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Introduction

Riemannian foliations have been for a long time the subject of particular
attention and at present we know a lot about their properties. It tums out that
many of these properties are the consequence of two facts, i.e., that the geo-
desics are global on compact manifolds and that if a geodesic is orthogonal
to the foliation at one point then it is orthogonal to the foliation at any point
of its domain. A quick look at the equation of the geodesic for the Levi-Civita
connection of a bundle-like metric reveals that this equation is of a special
form which we shall call a foliated system of differential equations.
Many properties of Riemannian foliations have the foliations of a much

larger class, the class of foliations admitting "foliated" differential equations
with some additional properties like completeness of the equation and
smooth dependence on the initial condition. For example, the equation of
the geodesic is complete iff the geodesics are global. It is obvious that on
compact Riemannian manifolds the equation of the geodesic of the Levi-
Civita connection is complete, and it is not coincidental that for non-

compact manifolds customarily one assumes that the metric is complete.
In addition to Riemannian foliations foliated equations admit, among

others, transversely afline, transversely homogeneous, conformal and ~-G -
foliations. Up to now they have been considered separately. In all these cases
we take the equation of the geodesic of some transverse connection and the
completeness of this equation means precisely that geodesics are global. To
indicate that the completeness plays an important role we provide two
examples of transversely affine foliations, but first we prove a general prop-
erty of complete (in our sense) transversely affine foliations.

PROPOSITION 1. Let F be a complete transversely affine foliation. Then there
exists a covering M of M such that the lifted foliation F is defined by a locally
trivial fibre bundle f : M ~ 9tq.
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Proof. It is well known that affine foliations are developable; therefore
there exists a covering space M of M such that the lifted foliation F to M
is given by a submersion f into 9tq. Transverse geodesics in M project onto
geodesics in Rq, thus onto straight lines. Since the transverse geodesics are
global, their images by f are whole lines and, therefore, the submersion f is
surjective. Moreover, Theorem 1 of our paper assures that f is a locally
trivial fibre bundle. D
The foliation of Example 1 is a transversely affine, not Riemannian,

foliation whose equation of the geodesic is complete.

EXAMPLE 1 (cf. [3]). Let us consider the space R2q + 1 with coordinates

XI’ ... , xq, y1, ... , yq, z and take the following form w with values in
Rq+1

The Pfaff system w = 0 is integrable and of rank q + 1 ; therefore it defines
a foliation F of codimension q + 1 on 91’q +’. It is a transversely affine
foliation. The foliation F is defined by a global submersion f(x1, ..., Xq,
yl , ... , Yq, z) = (x1, ... , xq, z + xl yl + ... + xqyq) which is a trivial
fibre bundle.
The foliation F is left invariant by a group A with generators gl , ... , Kq,

hl ... hq, k acting as follows:

(1) gi maps xi onto xi + 1, z onto Z - Yi and leaves other coordinates
invariant,

(2) hi maps yi onto yi + 1 and leaves other coordinates invariant,
(3) k maps z onto z + 1 and leaves other coordinates invariant.

Therefore the foliation F projects onto the foliation FA of the compact
quotient manifold 9i2q + 1/A = E2qA + 1. The manifold E2q+1A 1 is a locally trivial
fibre bundle over Eq with standard fibre Eq+1. In each fibre the foliation

FA induces a codimension 1 foliation whose leaves are diffeomorphic to
Rs x Eq-s. Thus, indeed, the leaves have the same universal covering
space.
The following is an example of a transversely affine foliation which is not

complete in our meaning (cf. [10], [7]).
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EXAMPLE 2 (cf. [3], [4]). Let us consider the sphere Sn as embedded in
Rn+1. On the manifold Sn x S 1 we take 1-forms Wi = dxl - x;d0,
then the differential form w, A ... A wn +, 1 is without singularities. It

is equal namely to dX1 ... dXn + 1 - d0 A w, where w is the volume form
of Sn:

Therefore the Pfaff system (wj = 0}sj = defines a transversely affine foliation
of codimension s on the manifold y x S1.

