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Introduction
A minimal subvariety M of a Riemannian manifold N is called stable if the
second variation for the volume of M is nonnegative for every variation of
M in N. Stable minimal subvarieties in compact rank one symmetric spaces
have been classified (cf. [S], [L-S], [01], [H-W]). It is an interesting and
important problem to find all stable minimal subvarieties in each symmetric
space. In this paper we discuss the stability of certain minimal subvarieties
in compact symmetric spaces. First we reformulate the algorithm of determining the indices and nullities of compact totally geodesic submanifolds in
compact symmetric spaces (cf. [C-L-N]). Using this method we determine
the indices and nullities of all compact totally geodesic submanifolds in
compact rank one symmetric spaces and Helgason spheres (cf. [H1]) in all
compact irreducible symmetric spaces. Moreover we prove a nonexistence
theorem for stable rectifiable currents of certain degree on some simply
connected compact symmetric spaces by the method of Lawson and
Simons [L-S].

1. Jacobi

operator of minimal submanifolds

an m-dimensional compact minimal submanifold (without boundin a Riemannian manifold (N, h) and denote the immersion
immersed
ary)
M
~
If
N. the second derivative of the volume Vol (M, cp*h) at t
0
by cp:
is nonnegative for every smooth variation {~t] of cp with cpo
cp, then we
say that cp is stable and M is a stable minimal submanifold of N. We denote

Let M be

=

=
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by g, A, B, Vi. and R’ the Riemannian metric on M induced from h through
9, the shape operator, the second fundamental form, the normal connection
of cp and the curvature tensor of (N, h), respectively. For any vector field
V E r(cp-1 T(N)) we choose a smooth variation {~t} of ~ with go = 9 and
the variational vector field (~/~t)~t(x)|t=0 = Vx (x E M). Then the classical
second variational formula is given as follows (cf. [S]);

where dv denotes the Riemannian measure
of V normal to M. Hère 3 is defined as

of (M, g) and VN the component

where 41 - Emi=1~~2el,el and A~, R~ are smooth sections of End (N (M))
defined
Trg(AuA03C5), ~R~(u), 03C5~ = Em~RN(ei, u)ei, v i
for u, v E Nx(M). {ei} denotes an orthonormal basis of T, (M). 3 is a selfadjoint strongly elliptic linear differential operator of order 2 acting on the
space F(N(M» of all smooth sections of the normal bundle N(M), called
the Jacobi operator of 9. 3 has discrete eigenvalues 111
112 ··· ~ ~.
We put E03BC = {V ~ 0393(N(M)); (V) = 03BCV}. The number 03A303BC0 dim (E03BC) is
called the index of 9 or the index of M in N, denoted by i(~) or i(M).
Clearly, 9 is stable if and only if 1(ç) 0. The number dim (Eo ) is called
the nullity of ~ or the nullity of M in N, denoted by n(~) or n(M). A vector
field V in Eo is called a Jacobifield of ~. We define a subspace P of T(N(M))

by ~A~(u), 03C5~ =

=

by

c
Eo (cf. [S]). We call the dimension of P the Killing
of
denoted
by nk(~) or nk(M).
nullity cp,
Here we give a lower bound for the nullity of compact minimal submanifolds in homogeneous Riemannian manifolds. Let N be an n-dimensional
homogeneous Riemannian manifold and M an m-dimensional compact
minimal submanifold immersed in N. Let I0(N) be the largest connected
isometry group of N and denote by g its Lie algebra, that is, the Lie algebra
of all Killing vector fields on N. For x E N, we denote by Kx and x the
isotropy subgroup of Io (N ) at x and its Lie algebra, respectively. We define
a function a on M by

It is known that P
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M, where AV(X) = VN V (X E TX(N)). Put a(M)
Min {03B1(x);
x E M}. For V E g and x E M, we denote by VTx (resp. VxN) the compornent
of Vx tangent (resp. normal) to M. Then we get the following.
for

l

x E

=

PROPOSITION 1.1.

Proof. We fix any point x of M and define a linear mapping IF: g ~
Nx (M) C Hom (Tx (M), Nx (M» by 03A8(V) = (VNx, ~~VNx). Put g° =
{V ~ g; VN 0} and we have g° c Ker (03A8). Hence we have nk(M) =
dim (g/g0) ~ dim (g/Ker (03A8))
dim (Y’(g)). Let {03BE1,
03BEn-m} be
n - m)
an orthonormal basis for Nx(M). We choose V03B1 E g (a
1,
so that (VxN)x
V
E
we
~~
and
have
03A8(V) = (0,
V"’)
vi VN =
For
fx,
(VfVN)N = (~NXV - V VT)N = (~NXV)N - B(X, VT) = (AV(X))N for
X ~ Tx(M). Hence lx n Ker CF) = {V ~ x; AV(Tx(M)) ~ Tx(M)}. Thus
dim (P(fx))
dim (ÎJ - a(x). We
dim (ÏJ - dim (î, n Ker (03A8))
of
Then
take a basis {03A8(W1),
03A8(Vn-m),
03A8(Wl)} 03A8(x).
{03A8(V1),
P( »,;),
03A8(Wl)} are linearly independent. Hence dim (03A8(g))
(n - m) + dim (’F(tx». Thus we get nk(M) ~ (n - m) + dim (îj Q.E.D.
a(x).
=

=

...,

=

...,

=

=

=

...,

...,

...,

REMARK: The idea of this

2.

