d2-2 have the same description as in (2.1)).
as
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Step (2).

Let Y’ be

an

effective divisor on S linearly equivalent
Then we claim that hl«(f)s(1T» =

3dl-03A3(Pl+Ql)-e.

to

h1(Oy,(Y’·Y)).

PROOF: Note that - Y’ + Y~3dl-P0=:C. Note that we may assume
that C is an irreducible smooth curve (it is linearly equivalent to the
proper transform of a curve of degree 3d in P2 passing through P0), and
following Step (2) of (2.1) we must show that h1(OC(C2)) 0. But this is
immediate.
=

Y-2dl~4dl-(2P0+Q0+e)-03A3(Pl+Ql)

PROOF: We have that
and it is easily seen that Y - 2dl is linearly equivalent to an effective
divisor with no common components of Y’. Then the fact that (Y - 2dl ) Y’ 0 completes the proof.
=

PROOF: Identical to that of

Step (4) of (2.1).

(3.1).

PROOF: (i) is immediate from
(i) and (3.1).

This

completes the proof of
Q.E.D.

(1.6)(ii), equation (2), and (ii) follows from
Q.E.D.

this basis Segre ([8], page 35) concludes that he has an
of an obstructed deformation of deficiency w 1 (the "deis the difference between the dimension of the Zariski tangent
space and actual dimension of the space). Indeed his argument runs as
follows: Consider the algebraic family of curves (d &#x3E; 2 as always in this
Now

on

example
ficiency"

=

section)
V :

=

{C|C is a curve defined by 3 + 2 = 0 where g is
3 d such that the curve { = 0) has a node and f is
2 d such that
passes through this node}.

a

a

form of
form of

degree
degree

( = 0)

open subset of V we get a family of plane curves with 6d 2 - 2
cusps and one triple point of type y3 + X4. The dimension of V can easily
be computed to be (13d2 + 15d - 2). Segre claims V is a complete
family and indeed we will prove this (see (3.3) and (3.5) below). Then
since h0(N’03C0) &#x3E; (13d2 + 15d - 2) dim V, Segre concludes the family is
obstructed (and h0(N’03C0) - dim V = w 1).
We will now show that this family is unobstructed by analyzing the
correct characteristic linear series. We first prove the following:

On

an

=

=
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THEOREM (3.3): Let
Th en h1(N’03C0(- 4r))

=

r ~

Y be

such that

03C0’(r) =

p

(the triple point of Y).

h1(N’03C0)=(d- 1)(d - 2)/2.

PROOF : The same method used in (2.1) and (3.1) works again. To see this
outline the four steps one last time using the same notation as in the
proof of (3.1). =
Step (1). Let Y be any effective divisor linearly équivalent to 6dl - 4Po
+ Qi) (which is linearly equivalent to Y - 2 Po + Qo + e in
the notation of Step (1) of (3.1)). Then
we

-

03A3(Pi

PROOF: As usual we show that 3l+ K- R

- 4r - 1 . Y. But

3l+K - R

· Y (from (3.1)) and since Y ~ Y - 2Po + Qo + e we need only show
that ·(-2P0+Q0+e)~ -4r (on Y ) and this is immediate.
Following the argument of Step (1) of (2.1) we must now show
-

that

h1(OS(-+Y))=h2(OS(-+Y))=0. Since -+Y~ -P0 +

Qo +

e this is

quite

obvious. Indeed

and the facts that

using

the exact sequence

h1(OP0(Q0+e))=h2(OS(Q0+e))=0

we

get that

h2(OS(-P0+Q0+e))=0. Moreover,

it is easy to

e))=h0(OS(-P0+Q0+e)=0,

h0(OS(Q0 + e)) - h0(QP0(Q0 + e))

=

we

and

see

that

h1(OS(Q0 +

1. Therefore from the exact sequence

have that

h1(OS(-P0 + 60 + e)) 0.
Step (2). h1(OS(Y)) h1(OY’(Y’· Y)) where Y’ is as in Step (2) of (3.1).
=

=

PROOF: - Y’ + Y ~ 3dl - 3Po + 60 + e which is clearly linearly equivalent to a reduced effective divisor C’. As before we must show that
h1(OC’((C’)2))= 0, and this is obvious.