For s = 1 the foliation has one compact leaf Sn -’ x S’, the other leaves
are diffeomorphic to 9in.
One can easily check that the foliation of y X 9l does not fibre over 9i,

and the leaves do not have the common universal covering space.
From our point of view the transversely affine foliations of Examples 1

and 2 belong to two différent classes of foliations, i.e. the system of differ-
ential equations, (the equation of the geodesic), in Example 1 is trans-

versely complete, which is not the case of Example 2. These two examples
indicate that it is worth-while to study foliated systems of differential
equations.
To complete the introduction we provide a method of producing examples

of foliations with transverse systems of equations.
Let us take a manifold T with a system of differential equations E. Let

Diff(T, E) be the group of global automorphisms of the system E. A
homomorphism h : n, (B) ~ Diff (T, E) of the fundamental group of a mani-
fold B allows us to define a system of differential equations on the fibre
bundle B x h T. Let p2 : B x T ~ T be the projection on the second factor.
Then the system p2 E is a transverse system for the foliation F defined by the
submersion p2 . Moreover, the équivalence relation ’- h’: (xa, t) ~ h (x, h (a) t)
preserve the system p2* E, hence the projected system Eh on B x h T is a
transverse system for the foliation Fh. It is easy to see that if the system E
is complete, then the system Eh is complete as well, and the solutions are
tangent to the fibres. Other properties of the system E translate in a similar
and good way.

It is not difhcult to find systems of differential equations on 9lq or Eq with
non-trivial "symmetry groups" as groups of automorphisms of such systems
are called in the theory of differential equations. The references are quite
numerous, for example [9].
For convenience sake all the objects are smooth and the manifolds

connected.
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1. Preliminaries

For us a system E of differential equations of order k on a manifold M is
a fibre subbundle of Jk(R, M) - the bundle of k-jets of smooth mappings
from 91 into M. Therefore, to learn more about the structure of foliations
admitting "foliated" systems of differential equations, we have to look
closer at bundles of jets on foliated manifolds.

First of all we shall recall some facts about transverse bundles to the
foliation (cf. [12], [13]).
A leaf curve a: [0, 1] ~ M, a(0) = x, 03B1(1) = y defines a holonomy

isomorphism Ta : N(M, F)x ~ N(M, F)y of the fibres of the normal bundle,
as well as the fibres of the following transverse bundles:

thé normal bundle of order r.

The total spaces of these bundles Nr (M, F) admit foliations Fr, respect-
ively, of the same dimension as F. Their leaves project onto leaves of the
foliation F, and they are covering spaces of these leaves. This allows us to
interpret the mappings Nr(T03B1) in the following way. Let j E N(M, F)x, then
the vector Nr(T03B1) (03BE) E Nr (M, F), is the end of the lift â of the leaf curve a
to the vector 03BE obtained by lifting the curve a to the leaf of the foliation Fr
passing through 03BE.

Let Q be a subbundle of TM transverse to F. By Qk we shall denote the
subset (subbundle) of Tk(M) of the k-tangent bundle of the manifold M,
consisting of k-jets of curves tangent to Q.

Since the bundle Qr is isomorphic to Nr(M, F), all the above remarks are
also true for this bundle, as well as for any foliated subbundle of Qr.

In the same way as Nr(M, F) we define the space Jk(9i, M; F), i.e., the
bundle of transverse k-jets of mappings of 9i into M. Jk(R, M; F) is a fibre
bundle over both 91 and M. Its fibre over any point v of 9i is diffeomorphic
with Nk (M, F). On the manifold J’(91, M; F) there is a foliation Fk which
induces on each fibre the foliation Fk.
The bundle Jk(9i, Q) of k-jets of mappings f from 9t into M tangent to

Q is isomorphic to Jk (9i, M; F) and thus admits a foliation Fk of the same
dimension as F.
Now we shall recall the definition of a system of differential equations.

DEFINITION 1. A subbundle E of Jk(9i, M) is called a system of differential
equations of order k on the manifold M.
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A mapping f : R ~ M of a connected domain is a solution of the system
E if the mapping f: dom f 3 t H jk f E Jk (91, M) is a section of E.

Let r be an integer smaller than or equal to k, 0  r  k. For each such
an r the system E defines a subset Eô of Tr(M).

