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Let Go be the absolute Galois group of an algebraic closure of Q.
The purpose of this note is to examine the following type of problem: Fix
f a newform on SL2(Z). For each non-archimedean valuation v of the field of
fractions of the ring of Fourier coefficients of f, Deligne, in [D], has attached to
f a two-dimensional semi-simple Galois representation with values in k", the
residue field of v,

which is unramified outside the characteristic (call it p) of kv. We would like to
have a complete classification, for fixed f and a "general enough" choice of
valuation v, of all possible liftings of P J,v

where A is any complete noetherian local ring with residue field k, and where by
’liftings’ we mean ones which are unramified outside p.
Since we are mainly interested in the behavior for "general enough" v, we
suppose that p f,v is absolutely irreducible and we suppose further that v is an
ordinary valuation for the newform f. This implies that p f," is p-ordinary as
a Galois representation (See Section 2 below).
The kind of answer we give to the above problem comes from the main
proposition (Section 3) and the Conjecture of Section 6 below. Our main
proposition asserts that, under mild hypotheses, knowledge of all p-ordinary
liftings (*) gives us very strong control over all liftings (*). The Conjecture
formulated in Section 6 asserts, in essence, that all p-ordinary liftings are modular
in that they are built, in a suitable sense, out of p-adic representations attached to
p-adic, p-ordinary modular forms. This conjecture (reformulated in a somewhat
general context), and a survey of the existing evidence for it, will be discussed
more fully elsewhere ([M-T]). As for the p-ordinary liftings (*) that are modular in
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the above sense, these (for "general enough" v) can be completely classified using
Hilda’s theory (as made explicit by Gouvêa, cf. [Gl] and Proposition 1 in
Section 7 below).
Using the main proposition, the conjecture of Section 6, and the result from
Hida’s theory to which we have just alluded, we obtain the surprisingly precise,
(but admittedly only conjectural) answer to our problem in Section 7 below (cf.

Propositions 2, 3).
To be specific, let

us

illustrate

our

result with the modular form

unique cusp form of level 1 of weight 12 (See Section 7 below). Let p be any
prime number such that T(p) is not congruent to 0 mod p. Let p : GQ ~ GL2([F p) be
the Galois representation modulo p associated to A. Using Hida’s theory (cf.
[Gl] or the Proposition of Section 6 below) one sees that the natural
homomorphism 039B ~ T of the Iwasawa algebra A to Hida’s Hecke algebra Tis an
isomorphism. In rough terms this just means the following:
Let p: Go -+ GL2((D) be any two-dimensional Galois representation of G.
unramified outside p, which is a lifting of p, where (9 is a finite discrete valuation
ring extension of 7L p with residue field FIP,
Suppose that:
(a) The representation p is attached to a p-ordinary p-adic eigenform (of
tame-level 1).
the

Then:
(b) The representation p is determined (up to equivalence) by the onedimensional representation det(p) : GQ ~ GL1((D) (9 *, and, moreover any such
one-dimensional representation x : Go GL1 (lD) whose reduction to GL 1 (IF p) is
equal to det(p) comes from (i.e., is the determinant of) such a representation p.
The fact that A - T is an isomorphism dovetails with the conjecture of Section
6 to give us (conjecturally) that the natural mapping 039B ~ R° is an isomorphism,
where R° is the universal ordinary deformation ring associated to p.
The (conjectural) statement that A - R° is an isomorphism translates, in turn,
as follows. Let p be a representation as above which is not assumed to satisfy (a).
Instead, p is merely assumed to be ordinary at p (in the sense of Galois
representations; compare Section 2). Then (conjecturally) it also satisfies (b), i.e. it
is determined by its determinant.
At this point we make use of the Proposition of Section 6, whose proof is given
in Sections 8-9. This Proposition tells us that a knowledge of the ordinary
deformation problem for p (i.e., the problem where one seeks only deformations
of p which are ordinary as Galois representations) gives us a tight control of the
general deformation problem for p. Specifically, under a mild hypothesis (which
in our present case rules out only the prime numbers p =11 and 13) we have that if
=
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A - R° is an isomorphism, then the (ful4 universal deformation ring R associated
to p is isomorphic to a power series ring in two variables over A. Thus, if the
conjecture of Section 6 holds, we would have that R° is isomorphic to A and that
R is isomorphic to a power series ring in two variables over A i.e., in the
terminology of Section 6, the deformation theory for p is cleanly unobstructed f for
all prime numbers 03C1 ~ 11 and 13 and such that r(p) is not congruent to 0 mod p}.
We take comfort in the fact that this (conjectural) answer to the problem
meshes well with results of Nigel Boston ([Bl], [B2]) and work by Coates and
Flach which is currently in progress. Moreover, Boston informs me that the
excluded case of p = 11 in the above context is particularly interesting; for p and
11 he expects, but cannot yet prove, that the deformation theory is in fact
p
obstructed and that R is a (singular) quotient of a power series ring over A in three
variables by a principal ideal.
This note is the written version of the talk 1 gave at the Mordell Centennial
Birthday Colloquium held in Cambridge, January 1988. I thank the organizers of
that colloquium for inviting me, and the IHES and Vaughn Foundation for
support during the time 1 wrote this article.
=

