C OMPOSITIO M ATHEMATICA

ROBERT F. C OLEMAN
Reciprocity laws on curves
Compositio Mathematica, tome 72, no 2 (1989), p. 205-235
<http://www.numdam.org/item?id=CM_1989__72_2_205_0>

© Foundation Compositio Mathematica, 1989, tous droits réservés.
L’accès aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique l’accord avec les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou impression systématique est constitutive d’une infraction pénale. Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/

205-235, 1989.
Compositio Mathematica 72: 205
(Ç) 1989 Kluwer Academic Publishers. Printed

in the Netherlands.

Reciprocity laws on curves
ROBERT F. COLEMAN
Department of Mathematics, University of California, Berkeley, California 94720,
Received 1 March 1988;

accepted

USA

in revised form 16 March 1989

Introduction
In this paper we will present a p-adic analogue of the reciprocity law for Green’s
functions on a Riemann surface, Theorem 1.4 below. In the process we will give
a new proof of this classical result. The p-adic result may be used to prove the
symmetry of p-adic heights.
The p-adic Green’s functions are described in [CG] and are obtained using the
results of [CdS] by integrating normalized differentials of the third kind. Our
results are proven for any collection of functions on a curve satisfying certain
(mainly formal) properties described in Sections 1 and 5. The method of proof is
to first push the proof of Weil reciprocity given in Serre’s Groupes Algebriques et
Corps de Classes, as far as it will go (§1). This is already far. enough to give proof
of the reciprocity law for classical Green’s functions which avoids the use of
Cauchy’s Theorem; but not far enough to obtain the p-adic analogue. To finish
the proof in the p-adic case we imitate the classical proof and apply a p-adic
analogue of Cauchy’s Theorem, Proposition 2.3.
In Section 1, we first recall Weil’s reciprocity law and the reciprocity law for
harmonic functions on a curve with logarithmic singularities. We then state the
p-adic Reciprocity law for Abelian integrals of the third kind. Afterwards we set
up a general formalism from which these laws can be deduced. Sections 2-4, are
devoted to establishing the necessary results in p-adic geometry to state and
prove the p-adic reciprocity law. They are also necessary for the results of [CdS].
In Section 5 we prove the p-adic reciprocity law and construct the integrals.
It is interesting to note that the key fact we need about a Jacobian over C is that
its group of C-valued points is compact and the key fact we need about one over
Cp is that a quotient of its group of Cp-valued points by an open subgroup is
a torsion group.

NOTATION. By a curve over a field K,
connected proper scheme over K.

we mean a

one-dimensional smooth

206
I. A

general reciprocity

law

Let C be a curve over an algebraically closed field K. For a divisor D on C,
denote is support. Weil’s reciprocity law asserts

for any two non-zero rational functions f and
In this example,

for

a

divisor D

C.
that K

|D| will

g in K(C) such that l(f)1 n |(g)|

=

~.

on

C. Let F be a harmonic function F on C with
Suppose
logarithmic singularities. This means that F is a harmonic function on a Zariski
open subset of C such that for each point P of C(C) there exists an integer np such
that for any local uniformizing parameter zp at P
now

extends to

where the

a

=

continuous function in

sum runs over

P

E

a

of P. If

we

set

C(C), then the classical reciprocity law

where F and G are harmonic functions
this example and the next,

for

neighborhood

on

asserts

C(C) such that1 [F]n1 [G]= ~.

In

C.
the
Finally we state p-adic reciprocity law. By an algebraic differential on C we
mean an element of the stalk of the sheaf of Kahler differentials on C at the generic
point. Let K Cp and suppose C has arboreal reduction (see [CdS] §2). In
Section 5 Abelian integrals of the third kind are defined on C. These are, in
particular, locally analytic functions F on C(Cp) such that dF is an algebraic
differential on C with simple poles and integral residues. For such a function F we
a

divisor D

=

on
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define the divisor

where the sum runs over P E C(Cp). In Section 4 (see Theorem 4.10), we will define
a linear map 03C8 from the space of algebraic differentials on C into the first
algebraic de Rham cohomology group of C. (This linear map can be interpreted
as the logarithm from the universal vectorial extension of the Jacobian on C to its
Lie algebra (see [C-3]).) The formula we will prove in Section 5 is:

where F and G are Abelian integrals of the third kind on C(Cp) such that
|[F]|~|[G]|= (j) and the pairing on the right hand side is the cup product on de
Rham cohomology.
Now we set up the general formalism. Let H be an abelian group and

a homomorphism. Suppose Y’
following properties:

is

a

sheaf of H valued functions

Divisors of degree

zero on

on

C with the

C

such that

(iii) Suppose h : C ~ P1 is a non-constant morphism. Let U be a non-empty
Zariski-open subset of P1 and suppose F ~F(h-1(U)). Then there exists an
f E(!JP1(U)*, a E H such that

where the summation
We say

f K(C)*
E

runs

over h-1(P), counting multiplicities.

an element of Fg is principal if it is of the form l°f+Ha for some
and a E H. If F E Fg such that ordp[F] 0, then by (ii)b, there exists
=
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a

unique L e àxp

For F

sucn inai L ~ F. we set

e àfi and D a divisor on

REMARK. We note that

C such

given

that1 [F]n IDI

1 and H

as

above the

=

~,

we

set

quadruple

satisfies all of the above conditions.
Our basic reciprocity law is:
THEOREM 1.1.

Suppose F, G~Fg
|[F]|~|[G]|=~, then,

Before we begin the proof,
and P E C(K), set

we

one

of which

is

principal

and

are

such that

need a couple of lemmas. First, for F and G in Fg

where m
ordp[G] and n ordp[F]. This is well defined by (ii)b. We note that in
the standard case F = (9 *,1 = id,
=

is the tame

=

symbol

and also that

We set

LEMMA 1.2.

if f

is non-constant and

z

is the standard parameter

on P1.
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Proof.
Case (i). ordQ[F]
0 for all Q E f-1(P).
Then LHS of (2.1) equals
=

Case (ii). F
Then LHS

using

=

lh for

some

h

E

K(C)*.

=

Lemma 1, of ([S],

§4, Chapt. III) and the fact that

The general case now follows from these two because for each F ~ Fg, we can find
an h E K(C)* such that the support of [F] - (h) is disjoint from f -’(P).
D
LEMMA 1.3. Let G be

a

section

of y

at

the generic point

Proof. For G of the form lf, f~K(P1)*
(S§4, Chapt. 3) and (1.1). For G~H, we have,

Proof of Theorem. Suppose G
and

of P1. Then,

this follows from Lemma 2 of

is principal. As the theorem is trivial when G E H

as

the theorem is

an

immediate consequence of Lemmas 1.2 and 1.3.