Er0 = {jr0f03BF 03C4t : f is a solution of E at t ~ R, 03C4t - the translation in ? by the
vector t} . The set Eo is called the set of initial conditions of the system E of
order r.
A system E is called a USP (Unique Solution Property) system if there

exists 0  r  k such that the set Eô is a subbundle of T’ (M) and for any
pair (t, ç) E 91 x Er there exists exactly one solution f in a neighbourhood
of t such that jr0f03BF 03C4t = 03BE. Moreover, we assume that the solutions depend
smoothly on the initial condition.

Let r be the smallest integer having the above property, then the bundle
Eo is called the bundle of initial conditions of the system E.
We say that solutions of the system E depend smoothly on the initial

condition if for any smooth mapping f : W - Er, W an open subset of 9îm,
~t - the solution of E with the initial condition f(t), the mapping ~:
W x R ~ M defined as ~(t, v) = ~t(v) is a smooth mapping.
A system E is called transitive if for any tangent vector X there exists a

solution f of the system E such that X E im d0f.

2. Foliated systems of differential equations

It is our aim to explain the influence of transverse systems of differential
equations on the structure of foliations. To have any relation between
properties of these two objects on the manifold M they must be in some way
compatible, i.e., the system should be "adapted" or "foliated". We shall
work with the following definition of a foliated system of differential
equations.

DEFINITION 2. A system of differential equations E is called foliated if there
exists a subbundle Q supplementary to TF such that the set Jk (91, Q) n
E = EQ is a foliated subbundle of Jk(R, Q).
The foliated subbundle EQ defines a system ET of differential equations on

the transverse manifold T, i.e., ET c J’(91, T), and EQ is the subbundle of
Jk(R, Q) corresponding to ET (cf. [12]). The holonomy pseudogroup H is a
pseudogroup of automorphism of the system ET.

Since we are interested in the transverse structure of the foliation,
therefore we shall look only at solutions transverse to the foliation. The
following definitions will be very useful.
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DEFINITION 3. A solution f: R ~ M of E is said to be tangent to Q if
im dtf c Q for any t E dom f.

Let the system ET be USP and Er 0 (T) be its bundle of initial conditions.
The corresponding subbundle of Q’ we denote by Er 0 (Q) and it is called the
bundle of transverse initial conditions. A foliated system E is called a TUSP

(Transverse Unique Solution Property) system if solutions with initial con-
ditions from the bundle EÓ(Q) are unique and depend smoothly on the initial
condition.
A solution is said to be transverse if its initial condition belongs to the

bundle of transverse initial conditions.
A systems E is (transversely) complete if any (transverse) solution can be

extended to a global one.
A foliated system E is transversely transitive if for any vector X of the

bundle Q there exists a transverse solution f of the system E such that
im dof3 X.
A curve y: (-E, e) -. M is called a solution curve of the system E if there

exists a solution f of the system E at x = 03B3(0) and a curve : (-03B5, e) ~ 9t,
03B3(0) = 0 such that y = f o 00FF.
A curve y: [0, 1] ~ M is called a piecewise solution curve of the system

E if there exists a sequence of numbers to = 0  t, 1 ...  tm +, 1 = 1

such that for i = 0, ... , m the curve 03B3| [ti, ti+1 ] is a solution curve.

REMARK. If the system E is transversely transitive, then any two leaves of the
connected manifold M can be joined by a piecewise solution curve.

LEMMA 1. Let F be a simple foliation given by a submersion p: M ~ T and E
be a foliated TUSP system of differential equations on (M, F). Denote by ET the
induced system on the manifold T. Let Ço be an element of the set Er0(T) of
initial conditions of the system ET over a point xo. If f is a solution of the system
ET such that jr0f03BF 03C4t = Ço, then for any x E p-1(x0) 03BE = (Nr(p)x)-1(03BE0) c-
Eo(6) there exists a solution fx of the system EQ such that jr0fx 03BF 03C4t = 03BE.