1. A review of deformation-theoretic results

Let k be a finite field of characteristic p. In this note, a residual representation shall
mean an

absolutely irreducible, continuous, representation

which is unramified at all (finite) primes different from p. By a calculation of Tate
(cf. [Se]) there are no such representations if p = 2, and consequently with no loss
of generality we assume that p is odd. We say that det(p) is odd or even if it is,
respectively, an odd or an even power of

the basic character (which takes a geometric Frobenius element at the prime 1 :0 p
to the image of1 in Fp ). It is convenient to assume that the field k is generated by
the image of the trace, tr 0 p : GQ ~ k, and we make that assumption.
Recall that if A is a complete local noetherian ring with residue field k,
a deformation of p to A is a strict equivalence class of liftings pA :
GQ ~ GL2 (A) of
p which are unramified at (finite) primes different from p, where we recall that two
liftings are said to be strictly equivalent if one can be brought to the other by
conjugation with an element in GL2 (A) whose reduction to GL2 (k) is the identity
(cf. [M], [B1], [B-M]). Recall also (loc. cit.) that since p has been assumed to be
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absolutely irreducible a universal deformation ring, R R(p) and a universal
deformation p: GQ ~ GL2 (R) exist. The ring R(p) is determined up to unique
isomorphism by the equivalence class of p where, by abuse of language, we allow
p to stand for a choice of lifting, unique up to strict equivalence.
In [M] it is shown that if det p is odd the Krull dimension of R/pR is
3, and,
moreover, if the Zariski tangent dimension of R/pR is equal to 3 then R is a formal
power series ring on 3 parameters over W(k), the ring of Witt vectors of k. If det p
is even, the assertions in the previous sentence remain valid with the number
3 replaced by 1. If, in the odd case, the Zariski tangent dimension of R/pR is = 3
(or, in the even case, if it is 1) we shall say that the deformation theory for p is
unobstructed. Recall also (loc. cit.) that the universal deformation ring for
det p : G k* is canonically isomorphic to the Iwasawa algebra
=

=

where r

c

7L p * is the subgroup of 1-units, and 0393n

cris the closed

subgroup of

index pn.
There is a canonical A-algebra structure on R obtained functorially by passing
from deformations of p to deformations of det p by application of the determinant. Since p &#x3E; 2, A is isomorphic to a power series ring on one parameter over
W(k). When the deformation theory for p is unobstructed, R is a power series ring
on two parameters over A (cf. [M]).

2.

p-Ordinary representations

algebraic closures Q Q- P, and let 7 be the inertia subgroup
Go corresponding to this imbedding.
A representation pA : GQ --+ GL2 (A) is said to be ordinary if, giving M
A x A
(the free A-module of rank 2) a GQ-module structure by composition of pA with
the standard representation of GL2 (A), we have that the submodule, Mj, of
invariants under the action of the subgroup I, is a free A-module of rank one and
Fix an imbedding of

at p in

=

a

direct factor in M.

a

free A-module of rank

A representation pA

is co-ordinary if the quotient module MI of co-invariants is
one and a direct factor. Clearly the transformation

interchanges ordinary and co-ordinary representations.
If p is an ordinary residual representation, then there is a (complete noetherian)
local ring with residue field k, denoted R° = R° ( p), together with a deformation
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p° of p to R° which is universal for ordinary deformations of p ([M] 1.7 Prop. 3).
We call R° the universal ordinary deformation ring of p. It comes equipped with
a canonical R-algebra structure.
3. Relations between
One of the

objects

ordinary

déformations and all deformations

of this note is to prove the

MAIN PROPOSITION.
property that

following.

If the (ordinary) residual representation p

then the natural homomorphism R ~ RO is surjective and its kernel is
be generated by two elements.

an

has the

ideal that

can

For the proof see Section 8 and Section 9.
A consequence of this proposition is the following:

COROLLARY 1. Let p be an ordinary residual representation of odd deteminant
different from co, w - 1 , and wP - 1 )/2. Then the Krull dimension of R° /pR° is 1. If
the Zariski tangent dimension of R’IPR’ is
1, then RO is a power series ring on

and R is a power series ring on two parameters over A.
Proof of Corollary 1. Since R/pR has Krull dimension &#x3E; 3, and since, by the
main proposition, R’IPR’ is a quotient of R/pR by an ideal generated by two
elements, the Krull dimension of R’IPR’ is 1. Now suppose that the Zariski
tangent dimension of R° /pR° is 1. The proposition then implies that the
Zariski tangent dimension of R/pR is 3. But by [M], it then follows that R is
a regualar local ring of Krull dimension 4, and more precisely a power series ring
on two parameters over A. By the above proposition and by the hypothesis on the
Zariski tangent dimension of R’IPR’ it now follows that RO is a regular local ring
of Krull dimension 2 and p E RO is a regular element which yields the assertions in
the last sentence of the Corollary.
n
one

parameter

REMARK.

over

Zp

Corollary

1 does not make

precise

the

A-algebra

structure of R° .