0
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Examples.
(i)

As mentioned above

we can

take

in which case the previous theorem is just the Weil-reciprocity law, (1) above.
K
C, H = R, 1 Log| |, and W is the sheaf of harmonic
functions on C(C) with logarithmic singularities (Green’s functions). We
defined the notion of a harmonic function with logarithmic singularities
above. The sheaf :F is defined by setting 57(U) equal to the set of such
functions harmonic on U for each Zariski open U. Finally the symbol [ ] is
that used in (2) above. It is not hard to check that this quadruple satisfies the
required properties. As an application of the previous theorem we will prove
the following classical reciprocity law ((2) above).

(ii) Suppose

=

=

THEOREM 1.4.

a

Proof. It is well known that for each divisor D of degree zero on C, there exists
GD~F(C-|D|) such that

Moreover, GD is defined up to
C and E and D divisors of
Then set

real constant. Let e, d be two divisor classes
degree zero representing them such that |D| n IEI
a

Theorem 1.1 shows that this is well defined. Hence

=

we

obtain

a

on

0.

pairing

where J is the Jacobian of C. As one may choose, locally, GD, to vary continuously
(and even real analytically) with D, it follows that this pairing is bi-continuous.
Since J(C) is compact, the pairing must be trivial.
D
The remainder of this paper will be devoted to proving a p-adic analogue of this
theorem.
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Henceforth we will always be working over Cp. Let Bl = ICPI and R* = R - {0}.
The notation and terminology will be as in [CM,§1]. In particular, for a rigid
space W, A(W) will denote the ring of rigid analytic functions on W and CC(W)
will denote the set of connected components of W with respect to its
Grothendieck topology. An open disk is a rigid space isomorphic to the rigid
subspace of Cp{x~Cp: Ixl 1} and an open annulus is one isomorphic to
{x E Cp: r |x| sl for some r s ~R*. Henceforth the unmodified expression
"analytic" will mean rigid analytic. We also let 03A9W denote the A(W) module of
analytic differentials on W.
Let V be an open annulus over Cp. By a uniformizing parameter z on V we
mean an analytic isomorphism of V onto a subspace of C*p of the form A(r, s)
where 0 r s are in R*. We first recall, [C-1, Lemma 2.2], that if gEA(V)* then
g(z) czn f(z) where c~C*p,n~Z and f~A(V)* such that |f-1|v 1. Moreover
n is unique. We have immediately;
=

LEMMA 2.1. Given
a

unique

uniformizing parameter z on an
Cp-linear map, R : 03A9V ~ Cp, characterized by

Moreover

Proof.

a

open annulus V there is

if z’ is any other uniformizing parameter then R(dz’
Let wEQy. We may expand it in z as follows:

with an ~Cp

such that the Laurent series converges

on

V.

Iz’) = + 1.

Then,

This clearly satisfies (i) and (ii) and is characterized by them.
Now as above any unit g in A(V) may be written in the form
c~C*p, n~Z andf - 11 y 1. Then,

we

set

cznf(z)

where

where here Log(T) is the p-adic logarithm which is analytic on the open unit disk
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of radius

one

about 1. It follows that

particular z’ = cznf(z) and z c’zn’ f’(z’) where c, c’, n, n’ and f, f ’ satisfy the
appropriate conditions. It follows in particular that nn’ = 1 so that n ± 1.
Hence the final conclusion of the lemma follows from (2.1).
D
In

=

=

We see that there are two natural homomorphisms R: Qv - Cp. We call
choice of one an orientation on V. Moreover if V is an oriented annulus, Resv
will denote the corresponding homomorphism. For a unit f in A(V) we set
a

From the

proof

of the

parameter

z on

V such that

previous lemma
Resy dzl z

=

that ordy f = ordzf for any
1. It follows easily from the above

we see

discussion that:
LEMMA 2.2.

Suppose

V is

an

oriented annulus and

gEA(V)*, then

(i)|g|z-1 A[t] is strictly increasing as a function of t E (r, s) if ordy g
(ii)|g|z-1 A[t] is strictly decreasing if ordy g 0 and
(iii) there exists a CE Cp such thatcg - 1 1 if ordv g 0.

&#x3E;

0

=

By a uniformizing parameter z on an open disk, U, we mean an isomorphism
B(r), for some r~R*. If D is a closed disk in U, then V U - D is an open
annulus and it has a natural orientation Resv so that
onto

=

uniformizing parameter z on U such that 0 E z(D).
Suppose W is a one-dimensional smooth rigid space and S is a discrete subset
of W. Then W - S is a rigid space. We say an analytic differential on W - S is
analytic on W except for isolated singularities. Suppose w is a differential on
W analytic except for isolated singularities. If P~W and z is a local uniformizing

for any

parameter

and

we

set

at P then at P

we

may write
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It is well known that this is a well defined Cp linear map. We have the
well known version of Cauchy’s theorem:

following

PROPOSITION 2.3 (Cauchy’s Theorem on a Disk). With notation as above let
be a differential on U analytic except for finitely many isolated singularities in D.
Then

03C9

Proof. Without loss of generality, we may suppose
partial fraction expansion of cv, it is easy to see that

where g

is

analytic

on

U except for

finitely

U

=

B(l). First, using the

many isolated

singularities

on

D.

Hence

But

(z

-

z -

P))

P is a parameter on U such that 0~(z - P)(D). Hence
1 from which the proposition immediately follows.

Resy(d(z - P)/
D

=

III. Wide open spaces

By a model of a scheme X over Cp, we mean a scheme 1 over the ring of integers
in Cp whose extension of scalars to Cp is X. We will use the notation and
conventions of [CM, § 1 ]. In the following, the letter C will always denote a curve
over Cp unless otherwise indicated.
We call a subdomain of a curve over Cp diskoid if it is non-empty and consists
of the union of a finite collection of disjoint closed disks. By a wide open space
W over Cp we mean a rigid analytic space isomorphic to the complement in
a smooth curve over
Cp of a diskoid subdomain. There are more intrinsic
definitions of such spaces but this one suits our purposes. Moreover, there are
theorems to be proved before one knows what the right notion of a wide open
space should be in higher dimensions. As affinoids may be thought of as compact
spaces, wide opens may be thought of as relatively compact spaces. (An
alternative definition is that a wide open is a residue class in an affinoid.)
Examples of wide open spaces include open disks and open annuli.
To study wide opens, we first need the following general facts about affinoid
subdomains of curves.
LEMMA 3.0. A subset

of

C is

an

affinoid subdomain iff there

exists

a

finite

set
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M

of rational functions

on

C at least

one

element

of which

is non-constant, such

that

Proof.

