C OMPOSITIO M ATHEMATICA

P. E RDÖS
C. L. S TEWARD
R. T IJDEMAN
Some diophantine equations with many solutions
Compositio Mathematica, tome 66, no 1 (1988), p. 37-56
<http://www.numdam.org/item?id=CM_1988__66_1_37_0>

© Foundation Compositio Mathematica, 1988, tous droits réservés.
L’accès aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique l’accord avec les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou impression systématique est constitutive d’une infraction pénale. Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/

37
Mathematica 66: 37-56
(1988)
© Kluwer Academic Publishers, Dordrecht - Printed in the Netherlands

Compositio

Some
P.

diophantine equations

ERDÖS,1 C.L. STEWARD &#x26;

with many solutions
R. TIJDEMAN3

’Mathematics Institute of the Hungarian Academy of Sciences, Reàltanoda u. 13-15,
Budapest, H-1053 Hungary; 2Department of Pure Mathematics, University of Waterloo,
Waterloo, Ontario, Canada N2L 3Gl; 3Mathematical Institute, University of Leiden,
2300 RA Leiden, The Netherlands
Received 15

§0.

May

1987

Introduction

F(X, Y) E Z[X, Y] be an irreducible binary form of degree n 3. In
1909, Thue proved that for each integer m the equation F(x, y) = m has
only finitely many solutions in integers x, y. Mahler extended Thue’s result
by proving that the number of solutions of F(x, y) - m can be bounded in
terms of F and the prime divisors of m. Several bounds for the number of
solutions have been given. Let S = {p1,...,ps} be a set of prime numbers.
Evertse solved an old conjecture of Siegel by proving that if F has non-zero
discriminant, then the number of coprime pairs x, y E Z such that F(x, y)
is composed of primes from S does not exceed exp (n3(4s + 7)). In the
proofs of these results S-unit equations are used. An example of an S-unit
equation is the equation x + y = z in coprime positive integers x, y, z each
composed of primes from S. Evertse also showed that this equation has at
most exp (4s + 6) solutions. These results played a key role in the solution
of an old conjecture of Erdôs and Turàn. Gyôry, Stewart and Tijdeman
showed that if A and B are finite sets of k and 1 positive integers, respectively,
and k 1
2, then there exist a in A and b in B such that the greatest
factor
of
a + b exceeds C log k loglog k where C is some positive
prime
Let

constant.

In this paper we want to prove that there are Diophantine equations of
above mentioned types which have surprisingly many solutions, thereby
showing that some of the above results are not far from being the best
possible ones. In § 1 we consider the problem of Erdôs and Turàn. It follows
from Theorem 1 that the bound C log k loglog k cannot be replaced
by (log k loglog k)2. In §2 we turn to S-unit equations. We show in Theorem 4 that the equation x + y = z can have more than exp ((s/log s)1/2)
solutions in coprime positive integers x, y, z each composed of primes

38
From S. Finally, we deal with Thue-Mahler equations in §3. It follows from
Theorem 5 that Evertse’s bound exp (n3(4s + 7)) cannot be replaced by
exp (n2S1/n/log s), not even when F is just a polynomial in one variable.

§1.

Prime powers of sums of integers

For any integer n &#x3E; 1 let co(n) denote the number of distinct prime factors
of n and let P(n) denote the greatest prime factor of n. For any set X let |X|
denote the cardinality of X. In 1934 Erdôs and Turàn [15] proved that if A
is a finite set of positive integers with lAI|
k, then, for k 2,
=

They conjectured (cf. [14] p. 36) that for every h there is an f(h) so that if
A and B are finite sets of positive integers with lAI = IBI|
k f(h) then
=

Gyôry, Stewart and Tijdeman [23] proved the conjecture. They showed that
the following much stronger assertion is an easy consequence of a result of
Evertse [16]. Let A and B be finite sets of positive integers. Put k
|A|,
1
|B|. If k 1 2, then
=

