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1. Introduction

Let F be a p-adic field of characteristic zero. The purpose of this paper is to study
the singular behaviour of the character en of an irreducible supercuspidal
representation n of G = GSP4(F) near the identity. The method used involves a
comparison of Harish-Chandra’s results expressing e, as a linear combination
of Fourier transforms of nilpotent measures on the Lie algebra with Arthur’s
germ expansion for 039803C0 as a weighted orbital integral of a sum of matrix
coefficients of n. Some relations between the constants in Harish-Chandra’s

theorem and unipotent weighted orbital integrals of matrix coefficients are
obtained. In addition, as a consequence of explicit calculations carried out for
certain representations, we find that en need not exhibit all possible types of
singular behaviour.

Let Greg be the open set consisting of x ~ G such that the coefficient of 03BB3 in
det(03BB + 1 - Ad x) is nonzero. Harish-Chandra showed in [HC] that e, is a
locally constant function on Greg and

for X E g = Lie(G) close to zero and such that exp X E Greg. (%G) is the set of
nilpotent Ad G-orbits in g, ct(n) is a constant, and o is the Fourier transform of
the orbital integral over U. The asymptotic behaviour of 039803C0(x) as x E Greg
approaches 1 is determined by the homogeneity properties of those P,m’s for
which cm(n) =1= 0. Section 2 includes the definition of the Fourier transform, the
general statement of Harish-Chandra’s result, and some remarks and notation
concerning Levi subgroups, unipotent conjugacy classes, and induced

representations.
Let f be a finite sum of matrix coefficients of n. Arthur [A3] showed that if

x E Greg is elliptic in a Levi subgroup M, then 039803C0(x) is a constant multiple of the
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weighted orbital integral JM(x,f). In [A2], he derived a germ expansion for
weighted orbital integrals on neighbourhoods of singular points, that is, points
not in Greg. The constants in the germ expansion around 1 are unipotent
weighted orbital integrals and the germs have homogeneity properties. These
results, which are summarized in section 3, combine to produce a second
asymptotic expansion for 039803C0.

Section 4 consists of a lemma describing how to match up the terms having a
fixed homogeneity in the two asymptotic expansions for 039803C0 around the identity.

Normalizations of various measures are specified in section 5. Also contained
in this section are the calculations of those volumes and weight factors which
will be required in section 8 for evaluation of unipotent weighted orbital
integrals.
Moy [Mol-2] has classified the irreducible admissible representations of G in

terms of nondegenerate representations of subgroups of parahoric subgroups of
G. Let Cp be the ring of integers of F. In section 6, we consider those irreducible
supercuspidal representations rc such that the parahoric subgroup is
K = GSp4(DF). The inducing data for 03C0, as determined by Jabon [J], is used to
compute the values of the sums of matrix coefficients which will be needed for
calculations in section 8.

In section 7 the values of Fourier transforms o are computed at certain
points in g.
The main results of the paper appear in section 8. In Theorem 8.1, relations

between the constants co(03C0) and various weighted orbital integrals are derived
using values of the functions o from section 7 together with formulas from
section 5. These relations hold for all irreducible supercuspidal representations
n. Then, for 03C0 as in section 6, in Proposition 8.2, all of the coefficients in Arthur’s
germ expansion for On are calculated. Theorem 8.1 and Proposition 8.2 are
combined to obtain Theorem 8.3 where explicit values for most of the

coefficients co(03C0) are computed. For some representations, cw(n) = 0 for part-
icular orbits (9. This contrasts with the results of [Mu], where every coefficient in
the asymptotic expansions of characters of the analogous representations of
GL3(F) and GL4(F) was found to be nonzero.

2. Characters as Fourier transforms of nilpotent measures

In this section, we state Harish-Chandra’s result giving an asymptotic expansion
for 039803C0 near a singular point in terms of Fourier transforms on the Lie algebra.
Following that are some remarks on unipotent classes in G. Lemma 2.6 relates
some of the functions appearing in the expansion to the characters of induced
representations.