We will

Suppose f is

is

an

affinoid

a

use

the

following

non-constant

subdomain

well known fact several times:

rational function

of C;

moreover,

on

C. Then the set

O(C-Poles(f))

is dense in

A(V).

(In fact, V may be seen to be a finite branched cover of B[1] via f.) It follows
immediately from this and Proposition 7.2.3.4 of [BGR] that an X as in the
lemma is an affinoid subdomain of C.
Now suppose that X is an affinoid subdomain of C. Then since X is not proper,
X ~ C. Let P E C - X. Let f be a rational function on C with a pole at P and no
other poles. Then the restriction of f to X is bounded. Moreover, after adjusting
f by a constant we may suppose |f|x 1 and the set U {x~C:|f(x)|&#x3E; 11 is an
open disk in C. Now by (3.0), the set Y
{x~C:1 f(x)|1} is an affinoid
subdomain of C. Hence by Satz 3 Section 2 of [G] (see also Corollary 7.3.5.3 of
[BGR]), there exists a finite subset S of Y - X and a finite set N of analytic
functions on Y - S meromorphic on Y, such that
=

=

Now let h be a function on C with poles at all the elements of S and no other poles.
Then, as before, h is bounded on X. Also, since U is a disk and h has finitely many
zeros on U and no poles, h is bounded on U. We may suppose|h|X~U 1. Let
k = f + h. It follows from the non-archimedean triangle inequality that

is contained in Y. Moreover since S n Z
~, the elements of N are analytic on
Z. Now, it follows from (3.0) that Z is an affinoid subdomain of C and for each
element g~N, there exists an element g’ E O(C-poles(f)) such that|g - g’|z 1.
Let M = {k}~{g’:g~N}. It follows from (3.1) and Proposition 7.2.3.3 of
[BGR] that
=

as

required.
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LEMMA 3.1.

Suppose

X and Y

are

affinoid subdomains of a

(i) X n Y is an affinoid subdomain of C
(ii) If X n Y= 0 then X and Y are disconnected from

curve

C.

Then,

each other.

Part (i) follows immediately from Lemma 3.0.
For part (ii) we may suppose X
{x:|f(x)| 1, f~S}
f~ S, let

Proof.

=

in Lemma 3.0. For

as

and

Then

Yf , f~S, and

Xn Y

0

=

and

affinoid subdomains of Y, Y Y’ u U Yf and since
meromorphic functions on affinoids achieve their minima,
Y’

are

=

and

It follows from this that X disconnected from Yf, f E S, and Y’. Since
{X, Y’, Yf: f E SI is an admissible cover of X u Y, this implies our lemma. D
We will

repeatedly

the following result of [BL]
in this paper.

use

LEMMA 3.2.

Suppose

(i) if P E , P is

an

Z is

a

open disk

semi-stable

if P

is

a

(Lemmas 2.2, 2.3 and Proposition 6.2)

model for

C. Then

smooth point and

an

open annulus other-

wise,
every irreducible component of Z of genus zero intersects the other
components in at least two points, then any open disk in C is contained in

(ii) if
a

(iii)

residue class,

if every component as in (ii) intersects the other components in
least three points every open annulus is contained in a residue class.

moreover

PROPOSITION 3.3. Suppose Z is
Then

a

proper

at

model for C with reduced reduction.

(i) if Y is a connected open subscheme of 2 not equal to Z, then Yis a connected
affinoid subdomain of C,
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is a connected closed subscheme of 2 not equal to 2, then Y is a connected wide open subspace of C,
if X and Y are disjoint closed subschemes of 2 then X and Y are disconnected
from each other.

(ii) if Y

(iii)

Proof. (i) We may replace Z with the model whose reduction consists of the
scheme obtained from 2 by blowing down each irreducible component which
does not contain a non-empty Zariski open of Y to a point. It now follows that
Y is a connected affine open subscheme of 2 and as Y is the formal completion of
Z along Y, Y is an affinoid subdomain of C.
(ii) First we replace Z by the model whose reduction is obtained from 2 by
blowing down Y to a point. It now follows that Y is a residue class and so is
connected by Satz 6.1 of [B]. It also follows from the discussion before
Proposition 4.5 in the proof of the stable reduction theorem in [BL] that Vis
a wide open; however we would like to sketch how that proof can be made
simpler using the stable reduction theorem. There exists a semi-stable model for
C which dominates Z and such that the inverse image of Y in 2 is onedimensional. Hence we may assume Z is semi-stable and Y is one-dimensional.
Let S denote the finite set of points on Y which also lie on components not on Y.
Then for each P E S, P is an open annulus by Lemma 3.2(i). As in the proof of
Lemma 2.3 of [BL] there exists a function zp on C which is regular on an affine
open of Z containing P, whose reduction is non-zero on an affine open of the
irreducible component in Y containing P and is such that zp: P - A(rp, 1) is
a uniformizing parameter. Now for each P we attach a copy of B(1) using z p .Then
one can show that the resulting space is a smooth proper one-dimensional rigid
space and hence is an algebraic curve using the direct image theorem [K-1]. Part
(ii) follows immediately.
(iii) By blowing down as above we can assume X and Y are points on an affine
1 for x~X
open in 2. But then there exists a function f on C such that|f(x)|
1
for
xe
Y.
From
this
X
it
follows
that
and
Y
are
disconnected
andIf(x) -11
from each other.
D
REMARK. The question was raised in [BL], whether the algebraic curve
constructed in the proof of (ü) depended on the choice ofzp. One can show that it
does. Infact, if Y is smooth and one is permitted to shrink the annuli used in the
proof of (ii), then one can show (using the lifting theorem of [C-2], for instance)
that every curve over Cp whose reduction is isomorphic to Y may be obtained in
this way.
Let W be a wide open space. Let
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all affinoid subdomains of W. By analogy with non-compact
topological spaces we call the elements of 03B5(W) the ends of W As we will see, the
set of ends of W is finite. If e E 8(W), and X is an affinoid subdomain of W we call
the image of e in CC(W - X) an open neighborhood of e.
where X

runs over

PROPOSITION 3.4. Let C be a smooth curve over Cp. Let X be a diskoid
subdomain of C. There exists a semi-stable model Z for C such that the inclusion
of X into C extends to a morphism of the canonical model of X into Z and the
morphism from X to 2 is a closed immersion.
Proof. This is an immediate consequence of the proof of Lemma 1.5 of
D
[CM].
COROLLARY 3.4a. If C is connected then
Proof. This follows from the proposition

so

is C - X.