(but with the exception of Section 8 and Section 9 below) we
the
residual representation p is an ordinary, absolutely irreducible
that
suppose
representation of odd determinant different from
From

now on

If the deformation

theory for p were unobstructed we would have things fairly
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well in hand, e.g., R would be a power series ring in two variables over A. But as
the above discussion suggests, we may not have very good control over the
A-algebra structure of R°. This motivates the following.
DEFINITION. We shall say that the deformation theory of p is cleanly
unobstructed if the natural homomorphism A - RO is an isomorphism and the
universal deformation ring R is isomorphic, with its natural A-algebra structure,
to a power series ring in two variables over A.
COROLLARY 2: We suppose that the residual

representation p satisfies our
running hypothesis, i.e., it is an ordinary, absolutely irreducible representation of
odd determinant different from co, w - 1, and wP - 1)/2. Suppose further that the
natural mapping A - R°( p) is an isomorphism.
Then the universal deformation ring R is a formally smooth A-algebra on two
parameters, i.e, p has a cleanly unobstructed deformation theory.

Proof :

This follows

immediately from Corollary

1.

D

Cleanly unobstructed deformation theories have been constructed in [B-M]. It
was shown there that any "generic, admissible" J3-representation p has a cleanly
obstructed deformation theory (See [B-M] for definition of ’admissible’). An
object of the present note is to show that, conditional on the conjecture
formulated in Section 6, cleanly unobstructed deformation theories are quite
plentiful.

4.

Analytic

families of représentations with fixed

p-adic Hodge

twists

Let k
Fp and let p be as in section 3. Suppose further that it has a cleanly
obstructed deformation theory. Let Hom( -, - ) denote homomorphisms of local
rings, and put X Hom(R, Zp), and X° = Hom(R°, Zp). We view X° as a p-adic
analytic submanifold (over 0., of dimension 1) of the three-dimensional p-adic
analytic manifold X. The A-algebra structure of R gives a mapping (the
"determinant") from X to Hom(A, 7Lp). Identify Hom(A, Zp) with Zp c Op by the
rule ~ ~ a ~ Zp, where for a p-adic 1-unit 03B3 ~ 0393 ~ Z*p, ~(03B3) = 03B3a ~ Zp. Let
03B4: X - Qp denote the composition of the "determinant" mapping with the above
imbedding. As in [M], we also have the locally analytic action of Zp on
X obtained by "twisting with a one-dimensional character". Specifically, if b E Zp
define the character xb :GQ - r c Z*p by first projecting the cyclotomic character
x : G Z*p to the subgroup of 1-units to get a character x 1: Go -+ r c Zg and
then putting ~b := (~1)b. If x is a point of X, let 03C1x:GQ ~ GL2(Zp) be the
representation associated to x, i.e., induced by specialization of the universal
deformation p of p from R to Zp via the homomorphism x:R ~ Zp.
=

=
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Now define, for all b E Zp and x E X, a new point x’ (also denoted b*x) by the
rule px,
xb ’ px. The rule (b, x) H b*x defines a locally analytic action of 7Lp on X.
We clearly have 03B4(x’)
03B4(x) + 2b.
Let 03C1(p)x denote the restriction of px to the decomposition subgroup GQ and let
Sen,
Vx be Qp x a p, viewed as representation space for p(P). x By the
to
the
two-dimensional
associate
we
can
([Sen 1])
0 -representation 03C1(p)x a
(monic, quadratic) "characteristic polynomial" T2-dT + c with coefficients in
Qp(cf. [Sen 1], for its definition) with these properties:
(a) Writing d d(x) and c c(x) to indicate dependence upon x, we have
that d(x) = ô(x).
(b) Letting x’ := b*X we have
=

=

thcory of

=

=

(c) IfCp is the completion of Qp, viewed as G,P -module, and if Vp ~ Cp is given
the diagonal Gap structure, then the characteristic polynomial of px,p depends
only on the isomorphism class of the Cp-vector space Vp ~Cp endowed with
its semi-linear Go -action.
(d) If the Go -module Vp Q9 Cp has a two-stage filtration with successive
quotients isomorphic to the Gap -modules Cp(r) and Cp(s) for r, s c- Zp, i.e., if Px,p
has "p-adic Hodge twists r and s" (cf. [Sen 1] for a definition of these "p-adic Tate
twist" modules) then r, s are the two roots of the characteristic polynomial of 03C1x,p,
and conversely, if the roots of the characteristic polynomial of 03C1(p)x are p-adic
integers r, s, then the G,P-module V. 0 Cp has a two-stage filtration whose two
successive quotients are isomorphic to the G,p-modules

Let J: X ~ Op x Op be the mapping which associates to each point x ~ X
the coefficients (d, c) of the characteristic polynomial T2 - dT + c of Px,p’ T
y is a locally analytic mapping of p-adic analytic manifolds.
For proofs of the above statements, see [Sen 1, 2] and compare the discu
given in [M].