Homogeneous vector

proof is inspired by

that of

[S,

p.

87].

bundles and Casimir operators

In this section we recall some results from the theory of homogeneous vector
bundles.
Let G be a connected Lie group with the Lie algebra g and K a closed
subgroup of G with the Lie algebra f. We consider a homogeneous space
M
G/K and a natural principal K-bundle 03C0: G ~ M. The coset K is called
the origin of M and will be denoted by o. For a finite dimensional representation (a, W) of K, we get a G-homogeneous vector bundle (E
G x
the
bundle
with
(G, 03C0, M). All G-homprincipal
(1 W, nE, M) associated
ogeneous vector bundles over M are obtained in this fashion. We denote by
i the action of G on E and M. Let r(E) be the vector space of all smooth
sections of E on M. We denote by Coo (G; W)K the vector space of all smooth
W-valued functions on G satisfying f(uk)
03C3(k-1)(f(u)) for u E G and
=

=

=
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k

E

K. G acts

on

0393(E)

and

COO (G; W)K’ respectively, by

0393(E), f ~ C~(G; W)K, g, u E G and x E M. For any 03BE E 0393(E) we
E C~(G; W)K by (03BE)03C0(u)
u((u)) for u E G. The map A: 1 - 1 of
is
a
linear
to
isomorphism preserving the actions of G.
T(E) C~(G; W)K
D:
For any mapping
0393(E) ~ T(E), we denote by D the map A · D - A-’ :
C~(G; W)K ~ C~(G; W)K.
Assume that G is compact and (a, W ) is a finite dimensional unitary
representation of K. Then E is a complex vector bundle with the hermitian
fibre metric induced by the Hermitian inner product of W. Let L2(E) and
L2(G; W)K be the completion of 0393(E) and C~(G; W)K relative to the
L2-inner products induced by the normalized Haar measure of G and the
Hermitian metric of E. The map 03BE ~ extends to a unitary isomorphism
of L2(E) to L2(G; W)K preserving the actions of G. Let D(G ) denote
the set of all equivalence classes of finite dimensional irreducible complex
representations of G. Let for each 03BB E D(G), (o,,, V03BB) be a fixed representation of À. For each E D(G) we assign a map Az from V. (8) HomK V03BB, W)
to C~(G; W)K by the rule A03BB(03C5 (8) L)(g)
L(o03BB(g-1)03C5). Here HomK (VÂI W)
L - Qî (k)
denotes the space of all linear maps L of V03BB into W so that a(k) . L
for all k E K. For Â E D(G), set 039303BB(E)
A-1(A03BB(V03BB ~ HomK (V03BB, W))).
By virtue of the Peter-Weyl theorem and the Frobenius reciprocity the
following proposition holds.

for 03BE

E

define

=

=

=

=

PROPOSITION 2.1. (cf. [Wa]): L2(E) is the unitary direct sum 03A303BB~D(G) Et) 039303BB(E).
Moreover the algebraic direct sum 03A303BB~D(G) 039303BB(E) is uniformly dense in r(E)
relative to the uniform topology.
Let ( , ) be an ad(G)-invariant inner product on the Lie algebra g of G. We
choose an orthonormal basis {X1,
Xn of g relative to ( , ). The
Casimir differential operator of G relative to ( , ) is defined by
...

for f ~

COO (G). Then

we

,

have

PROPOSITION 2.2 (cf. [Wa]): On each 1-Â (E), W is a constant operator al/. Here
aÂ is the eigenvalue of the Casimir operator of the representation Â relative to

( , ).
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We do not suppose that G is compact. Let Tbe a connection in the principal
bundle (G, 03C0, M, K) which is invariant by the left translations of G.
f + m such that ad(K)m
m (cf.
0393 determines a decomposition g
T
the
E.
For a
induces
covariant
on
V’
differentiation
[K-N,I, p. 103]).
vector X on M, we denote by X* the horizontal lift of X to G relative to
r. For 03BE E 0393(E) and X E 1-(T(M», we have
=

=

Let g be a G-invariant Riemannian metric on M. Then g defines an
ad(K)-invariant inner product Bm on m. We denote by V the Riemannian
connection of g. For X, Y, Z E m, we have

Here [X, Y]m denotes the m-compornent of [X, Y] in g.
The (rough) Laplacian 0394E relative to VE is defined by

where {ei} is a local orthonormal frame field
an orthonormal basis of m relative to Bm,

on

M. Let

PROPOSITION 2.3.