together

with

Proposition 3.3(ii).
D

Now let W be the wide open C - X in the above proposition. Let Y denote the
closed subscheme of 2 equal to the complement of the image of X. Then W Y.
Let Y° denote the interior of Y. Then W0
Y0 is an affinoid subdomain of
W such that W - W0 is a finite disjoint union of annuli. We will show that the
natural map from 6(W) onto CC(W - W°) is one to one.
Let D be any connected component of X. Then the image of D in 2 is a copy of
A1 and its closure is a copy of pl which intersects exactly one other component
normally at one point. Let Z’ denote the model obtained from Z’ by blowing down
the copies of pl corresponding to elements of CC(X) to points. Let TD denote the
component of Z’ which contains the image of D which is now a smooth point PD.
Choose an affine open subscheme S of Z’ whose reduction contains an affine open
of TD which in turn contains PD. Now let ZD be a function on S which vanishes at
a point in D and whose reduction to S is a uniformizing parameter at PD. Let
UD PD and VD = UD - D. Then VD is an open annulus in CC(W - W°). It
follows that zD(UD) ~ B(1) and so zD(VD) A(rD, 1) for some 0 rD 1 in
R since zD has a zero in D. Now suppose s: CC(X) -+ A such that rD s(D) 1
for each D in CC(X). Let W = W - zD ’(A(rDs(D». Then by a suitable blowing
up argument one can show that W is an affinoid subdomain of W. Note that it
follows from Lemma 3.1 that if rD s’(D) s(D)
1, then z-1D (A(rD,s’(D» is
disconnected from W since z-1D(B[s’(D)]) and Ws are disjoint affinoids in C.
=

=

=

=

LEMMA 3.5. Let R be any affinoid subdomain of W. Then there exists an s as
above such that R ~ Ws.
Proof. Let D ~ CC(X). Let T’ denote a Zariski open subset of contained in TD
including PD and on which fD vanishes only at PD. Then T’ is an affinoid
subdomain of C and R’ = T’ n R is an affinoid subdomain of T’. Now since
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x in T’ - UD we see that zD(R’) ~
C p - B [rD] .
it
follows
that zD achieves its minimum on R’ and so
affinoid,
p
B(s(D)) for some rD s(D) 1. This proves the lemma.

R z W, and|zD(x)|= 1 for all
Since R’ is

an

ZD(R’) z Cp -

If Y is an affinoid subdomain of W such that the elements of CC(W - Y) are
open annuli and the natural map 03B5(W) ~ CC(W - Y) is bijective, then we call
Y an underlying affinoid of W. (Note that as long as W is not an open disk or
annulus one can show that there exists a unique minimal underlying affinoid.
Moreover this can be used to give another proof of the existence of a semistable model.)
COROLLARY 3.5a. With notation as above, W is an
Moreover, for each D E CC(X) there exists an open disk
no other elements of CC(X) such that

underlying affinoid of W
UD in C containing D and

Proof. The previous lemma shows that the affinoids W are cofinal in the
collection of all affinoids contained in W. This implies the map 6(W) CC(W - Ws) is bijective. The remainder of the corollary follows if we take

UD = FD’

D

wide space, then W is covered by a nested
family of underlying affinoids, {Wn}, such that the elements of CC(W - Wn) are
n.
proper subsets of the corresponding elements of CC(W - Wm) for m
COROLLARY 3.5b.

Suppose

W is

a

LEMMA 3.6.

Suppose U is a non-empty admissible open rigid subspace of C
disjoint union of open disks. Then there exists a model Z of
C such that the connected components of U are residue classes of Z.
Proof. Claim, there exists a semi-stable model Z’ of C such that each open disk

isomorphic

to a finite

in U is contained in a residue class of Z’. If the genus of C is positive, any
semi-stable model of C such that each irreducible component of 2’isomorphic to
P 1 intersects the other components in at least two points, will do. If C is P1 we can
assume one of the connected components of U is B( 1 ) and then the standard
model will do. Now each residue class of Z’ is either an open disk or an open
annulus. It follows that each connected component of U is either a residue
class of Z’ or a residue class of a unique closed disk contained in a residue class of
Z’. Moreover the union of these closed disks is a diskoid subdomain. As in the
proof of Proposition 3.4 we can replace Z’ with a semi-stable model which
dominates it, so that each of these closed disks is of the form Y0 where Y is an
irreducible component of Z. The lemma follows.
D
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COROLLARY 3.6a.

(i) C - U is a connected affinoid.
(ii) If U is just one open disk and V is an open annulus in C and Un V1= 0,
U ~ V then, U u V is an open disk in C or U u V C and C has genus zero.
=

Proof. (i) follows immediately from the lemma and Lemma 3.3 (ii).
Now (ii) is obviously true for P1; it is also true for Tate elliptic curves using
Tate’s parametrization to reduce to the case of pl. Therefore suppose C has
a stable model Z. Then by Lemma 3.2(ii), U and V are each contained in residue
classes of Z. Since they intersect they must be contained in the same residue
class which is either a disk or an annulus. This allows us to again reduce to the
case

of P1.

D

Suppose W is a wide open space which contains an underlying affinoid with
good reduction. Then we call W a basic wide open.
LEMMA 3.7. Suppose W is a wide open space and W1 ~ W2 are underlying
affinoids. Let V1 E CC(W - W1), V2 E CC(W - W2) correspond to the same end
and suppose V1 1= V2. Then

(i) V2 ~ V1 and V1 - V2 is a half open annulus.
(ii) V2 is disconnected from W1 and V1 - V2 is connected

to

W1.

Proof. (i) Clearly V2 g Vl . If V1 - V2 is not a half open annulus, then V2 must
be contained in an affinoid in V1 and so cannot be the image of an end, but this
contradicts the hypothesis that W2 is an underlying affinoid.
(ii) We may suppose W C - X for some diskoid X in a smooth curve C.
Then as we have seen above there exists an underlying affinoid W3 containing W2
such that if V3 E CC(W - W3) contains V3 then there exists a D ~ CC(X) and an
U - D. Since V3 g V2 and V1 - V2
open disk U contained in C such that V3
and V1-V3 are both half open annuli in Vl , it follows that U u V1 is an open disk
by Corollary 3.7a(ii), and so there exists a closed disk D’ containing D u V2 in C.
Since D’ and W1 are disjoint, it follows from Lemma 3.1 that D’ and W1 are
disconnected from each other. Hence W1 and V2 are disconnected from each
other, as required. Finally, by arguments similar to the above, we can show that
W, u ( Vl - Y2 ) is the complement of finitely many disjoint open disks in C. It
follows from Corollary 3.6a(i) that W1 u ( Yl - V2 ) is a connected affinoid, which
=

=

yields (ii).