(c)

PROPOSITION. Let p satisfy our running hypotheses, and suppose furth
has a cleanly unobstructed deformation theory. Then the jacobian dY

mapping
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has maximal rank at any point

X which is

xE

(i) ordinary (i.e, such that x ~ X’), and such that
(ii) 03B4(x) ~ 0 (equivalently, such that det(px) is not of finite order, i.e., such that px is
not of "weight one").
Proof. Since we have an isomorphism of A-algebras, A éé RO, one has that bis
an identification of X’ with the p-adic analytic manifold 7Lp. Now consider the
locally analytic mapping 03A3: 7Lp x Zp ~ Qp x Qp given by the composition:

From the above discussion

we

have that

immediately calculates that the jacobian matrix d03A3 is of maximal rank
0
two) if a :0 0.

and

one

(i.e.,

rank

Now for a pair of elements (d, c) E Op x Op, let Xd,c c X denote the locally
analytic subspace which is J-1(c, d), i.e., which consists of those x E X such that
the characteristic polynomial of 03C1x,p is T2 - dT + c. Note that if X d,c contains an
ordinary point, we must have c 0 and d E Zp, and furthermore the ordinary
point it contains is unique. Let, then c 0 and d E Zp, and denote by xo the
unique ordinary point in Xd,0. The subspace Xd,0 c X consists of all points
x such that the representation space
V. attached to 03C1(p)x has the property that its
=

=

associated

Gap -module Vp ~ Cp has a two-stage filtration with successive
quotients isomorphic to the Gap -modules Cp Cp(O) and Cp(d) (coming in either
=

order).
COROLLARY. Let p satisfy our running hypotheses and suppose further that it
has a cleanly unobstructed deformation theory. Let d be a nonzero p-adic integer and
et Xd,0 be the locally analytic subspace of X as above, which consists in those x E X
"p-adic Hodge twists" 0 and d. Then there is a neighborhood U of the unique
inary point xo in Xd,o which is a p-adic analytic manifold (over OP) of dimension
particular, we may parametrize a suitable such neighborhood U by t E pMZp
appropriate positive integer M) to obtain an analytic family of inequivalent
ntations unramified outside p lifting p, having p-adic Hodge twists 0 and d,

The ix coefficients of the analytic family of representations
series

in t. unique

(where

po

=

ordinary representation

in

Xd,0

occurs

for

are

power

the value t

=

0
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Proof. This follows immediately from the previous proposition and the
0
implicit function theorem (in the context of p-adic analytic manifolds).
REMARKS. (1) Any point x such that px is attached to a modular form of
weight k 1 must lie in the analytic space Xk-1,0. If 03C1 satisfies the hypotheses of
the corollary we then have, for any k &#x3E; 1, an analytic family (*) lying in Xk-1,0.
How many members of that family can come from modular forms? See
subsequent joint work with Carayol, Fontaine, and the author for results bearing
on this question.
(2) Do we have an analytic family of the form (*) in Xo,o, i.e., in weight one?

5. Universal Hecke operators

One

can

define "Hecke

operators" T, E R (l ~ p) by the formula

where çi is the geometric Frobenius element at 1. One

can

define

an

"Atkin

operator" Up E RO as follows: restricting the universal ordinary deformation pO to
the decomposition group GQp and to the submodule of inertial invariants in the
universal ordinary representation, we obtain an unramified representation of GQp
on a free R° -module of rank one. If
~p E GQp is a choice of geometric Frobenius,
then the action of 03C1°(~p) on this free R° -module of rank one is via a scalar in R°,
which we define to be Up. Since the GQp-representation on inertial invariants is
unramified, this scalar is well-defined, and is independent of the choice of ~p.

6. Relation between ordinary Galois representations
and p-adic ordinary modular eigenforms

Consider pairs (f, v), where the first object of the pair, f, is a classical cuspidal
modular form on 03930(pv) for some v 1, with character e and weight w 1 and
which is an eigenform for the Hecke operators T, for prime numbers 1 ~ p and for
the Atkin operator Up. Let (9f denote the ring generated by the Fourier
1 so that al(f) is the
coefficients an(f) for n 1. We suppose that a1(f)
eigenvalue of Tl acting on f(l ~ p) and ap( f ) is the eigenvalue of Up. The second
object of the pair, v: lDJ -+ k is a homomorphism from (9f to a finite field k.
Let Of,v denote the completion of (9f with respect to the kernel of v, and for
a ~ Of,v, let à denote the projection of a to k.
We say that f is ordinary at v, or ( f, v) is ordinary, if ap is a unit in Of,v, or
equivalently if ap is a nonzero element of k.
=
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We say that