=

where C2 is an effectively computable positive constant. On combining this
result with the prime number theorem we obtain that there exist a in A and
b in B such that

where C3 is an effectively computable positive constant. Other lower bounds
for maxa~A,b~B P(a + b) have been given by Balog and Sàrkôzy [2], Sàrkôzy
and Stewart [36, 37], Gyôry, Stewart and Tijdeman [23, 24] and Stewart and
Tijdeman [44]. For surveys of these results we refer to Stewart [43] and
Stewart and Tijdeman [44].
In this paragraph we want to show that (1) and (2) are not far from best
possible, when 1 is small. It follows from Theorem 1 that when 1 2 the
=
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right hand sides of (1) and (2) cannot be replaced by ((1/8) + 8) (log k)2
loglog k and ((1/4) + 03B5) (log k loglog k)2 , respectively, for any e &#x3E; 0.
Theorem 1 deals with values of 1 which are o(log k). It follows from this
theorem that the right hand sides of ( 1 ) and (2) cannot be replaced by (log k)’
when 1 &#x3E; 2 loglog k. In Theorem 2 we consider values of 1 of the form
1. It follows from this theorem that, even for such 1,
03B4 log k with 0 03B4
the right hand side of (2) cannot be replaced by k’ -F for every e &#x3E; 0 and
k k0(03B4, e). We conjecture, however, that for 1 &#x3E; log k and for every
e &#x3E; 0 (2) can indeed be replaced by

for k k, (8). The trivial example ai
i, bi = j - 1 shows that the
hand side of (2) cannot be replaced by k + 1.
=

right-

1. Let f: R&#x3E;1~ IR be a function such that, f(x) ~ 00
e
THEOREM 1. Let 0
as x ~ oo and that f(x)/log x is monotone and non-increasing. Let k and 1 be
positive integers such that k exceeds some effectively computable number
depending only on e and f and that 2 1 (log k)/f(k). Then there exist
distinct positive integers a1, ... , ak and distinct non-negative integers
bl such that
b1,
...

,

It is not hard to derive upper bounds for the numbers al ,
ak and
in
1
Theorem
from
the
proof.
b1,
bl
Theorem 1 follows from Lemma 3 which is derived from Lemmas 1 and
2. Lemma 1 is a combinatorial result which is fundamental for all the results
in this paper.
...,

...

,

LEMMA 1. Let N be a positive integer and let W be a non-empty subset
{1,
NI. Let 1 be an integer with 1 1 1 WI. Then there is a set
1 and a set A such that
non-negative integers B with 0 E B and |B|
...

,

=

of
of
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Proof. There are () l-element subsets of W. To each such subset {w1,
wl} with Wl ... wl, associate the (1 1 )-element subset {w2 N - 1}. Thus there is some (l
wl - w1} of {1,
1 )-element
w1,
...

,

-

-

...

,

...

,

subset {b1,
bl-1} associated to at least k ()/() l-element subsets
of W. Let al,
ak denote the least elements of these k difïerent y-element
subsets associated to {[b1,
bl-1}. Thus a1, ... , ak are distinct members
of W. The lemma follows with A
{a1, ... , ak}, B = {0, bl , ... , bl-1}.
...,

...

,

...,

=

D
let 03C8(x, y) be the number of positive
of prime divisors larger than y.

integers not exceeding x which are free

LEMMA 2. Let x be a positive integer and u a real number with u
exists an effectively computable constant C such that

Proof.

See Theorem 3.1 of Canfield, Erdôs, Pomerance

3. There

[7].

For any real number z we shall denote the greatest integer less than or
z by LzJ and the least integer greater than or equal to z by 1--z«-l.

equal

to

ô
1. Let f
1 and 0
LEMMA 3. Let c and ô be real constants with c
be as in Theorem 1. Let N and 1 be positive integers such that N exceeds
an effectively computable number depending only on c, band f and that
2 1
(log N)I.f(N). Put

Then there exist distinct integers al , ... , am in
bl with 0 bl b2 ...

integers hl,

=

...

,

{1,
hl

...