17

We will assume that the residual characteristic of F is odd. G is realized as the

set of x E GL4(F) satisfying xrHx = 03BBH for some 03BB~F*, where

and xt is the transpose of x. Similarly, g = Lie(G) consists of those X E M4(F)
such that X’H + HX is a multiple of H. If R is a ring, M4(R) denotes the 4 x 4
matrices with entries in T.

If (9 is an Ad G-orbit in g, then Il(!) denotes the distribution on g given by
integration over the orbit (9. The Fourier transform Ap of 03BCo is defined by o(f)
= 03BCo(), f E C~c(g). Here, C~c(g) is the space of locally constant, compactly
supported, complex-valued functions on g. Recall that f E C~c(g) is given by:

where qt is a nontrivial character of F. Let |·| denote the norm on F which
satisfies Iml = q -1 for any prime element m, where q is the order of the residue
class field F q of F. The set greg of X E g having the property that 03BB3 has nonzero
coefficient in det(À - ad X) is an open dense subset of g.

LEMMA 2.1. [HC]. With O as above,

(1) There exists a locally integrable function jl(9: g ~ C which is locally constant
on greg such that jl(9(f) = ~g jl(9(X)f(X) dX, for f E C~c(g).

(2) If t E F*, o(t2X) = |t|-dimoo(X).
If y E G, let Gy be the centralizer of y in G, and let 9y be the Lie algebra of Gy.

THEOREM 2.2. [HC, Theorem 5]. For any irreducible admissible represen-
tation n of G, there exist unique complex numbers c(9(n), one for each nilpotent
Gy-orbit in 9y, such that

for X E 9y ~ greg sufficiently near 0. Here vo is the Gy-invariant measure on g,
corresponding to O, and va is the Fourier transform of vo on 9y.
The functions o, for nilpotent G-orbits O in g, are linearly independent on

V n greg, for any neighbourhood V of 0 in g [HC, Theorem 4]. Therefore the
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functions {o |co(03C0) ~ 01 determine the singular behaviour of8x near 1. Let uG
be the set of unipotent éléments in G, and let (uG) be the unipotent conjugacy
classes in G. As a result of the correspondence between the set of nilpotent Ad G-
orbits in g and the set (au G)’ the constants co(03C0) and the functions fiw will be
referred to as corresponding to some O E (uG).

Fix a prime element  ~ F and choose 8 E F such that 18j = 1 and 8 ft (F*)2. The
following matrices are representatives for the nontrivial classes in (uG).

Let (90, (O1, etc., be the corresponding unipotent classes. id will stand for the
trivial unipotent class. The notation Pid’ 0, etc. (c{1}(03C0), co(n), etc.) will be used
for the functions fiw, (resp. the coefficients co(03C0)), O E (mG).

If M is a Levi subgroup of G, let P(M) be the set of parabolic subgroups
having Levi component M. For P c-.9(M), N p denotes the unipotent radical of P.
Given y E M, Arthur [A3, p. 255] defines the induced space of orbits y§§ = yG in
G as the finite union of all conjugacy classes in G which intersect yNp in an open
set, for any P~P(M). This is a generalization of the definition of Lusztig and
Spaltenstein [LS]. If t is such a class, we write O E yG.

Representatives for the conjugacy classes of proper Levi subgroups in G are:
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LEMMA 2.5.

(1) O1 = 11GM1
(2) O1~O03B5~O~O03B5 =1GM2
(3) (!JR = 1GM0 = Uftl = u’GM2, where u and u’ are representatives for the regular

unipotent classes in M1 and M2, respectively.

Proof. (1) Let P~P(M1). It is easy to check that all unipotent elements of
maximal dimension in N p are conj ugate to u1.

(2) Let P E &#x26;(M 2) such that Np is upper triangular. Then

u E Np is in (9, if and only if x2 - yz e ’t(F*)2, i = 1, E, tiJ, 8tiJ, and the set of u e Np
such that x2 - yz ~ 0 is an open dense subset of Np.

(3) is immediate because there is only one regular unipotent class in G. D

If P~P(M), for some Levi subgroup M, and n is the Lie algebra of Np, set
ôp(mn) = Idet(Ad m)n|. Let 0398p be the character of the representation 03C0p of G

which is induced (unitarily) from the one-dimensional representation lSp 1/2 of P.
The next lemma gives the relation between the functions fiw, O~1GM and the
character Op.