If G

is compact,

more

We fix points
normal frame field

Proof

(ei)uexp(tX)·o

=

d03C4u ·

generally unimodular,

M and

then

G with x
03C0(u). We define an orthoin
a
U of x so that
neighborhood
{e1,..., em}
i
for
1,
m, X E m
d03C4exp(tX)(Xi) = dj03C0(Xi)uexp(tX)
x e

u e

=

=

...,
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and

By (2.2) and ad(K)m

we

=

have for any

m we

have for any Z

E

m,

Hence we get Em(~elei)x
d03C0 (03A3mi=1trace (ad(Xi))(Xi)u). Since Xl , ... ,X,
are
horizontal with respect to l, we get (03A3mi=1~elei)*u
Y-m
(trace(ad (Xi))(Xi)u. Put e* = 03A3mj=1cjiXj, where each cji is a smooth
function on 03C0-1(U) and for each u ~ 03C0-1(U), (cji(u)) is an orthogonal
matrix. We compute
=

=

Since (e*i)u exp(tX) = (Xi)u exp(tX) for any X E m, we have cji(u exp (tX)) =
Hence (Xcji)(u) = 0 for any X E m. Thus we get 03A3mi=1e*i(e*i)(u) =
03A3mj=1Xj(Xj)(u). If G is unimodular, then trace ad(X) = 0 for any X E g.

03B4ji.

Q.E.D.
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K is compact. We can extend B to an ad(K)-invariant inner
g such that B(, m) = 0. Let {Xm+1,
Xl} be an orthonormal basis of relative to B. Then we get the following.

Suppose that
product B on

...

,

COROLLARY 2.4:

Proof.

For any

integer

a

with n + 1 ~ a ~ m, 03BE ~

T(E) and

u E

G,

we

compute

and

Hence

COROLLARY 2.5: Assume that G is compact and g is a Riemannian metric on
M induced by an ad(G)-invariant inner product ( , ) on g. Let W denote the
Casimir differential operator of G relative to ( , ). Then we have

REMARK: The endomorphism
operator of the representation

03A3l03B1=m+103C3(X03B1)2
(a, W )

coincides with the Casimir
of K relative to ( , ).
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3. Jacobi operator of
spaces

totally geodesic submanifolds

in compact

symmetric

explain a method for determining the stability of compact
totally geodesic submanifolds in compact symmetric spaces. There seem to
be inaccuracies in [C-L-N]. Here we reformulate this method by using results
In this section

we

of Section 2.
Let N be a compact Riemannian symmetric space with the metric gN and
M an m-dimensional compact totally geodesic submanifold immersed in N.
Then it is standard to show that the immersion ~: M - N is expressed as
follows: There are compact symmetric pairs (U, L) and (G, K) with N
U/L and M G/K so that
=

=

where Q: G - U is an analytic homomorphism with o(K) c L and the
injective differential Q: g - u which satisfies o(m) c p. Here u 1 + p
and g = f + m are the canonical decompositions of u and g, respectively.
Denote by 03B8 the involutive automorphism of the symmetric pair (U, L). We
choose an ad(U)-invariant inner product ( , ) on u such that ( , ) induces
gv. We also denote by ( , ) the ad(G)-invariant inner product on g induced
from ( , ) through Q. Let g be the G-invariant Riemannian metric on M
induced by ( , ). Then (p: (M, g) ~ (N, gN) is an isometric immersion. Let
N(M) be the normal bundle of ç and denote by T(N(M)) the vector space
of all smooth sections of N(M) on M. We can identify p, m and o(m) with
To(N), To(M) and ~*(To(M)), respectively. Let ml be the orthogonal
compliment of Q(m) with p relative to ( , ). We identify m~ with No(M).
Define an orthogonal representation 6 of K on m~ by 03C3(k)(03C5)
ad(o(k))03C5
for k E K and v E ml . The normal bundle N (M) is the homogeneous vector
bundle G x 03C3m~ over M associated with the principal K-bundle 7c: G - M.
As in Section 1 there is a linear isomorphism 0393(N(M)) ~ Coo(G; m~)K;
V - V. Let {X1,
XI be an orthonormal basis relative to ( , ) such
that IXI,
in
m and {Xm+1, .XII is in . Let W be the Casimir
is
Xm}
differential operator of G relative to ( , ).
Let Fo be the canonical connection of n: G ~ G/K and V’ the covariant
differentiation of G x 03C3m~ induced from ro. We denote by A’ the (rough)
Laplacian defined from V’ and the Riemannian connection V of (M, g). Let
V.l be the normal connection of 9 on N (M) and dl the (rough) Laplacian
defined from ~~ and V. Since cp is totally geodesic, we have the following.
=

=

...

...

,

,
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PROPOSITION 3.1: Vo

=

~~.