NI and there exist
N such that
,
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Proof. Put W {n
ciently large we have
=

N:

P(n)

For N suffi-

tl. Then1 Wl = ~(N, t).

By Lemma 1 there exist sets A and B such that 0 E B, IBI = l, and
P(a + b) t for all a E A and b E B. It only remains to prove that
|A| m. By (3), for large N we have 1 (03C8(N, t»1/3. Hence, by Lemma 1,

Here and later in the proof, o(1) refers to N ~ 00. Put x
N, y u
(log x)/log y and v (log N)/1. Then v ~ oo as N - oo. Hence,

t,

This

+

=

=

=

yields log u log v - loglog v
o(l). Now, by Lemma 2,

Hence, by (4),

=

+

o(l) and loglog

u

=

loglog v
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Observe that

Hence

|A|

m for

N

sufficiently large.

D

Proof of Theorem 1. Put w (log k)ll. Then w ~ oo as k ~ 00. We
are going to apply Lemma 3 with N
Lexp ((1 + 8)(long k)(log w))
c
1 and à
It
follows
for
k
that,
e/5.
sufficiently large, k N and
1
(log k)/f (k) (log N)/f(N). Further
=

=

=

It therefore

=

only

remains to prove that k

m.

We

have, for k sufficiently

large,

For the statement of Theorem 2 we shall require the Dickman function Q(u).
Q(u) is a positive, continuous, non-increasing function defined recursively by

and,
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Thus, in particular, Q(u)

u 2. In general there is no
log u for 1
closed
form
for
simple
o(u) (cf. Appendix of [8]) and several authors
have
studied
the
[29]
problem of numerically approximating o(u). As for
=

1

-

known

[8],

explicit bounds, it is easy to show that g(u) 1/I’(u + 1) for u 1, see for
example Lemma 4.7 of [35], and Buchstab [6] proved that for u 6,

Further, de Bruijn [4] obtained the following asymptotic result,

e
1 and 0
1. Let
03B8
THEOREM 2. Let e and 03B8 be real numbers with 0
k and 1 be positive integers with 2 1
0 log k such that k exceeds a number
which is effectively computable in terms of e and 0. Then there exist distinct
positive integers al ,
ak and distinct non-negative integers bl, ... , bl
such that
...

,

where

For any real number 0 with 0
03B8 1 define f0(u) for u &#x3E; 0 by
fo(u) = (1 - 0 log Q(u»Iu. Since o(u) is continuous and 0 (u) 1 for
u 0, f0(u) is also continuous and positive for u &#x3E; 0. Further, by (6)f0(u)
tends to infinity with u. Thus the minimum of fo(u) for u
1 is attained
and so h(O) is well defined. If we evaluatef0(u) at u
1/03B8 and apply
Buchstab’s inequality (5), we find that, for 0 1/6,
=
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1 so h(03B8) 1 for 0
1 then
03B8 1. In fact, if 0
this recall that (u)
1
u
for
1
2.
if
u
Thus,
log
1 + ô with 0 03B4 1/2, then

Plainly fo(1)
1. To
h(0)
u

=

=

see

=

-

and so for 03B4 sufficiently small f0 ( 1 + b)
1, whence h(03B8)
1, for 0
0
0 log k and 0
1. Thus, for 2 1
is
an
0
estimate
which
1, (7)
is better by a power than the trivial estimate k + 1 which is realized when
ai = i, bj = j - 1. Certainly (7) also holds with P(03A0ki=103A0lj=1(ai + bj))
replaced by 03C9(03A0ki=103A0lj=1 (ai + bj)) and in this case the trivial upper bound
is 03C0(k + l). We conjecture that there does not exist a positive real number
1 and arbitrarily large integers 1 and k with 1 &#x3E; log k for which
y with y
there exist distinct positive integers a, , ..., ak and distinct non-negative
integers bl,... , bl such that

able, however, to make some improvements on the trivial estimate
l) for 1 &#x3E; log k. In particular, there exist positive real numbers 03B20
and flj such that for all sufficiently large integers k there exist positive
integers a, ,
ak and b, , ... , bl with 1 &#x3E; (1 + 03B20) log k for which

We

are

n(k

+

...