D

COROLLARY 3.7a. Suppose W is a wide open space, WO is an underlying affinoid
and V E CC(W - WO). Then there exists a unique orientation on V, such that if
W’ is an underlying affinoid containing W’, V’ E CC(W - W’) such that V’ ~ V
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and

z

is

a

uniformizing parameter

on

V such that

ordvz

=

1

we

have

Moreover, if z(V) A(r, s), then z -1 (A(r, t)) is disconnected from W0 and z -1 (A(t, s))
is connected to Wo.
Proof. With notation as above, suppose V’ =1= V. Then part (i) of the lemma
implies that there exists a parameter z on V such that z(V) A(r, s) and
=

=

s. Now if W" -2 W’ is another underlying
of CC(W - W") contained in V’, then V - V"
and V’ - V" are both half open annuli. It follows that z(V") A(r, u) for some
1 satisfies
r
u
t. From this it follows that the orientation such that ord, z
the conditions of the corollary. The uniqueness follows from the fact that there
exists a W’ such that V’ ~ V. This in turn follows from Corollary 3.5b. The final
conclusion of the corollary follows from part (ii) of the lemma.
D

z(V’) A(r, t) for some r t
affinoid, and V" is the element
=

=

=

Now let 03A9e denote set space of differentials
borhood of e. Let 03C9~03A9e. Then we set

analytic

on some

open

neigh-

where V is the element of CC(W - Y) corresponding to e for a sufficiently large
underlying affinoid Y and the orientation on V is that described in the lemma.
COROLLARY 3.7b. Suppose W is a wide open and W0 is an underlying affinoid
with irreducible reduction. Let f E A(W)* and e ~E(W) and V is the corresponding
element of CC(W - W0). Suppose z is a uniformizing parameter on V such that
z(V) A(r, s) and ord v z 1, then
=

=

1. By the previous corollary, V z-1(A[t, s))
We may suppose1 f 1 wo
is connected to W0 for all r t s. Hence, f(Vt) is connected to f(W0). By
Lemma 2.2, the above limit does indeed converge and in order for f(Vt) to be
connected to f(W0) it had better converge to a number less than or equal to
one. Now, since W0 and A [t] have irreducible reduction|f-1|w0=1 and
|f-1|z-1(A[t]) (|f|z-1(A[t]))-1. Hence, applying the above argument to f -1 in
place of f we see that the above limit must converge to a number greater than or
D
equal to one. This concludes the proof.

Proof.

=

=

=

LEMMA 3.8.

Suppose Z is a semi-stable model for C and

Y is closed subscheme of
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Z

not

equal

to

2. Then Fo

Proof. This follows from
3.5a and Lemma 3.2(i).

is

an

underlying affinoid of Y and

Proposition 3.3(ii) and (iii) and its proof, Corollary
n

Suppose Z is a semi-stable model for C and X and
components of Z. Then, by Lemma 3.6,

annulus V E CC(X n Y) acquires two orientations,
call, Resx,v and one from Y, which we call, Res,7, v.

Hence
we

Y are two distint irreducible

an

LEMMA 3.9. With notation

as

one

from X, which

above,

We may suppose that V P for some P ~ X n Y. Let Z’ denote any
semi-stable model of C which dominates Z and is such that Z’ has exactly one
more irreducible component, T, than Z which is a copy of P1 and maps onto P.
Let X’ and Y’ denote the irreducible components of Z’ which contain the inverse
images of X ° and Y’. Then, X fi u T, Y Y’ ~ T and V T Let Q T n X’
T n Y’. It follows from Lemma 3.2 and Proposition 3.3(ii), that Q is
and R
an open annulus in V, disconnected from Y’ whose complement is a half
open annulus and similarly R is an open annulus in V, disconnected from X’,
whose complement is a half open annulus. The lemma now follows from
0
Corollary 3.7a.

Proof.

=

=

=

=

=

=

The

following result will not be used in this paper but is necessary for [CdS].

LEMMA 3.10.

Suppose

W is

a

basic wide open in C. Then

(i) Suppose C ~ P1. By applying a linear fractional transformation W may be put
in the form

where the union runs over e in a finite subset S of B[0, 1]
X such that the
natural map S - X is an injection, r, seEBl*, r &#x3E; 1 and Se 1.
Suppose f: C*p/q&#x3E; ~ C is an isomorphism where qEC;,1 q| 1. Then W is
the image of a basic wide open contained in A(a, qa) for some a ~C*p.
=

(ii)

222

stable model for C. Let W = {red-1(X): X is an irreducible
component of 0}. Then W is contained in X for some X in re and either W is
contained in a residue class of X or W X - Y where Y is a rigid subspace of
X with finitely many connected components each contained in a residue class of
V n U then
X. Moreover if V is a residue class of X and Z

(iii) Suppose Co

is

a

=

=

(a) if V is an open disk in X °, Z is a closed disk, or empty.
(b) if V is an open annulus in X ° and z: V - A(1, r) is a uniformizing parameter
r &#x3E; 1, r E 1 Cpthen Z
z-1(A [s, t]) for some s, tEl|Cp |, 1 s t r.
(c) if V E CC(X - X0) and z: V - A(l, r) is a uniformizing parameter such
that ordyz 1 for some r~|Cp|, 1 r then Z z-1(A[s, r)) for some
s~|Cp|, 1 s r or Z is empty.
=

=

=

Note that in case (ii)b Z is never empty.
Proof. Let W0 be an underlying affinoid of W with

good reduction.

(i). It follows from the classification theorem [BGR 9.7.2 Theorem 2] that
by applying a linear fractional transformation we may asssume
Case

where the union runs over all e in a finite set S no two elements of which are
contained in the same residue class of B[0,1]. Now since each element of
CC(W - W°) is an open annulus it is the image of a set of the form A(r, s) for some
s. Using the fact that W is connected it follows easily that
r, se|Cp|~{~},r
W is of the form claimed.
Case (ii). Let X[r] = f (A[r]) for r~R*.
Claim. WO is contained in X[r] for some r. Let Y1 f(A[q, ql/2]) n WO and
Y2 = f(A[ql/2, 1]) n Wo. By Lemma 3.1{Y1, Y2} is an admissible cover of W° by
affinoid subdomains. It follows that either Y1 or Y2 contains a Zariski open U of
Wo. Say Y1 does. If we let r max {|a|, a~A[q,q1/2], f(a)~Y1} it follows that
X[r] contains a Zariski open of W0. Now, using Lemma 3.1 and (i) each open
disk in C is contained in a residue disk of X[s] for some s~R*. Since W0 is
connected, it follows that W0 is contained in X[r] which establishes our claim.
Since W0 has good reduction it follows from (i) that either W0 is a Zariski open of
X[r] or is contained in a residue class of X[r].
Suppose W0 is a Zariski open of X [r]. Then it follows that each element of
CC(W - W°) is either contained in a residue class of X[r] or in C - X [r]. Now
C - X[r] is an open annulus. As the open annuli in C - X[r] connected to
Zariski opens in X[r] are easily described using (i) the result follows easily.
Suppose next that W is an open annulus. Let z: W - A(s, t) be a uniformizing
=