By Corollary 2.5 and Proposition 3.1,

we

get

Let f1- be the

orthogonal complement of e (f) in 1 relative to ( , ) and put
g1 is ad(o(g))-invariant and we have
g1- =
an orthogonal decomposition u
o(g) + g1 as ad(o(G))-modules. We
denote by (03BC, g1) this representation of G on g1- . The Casimir operator of
the representation p relative to ( , ) is given by C03BC
£5=1 ad(o(XA))2 E
is
in
Then
the
Jacobi
End(g~).
operator 3 of ç expressed terms of W and C,
~ + m1. Then the vector space
=

=

as

follows:

LEMMA 3.2:

Proof. Since

ç is

curvature tensor
-

[[X, Y], Z]

for V E

totally geodesic,
RN of a symmetric

for X, Y, Z

0393(N(M)) and u E

E

m,

we

we

have = - 0394~

space N is

R~. As the
given by RN (X, Y)Z
+

=

have

G. Hence

we get

There is an orthogonal decomposition gl
g j ~ ··· E9 gk such that
each g’ is an irreducible ad(o))(G-invariant subspace with 0(gl) = gt.
Then by Schur’s lemma we have Cu - ail on each gt. Here ai is the
eigenvalue for the Casimir operator of the irreducible G-module g’ relative
to ( , ). Put g~i = ~i + m/ , where t-’ = ~ n gi and m’ = ml n gl
=

.

.
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Then we have ad (o(K))~i
ff and ad(o(K))m~i = mf. Denote by
this representation of K on m~i. The decomposition m~ = mi O ’ ’
induces the decompositions
=

(ui, mf)

’

Q

m-’

and

By

Lemma 3.2

we

have for

THEOREM 3.3: The index,

where

m(Â)

=

nullity and Killing nullity of qJ

dim’H-- (m~i)C)

and

dÂ

are

given as follows:

denotes the dimension

of the

representation À.
4.

Stability

of

Helgason spheres

Let (N, gN) be an n-dimensional compact irreducible Riemannian symmetric
space and Io(N) the largest connected Lie group of isometries of N. Let K
be the maximum of the sectional curvatures of N. By a theorem of E. Cartan,
the same dimensional totally geodesic submanifolds of N of constant curvature 0 are all conjugate under Io(N). Helgason proved an analogous
statement for the maximum curvature K as follows.

The space N contains totally geodesic submanifolds of
constant curvature K. Any two such submanifolds of the same dimension
are conjugate under Io(N). The maximal dimension of such submanifolds is
1 + m(ô) where m(ô) is .the multiplicity of the highest restricted root ô. Also,
K
4n21b12, where 11 denotes length. Except for the case when N is a real
projective space, the submanifolds above of dimension 1 + m(ô) are actually
THEOREM 4.1

([H1]):

=

spheres.
Assume that N is not a real projective space. Let SK be a maximal dimensional totally geodesic sphere of N with constant curvature K. We call SK the
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In this section we show that every Helgason sphere
1 + m(ô).
stable minimal submanifold of N. Put m
We begin with preliminaries on Lie algebras. Let (U, L) be a compact
symmetric pair with N U/L. Let u and 1 be the Lie algebras of U and L,
respectively, and u 1 + p the canonical decomposition. We choose the
ad(U)-invariant inner product ( , ) on u so that ( , ) induces gN. Let a be
a maximal abelian subspace of p and t the maximal abelian subalgebra of
u containing a. We denote by UC the complexification of u. For a E t, we
define a subspace of u’ by

Helgason sphere of N.
is

a

=

=

=

t is called a root of u with respect to t if oc *- 0 and 03B1 ~ {0}. We denote
03A3(U) the complete set of roots of with to t. The following proposition

a E

by

is well known

(cf. [H2]).

PROPOSITION 4.2:
(1) For a E 03A3(U),

we

have dim

û« -

1.

(2) ûo - tC.

(3) There is a direct sum uc tc + L(xEI(U) U(X’ called the root decomposition
of uc with respect to t.
(4) For a, f3 E t, we have [û«, ûfll c 03B1+03B2. In particular, if a, f3, a + f3 E
l(U), we have [û«, 03B2] = 03B1+03B2.
=