Proof. The mapping f is the solution of the system ET with the initial
condition 03BE0, so its lift fx at x tangent to Q is a solution of the system EQ. 
Asp°fx = f in a neighbourhood of t and N’ (p)x(03BE) = Ço the r-jet offx - r,
at 0 must be 03BE. D

COROLLARY. Let F be a simple foliation defined by a submersion p: M ~ T
and let E be a transversely complete, TUSP foliated system. Let f, and f2 be
two transverse solutions of E such that pf, (0) = pf2 (0) and N’ ( p) (jr0f1) =
Y (p) (jorf2). Then for any t of the intersection dom f, n dom f2 of the
domains of f, and f2, the points f, (t) and f2(t) belong to the same fzbre of p.
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Proof. The mappings pf, and pf2 are solutions of the system ET with the
initial condition Nr(p)(jr0f1). From Lemma 1 it follows that pf, and pf2 are
equal on the intersection of domains. D

LEMMA 2. Let E be a TUSP foliated system of differential equations. Let a:
[0, so] - Er0(Q) be a leaf curve and fs the solution of the system E with the
initial condition 03B1(s) at 0. If for any s E [0, s0] the solution fs is defined on
compact connected neighbourhood W of 0 in R, then for any t of W the points
f,(t), s E [0, so] belong to the same leaf of the foliation F.

Proof. Since the system E is a TUSP system, the mapping F: [0, so] x
W - M, F(s, t) = fs(t), is a smooth mapping. The set F([O, so] x W)
is compact and we can cover it by a finite number of adapted charts.
Let us choose an s, E [0, so ] and adapted charts ( UI , ~1), ... , ( Um , CPm)
covering the set fs1 (W) . Then there exist e &#x3E; 0 and compact sets KI, ... ,
Ai covering W such that each set F([sl - e, s, + e] x Ki) is contained

in some U for j = 1, ... , m. Corollary of Lemma 1 ensures that for

any t e Ki the points f (t), s E [s, - e, SI + e] belong to the same leaf
of the foliation F. Thus for any t E W the points fs(t), s E [sl - e, s, + s]
belong to the same leaf of F. As we can cover the interval [0, so ] with
intervals [s, - e, SI + s] having the required property, the lemma has
been proved. D

Let us consider the bundle Eô(Q) x 9i. This manifold is foliated by the
product of the foliation Fr and the foliation by the points of R. To any pair
(ç, t) E Er0(Q) x 91 we can associate the point f03BE(t) E M, where f03BE is the
solution of the system E with the initial condition 03BE at 0. This correspon-
dence defines a smooth mapping Exp: Er0(Q)  R ~ M. In the case of the

equation of the geodesic this mapping becomes the real exponential
mapping.

LEMMA 3. Let x be a point of M, 03BE E Er 0 (Q)x and Lj be the leaf of the foliation
Fr passing through ç. Then for any t E 91 the mapping Exp |L03BE  {t}:
L03BE ~ Lt is a covering, (Lt is the leaf of F passing through Exp (03BE, t)).

Proof. Lemma 2 ensures that Exp (L, x {t}) is contained in a leaf of F.
It is sufficient to show that the mapping in question is a local diffeomor-
phism and that it has the property of lifting curves. Let y be any point of Lt
and a be a leaf curve linking x, = Exp (03BE, t) to y. Let 03BEt = jrtf03BE E Er0(Q)xt
and 03B1t be the lift of a to 03BEt. Then the correspondence s H jr0f03B1t(s), is a curve
in the leaf Le, as jÓht(o) = ’(ht(s) is the solution of E with the initial

condition at (s) at t). The fact that transverse solutions project onto solutions
of the system ET ensures that the mapping is a local diffeomorphism. D
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Actually, we have proved the following.

COROLLARY (of the proof). Let x be a point M, j E Er0(Q)x, Lç and Lçt be the
leaves of the foliation Fr passing through 03BE and 03BEt, respectively. Then for any
t E R, the leaves L, and Lçt are diffeomorphic.
From the above corollary we immediately obtain the following prop-

osition.

PROPOSITION 2. Let (M, F) be a foliated manifold admitting a transver-
sely complete, transversely transitive, foliated TUSP system of differential
equations. Then the leaves of the foliation F have the common universal
covering space.

Proof. Corollary to Lemma 3 asserts that two leaves joined by a solution
curve have the same universal covering space. This fact coupled with the
remark that for a transversely transitive system any two leaves can be linked
by a piecewise solution curve, completes the proof. ~
Lemma 3 leads us to the formulation of the following proposition.

PROPOSITION 3. Let E be a transversely complete, foliated TUSP system on a
foliated manifold (M, F). Then the mapping Exp: Er 0 (Q) x 9l - M is smooth
and foliated.