=
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z-1A[u, v] for s u v t. Then W [u, v] n X[r] is
subafhnoid of X [r] by Lemma 3.1. If it does not contain a Zariski open of X [r]
it is contained in a residue disk since W[u, v] is connected. If W[u, v] is contained
in a residue disk of X [r] for all u and v then W is contained in this residue disk. If
W[u, v] contains a Zariski open for some u, v then arguing as in the proof of the
above claim W[w, w] contains a Zariski open of X[r] for some s w t. By the
claim, X [r] W [w, w]. It then follows from the previous paragraph that W is of
the form f(A(x, y)) for some x, y~R* such thatIxlyl lql.
Finally suppose W0 is contained in a residue class of X[r]. Then by the
previous paragraph, each element of CC(W - W0) is contained in a residue class
of X[s] for some s or in C - X[r]. Since W is connected the second possibility
does not occur and all the elements of CC(W - W0) must be contained in the
same residue class of X[r] as W0. This concludes the proof of (ii).
parameter. Let W [u, v]

=

a

=

Case

(iii).

This follows

One may deduce

easily

easily

from

[CM

from this

cohomology

on

1.4] and

Lemma 3.2.

D

that,

COROLLARY 3.10a. The intersection
admissible cover by basic wide opens.

IV. De Rham

Lemma

of two basic wide opens in C has a finite

wide open spaces

THEOREM 4.1. Suppose A is an Abelian variety over Cp and H is an open
subgroup in the canonical topology of A(Cp). Then A(Cp)/H is a torsion group.
Proof. By [R], there exists an exact sequence

where T is an algebraic torus G is an algebraic group and B is an Abelian variety
with good reduction, together with a lattice 0393 ~ G(Cp) and an exact sequence of

rigid analytic

groups

Moreover G has a canonical model which is a group scheme and whose reduction
is an extension of B by a torus. Let G denote the formal completion of G along its
special fiber (0 may be regarded as a formal scheme or as a rigid space). Finally
rn
0 and we have an exact sequence

(Cp)

=
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where r is the dimension of T. Since r is a lattice, the image of r in Qr is a
lattice.
It follows from this, that
injects into A(Cp) and the quotient of this image
is a torsion group isomorphic to (QI7LY. Also (F) is a torsion group. Finally, the
The
endomorphism p is a contraction on the kernel of reduction in
theorem follows.
D

(Cp)

G(Cp).

COROLLARY 4.1a. Suppose C is a curve over Cp, and U is an open subset of
C(Cp) in the canonical topology. Suppose that D is a divisor of degree zero on C.
Then there exists a divisor, E, of degree zero supported on U and a positive integer
n such that nD - E is principal.
Proof. Apply the previous theorem to the Jacobian of C and the subgroup
of the Jacobian generated by the classes of degree zero divisors supported
on U.
D
REMARK. This will be the only use of Jacobians to be made in the remainder
of this paper.
For a scheme S over Cp, we let HDR(S)alg denote the first de Rham cohomology
group of S. If W is a wide open space, we set

We have the following basic comparison theorem. Let C be a smooth curve over
Cp and let Y be a diskoid subdomain of C. Suppose S is a finite subset of points in
C, exactly one of which lies in each connected component of Y.
THEOREM 4.2. The natural restriction map

is

is

isomorphism.
Proof. By Theorem
an

2.3 of

[K-2],

one

knows that the natural map

isomorphism. To complete the proof we need to use excision in an
appropriate local cohomology theory as in [Gr]. We will only sketch the
arguments, for which we are indebted to A. Ogus, since everything in [Gr]
Section 1 carries over once one knows what an open neighborhood of a closed
subspace is.
First for a closed subspace (i.e. the complement of an admissible open) Z of
an
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rigid space X we define an admissible neighborhood of Z to be any admissible
open subset U of X containing Z such that {U, X - Z} is an admissible open
cover of X. For a sheaf of abelian groups F on X, we define rz(X, F) to be the
sections in F(U) supported in Z for any admissible neighborhood U of Z in X.
For a complex of sheaves F» on X we define the hypercohomology of F» with
supports in Z, HiZ(X, F’) as follows (see [H] §1.3): Let 1. be an injective résolution
of F’, then we set
a

in the notation of

[H] Section

1.3. We

automatically have excision as in [Gr];

for any admissible neighborhood U of Z in X. As in [Gr] any injective is
and so, as in Corollary 1.9 of [Gr], we have a long exact sequence:

this to the special case where X
F’ = S2’. Then from the long exact sequence we have
Now

we

apply

flabby

C - S, Z
Y - S and
an exact sequence;

=

=

Let V be a collection of disjoint open disks in C such that exactly one connected component of Y lies in each connected component of V. The existence of
V follows from Corollary 3.5a. It is also easy to deduce from Proposition 3.4 that
U = V - S is an admissible neighborhood of Z in X. Hence, by excision we have;

Now

we

observe that if T is any of the

rigid

spaces X, Z, X - Z

or

U, then

by the degeneration of the E 1 spectral sequence for de Rham cohomology (see
[H] §1.3) since T has an admissible cover by an increasing collection of affinoids
by Corollary 3.5b and fl* is a complex of coherent sheaves. This means, for one
thing, that
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as we

defined it above. Also, it is easy to

see

that

under the restriction mapping since we know the de Rham cohomology of an
annulus and of a punctured disk. From the long exact sequence above with
0 which together
X replaced by U together with (**) we deduce that HiZ(X, Cr)
with (*) implies the theorem.
D
=

From this theorem we see that wide open spaces have finite dimensional
de Rham cohomology. This is one of the key advantages wide opens have over
affinoids.

PROPOSITION 4.3. Let W be a wide open space.
differential on W. Then

Suppose

co

is

an

analytic

Proof. We may take W C - X as above. Then by Theorem 4.2 there exists
algebraic differential v on C regular on W such that
=

an

is

analytic on W. Since the residues of an exact differential are zero, it
suffices to prove the proposition for u.
Now as above for each D E CC(X) there exists an open disk U in C containing
D such that u is regular on V
U - D and
where g

=

Now it follows from

Hence the

Cauchy’s Theorem

proposition

on a

follows from the

disk, Proposition 2.3 that

corresponding

result for

algebraic
D

curves.

C - X for a diskoid subdomain X of C. Then the
the
image of H1DR(C)alg in HDR(W) is subspace of classes represented by differentials
cv such that Resew
0 for all ends e of w.
finite
Let
S
be
a
subset of C as in Theorem 4.2. Let cv be an algebraic
Proof.
differential on C regular outside S. Then, it follows from Cauchy’s Theorem on

PROPOSITION 4.4. Let W
=

=
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a disk that cv has zero residues at the points of S iff
The proposition follows immediately.