( f, v) belongs

to

p if for all prime numbers 1 ~

p,

we

have:

where çi is a (geometric) Frobenius element. Note that we have chosen to work
with the geometric rather than the arithmetic Frobenius, and therefore our
representations are not the same as in, e.g., [D]. Having made our choice,
ordinary modular forms belong to ordinary representations, as defined in
Section 2. Had we made the other choice, they would correspond to co-ordinary

representations.
Let

:lÍJ,v

denote the
such that

denote the field of fractions of

Of,v

and let

representation unramified outside p (unique up to Kf,v-equivalence)

for all prime numbers 1 ~ p. Such a representation has been shown to exist by the
work of Shimura (w 2), Deligne (w 2), and Deligne-Serre (w
1), (cf. [Sh],
=

=

[D], [D-S]).
Recall that we have supposed p to be absolutely irreducible with determinant
different from co and 03C9-1. Under this hypothesis, if ( f, v) is ordinary and belongs
to p, it has been shown in [M-W] (and see [M-T] for a more general result valid in
the context where there is an auxiliary level) that there is an ordinary

representation,

unramified outside p, equivalent over Kf,v to r and which is a lifting of p, with
respect to the natural homomorphism GL2(Of,v) ~ GL2(k) induced by v. The
strict equivalence class of the lifting 03C1f,v is uniquely determined and therefore pf v
gives us an ordinary deformation of p to Of,v, i.e., it is induced by a unique

homomorphism

We now suppose that there exists an ordinary pair ( f, v) belonging to p.
Let e denote the commutative polynomial algebra over A generate by the
symbols T, for l ~ p and by Up. For each pair ( f, v) belonging to p, consider the
homomorphism of A-algebras g(f, v):Yt -+ Of,v which takes Tl to al(f) E Of,v for
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Up to ap(f). Let W denote a set of
c / denote the ideal

all l ~ p and
and let

1 «j

ordinary pairs ( f, v) belonging to p,

where the intersection is taken over all pairs ( f, v) in b.
Let Tb denote the quotient A-algebra, T«j:= K/Ib. For w an integer, let rew
denote the set of all ordinary pairs ( f, v) as above, belonging to p, where f is of

weight

w.

(Hida). The ideal Ibw, and therefore the quotient algebra Trew’ is
independent of w, provided that w 2.
D
Proof. See [HI], [H2], and [G2].

THEOREM

DEFINITION.

By Hilda’s

Hecke

algebra T,

we mean

Tww, for any

w

2.

To indicate dependence upon p, we sometimes denote T by T(p). From the
construction of T, we obtain a mapping R° - T which ’factors’ any of the hf,v,
where ( f, v) is an ordnary pair belonging to p, with f of weight 2. Let
~f,v : T - Of,v be the homomorphism whose composition with R° - T yields h J,v’
Let 1:zET(l ~ p) denote the image of Tl E R and up ~ T the image of UpERo.
It follows from [M-W], that for every ordinary pair ( f, v) belonging to p, the
homomorphism ’1J,v brings the "Hecke operator" 1:, ET to the 1-th Fourier
coefficient al( f ) and it brings the "Atkin operator" up e T to ap( f ), the eigenvalue
of L/p acting on the modular form f, in (9f ,.
Concerning the structure of the A-algebra T, we have:

PROPOSITION. (Hida). The ring T is
elements il for 1 ~ p and by up].
Proof. See [Hl], [H2].

afiniteflat A-algebra [generated by the
D

REMARKS. The ring T occurs in various notations in a number of articles: in
[Hl, 2], [T], and [M-T] it occurs as a localization of a ring denoted hord~, and it
itself is denoted R; in [M-W] it is denoted Tm.
CONJECTURE. The

homomorphism

R° ~ T is

an

isomorphism.

REMARKS. From the previous discussion it follows from the above conjecture
that every ordinary representation of Go to GL2((D) unramified outside p, where
O is a finite discrete valuation ring extension of Zp which is a lifting of p belongs to
a p-adic p-ordinary modular eigenform with Fourier coefficients in O. This
conjecture is then a partial "complement" to the conjectures of Serre [Se]. See
forthcoming joint work with J. Tilouine, [M-T], in which a more general version
of this conjecture, involving auxiliary level, is discussed.
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7. Residual

représentations attached

to

fixed

weight and varying prime

p:

choice of weight w in the set {12, 16, 18, 20, 22, 261 let f ( =fw) denote the
unique cuspidal newform on SL2(Z) of that weight w. For any prime number p, let
03C1f,p denote the unique (semi-simple) representation mod p belonging to the
For

a

newform f, i.e.,

is unramified

outside p,

has the property that

for all prime numbers l ~ p, where ~l is the Frobenius element at 1.
For each such choice of f and p, we have the A-algebras

Since these newforms f have
(See Gouvêa [Gl]) yields

weight

PROPOSITION 1 (Hida, Gouvêa).
is not divisible by p, then:

&#x3E;

2, a result implicit in the work of Hida

If the newform f is ordinary at p, i.e., if ap(f)