It results from Proposition 3 that any global foliated section X of the
bundle Er0(Q), for any t E 9i, defines a global foliated mapping eXPX,t:
M ~ M, expX,t (x) - Exp (X(x), t). We denote the semigroup generated by
mappings of this form by MapE(M, F). Then, as one can easily show, we
obtain the following proposition.

PROPOSITION 4. Let E be a transversely complete, foliated TUSP system of
dijffierentiated equations on a foliated manifold (M, F). Then the leaf of F
passing through a point x is a covering space of any leaf passing through the
MapE(M, F)-orbit of the point x.

Let XI, ... , Xw be foliated sections of Er0(Q) over an open subset U. Then
we can define the following mapping:

where Exp
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The smooth mapping expwX is foliated for the product foliation of F/U and
the foliation by points of 9tw .

Before proceeding further we need the following notation. Let n’:

Tr(M) ~ T(M) be the natural projection. Then 03C0r maps Er0(Q) into Q.
We conclude our considerations with the following theorem, which is

a generalization of Herman’s theorem about Riemannian submersions
(cf. [6]).

THEOREM 1. Let h : M ~ N be a submersion of a manifold M of dimension
n into a connected manifold N of dimension q. If for the foliation F defined by
the submersion h there exists a transversely complete, transversely transitive,
foliated TUSP system E of differential equations, then the submersion h:
M ~ N is a locally trivial fibre bundle.

Proof. Let us consider two mappings ExpQ : Er0(Q) x R ~ M and
ExpTN : Er0(N) x R ~ N defined as above. The second mapping ExpTN is
defined by the induced system EN which is, obviously, a foliated system for
the foliation by points. Lemma 1 ensures that the following diagram is
commutative.

Since the system E is transversely transitive, the system EN is also transi-
tive. Therefore for any point xo E N, there exist a neighbourhood U and
sections àÎ, , ... , Xq of E§(N) over U such that for any point x E U the
vectors 03C0r(X1(x)), ... , 03C0r(Xq(X)) span TNx. Thus for some neighbourhood
W of 0 in 9tq the mapping expqX W x {x0} is a diffeomorphism on the image
W. As the foliation defined by h is without holonomy, the sections àÎ, , ... ,
Xq define the foliated sections X1, ... , Xq of Er0(Q) over h-1(U). The image
of the mapping expqx|W x h-1(x0) is precisely h-1(W). For each t E W, the
mapping expqx|{t} x h -’ (xo ) is a diffeomorphism of h-1(x0) onto

h-l(expj-,(t, x0)) as the leaves of the foliation Fr of Er0(Q) are diffeomorphic
to the corresponding leaves of F. The fact that expqX|W x {x0} is a diffeo-
morphism on the image ensures that the mapping expqX|W x h-1(x0) is
itself a diffeomorphism on the image, which precisely means that the sub-
mersion h is a locally trivial fibre bundle. D

Having proved a theorem about submersions we go back to the study of
foliated manifolds and, in particular, of the universal covering of the mani-
fold itself. But first some preparatory explanations are necessary.
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Let a: [0, 1] - M be any leaf curve, and 03BE0 be an element of the fibre
Eô (Q)03B1(0) of the bundle of transverse initial conditions Eô (Q) over a (0). The
bundle of transverse initial conditions Er0(Q) is foliated by Fr. Thus the curve
a admits a lift 03B1 to 03BE0 such that the curve oc is a leaf curve. In this way we
have obtained a differentiable field of initial conditions along a.

Let us assume that the TUSP foliated system E is transversely complete.
If at a point xo of the manifold M we have a pair of curves a: [0, 1] - M,
J: [0, e] ~ M where a is a leaf curve and 0’ is a solution curve, then there
exists a mapping K : [0, 1] x [0, el ~ M such that 03BA|[0, 1] x {0} = a,
03BA|{0}  [0, el = (J’, for any t E [0, s] K |[0, 1] ] x {t} is a leaf curve, and for
any v E [0, 1], 03BA|{v} x [0, e] is a solution curve tangent to Q. Since 0’ is a
solution curve there is a solution f : R ~ M of the system E at 0 and a curve
y: [0, e] - 9t for which 0’ = fo y. Denote by 03BE0 the initial condition of the
solution f, i.e., 03BE0 = jr0f. Let 03B1 be the lift of the curve a to 03BE0. Then the
mapping K: [0, 1] x [0, 9] ~ M, x (v, t) = fv03BF03B3(t), where fv is the solution
of the system E with the initial condition 03B1(v), has the required properties
because of Lemma 2. Moreover, if we take at a point xo a pair of curves a:
[0, 1] ~ M, 03C3: [0, a] ~ M such that the curve a is a leaf curve and 0’ is a
piecewise solution curve, i.e., there is a sequence to = 0  tl  ... 