For y

E

a,

we

define

a

subspace

of uc

by

of (u, 1) (or a restricted root of u) with respect to a if
0.
We
denote be l(U, L) the complete set of roots of (u, 1).
0 and u’ *
We have a direct sum u’
u’ + 03A303B3~03A3(U,L) uC03B3, and [u’, uC03B4] ~ uC03B3+03B4. We
have a direct sum t
b + a, where b
t n 1. We put 4(U) l(U) n b.
We define an involotive automorphism of t as a(H1 + H2 ) - - Hl + H2
for Hl E b and H2 ET a. A linear order
of t is called a a-order if for any
&#x3E;
03B1 ~ 03A3(U) - 10 (U) with a 0 we have 03C3(03B1) &#x3E; 0. There always is 03C3-order
of t. We fix a 03C3-order . We denote by 1+ ( U ) and 1+ ( U, L) the complete
sets of positive roots of u and (u, 1), respectively. For H E t, we denote by
FI the a-compornent of H with respect to ( , ). Then we have I+ (U, L) =
y E

a

is called

a root

:0

=

=

{03B1;

a E

I+ (U) - 03A30(U)}. For y

=

E

a,

we

put

168
and

The

following propositions

PROPOSITION 4.3:
(1) We have orthogonal direct

(2)

are

well known

sums

of 1 and p

For each y E 03A3+(U, L), we have dim
For y E l(U, L), we have

I03B3

=

(cf. [H2], [Te2]).
relative

to

( , );

dim PY’ denoted by

m(y).

and

and

E 03A3+ (U) - 03A30(U), we can choose Sa
following
properties:
the

PROPOSITION 4.4: For each a

satisfying

are

respectively.

and

for any H E a.

orthonormal bases

E

of Iy

1, Ta

E

p

and p03B3,

169

Assume that (U, L) is irreducible and N is not of constant curvature. Let Ôu
be the highest root of E+ (U). Then 03B4 = 03B4U is the highest root of Il (U, L)
and the maximum of the sectional curvatures of (N, gN) is 403C02|03B4|2.
PROPOSITION 4.5

we

PROPOSITION 4.6 (cf. [Hl]):
which generates a maximal
K

=

have

spanR{03B4} + m is a Lie triple system of (U, L)
totally geodesic sphere SK of constant curvature

4n21b12.

Set

and

Note that

set

and

Then

we

have

and

Here 1(1)
Ib and p(1) pb.
Let G be an analytic subgroup of U generated by the Lie algebra g and
K an analytic subgroup of L generated by the Lie algebra f. Then Sx is
expressed as a homogeneous space G/K associated with the symmetric pair
=

(G, K).

=

170
We denote by
inner product (

fo the orthogonal complement of[pb’ pain I0 relative to the
, ) and put ô’ = {H E a; (b, H) = 0}. Then we have

and

Under the identification

It is clear that

We prepare

we

have

(ad
some

propositions.

PROPOSITION 4.7:

Proof. By Proposition z

and

And

we

have

with

171

and

PROPOSITION 4.8:

Proof. Using Proposition

4.3

(3)

4.3

(3),

we

compute

and

PROPOSITION 4.9:

Proof. Using Proposition

and

we

compute

172

Combining Propositions 4.7,

4.8 and

4.9,

we

obtain the

following.

LEMMA 4.10:

Note that
an orthonormal basis

is

of1
from

Proposition

PROPOSITION 4.11:

and

for any real number

and

t. In

particular

we

get

4.6

we

have

173
Then

We put
Lemma 4.10 for
we

by

compute

and

Then there is

Let
an

element
we

have

Therefore by Lemma 4.10

Set

and

we

have

174
PROPOSITION 4.12: The index,

nullity

and

killing nullity of SK

are

given

as

follows;

where

m(À)

=

dim

Hom,

Proof. By Lemma 4.11 the Casimir operator of the representation (ad, g~0)
of G relative to ( , ) is a zero operator. It follows from Proposition 4.11 that

Hence the Casimir operator of the representation (ad, gt) of G relative to
( , ) is the constant operator - (m(m + 1)/2)03C02|03B4|2I. Thus from Theorem
3.3 we get (1), (2) and (3).

THEOREM 4.13

Proof. Set

Proposition

In each

4.12

case

we

g and t

(1)

If N is

(2)

If N is of type

a

get

group

are

given

as

follows

manifold, then

All, then

g :

=

(cf.

Table

1):
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Table 1.

1 + m(03B4); 03BA
4n’lôl’ and p card {03B1 E E(U); ± 2(03B1, 03B4) = (03B4, 03B4)}. Each
compact irreducible symmetric space N
U/L is equipped with the invariant Riemannian
metric induced by the Killing-Cartan form of the Lie algebra of U.

Here

m

=

=

=

=

By the formula of Freudenthal (cf. [Te2]) we can determine the eigenvalues
of Casimir operators. For example, the eigenvalues of Casimir operators
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relative to the

Killing-Cartan metric

are

given

as

follows;

By examining the eigenvalues of Casimir operators case by case,
following:

the

we

obtain
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By

the direct

According
following.

computations

we

obtain

to the tables for the

branching

rules in

[M-P]

we

have the
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Hence

we

get

and

Thus we obtain i (SK)
0. The decomposition of each
in each case is given as follows:
=

(1)

If N is

(2)

If N is of type AII,

(3) If N is

a

group

manifold,

of type CII,

(4) If N is of type EIV

(5)