We now make the stipulations needed to guarantee that 03C1f,p satisfies our running
hypotheses for p, namely, we suppose that:
(1) 03C1f,p is absolutely irreducible,
(2) The weight w is congruent to neither 0, 2 nor (p - 1)/2 mod p - 1,
and
(3) 03C1f,p is ordinary, i.e., ap(f)~0 mod p; equivalently, the pair (f,v) is an
ordinary pair, where v : (9f = Z ~ Fp is reduction mod p.
A consequence of the Conjecture of Section 6, the main proposition (Section 3),
and the above proposition, is the following:

PROPOSITION 2. Let f (=fw) be a newform as above (i.e., w
12, 16,18, 20, 22,
or 26) and let p be a prime number such that ( f, p) satisfies conditions (1), (2), and (3)
above. Then if the conjecture of Section 6 holds, the deformation theory for p f,p is
cleanly unobstructed, i.e., R( p f,p) is a power series ring on 2 parameters over A and the
~
A-algebra R°(03C1f,p) is equal to A.
=

EXAMPLE.

Taking

w

=

12, f = f12

is the modular form

usually

denoted A,
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whose Fourier

expansion

is

given by

where the infinite product and sum above is taken over all n 1.
Using the known results about the image of po,p for varying
Conjecture 1 then specializes to

p ([Sw-D]),

If the conjecture of Section 6 holds, the deformation theory for
unobstructed,
i.e., R(03C10394,p) is a power series ring on 2 parameters over
03C10394,p cleanly
A and A R°(03C10394,p), for all prime numbers p differentfrom 11, 13, and 691, and such
that ap(A) (= 03C4(p)) is not congruent to 0 modulo p.
0
PROPOSITION 2.
is

=

We have excluded 691 as being the only prime number for which r(p)
mod p and for which 03C10394,p is not absolutely irreducible. It is the case,
however, that the (versal ) deformation theory for all the prime numbers p for which
po,p is not absolutely irreducible (i.e., p 2, 3, 5, 7, and 691) has been worked out
by Nigel Boston [B1]: for p 2, the versal deformation ring R(03C10394,p) is not smooth,
while for p 3, 5, 7, and 691 it is; for p 691 the versal deformation theory is
cleanly unobstructed. We have included the prime 23 in proposition 3 because
although the assertion that the deformation theory for p 23 is cleanly obstructed
is not a formal consequence of the Conjecture in Section 6 and our main
proposition, the deformation theory for p 23 has in fact been proven to be cleanly
obstructed in [M], and again in [B-M]. The requirement that p be ordinary for
A does not appear to be terribly restrictive. For example, all primes p in the range
7 p 2411 are ordinary for A.
(2) There is some reason to hope for a close connection between the question of
whether the deformation theory at p for an eigenform is obstructed and the
question of whether p divides a certain special value of a normalized L function of
the symmetric square automorphic representation attached to the eigenform. See
forthcoming work of Coates and Flach (in a slightly different context) which lends
support to this hope. The fact that the relevant L function "special value" is nonzero
for A we take as a fact compatible with the picture painted by the conjecture of
Section 6. See also [C-S] for the construction of a p-adic L function attached to
symmetric squares of certain modular forms, and [M-T] for related matters.
(3) It would be helpful to have a numerical clarification of the cases p 11 and
13 (and f = A). Nigel Boston tells me that the answer for p
11 may be
particularly interesting. See his future publications for a discussion of this case.
(4) A theorem of Gross ([Gr]), completed by numerical data obtained by Elkies
and Atkin, shows that for all primes p in the range 11 p 3500, and p ~ 23, 691,
the representation P,,p has the property that the image of an inertia group at p has
order divisible by p. This fact may easily be shown to imply, for this range of primes
p, that for any point x in X
Hom(R(03C10394,p), Zp) there are only two possibilities:
Notes.

is

(1)

non-zero

=

=

=

=

=

=

=

=

=
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x

(i) The point x is twist-ordinary in the sense that an appropriate twist x’ = b*x of
by a one-dimensional character (cf. Section 4 above) is in the ordinary locus

X’

=

Hom(R°(03C10394,p), Zp).

The point x is inertially ample in the sense that the image of the inertia group
at p under the representation 03C1x,p contains an open subgroup in SL2(Zp).
In contrast to A ( = f12), there are a few primes p
3,500, and w ( &#x3E; 12) as above
such that fw is ordinary at p and such that the image of inertia at p under 03C1fw,p is
of order prime to p. Specifically, in the terminology of [Gr], Atkin and Elkies found
companion forms for certain fw and p. It then follows by results of Serre that the
image of inertia at p under P Jw,P is tame. The complete list of such primes p (See
271; for f2o, p 139 and 379; for f22, no
[Gr]) is: for fl6l p 397; for
p
such p; for f26, p 107. It would be interesting to know what the inertially ample
locus is, in the universal deformation space, for the residual representations in these
instances.