tm + 1 = 1 for which al[ti, ti+1], i = 0, ... , m is a solution curve of the
system E tangent to Q, then there exists a mapping 03BA: [0, 1] x [0, s] ~ M
with the same properties as above, but with the following change: for any
v E [0, 1] ] the curve 03BA|{v} x [ti, ti+1] is a solution curve of the system E

tangent to the bundle Q.
Now we shall deal with the universal covering space of a foliated manifold

admitting a foliated system of differential equations. First of all we prove a
preparatory lemma.

LEMMA 4. Let J: [0, 1] ~ M be a curve. Then 03C3 is homotopic, relative to its
ends, to a curve of the form fi * a such that a is a leaf curve, and fi is a piecewise
solution curve of the system E tangent to the bundle Q.

Proof. For any point x of the manifold M there exist foliated sections
X, , ... , Xq defined on a neighbourhood of x, a neighbourhood V of x in
the leaf passing through x and a neighbourhood W of 0 in 9tq such that the
mapping expqX |W  V: W x V - M is a diffeomorphism on the image. By
taking smaller W and V we can assume that both sets are contractible. Then
it is obvious that the lemma is true for curves contained in exp( ( W x V).
The lemma results easily from the following two facts:
(i) any curve 0’ can be covered by a finite number of sets of the form as

above;
(ii) a curve of the form a * fl is homotopic, relative to the ends, to a curve

of the form p’ * a’ where a, a’ are leaf curves and j8, fi’ are piecewise
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solution curves. (It is a consequence of the considerations preceding
the lemma). D

Using a standard method (cf. [2]), we can prove the following proposition.

PROPOSITION 5. Let (M, F) be a foliated manifold. Let E be a transversely
complete, transversely transitive, foliated TUSP system of differential
equations. If the bundle Q is integrable, then the universal covering space if
of the manifold M is diffeomorphic to f x G where l is the universal covering
space of a leaf L of the foliation F, and G is the universal covering space of a
leaf G to the foliation Q.

COROLLARY 1. If the foliation F is of codimention 1, then the universal covering
space if is diffeomorphic to È x 9t where Ê is the universal covering space
of leaves of the foliation.

COROLLARY 2. If M is a compact manifold and the foliation F is of codimention
1, then the fundamental group n, (M) of the manifold M is infinite.

Proof. If the group n, (M) were finite, then the universal covering space
M would be compact and homeomorphic to t x R; contradiction. D

If the foliation F is Riemannian and Q a supplementary foliation, then the
leaves of F and Q intersect one another; this can be proved by a well known
method, (cf. [1]), also in our case.

PROPOSITION 4. Let (M, F) be a foliated manifold with a transversely com-
plete, transversely transitive foliated TUSP system E of differential equations.
If the normal bundle Q is integrable, then any leaf L of the foliation F intersects
any leaf K of the foliation Q.

3. Examples

1. Let T be a transverse manifold of the foliation F and H the holonomy
pseudogroup on T. Let us assume that there exists a G-connection on T of
which the holonomy pseudogroup H is a pseudogroup of affine transfor-
mations. Thus in the induced foliated G-structure there is a transversely
projectable connection. Such foliations are called V-G-foliations and have
been studied, among others, by P. Molino and the author (cf. [7], [10], [11]
and [13]). In [7] P. Molino proved Proposition 2 of this paper for foliations
admitting complete transversely projectable connections. This class of foli-
ations, in particular, includes Riemannian and transversely affine foliations.
To such foliations we can associate a foliated system of differential

equations; namely, let us take a supplementary subbundle Q. The connec-
tion V defines a covariant differentiation on the vector bundle Q. We can
extend this operator to the whole tangent bundle by choosing any covariant