If N is of type FII,

(6) If N is otherwise,

Therefore by Proposition

(gt)C as a

G-module
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REMARK:

and

result and the second variational formula for a harmonic map we
immediately see that if m 2, the inclusion map l : S03BA ~ N is also stable
as a harmonic map.
(2) By introducing a calibration by the fundamental 3-form on simple Lie
groups, Tasaki [Ts] proved that if N is a group manifold, then S03BA is homologically volume minimizing in its real homology class.
From

our

=

5. A remark

on

certain submanifolds associated with

Helgason spheres

Here we show a generalization of Proposition 3.8 in [01, p. 214] and
Lemma 5 in [O-T, p. 13]. Let G(m, N) = ~x~N G(m, Tx(N)) be the Grassmann bundle of all nonoriented m-planes on an irreducible symmetric space
N. Set jo
spanR{03B4} + m. c m To(N) and m dim 03BE0. Now we
a
define subbundle .5 of G(m, N) by
=

=

=

An m-dimensional submanifold M of N is called an b-submanifold if every
tangent space of M belongs to b. For example, in case that M is a Hermitian
symmetric space, an b-submanifold is a 2-dimensional complex submanifold. In case N
P2(Cay), an b-submanifold is a Cayley submanifold (cf.
[01], and in case that N is a simple Lie group, an b-submanifold is a
~-submanifold, that is, a calibrated submanifold associated with the calibration defined by the fundamental 3-form cp of the Lie group N (cf. [Ts],
[O-T]). In [O1] and [O-T] we showed that a Cayley submanifold and
(p-submanifold are totally geodesic. The following generalizes theirs.
=

PROPOSITION 5.1: Let M be an b-submanifold of N. Then M is a minimal
submanifold of N. Moreover if m dim M &#x3E; 3, M is a totally geodesic
submanifold of N.
=
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We prepare

a

lemma in order to show the above

proposition.

locally symmetric space and M a curvature-invariant
submanifold of N, that is, RN(X, Y)Z E Tx(M) for any x E M and any X, Y,
Z E Tx(M). Here we denote by RN and B the curvature tensor of N and
the second fundamental form of M, respectively. Then for any vectors
X, Y E Tx(M) we have
LEMMA 5.2: Let N be

a

Proof. RN and B satisfy an equation

that

and

Adding

these two

equations,

we

get the desired equation.

Q.E.D.

Proof of Proposition 5.1. We fix any point x E M. We can identify Tx(M)
and Tx(N) with 03BE0 and p, respectively.We regard the second fundamental
form B as a symmetric bilinear form B : Ço x 03BE0
03BE~0, where j) denotes the
vectors X, Y E 03BE0,
in
orthonormal
of
For
orthogonal complement 03BE0 p.
any
by RN (X, Y)Y KX and Lemma 5.2, we have
~

=
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Since {03B41
ô/lôl, T(X; II E 03A3+(U) - 03A30(U), 03B1 = bl is an orthonormal basis
of Ço, transforming it by an isometry of N, if necessary, we may assume
that X
ô, and Y 7,. As j) 03B4~ + p(0) + p(1/2), we denote by B’
and B" the (03B4~ + p(0))- and p(1/2)-components of B, respectively. By
Lemma 4.10 we have (ad X)2 B’ = (ad Y)2B’ = 0. By Proposition 4.11 we
have (ad X)2B" = -03C02|03B4|2 B" and (ad Y)2B" = -(1/4)03BAB".
By Lemma 4.10 we have
=

=

=

=

For any

,

we

compute

and

Hence

we

get

Since
we have

Hence

we

get ((ad Y)(ad X) + (ad X)(ad Y)) p(1/2) =

((ad Y)(ad X)

+

(ad Y) (ad X)) B(X, Y)

=

0. Therefore

Thus
becomes

{0}.

(5.1)
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It follows from this that B
vectors X, Y tangent to M.

(X, X)

+

B( Y, Y)

=

0 for any orthonormal

Q.E.D.
6. Indices and nullities for
one

symmetric

totally geodesic submanifolds

in compact rank

spaces

Using our method we can determine the indices, the nullities and the Killing
nullities of all compact totally geodesic submanifolds in compact rank one
symmetric spaces. In [01] we stated these results partially. In this section we
give their complete table.
PROPOSITION 6.1: The index and the nullity of each compact totally geodesic
submanifold M in a compact rank one symmetric space N are given as in
Table 2. In each case the nullity is equal to the Killing nullity.
REMARK: (1) The results of N = S" and N
Pn(C) were shown by Simons
and
Kimura
See
also
[S]
[K], respectively.
[Te3].
(2) Simons [S] showed that a great sphere S"’ of S" is a unique
m-dimensional compact minimal submanifold of S" with the lowest index
and the lowest nullity. Kimura [K] showed that a complex projective subspace P,(C) of Pn(C) is a unique m-dimensional compact minimal submanifold of Pn(C) with the lowest nullity. These results for the nullity are
=