(ii)

=

f18,

=

=

=

8. A

good system of generators for the décomposition

group

Let S be the set {p, ~}, G 0,8 the Galois group of the maximal subfield of 0 which is
unramified outside S, and let p: GO,8 -+ GL2(k) be an absolutely irreducible
ordinary residual representation, with k a finite field of characteristic p. Let L/Q be
the splitting field of p, so that G := Gal(L/Q) may be identified, via p, with
a subgroup of GL2(k). Let Il denote the "p-completion of GQ,S relative to p" (see
[Bl] or [B-M]. Thus we have a short exact sequence,

where P is

a

normal pro-p

subgroup

of H. The

"deformation theory"

of

p : GQ,S --+ GL2(k) factors through II (for a discussion of this, see [Bl]). Fix an
imbedding v : Q c+ Op and consider the associated inertia and decomposition
groups, relative to v, I c D c II, so that I is the image of the inertia subgroup of

Go in II (via the map induced by v) and D is the image of the full group GQp.
Let 10 c I and D° c D denote pro-p Sylow subgroups in I and in D respectively.
Since p is ordinary one sees that 10 is normal in 7 and D° is normal in D. Moreover
put A := I/I° and B := D/D°. Then B is an abelian group of order prime to p, and
A is a cyclic group of order prime to p. The natural inclusion 7 c D induces an
injection A 4 B.
Using the Schur-Zassenhaus theorem (cf. Proposition 2.1 of [B1]) we may find
a lifting A 4 1 and a compatible lifting B 4 D. Fix such liftings, and identify A with
its image in 7 and B with its image in D. We then have semi-direct product
decompositions: 7 A I° and D B D°.
=

=
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Let Kv denote the intermediate field in the extension LPp/Qp which is fixed by the
kernel of the natural mapping Gap ~ B, so that Gal(Kv/Qp) ~ B.

LEMMA: There are elements x, y E 10 and z E DO with the following properties:
(1) The subgroup B c+ D is in the centralizer of z.
(2) If Kv contains no primitive pth root of 1, the element y is trivial. Otherwise, it
satisfies thefollowing commutation relation with elements of B: For g E B,

where e: B ~ Z*p is the Teichmüller lifting of the cyclotomic character x: B ~ F*p
which defines the natural action of B on the subgroup of p-th roots of unity in Kv.
Exponentiation above refers to the operation of raising an element in a pro-p-group

p-adic unit power.
(3) The elements {xg gxg-1 (for g E B), y, and zl generate DO as a pro-p-group.
(4) The closed normal subgroup generated by the elements {xg(for g E B) and yl
is equal to 10.
Proof. Here we use the techniques of [B1] but see also: [B2], [B-M]). The
lemma will follow directly from a computation of the structure of the p-Frattini
quotient groups of the local Galois group GKv and its inertia subgroup IKv ~ GKv
viewed as B-modules via the natural action (B Gal(Kv/Q». But the p-Frattini
quotient of GKv is isomorphic, as B-module, to (K*v)/(K*v)p and the image of IKv in
it is equal to the subgroup (O*v)/(O*v)p, giving us an exact sequence of B-modules,
to a

=

=

The action of B on Z/pZ above is trivial, and the exact sequence of B-modules
splits. The B-module ((O*v)/(O*v)p is isomorphic to the direct sum of the regular
representation, 0: p[BJ, and 03BCp(Kv) where the action of B on J.lp(Kv) is the natural
action of Gal(KvIO). Thus this module is just the regular representation if Kv
contains no nontrivial pth roots of unity. It follows that we can find three
elements x, y, z in the p-Frattini quotient of GKv [we view this p-Frattini quotient
as (K*v)/(K*v)p], with the following properties:
(i) the element z is fixed under the action of B,
(ii) the elements x and 00FF are in the subspace (O*v)/((O*v)p, and that subspace is

generated by

(iii) the element ÿ is trivial if Kv contains no nontrivial pth roots of 1; otherwise
it is an eigenvector for the action of B, which acts as the cyclotomic character x on
it,
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(iv)

the

p-Frattini quotient (K*v)/(K*v)p

can

be

generated by

the elements

{g·x(for g ~ B), y, ans
By [B1] Proposition 2.3, we may find liftings y, z in D°, of y, z, respectively, which
satisfy property (1) and the commutation law part of property (2), i.e. gyg-1 = ye(g)
for g E B. Since det(p) is nontrivial, it immediately follows that y is in fact in 1°,
because D°/I ° is fixed under the action of B and consequently the projection of y to
DO/1° is both fixed under B and subject to the commutation law described above.
Thus property (2) holds. Now choose any lifting x of x to 1°. By Burnside’s theorem
(cf. [B1] Proposition 2.2), the set of elements {xg (g E B), y, and z} generate D°, giving
property (3).
As for property (4), let J « D° denote the closed normal subgroup generated by
the set of elements {xg (g E B), and yl. Then J is contained in 1°. Also, D°/J is
generated by a single element (the image of z); therefore D°/J~D°/I° ~ Zp is
an isomorphism, and J
1°.
D
=