LEMMA 2.6. With appropriate normalizations of measures, for X E 9reg suffi-
ciently close to 0,

Proof. This follows from Lemma 2.5, and 1.8 of [MW]. 0

REMARKS. (1) The choice of normalizations of measures on nilpotent orbits is
made in Lemma 5.8.

(2) Explicit formulas for the characters Op are given in van Dijk [D].
(3) Moeglin and Waldspurger [MW] have generalized a result of Rodier [Ro]

and shown that, if (9 has maximal dimension among classes such that co(03C0) ~ 0,
c(Q(n) is equal to the dimension of a certain degenerate Whittaker model.

(4) The values of the functions A,, 03C4 = 0, E, , 03B5, at certain points in 9 will be
computed in section 7.
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3. Supercuspidal characters and weighted orbital integrals

Throughout the remainder of this paper, 039803C0 will denote the character of an
irreducible supercuspidal representation 03C0 of G. In this section, we summarize
Arthur’s results relating an to weighted orbital integrals of matrix coefficients of
03C0 and giving a germ expansion for weighted orbital integrals.

Let M be a Levi subgroup of G. For y E M and f~C~c(G), let JM(03B3,f) be the
weighted orbital defined in [A2, §5]. Note that Jm(y, f) is also well-defined if f is
compactly supported modulo the centre of G, for example, if f is a matrix
coefficient of n. AM denotes the split component of M and Mel is the set of y in M
which lie in some elliptic Cartan subgroup of M. If m is the Lie algebra of M, let
DM(y) = det(1 - Ad(03C3))m/m03C3, where is the semisimple part of y. D(y) will often
be used in place of DG(03B3).

THEOREM 3.1. [A3]. Suppose f is a finite sum of matrix coefficients of n. For
y E Mell ~ Greg,

In section 5, more will be said about the definitions of the weighted orbital
integrals and the necessary normalizations of measures.

In order to describe the germ expansion for weighted orbital integrals, we
recall some definitions from [A2]. Suppose ~1 and ~2 are functions defined on
an open subset 03A3 of M which contains an M-invariant neighbourhood of a point
03C3~M. ~1 is (M,03C3)-equivalent to ~2, ~1(03B3)(M,03C3)~2(03B3), if ~1(03B3) - ~2(03B3) = JMM(03B3,h)
for y e X ~ U, where U is a neighbourhood of 03C3 in M, and h e C~c(M). Let (03C3UM.)
be the set of orbits in 03C3UM03C3 under conjugation by M03C3. 03B3 ~JM(03B3,f) is a class
function on M, so JM((O, f ) is well-defined for (g ~ (03C3UM03C3). Let L(M) be the set of
Levi subgroups in G which contain M.

THEOREM 3.2. [A2, Prop. 9.1, Prop. 10.2]. (1) There are uniquely determined
(M, u)-equivalence classes of functions 03B3~ gGM(03B3, O), 03B3 ~03C3 M03C3 ~ Greg, parametrized
by the classes O ~ (03C3UG03C3), such that, for any f ~ C~c((G),

(2) Let t E F* and O ~(UG). Set dG((O) = 1/2(dim G - rank G - dim O). For
x = exp X, X ~ g, define xt = exp(tX). Let (9t E (OkG) be the class of u’, where u E (9.
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where the cL(b, t) are certain real-valued functions and [bG : 19] is 1 if 19 E bG, 0
otherwise.

We finish with a lemma listing some properties of germs and weighted orbital

integrals which will be used in later sections.

LEMMA 3.3. (1) Let y E Meu n Greg. If 1 is the F-rank of LE.P(M) and d(StL) is
the formal degree of the Steinberg representation of L, then

(2) Let LE !R(M) and y E M. Then

where JL(yL, f) 03A3i JL(Oi, f), i f yL = Ui Oi. The constants rL1L(03B3, a) appear in the
definition of weighted orbital integrals and AM,reg is the set of elements in AM whose
centralizer in G equals M.