,

hence, by the prime number theorem, for which

To prove (8) we shall
Let 2
p1, p2 , p3,

...

LEMMA 4. There are
that if n &#x3E; no then

the

result of independent interest.
be the sequence of consecutive prime numbers.

require

=

following

effectively computable positive real numbers fi and no so
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Proof. Let 0 be a positive real number. Let L be the number of indices k with
2n and (1
pk
0) log n pk+1 - pk (1 +0) log n. It follows
from Lemmas 1 and 2 of [13] that there exists an effectively computable
positive constant c such that L c03B8/log n. By the prime number theorem,
the number of indices k with n pk
2n and pk+1 - pk (1 - 0) log n
is at most (1 + o(1))n/log n - L. This implies that
n

-

On
n

A

the

pk+1

2n,

comparison

For 0

o(1))n

hand, since pk+1 - pk = o(n) for n

other

see

of

for

(9)

example [26],

and

(10)

we

pk

2n

or

have

reveals that

sufficiently small and n sufficiently large we have (03B8 - 2cBz +
D
(03B8/2)n and the result now follows on taking 03B2=03B8/2.

&#x3E;

Suppose now that k is a positive integer, put fl2 PI2 and 03B23 «fi/4)/(l +
/3» fi and let n be that integer for which (1 + 03B23)n k (1 + /33)(n + 1).
Let T be the set of integers 1, ... , n together with the integers m with
n
m
2n -- (1 + P2) log n for which the closed interval [m, m +
+
(1
03B22) log n] contains no prime numbers. If j is a subscript such that
n
PI +1
2n and pj +1 - pj &#x3E; (1 + fi) log n. then all integers in the
Pi
open interval (pj, pj + (pj+1 - PI) (fi/2)/(l + 03B2)) belong to T. Hence, by
Lemma 4, T has cardinality at least
=

=
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this exceeds k if k is sufficiently large. Thus we can choose
T. Put 1
from
1.
(1 + 03B22) log n and bj = j for j = 1,
al , ... , ak
and
that
Note that 1
(1 + 03B22 + o(1)) log k
by construction,

and

plainly

=

...

,

=

hence (8) follows directly.
Let h be a positive integer. We can prove, by appealing to a result of Maier
(see the main theorem of [34]) and employing a similar construction to the
one given above, that there exists a positive number ch , which is effectively
computable in terms of h, and arbitrarily large integers k and 1 with
1 &#x3E; ch (log k loglog k loglogloglog k)/(logloglog k)2 for which there exist
distinct positive integers al ,
ak and distinct positive integers bl,
bl
with
...

,

...

On the other hand, perhaps for each positive number e there exists
k0(E) such that if k &#x3E; k0(E) and 1 &#x3E; (log k)"e then

a

,

number

positive integers al ,
ak and distinct positive integers
will
true
this
be very deep.
conjecture
bl, ... , bl. If it is
For the proof of Theorem 2 we shall require the following two lemmas.

for any distinct

LEMMA 5. Let

Proof

u

...

,

be a real number with u

This result is due to Dickman

[12],

1. Then

see

also de

Bruijn [5].

ô
1 and 1
LEMMA 6. Let ô and u be real numbers with 0
u. Let N and
1 be positive integers such that N exceeds a number which is effectively
computable in terms of band u and such that 2 1 log N. Put
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Then there exist distinct integers al ,
integers bl,
bl with 0 = bl b2

...

...

,

Proof.
sufficiently large

we

,

am

in {1,

...

b,

NI and there exist
N such that

...,

have

By Lemma 1 there exist sets A and B of non-negative integers such that
1 and A + B £; W, so in particular
|A| ()/(), 0 ~ B,B(
B. It remains to prove that |A| m. We
E
A
b
e
for
all
a
and
+
P(a b) t
in
as
have,
(4),
-

Thus, by Lemma 5,

and the result follows.