Table 2.
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generalized as follows. Let F, F’ = R, C, UD or Cay. We denote by Pn(F) an
1 or 2 when F = Cay.
n-dimensional projective space over F. Here n
ce
F
is
a
F’
and
that
projective subspace of Pn(F). We fix a
Pm(IF’)
Suppose
point o E Pm(F’). We call that a submanifold M of Pn(F) is of type Pm (F’)
if for any ,, E M there is an isometry i of Pn(F) such that Tx(M) =
Pm(F’) is a submanifold of type Pm(F’). For
(d03C4)o(To(Pm(F’))).
F’
if
F
=
C
and = C, then a submanifold of type Pm (IF’) is a
example,
complex submanifold of Pn(C). If F = C and F’ = R, then a submanifold
of type Pm(F’) is a totally real submanifold of Pn(C). Using the method of
Proposition 1.1 we can show the following. Let M be a compact minimal
immersed in Pn(F) and denote by cp its immersubmanifold of type
sion. Then n(~) ~ nk(~) ~ n(Pm(F")). Moreover, nk(cp)
n(Pm(F’)) if and
only if cp(M) is congruent to Pm(IF’).
(3) An m-dimensional real projective subspace Pm(R) of Pn(C) is not
always a totally real compact minimal submanifold with the lowest index.
In fact, the totally real compact submanifold M
SU(3)/SO(3). 7L2
embedded in P5(C) (cf. [N]) has i(M)
8( 15 i(P5(R)) and n(M) =
nk(M) 27. It seems that every n-dimensional totally real compact minimal
submanifold M embedded in Pn(C) with the parallel second fundamental
form has i(M)
dim I0(M) and n(M) nk (M) dim I0(Pn(C)) dim I0(M).
=

Clearly,

Pm(1t:’)

=

=

=

=

=

=

=

7.

Instability

of rectifiable currents

on

=

compact symmetric spaces

show an instability theorem for rectifiable currents on
compact minimal submanifolds in a sphere. Moreover using our result and
the first standard minimal immersions of compact irreducible symmetric
spaces, we show a nonexistence theorem for rectifiable stable currents of
certain degrees on some compact symmetric spaces.
Let N be an n-dimensional compact Riemannian manifold and Rp(N, A)
the group of rectifiable p-currents on N over A, where A is a finitely
generated abelian group. We denote by JP(N, A) the group of integral
In this section

p-currents

on

we

N

over

A.

(Federer and Fleming [F-F], Fleming [FI]): There is a natural
isomorphism of the homology groups H*(f*(N, A)) with the singular homology groups H*(N, A).

THEOREM 7.1

THEOREM 7.2 (Federer and Fleming [F-F], Fleming [Fl]): For every nonzero
homology class a E Hp(F*(N, A)) - HP(N, A) there is a F E a of at least
mass in the sense that 0
M(F) ~ M(F’) for all F’ E a.
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An element F E RP(N, A) is called stable if for every smooth vector field V
on N with the flow (p, there is an 03B5 &#x3E; 0 such that M(~t*F) ~ M(F) for all

|t|

03B5.

SYNGE
in Rp(N, A), then HP(N, A) = {0}. If
stable
currents
If there
1 and A
Z, then not only does H1(N, Z)
p
{0} but N is also simply
2 and A
connected. If p
7L, then not only does H2(N, 7L)
{0} but
THE GENERALIZED

PRINCIPLE OF

are no nonzero

=

=

=

=

=

=

n2 (N) = {0}.
This is due to Theorem 1 and 2, the classical result of closed geodesics and
the theorem of Sacks-Uhlenbeck for the existence of stable minimal

2-spheres (cf. [S-U]).
Let ç E 039BpTx(N) be a unit simple p-vector.

For any vector field V on N

with the flow ~t, we define a quadratic form Q03BE by Q03BE (V) = (d2/dt2)|~t*03BE||t=0.
For any F E Pllp(N, A), we define a quadratic form QF by QF(V) =
(d2/dt2)M(~t*F)|t=0. Then we have QF(V) = J Qyx(V) d~F~ (cf. [Fe]).
Now assume that N is isometrically immersed in a Euclidean space (EN and
does not lie in any proper hyperplane of EN. We put 1/ = {grad f03C5 E
0393(T(N)); 03C5 E EN}, where f03C5(x) = ~x, 03C5~ for x E N. There is a natural
isomorphism V ~ (EN. Then the trace of Q03BE on V with respect to the inner
product induced from EN is given as follows;

PROPOSITION 7.3

(cf. [01]):

where B denotes the second fundamental
nq} is an orthonormal basis

form of N and

by R the curvature tensor of N and define the sectional curvature
of N as K(X 039B Y) = R(X, Y)Y, X ~/~ X 039B Y~2. The Ricci tensor of N
is defined by Ric (X, Y)
03A3ni = 1 ~R(X, ei)ei, Y), where {ei} is an orthonormal basis of Tx(N). The mean curvature vector 1 of N is defined by
q
(1/n)03A3ni=1B(e;, ei). The equation of Gauss is given as follows;
Denote