Step (3). OY’(Y’· Y) r2y,(Y’ . 2dl ).

Y-2dl~4dl-4P0-03A3(Pi+Qi).

PROOF :
From the

representation
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and the assumption d&#x3E; 2, we get that Y - 2dl is linearly équivalent to an
effective divisor with no common components of Y’. Since Y’ . Y - 2dl
0, we are done.
Using Step (4) of (1.3) we can complete the proof of the theorem.
=

Q.E.D.
(3.4) : h0(N’Y) dim V = (13d2 + 15d - 2). In particular, V
is non-singular at Y ( i . e. the deformations are unobstructed at Y ) and the
lamily V is complete.
COROLLARY

=

PROOF: Recall the exact sequence

from (1.5)(a), where T is a torsion sheaf supported at p. We claim that
dim Tp=1. Indeed we have that N’YJNY, and 03C0’*N’03C0(03C0’*JO)NY.
and
Now Piene [6], page 268, computes that
= t8k[[t]]. Note then that
of
all
series
formal
consists
power
(03C0’*JO)p
of the form {a0t8 + a1t9 + 03A3i0biti+11}, i.e. these power series are mis-

p (t8, t9)k[[t3, t4]],

Jp

(03C0’*JO)p

the term t10, while
consists of all formal power series of
the form {03A3i0biti+8}. From this it is immediate that dim Tp = 1.
Moreover from this description of J, it is clear that 03C0’*N’03C0(-4r) is
naturally contained in N’Y (recall that 03C0’(r) = p ), and so we have an exact

sing

sequence

torsion sheaf T. Applying the long exact cohomology sequence
conclude that h1(N’03C0(-4r)) h1(N’Y), and therefore from (3.3),
to (2),
h’(N’03C0) h1(N’Y). But from the exact sequence (1) we have that h0(N’Y)
h1(N’03C0), and so we conclude that h1(N’Y) hl(N,). Thus from (1) we get
for

some

we

=

an

exact sequence

from which

we see

that

From this we conclude that h0(N’Y) = dim V, so that V is a complete
family of curves non-singular at Y, and thus the characteristic linear
series is complete.
Q.E.D.
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REMARKS (3.5): (i) There is still the question of proving the existence of a
universal family of plane curves of 8 nodes, K cusps, and À cuspidal
points of type y3 + X4 as was done for nodes and cusps in [11]. We don’t
doubt that the methods of [11] would work in this case as well but
actually here this is unnecessary. Indeed let us use the notation of (1.1).
So again we have a functor H’ from the category of artinian k-algebras to
sets defined by

H’(A) := {subschemes of P3xSpec k Spec A flat over A inducing Y on P2
which are locally trivial deformations of Y in the Zariski

topology. .
Then H’ is pro-representable, say by the complete ring R. But by the
above R is smooth, i.e. is a complete power series ring and hence we can
apply the criterion of Artin [3] to conclude that R is algebraisable, so that
there exists a universal" algebraic k-scheme X parametrizing formally
where x E X correlocally trivial deformations of Y such that
sponds to Y. Moreover it is clear that X must be isomorphic to V in a
neighborhood of Y, and this is enough for our purposes.
(ii) Note that we have proven the existence of an exact sequence
"

X,x R

Moreover

one

has

an

exact sequence

(see (1.4))

and since these are vector spaces, we may identify H0(N’03C0) as a subvector
space of HO(N,). Now sections of H0(N03C0) correspond to infinitesimal
deformations of the pair ( Y, 03C0). The argument above then shows that
there exist infinitesimal deformations of ( Y, 03C0) corresponding to sections
of H0(N’03C0) which do not induce formally locally trivial deformations of
Y. But of course in no way does this imply that such deformations of Y
are obstructed.
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