D

f0(u) = (1 - 0 log Q(u»Iu
uo. We apply Lemma
and
u = uo . Since (u0)
Í kl((1 - (03B5/2))(u0))-l, 03B4 = 8/2
1
0
whence
2
N k,
log k log N. Further

Proof of Theorem 2. Suppose that
1 at u
its minimum value for u
N

=

have

Thus, for k sufficiently large in
al , ... , ak

b2

...

from {1, ... , N}
b,

N with

=

terms of e and

and

attains
6 with
1 we

0, there exist distinct integers

integers b1 , ... , bl with

0

=

bl
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Furthermore,

Since

sufficiently large

in terms of E and

0,

required.

as

§2.

S-unit

Let S

with many solutions

= {p1 , ... , ps} be a set of prime numbers. Let a, b

integers.
ax

équations

Then the

+ by =

in

integers

an

S-unit

and c be non-zero

equation
(11)

cz

x, y and z which are all composed of primes from S is called
equation (over Q). Usually S-unit equations are defined over
algebraic number fields or other finitely generated domains. An extensive
survey on these equations has been given by Evertse et al. [18].
It follows from the work of Mahler [31](cf. Lang [27]) that the S-unit
equation (11) has only finitely many solutions in coprime integers x, y, z.
Mahler dealt explicitly with the case a
c
1. An upper bound for
b
the number of solutions in this case was given by Lewis and Mahler [28].
Their bound depends on S. Evertse [16] proved for general a, b, c that the
S-unit equation (11) has at most 3 x 72s+3 solutions in coprime integers
x, y, z (see also Silverman [41]). Generically the number of solutions of
equation (11) is much smaller. S-unit equations split in a natural way into
equivalence classes (cf. [18, 19]) in such a way that it is a trivial matter to
compute all the solutions of an S-unit equation if one knows the solutions
of an equivalent S-unit equation. Further the number of solutions of equivalent S-unit equations are equal. The number of equivalence classes is
infinite, but Evertse et al. [19] proved that, with the exception of only finitely
many equivalence classes, the number of solutions of the S-unit equation
(11) in coprime positive integers x, y, z is at most two. By contrast, it follows
from Theorem 4 that the S-unit equation x + y = z can have at least as
many as exp ((4 + o(1))(s/log S)I/2) coprime positive solutions and hence
=

=

=
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Evertse’s upper bound is not far from the best possible bound. On the basis
of a heuristic computation we think that the truth is in between. We
conjecture that if ~ is any positive real number and S the set of the first s
primes then the number of solutions of the S-unit equation x + y = z in
coprime positive integers x, y and z is at least exp (s(2/3)-03B5) for s &#x3E; CI (e) and,
on the other hand, if S is any set of s primes, then the number of solutions
is at most exp (s(2/3)+03B5) for s &#x3E; C2(03B5). Theorem 3 shows that in Theorem 4
one of x and y can be fixed at the cost of replacing exp ((4 - 03B5) (s/log S)1/2)

by exp ((2 - 03B5) (s/log s)1/2).
THEOREM 3. Let 2
p1,p2, ... be the sequence of prime numbers. Let e be
a positive real number. There exists a positive number so (8) which is effectively
computable in terms of e such that ifs is an integer with s &#x3E; s0(03B5) then there
exist positive integers kl and k2 with
=

such that the equation

has at least exp ((4 - 03B5) (s/log S)I/2) solutions in positive integers x and y with
P(xy) p, and such that the equation

has at least exp ((2 - e)(s/log
and y with P(xy) ps.

S)I/2) solutions in coprime positive integers x

THEOREM 4. Let a be a positive real number. There exists a number s0(03B5), which
is effectively computable in terms of e, such that if s is an integer larger than
so(e) then there exists a set S of prime numbers with |S| s for which the
=

equation

((4 - E)(s/log S)1/2) solutions
composed of primes from S.
has at least exp

Proof.