=

=

Put.
range of indices;

We

use

the following convention

on

the
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Then

By

the

we

compute

equation of Gauss

If N is a submanifold of
becomes

we

a

get

hypersphere SN-1(r)

with the radius r,

(7, 1)

where B8 denotes the second fundamental form of N in SN-1(r). Further
suppose that N is a minimal submanifold of SN-’ (r). Then we have
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Hence

we

get

the minimum of the Ricci curvature of N, x
the maximum of
where c
X
is
a
unit
vector on NI.
the sectional curvature of N, f3
Min {~Bs(X, X)~2;
have
we
Similarly,
=

=

=

Thus from

(7.2)

and

(7.3)

we

obtain the

following.

THEOREM 7.4: Let N be an n-dimensional compact minimal submanifold of a
k n satisfies
sphere SN-1(r) with the radius r. If an integer k with 1
k
{03BA + 2c - (n - 1)/r2 + 03B2}/03BA, then there exists no rectfiable stable
p ~ k or 1 ~ n - p ~ k. In particular Hp(N, A) =
p-current on Nfôr 1
1
A) = {0} for
p k and any finitely generated abelian group A.

Hn-P1(N,

Let N be an n-dimensional compact minimal submanifold of a
the radius r.

for

any finitely

Proof.

generated abelian group

Since

We denote
of N.

A and N is

sphere with

simply connected.

we get

by J.1 the maximum of the curvature operator acting on 2-forms

COROLLARY 7.6:

Proof. Since 03BC ~ 03BA

&#x3E;

0,

we

have
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REMARK:

(1)

In

[02]

we

showed that if Ric &#x3E;

n/r2, then N is harmonically

unstable, in particular xi (N) = n2 (N) = {0}. Corollary 7.5 is sharp in the

following sense; if N is an n-dimensional real projective space imbedded in
a unit sphere by its first standard minimal immersion, then 03C01(N)
7L2 ,
H1(N, Z2) 7L2 and Ric {(n - 1)/2}{n/1(n + 1)}.
(2) In [K-O-T] we showed that if nlr2 - 2c + 203BC 0, then N is YangMills unstable and xi (N) = n2 (N) = {0}.
=

=

=

THEOREM 7.7: Let N be an n-dimensional simply connected compact irreducible
symmetric space belonging to the following list; (1) S", (2) P2 (Ca y), (3)

Gp,q(H), (4) Sp(l), (5) SU(3)/SO(3), (6) SU(3), (7) SU(6)/Sp(3), (8) E6/F4, (9)
Hermitian

symmetric

sphere of

N.

If

F

p ~ m - 1, then Y

the dimension of the Helgason
and 1 ~ p ~ m - 1 or n - m + 1 ~

spaces. Denote

E

f!1lp(N, A)

by

m

is unstable.

Proof. Suppose that N is associated with a symmetric pair (U, L) and g is
the invariant Riemannian metric on N induced by the Killing-Cartan form
of U. By the theorem of Takahashi [Ta], N is isometrically realized as a
minimal submanifold in a sphere Sm(1)(n/03BB1) c Em(1)+1 by its first standard
minimal immersion. Here À1 and m(1) + 1 denote the first eigenvalue and
its multiplicity for the Laplace-Beltrami operator of (N, g) acting on
functions. The complete lists of n, K and 03BB1 for each case are given in
Table 1 and [K-O-T]. It is known that c
1/2 for every case. By direct
for
the
each
case
computations,
value R
except Hermitian symmetric spaces
is given as follows: (1) R
0, (2) 03B2
1/72, (3) fi (p - q)/4pq(p + q),
=

(4) fi

=

0, (5) 03B2

=

1/9, (6) fi

=

=

=

=

1/18, (7) 03B2

=

1/36, (8) 03B2

=

1/72. Using

these datas and Theorem 7.4, the straightforward computations imply the
above conclusion.
Suppose that N is a Hermitian symmetric space. Denote by J the complex
structure on N. Let H be the Lie algebra of all holomorphic vector fields on
N and Je the Lie subalgebra of YC consisting of all Killing vector fields on
N. By the theorem of Matsushima, we have a direct sum H = H + Je.
Set V
J H. We equipe an inner product on Y induced from the invariant
inner product of the Lie algebra e. Lawson and Simons [L-S, p. 447, (5.4)]
computed the trace of the quadratic form Q03BE on Y associated with any
=

03BE ~ IBpTx(N)

as

follows;
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(7.4) becomes

If p = 1,

then

we

have

If p, = 2,

then

we

have

Here H(X) and H(X, Y) denote the holomorphic sectional curvature and
the holomorphic bisectional curvature of N, respectively.

Q.E.D.

[O1]. We conjecture that the
connected compact irreducible

REMARK. The above result is proved partially in
same

conclusion holds for every

symmetric

simply

space.
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