Rese cv

=

0 for all ends e of W.

D

wEQw whose class in HDR(W) lies in the image of
HDR(C)alg.
E G(W).
De be the corresponding element of CC(X). There
exists an open disk Ue containing De and no other components of X and an analytic
function Ae on Ve Ue - De such that dAe W on Ye.
COROLLARY 4.4a. Let
Let

Let

e

=

=

Now let

denote the cup product. Recall, this may be computed as follows:
v are two differential of the second kind on C. Then

where the
w

sum runs over

all P E C(Cp) and

Ap

Suppose w and

denotes any formal

primitive

of

at P.

PROPOSITION 4.5. Let W C - X be a wide open as above. Let c and d denote
two elements of H’DR(C)"9. Let cv and v be two analytic differentials on W whose
classes in HDR(W) are the images of c and d. Let Ae be as above, then
=

where the

sum runs over all ends e of w.
Let
cv’ and v’ be two differentials of the second kind on C regular on
Proof.
W such that [(u’]
c and [v’]
d. We have in particular that cv’ d03BB’e on Ue for
some meromorphic function 03BB’e on Ue. Hence
=

=

=

Now cv Ct/ + df and u = u’ + dg on W where f and g are two analytic functions
on W. Hence Â, = 03BB’e + f + ce for some constants ce. Hence
=

since

d(g03BB’e)=03BB’e dg + g03C9.

For

a

The

proposition now follows from Proposition 4.3. D

wide open W, e~03B5(W), and

an

analytic function f on some neighbor-
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hood of e where it has

no

poles

or

zeros,

we

set

LEMMA 4.6. If W is a basic wide open, then W ~ C - X where C has a smooth
model Z and X is a diskoid subdomain of C each component of which lies in
a different residue class of Z.
Proof. Let W0 be an underlying affinoid of W with good reduction. By
definition W C - X for some curve C and diskoid subdomain X. Moreover,
we know, there exists a subspace U of C isomorphic to a finite disjoint union of
open disks each of which contains one element of CC(X) and such that
W0 C - X and CC(W - W0) CC(U - X). We claim that C has a smooth
model Z and the elements of CC(U) are residue classes of Z. This follows from the
classification theorem, [BGR], Theorem 9.7.2.2, when C has genus zero and from
this theorem combined with the Tate parametrization when C is a Tate curve.
Therefore, we may suppose C has a stable model, Z. It follows from Lemma 1.4 of
[CM] that W0 is either contained in a residue class of Z or is a formal fiber in yo
for some irreducible component Y of Z. Moreover, it follows from Lemma
3.2(ii) that each element of CC(U) is contained in a residue class of Z. Since
U u W0 = C, the only way this can be true is if Z has one smooth component and
U is a finite disjoint union of residue classes.
D
=

=

=

LEMMA 4.7. With notation as in the previous lemma suppose P is a closed point
of Z such that P contains an element of CC(X). Let e be the corresponding end
of W. Suppose f~ Cp(C) n A(W)* regular on a Zariski open of Z with non-empty
reduction. Then orde f ordpl.
Proof. As is well known,
=

The result

now

follows from

Cauchy’s

Theorem.

LEMMA 4.8. Let W be a basic wide open, suppose

D

f E A(W)* and

suppose

for all ends e of W. Then there exists a c~C*p such that |cf-1|w 1.
Proof. We may suppose that W and the notation are as in the previous lemma.
Let c’~C*p such that |c’|-1 |f|W0. Let g = c’fso that Iglwo 1. It follows from
(4.1) that the reduction of g to 0 is constant. Hence there exists a constant
c"~C*p,|c"| 1, such that|c"g - 1|W0 1. Let U denote the largest subset of
=

=

=
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thatc"g - 1|U 1. Now let V E CC(W - W °). Since V is connected to
that U ~ V ~ ~. It follows from (4.1) and Lemma 2.2(iii) that
it
follows
W0,
there exists a cV~C*p such that |cvg - 1| 1 on V. Hence on Un V, 1 g 1 and
|c"g - cvg| 1. It follows thatc" - Cy| 1. Hence we may take c c’c" to
D
complete the proof.
W such

=

=

PROPOSITION 4.9. Let W C - X where X is a diskoid subdomain
Suppose f is an element of Cp(C)* such that
=

of

C.

for all D~CC(X). Then there exists a c~C*p such that1 cf - 11 w 1.
Proof. Let Z be as in Proposition 3.4. After blowing up we may assume all the
irreducible components of Z are smooth and any two components intersect in at
most one point. Let 16 denote the collection of Y where Y is an irreducible
component of Z . Then W is a covering of C by basic wide open sets. Let re’ denote
the subset of W consisting of elements U disjoint from X. For U = Y in W let
U°

=

Y’. If U and V are in y, U =1= V, then U n Y is either empty or an annulus in

CC(U - U’).

Let ordu,v
ordu,uf1Y, if U ~ V and
otherwise. It follows that for each U e W’
=

and if U, V ~ y, then

and if in addition

by

U n V 1= CD

and

zero

Lemma 3.9

Y ~ y’, then by (4.2) and Cauchy’s Theorem, Proposition 2.3,

For U ~ y’, let ru
|f|U0. Now it follows from Corollary 3.7b and Lemma 2.2
that if U and V are in y’ and ordU,V f &#x3E; 0 then r, &#x3E; ru. Now we claim that
ordU,V f 0 for all U Ere. Suppose rv is the maximum of all the ru’s. Hence
ordV,U f 0 for all U E re. But this together with (4.3) implies that ordV,U f 0
for all U E 16. We can apply the same argument to the second largest rv and so on
to get our claim. We also see that all the ru s are equal. Let r denote their common
value. It follows from this and Lemma 2.2 that |f |U~V = r if U ~ V ~ ~. By
dividing f by a constant, we may suppose r 1.
It follows from Lemma 4.8 that for each U e W’ there exists a Cu E y* such that
=

=

=
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|CUf - 1|U1. Now if U~V~~ then |f|U~V=1 and |CUf-CVf|1. Since
we may take all the cu’s to be the same. This
D
completes the proof.
Z’ is connected, it follows that

From the above we see that if X is a diskoid subdomain of a curve C and cv is an
algebra8c differential on C, regular on W C - X such that
=

for each D E CC(X). Then the image of 03C9 in HDR (W), lies in the image of H 1DR (C)"gSince HhR(c)alg injects into HDR(W) we can associate to 03C9 a unique class 03C8X(03C9) in

HhR(c)alg.
THEOREM 4.10. There exists a unique Cp-linear
algebraic differentials on C into HDR (C)alg such that

(i) 03C8(03C9) = 03C8X(03C9) if X and w are
(ii) 03C8(dg) = 0 for all g ECp(C).
(iii) 03C8(df/f) 0 for all f E re p(C)*.

as

in

map 03C8 from

the space

of

(4.5).