Let 0

hold true.

a

1 and let s be

Apply Lemma 3 with c

=

so

in

coprime positive integers

large that the following arguments

1, the positive number 03B4

to be chosen

50
N

later, f(x) = (log x)/2,
there exists

an

integer

=

Lexp ((2 - 03B4)(s log S)1/2) and 1

=

2. Then

m, with

and there exist integers al , ... , ami
N - 1} such that

in {1, ... , N}

and b

in {1,

...

,

Taking xi = ai + b, yi = ai for i 1,
m, , we obtain a positive
integer k1 = b with kl exp (2(s log S)1/2) and ml solutions xi, Yi of
the equation x - y = k, with P(xiyi) (1 - b12)2s log s ps, the
last inequality by the prime number theorem. Choosing ô so small that
4(1 - ô)2(j + 03B4)-1 &#x3E; 4 - 03B5, we obtain
=

...

,

and the first assertion follows.
For the second statement apply Lemma 3 with c
N

f(x) = (log x)/2,
exists an integer m2

---

4, à to be chosen later,
2. Then there
and 1

=

Lexp ((1 - ô)(S log S)1/2)J

=

with

and there exist integers al ,
N - 1} such that

...

,

am2

in {1,

...

,

N}

and b

in {1,

...

,

1, ... , m2 we obtain a positive integer
b, yi = ai for i
b with k
exp ((s log s)1/2) and m2 solutions xi, yi of the equation
m.
1,
x - y = k with P(xi, yi) ps. Let di gcd (xi, Yi) fori
Then di|k and xi/di, yi/di is a solution of x - y - k/di. The number of
possible values of kldi is at most the number of positive divisors of k. Since

Taking Xi = ai
k

+

=

=

=

=

...

,
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N, the number of divisors of k does

k

not exceed exp

((1

+

(03B4/2))

Hardy and Wright [25]).
k/d such that the equation

N) (see Theorem 317 of

(log 2)(log N)/loglog
Thus there exist positive integers d and k2
x - y
k2 has at least

=

=

Id, Yi Id. Observe that all these solutions are coprime and distinct.
so
small that 2(1 - 03B4)2(1 + 03B4)-1(1 + log 2) - (1 + 03B4)
03B4)2 log 2 &#x3E; 2 - e. Then it follows from (12) that the number of
(1
solutions in coprime positive integers of the equation x - y = k2 is at least
exp ((2 - 03B5)(s/log s)1/2). Since these solutions x, y satisfy 0 y x
exp
((s/log s)1/2) and P(xy) ps, and moreover k2 k exp ((s/log s)1/2), this
completes the proof.
solutions Xi
Choose à
-

1. By Theorem 3 there exists a number
Proof of Theorem 4. Let 0 03B4
which
is
effectively computable in terms of ô such that if s1 &#x3E; s*0(03B4)
s*0(03B4)
then there exists a positive integer kl with kl
exp (2(sl /log S1)1/2) such
that the equation x - y - k, has at least exp ((4 - 03B4))(s1 /log s1)1/2)
solutions in positive integers x and y with P(xy) ps1. We infer that the
number of prime factors of kl does not exceed 4(sl /log S1)1/2. Put

Then|S| S1 + 4(s, /log SI )1/2 (1 + 03B4)s1 for SI sufficiently large. We
now choose s, by SI
S(1 + £5)-1 J. ThenISI s. By making £5 sufficiently
small with respect to e we obtain that the number of solutions, in positive
integers x, y composed of primes from S, of the equation kl + y = x is at
least exp ((4 - E)(s/log S)1/2) and, by dividing out the common factor, we
obtain this many distinct solutions in coprime positive integers x, y and z of
the equation x + y = z such that each of x, y and z are composed of primes
=

from S.

§3.