9. Proof of the main

proposition

Recall its statement, from Section 3 above.
PROPOSITION: If the (ordinary) residual representation p has the property that
its determinant is neither trivial nor of order two nor co nor w - 1 , then the natural
homomorphism R ~ R° is surjective and its kernel is an ideal that can be generated
by two elements.
Proof. After conjugating p, if necessary, we may assume that the image of
B
D under p is a subgroup of diagonal matrices in GL2 (k) and that A c B maps
to matrices of the form

Now
a

we

introduce the universal deformation of p, which may be viewed

as

homomorphism

where R is the universal deformation ring of p, and where p is determined only up
to strict equivalence. We can, and do, choose p in its strict equivalence class so
that the image of B lies in the image in GL2(R) of the subgroup of diagonal
matrices of GL2(W(k»-the mapping GL2(W(k)) ~ GL2(R) being induced from
the natural homomorphism W(k) ~ R. We may (and do) arrange it, furthermore,
so that the image of A lies in the image of the subgroup of diagonal matrices of
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GL2(W(k)) of the

form

Let x, y, z be elements of D° having the properties stipulated in the lemma. We
consider, in turn, the images of these elements under p.
Since det(03C1) = 03C9j, with j ~ 0 mod p-1, det(p) is also nontrivial when
restricted to A. It then follows from property (1) that p(z) is a diagonal matrix in

GL2(R).
Claim.

03C1(y) 1.
Proof of claim. Let u p(y) E GL2 (R), and let il E GL2 (k) be its reduction
modulo the mapping induced by R ~ k. Since y is in 10, it follows that û is either
trivial or of order p; it is, in particular, unipotent. Suppose that û is not the
identity. Then its eigenspace in V = k x k is one-dimensional, and by property (2)
its eigenspace must be stabilized by the action of B. Consequently, it must also be
stabilized by the action of A. Since det(p) is nontrivial when restricted to A, which
is a subgroup of matrices of the form (*), it immediately follows from property (2)
that ù is either upper or lower triangular in GL2(k). But now, since det(p) is
neither co nor 03C9-1, a simple matrix calculation shows that property (2) is
contradictory. Therefore ù 1.
To deduce that u
1, we work inductively: Let 12 c Il be ideals in R, put
and
let uj E Ri denote the projection of u to Ri. We suppose
Ri RIIJ (j 1, 2)
that m .11 c 121 where m is the maximal ideal in R. The kernel, then, of the
projection R2--++R1 is naturally endowed with the structure of vector space over
k; we suppose it to be of dimension 1, and therefore generated by a single element,
=

=

=

=

:=

=

call it E, such that m-e 0. We suppose that ui = 1. We shall prove that U2 is
also 1.
1 + s’M, where M is a 2 x 2 matrix with entries in k. Find an
Write U2
element g ~ A such that X(g) :0 + 1 in IF;. By property (2) we have that
p(g)· M· 03C1(g)-1 = x(g)M, from which we get that M has trace and determinant
zero. But then 1 + M is unipotent, and so by the argument already given (for
il above), M must vanish. Since we can find a countable sequence of ideals
such that aj ~ aj+1 has the properties required of Il ID I2
m
al =3 a2 ::)
such
that
and
0
above,
n ai 0, we conclude that u 1.
=

=

=

...

=

=

As for

p(x) E GL2 (R),

write it out

as a

matrix,
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with entries a, b, c, d, in R. Since p is ordinary and we have normalized things so
that the image of I under p is in (*) above, a - 1 and c lie in the maximal ideal
m c R. Form the quotient ring R’ := R/(a - 1, c), and let

be the

homomorphism induced from p by projection. By brutal design,
subgroup of the form

x

then

maps to the semi-Borel

in GL2(R’), under the homomorphism p’. But it is also the case that B and z map
to diagonal matrices in GL2(R’) and y maps to the identity. From property (4) it
then follows that I° also maps to the above semi-Borel subgroup, and from
property (3) that D° maps to the Borel subgroup

As a consequence we have that p’ is an ordinary deformation of p. There is
therefore a unique local ring homomorphism R° - R’ such that composition of it
with the natural homomorphism R ~ R° yields the projection R~R’. If
p° : 03A0 ~ GL2(R’) denotes the homomorphism induced from p, i.e., po is
a representative for the universal ordinary deformation of p, then p’ is induced
from p° via R° - R’. Our proposition would follow if we show that a maps to
1 and c to 0 under the homomorphism R - R°, for then we would have that
R’ c R° and the representation p’, which has already been shown to be ordinary,
induces p°. By universality of p°, we would have R’ = R° and p’ = p°.
Let M° = R° x R° be given a n-module structure via composition of p° with
the standard action of GL2(R°) on M°[M° is viewed as 1 x 2 column vectors
with entries in R°]. Now note that the sub-module in M° consisting of vectors
fixed under the action of A is the free R° -module of rank 1, R° x 0 c M°. Since p°
is ordinary, it then follows that R° x 0 must be fixed by all of 1°, and in particular,
by x. This certainly gives us that the element a E R is sent to 1 and c to 0 under the
p
homomorphism R - R° .
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