=

It suffices to show that existence of a homomorphism 03C8 defined on the
of
group algebraic differentials with integral residues satisfying (i)-(iii) for then we
may extend this homomorphism by Cp-linearity. We also may assume C has
positive genus for otherwise 03C8 will be trivial. Let D be any closed disk in C. Let
co be any algebraic differential on C with integral residues. Then by Corollary 4.1 a
and Riemann-Roch, there exists a positive integer n, a g E Cp(C) and an f E Cp(C)*
such that

Proof.

is

regular

on

C - D. Moreover,

Hence we must set 03C8(03C9)
1/n03C8D(03C9’). It remains to check that this satisfies (i), (ii)
and (iii) and is well defined, i.e. is independent of the choices of D, g and f. First
observe that (ii) and (iii) will follow immediately from the well definedness of the
map we just introduced. Second, well definedness and (i) will follow from the
following claim: Suppose X and X’ are diskoid subspaces of C, 03C9 and ru’ are
differentials on C regular on C-X and C-X ’ respectively such that
=
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for each D

EX

and

for each D ~ X’ and

finally

Then 03C8X(03C9) 03C8X’(03C9’). Indeed, first since C has positive genus it follows from
Lemma 3.2(ii) together with the classification theorem that any two closed disks
in C are either disjoint or one contains the other. It follows from this that X u X’
is diskoid and we may replace both X and X’ with X u X’ so we may assume
X X’. Now let W
C-X. Then g is regular on W and
=

=

=

for D E CC(X). It follows from Proposition 4.9 that dflf is exact on W Thus
w - 03C9’ is exact on W and so 4fx(co)
03C8X’(03C9’) which proves the theorem. D
=

COROLLARY 4.10a.

algebraic differential

on

Suppose u is a continuous automorphism of Cp and 03C9 is an

on

C. Then

Ca.

Proof.

This follows

immediately

from the characterization

of Ç/ given

theorem.

in the

~

COROLLARY 4.10b.

Suppose f : C’ ~ C

is a

morphism of curves.

Then

This follows immediately from the characterization of 03C8 given in the
theorem, the proof of the theorem and the fact that there exists a closed disk D on
C such that f - l(D) is a closed disk on C’.
0

Proof.

From the

previous

COROLLARY 4.lOc.

two

corollaries,

Suppose C

we

deduce:

is defined over

a

closed subfield K ofCp and OJ is
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an

algebraic differential on

the latter as a

regarding

V. A

Reciprocity

C

defined

subgroup

Law for

over

K, then

of H1DR(C/Cp)alg

Intégrais

of the Third Kind

over

Cp

With notation as in Section 1 suppose now K = Cp, H = C+p,1 = log is a branch
of the p-adic logarithm (in the sense of [C - 1]) and that F satisfies, in addition
to (i)-(iii), the following property:

(iv) Suppose U is a Zariski open in C. Then if F ~F(U),
(a) F is analytic on each open disk in U.
(b) dF is an algebraic differential on C regular on U.
LEMMA 5.1. With F as above, dF is a differential of

Proof.

Let P

E

C(Cp).

Let

f be

an

algebraic

the third kind on C, such that,

function of C such that

log f is defined in a Zariski open neighborhood of P, hence on a disk
containing P and hence is analytic at P. If follows that
Then _F -

is

analytic

at P. The lemma

THEOREM 5.2.

follows.

Suppose

where the pairing on the right hand side is the cup product as in Section 4.
Proof. The theorem is true when either G or F is principal by Theorem 1.1 and
the definition of 03C8. In particular, it holds when C = P1 and ,97= Y since every
generic section of !7 is principal.
Now since both sides of (5.1) are bilinear we may use Corollary 4.1 a to adjust
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F and G

by appropriate principal

elements of Fg

so

that

for some open disk U. Let D be a closed disk in U containing1 [F]u1 [G] 1. Let
V denote the oriented annulus U - D. Claim, F and G are analytic on Y. Indeed,
after replacing F by a suitable integral multiple (which causes no harm), by
Corollary 4.1 a there exists an f in C (C)* such that

Then, by (ii) of Section 1 and (iv) above, F - log f is analytic on U. Now, by
Proposition 4.3, Res, dF 0. It follows that df/f is exact on V and so log f is
=

on K The claim is

now immediate.
analytic
Applying Proposition 4.5, we have

We now must identify the left hand side of this formula with the left hand side of
(5.1). We are in luck because this will be analysis purely on the disk U. Let z be
a uniformizing parameter on U. Let

As in the proof

of the above claim we see that G’

Now since G’ and F’

are

analytic on U, Resv G’

and F’ are analytic on U. Hence,

dF’

=

0

by Cauchy’s Theorem.

Next,

again by Cauchy’s Theorem,

and

by Cauchy’s Theorem and the fact that the residue of an exact differential is zero.
Finally, we may identify U with a disk in the z-projective line, so that f and g are
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rational functions on P1. Then

which is of

course

zero, but

as

more

above

relevantly,

it is

equal

to

using the fact that we know that (5.1) holds for P1 (alternatively, we could use the
Weil reciprocity law here). Adding up all the above formulas yields the
theorem.
D

Suppose B is a subspace of H1R(C) complimentary to HO(C, ne). Let 57, denote
the subsheaf of F such that FB(U) = {F E .9’(U): 03C8(dF) ~ U}. The following is the
precise analogue of Theorem 4.3.
COROLLARY 5.2a.

Suppose

B

=

B with respect

to

the cup

product. Then if

REMARK. The hypotheses of this corollary are satisfied, for instance, if C has
ordinary reduction and B is the unit root subspace of H1R(C).
Finally, we will give an example of a quadruple satisfying (iHiv).
Let C be a curve with arboreal reduction (see [CdS] §2). Let àX be the subsheaf
of the sheaf A1constructed in [CdS] defined by setting 97(U) equal the F in
A1(U) such that dF is a differential of the third kind with integral residues. If we
set [F]
Res(dF), then the quadruple (C+p, F, log, [ ]) satisfies conditions (ii)
and (iv)b by definition, (i) by Corollary 2.5.2 and Lemma 2.6.8 of [CdS], (iii) by
Corollary 2.6.6 of [CdS] and (iv)a using 2.5.4 and the fact that A1(U) A( U) for
an open disk U.
We remark that the construction of the sheaf 5’ just completed only used the
geometry of the curve. It is possible, however, to construct a sheaf F as above on
an arbitrary curve if one uses the Lie algebra structure of its Jacobian.
=

=
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