Thue-Mahler

D

equations

with many solutions

Let F(X, Y ) be a binary form with integer coefficients of degree
let S
{p1, ... , ps} be a set of prime numbers. The equation
=

n

3 and

52
in non-negative integers x, y, z, , ... , zs is called a Thue-Mahler equation.
It becomes a Thue equation if z,,
z, are all fixed. Mahler [30, 31]
proved that if F is irreducible, then equation (13) has at most C’ solutions
with x and y coprime where the number c depends only on F. Lewis
and Mahler [28] derived explicit upper bounds for the number of coprime
solutions of (13) in terms of F and S when F is a binary form with non-zero
discriminant. Evertse [16] succeeded in deriving an upper bound for the
number of coprime solutions which depends only on n and s. He showed that
if the binary form F is divisible by at least three pairwise linearly independent forms in some algebraic number field, then the number of solutions of
(13) in non-negative integers x, y, z, ,
z, with gcd(x, y) = 1 is at most
...

...

,

,

(see also Mahler [33] and Silverman [38, 39]). Upper bounds for the solutions themselves were provided by Coates [9, 10], Sprindzhuk [42], Gyôry
[20] and others.
One may wonder how many solutions equation (13) can have. Theorem
5 shows that Evertse’s bound cannot be replaced by exp (Sllnllog s). There
is a wide gap between the bound of Evertse and the one we have given, but
we expect that the bound exp (sl/n Ilog s) is much closer to the truth than
exp (s), say. In fact, Theorem 5 already applies to the Ramanujan-Nagell
equation

explicitly stated in Theorem 5. In this
context, it is worthwhile to note the following immediate consequence of
Theorem 4, which even gives a slightly better estimate than that of
However, the polynomial F is

not

Theorem 5.
COROLLARY. Let e &#x3E; 0. For s &#x3E; so (8) there exists
of prime numbers such that the equation

has at least exp ((4 z, , ... , z,s with gcd(x,

e)(s/log S)I/2)
1.
y)

The situation becomes

entirely different

a

set

S

= {p1,..., ps}

solutions in non-negative integers x, y,

=

for the Thue

equation
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where Fis a binary form as above and k is a non-zero integer. Upper bounds
for the number of solutions of (14) have been given by Davenport and Roth
[11], Silverman [38, 39], Evertse and Gyôry [17], Bombieri and Schmidt [3]
and others. Upper bounds for the solutions themselves were provided
by Baker [1], Gyôry and Papp [21, 22] and others. On the other hand,
Silverman [40], extending work of Mahler [32], has shown that there exist
infinitely many cubic binary forms, each with non-zero discriminant, such
that the number of solutions of equation (14) exceeds C(log lkl)211 for
infinitely many integers k where C is some positive constant. However, it
may be that there exists a number CI, depending only on n, such that
equation (14) has at most C1 solutions in coprime integers x, y.
We now proceed with Theorem 5.
THEOREM 5. Let 03B5 be a positive number. Let 2
be the sequence
p1, P2,
of prime numbers and let 1 be an integer with 1 2. There exists a number
so(e, l) which is effectively computable in terms of e and 1 such that if s is an
integer with s s0(03B5, 1), then there exists a monic polynomial F(X) of
degree 1 with distinct roots and with rational integer coefficients for which the
=

...

equation

has

at

least

solutions in non-negative integers x, Zl,

...

,

zs.

Proof. We assume that s is so large that the following arguments hold true.
1, f(x) = (log x)ll, N Lexp {(l 03B4)
Apply Lemma 3 with c
and
the
number
£5 to be chosen later. Then there exists
(s log s)1/l}
positive
an integer m with
=

=

-
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and positive
that

integers a, ,

...

,

am and

non-negative integers bl, ... , bl such

By the prime number theorem, the right hand side of (17) does

not exceed

ps, hence all the numbers ai + b; are composed of p, ,
ps . Put F(X) =
have
m
Then
we
solutions
of
the
+
+
(X bl).
(X bl)
Diophantine
...

,

...

equation (15) in non-negative integers x, z, ,
zs . Choose ô so small that
(1
03B4)3l2 &#x3E; l’ e. Then the number of solutions of equation (15) is at
least (16).
D
...

-

REMARK. The

,

-

polynomial

F mentioned in Theorem 5 has the

special

rational integers. The problem of finding a
lower
bound
for
the
number of solutions of (15) remains open
comparable
F
is
irreducible
over
for
the rationals.
instance,
if,

property that all its

zeros are
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