(3) If f is a cusp form on G such that supp f is compact modulo AG then, if y E M
is semisimple and y e M elh JM(y, f) = o.

Proof. (1) [Mu, Prop. 3.7]. (2) [A2, Cor. 6.3]. (3) is due to Arthur. See [Mu,
Prop. 3.9]. D

4. Preliminary results

Relations between the terms occurring in the two expansions for 03C0 are stated in
Lemma 4.1. They are obtained from the homogeneity properties of the functions
O and gG together with vanishing of certain weighted orbital integrals of cusp
forms. If M is a Levi subgroup of G, d(StM) denotes the formal degree of the
Steinberg representation of M.

LEMMA 4.1. Let f be a fcnite sum of matrix coefficients of n such that f(1) ~ 0.
Let d(n)be the formal degree of n.

(1) c{id}(03C0} = d(n)ld(StG).
(2) If rois the Shalika germ associated to the unipotent class O0, and X E greg

lies in a sufficiently small neighbourhood of 0 and is such that y = exp X E Ge11,
then

In particular, co(n) = cJG((O0, f) for some nonzero constant c.
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(3) Let M be a Levi subgroup. Suppose X E greg is close to 0 and

y = exp X ~ Me11. Then

where Pj ~ P(Mj), j = 1, 2, and 0398Pj is as defined in section 2.
(4) cR(03C0) = d(03C0)JM0(1, f)/8f(1).
Proof. Assume that gMM(03B3, O), 03B3 ~Greg ~ M, is equal to the Shalika germ

corresponding to the orbit O ~(03C3UM03C3) for all Levi subgroups M. Then it follows
immediately from Arthur’s derivation of the germ expansion for weighted
orbital integrals in the proof of Proposition 9.1 of [A2] that the germ expansion
is actually an equality, rather than an (M, 03C3)-equivalence. Thus the results of the
lemma are given as equalities.
Note that certain of the coefficients in the germ expansion for JM(y, f ) vanish

because f is a cusp form. Indeed, if M = Mi or M2 and O is the nontrivial
unipotent class in M, then (9 = 1Z:o. By Lemma 3.3(2),

But a E AMo,reg is not elliptic in M or G. Thus, by Lemma 3.3(3),
JM (a, f ) = JG(a, f) = 0, which implies that JM(O, f) = 0. Similarly, it follows
from Lemma 2.5(1), (3) and Lemma 3.3(2), (3) that JG((O1, f) = JG«(9R,f) = 0.

Let y = exp X with X as in (2). Note that 039803C0(f) = f(1)/d(03C0) [Mu, Lemma 3.6].
Since JG(03B3, f) is the ordinary orbital integral of f at y, g’(7, O) = 0393o(03B3), the
Shalika germ corresponding to O ~ (UG). Matching of terms having the same
homogeneity in the two expansions for 039803C0, results in:

Note that id ~ 1, and recall Rogawski’s formula in [Rog] for 0393id(03B3). This proves
(1) and the first part of (2). Since dim O0 = 4  dim G - dim Mi = 6, i = 1, 2, it
follows from Corollary 1, p. 311 of [HC] that rois zero at any nonelliptic point
in Greg. The germs {0393o| O ~ (UG)} are linearly independent on any open
neighbourhood of 1 intersected with Greg [HC, Lemma 24], so there are points



23

in Greg n Gel, where 03930 ~ 0. If JG((O0, f) ~ 0 and y = exp X is taken to be one of
those points, then the left side, hence also the right side, of the equation in (2) is
nonzero, so cw(7t) = d(03C0)JG(O0,f)03930(03B3)/f(1)0(X) ~ 0. If JG(O0, f) = 0, then, for
any M, JM(y, f ), y E Mell, has no term with the same homogeneity as IDJ’I’AT in
its germ expansion. Since O  0, this implies cp(n) = 0.
To prove (3) we use Van Dijk’s formula for 0398Pj, j = 1, 2 and the formula for

gGM (03B3, 1) to write the right hand side of (3) as:

Taking into account the vanishing of the coefficients mentioned at the beginning
of the proof, the above expression is the term in the germ expansion having the
same homogeneity as |D|1/2 03C4, i = 1, E, , ew.
To obtain (4), note that homogeneity of the terms in 039803C0(a), a =

exp X E AMo,reg, results in

From Lemma 2.6( 1 ) and [D], R(X) = 8|D(03B3)|-1/2. D

In order to compute the c03C4(03C4)’s, the values JMj(1, f), j = 0, 1, 2, JG«9,, f),
1 = 0, E, m, Em are required, along with enough knowledge of the values of the
functions P, to separate the terms in Lemma 4.1(3) and to determine the constant
c in Lemma 4.1(2). The remainder of this paper is devoted to obtaining much of
this information.

5. Weight factors and normalization of measures

The weight factors vm, the integrals JM(y, f), the formal degree d(n), and the
germs gZ(y, O) depend on various volumes and measures. We choose normali-
zations of measures so that Theorem 3.1 holds. In Lemma 5.4, we compute vM(x)
for upper triangular unipotent elements x in G. This leads to integral formulas
for certain weighted orbital integrals in Proposition 5.5. At the end of the

section, the invariant measures on the unipotent classes (dit G) are specified. In
addition, Lemma 5.8 gives the measures on the nilpotent orbits in g required for
Lemma 2.6.
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The group K = GSp4(F) sia special maximal compact subgroup of G which
is in good position relative to the Levi subgroups Mo, Mi and M2 (see (2.4)). Let
dx be the Haar measure on G which assigns volume 1 to K. The Haar measure
dk on K is taken to be the restriction of dx to K. If P = MN is a parabolic
subgroup with G = KP, the measures on M and N are normalized so that the
measures of M n K and N n K equal one. With these choices,

Given a Levi subgroup M of G, let M be the Levi subgroup of GSp4 such that
M = M(F), and let X(M)F be the group of characters of M which are defined
over F. The real vector space aM = Hom(X(M)F, R) plays a role in the definition
of the weight factor vM in the weighted orbital integral JM. In fact,
JM(03B3, f) = AMBGf(x-1 03B3x)03BDM(x)dx, 03B3 ~ Me11 ~ Greg, depends on invariant

measures on AMBG and amlag. 01t(f) depends on an invariant measure on
AGBG. In order for Theorem 3.1 to hold, certain compatibility requirements
must be satisfied by these measures [A2, p. 5]. In the next paragraphs, we define
a measure on aM an 1 state the conditions relating the various measures.
For convenience, we assume that M = Mi, 1 = 0, 1, 2 or M = G. If P ~ P(M)

and x = n p (x)m p (x)k(x), with n p (x) E N p, m p (x) E M and k E K, define

Hp(x) = HM(mP(x)). The function HM : M ~ aM is given by:

Let aGM be the kernel of the canonical map from aM onto aG. There is a

compatible embedding of aG into aM resulting from the embeddings of X(M)F
and X(G)F into the character groups X(AM) and X(AG), respectively. Therefore,
aM = aM Q aG. The restriction of a fixed Weyl-invariant norm on aMo to aM
yields a measure on aM . Let KM = K n AM . The function HM maps AM/xM
bijectively onto a lattice in aM. The measure of xM in AM must equal the volume
of aM/HM(AM). This fixes a Haar measure on AM. The measures on AMBG, AGBG
and aft ::: aM/aG are the ones induced by those on G, AM, AG, aM’ and aG.

Let aMo be realized in such a way that

The set {e1 =(1, 0, 0, -1), e2 =(0, 1, -1, 0), e3 =(1, 1, 1, 1)} is a basis of aMo and
it is easy to check that an inner product ( , ) on aMo is Weyl-invariant if and
only if (ei, ej) = 0, i ~ j and (el, el) = (e2, e2). Let cl = (ei, el) and C2 = (e3, e3).
The measure on Mo = AMo has been normalized so that vol(03BAM0) = 1. Thus cl
and c2 must be chosen so that vol(aMjHMo(AMo)) = 1. We choose cl = 2 log- 2 q
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and C2 = log-2 q. The formal degree d(StM) of the Steinberg representation of M
appearing in gt’(y, 1) depends on VOl(03BAM).

LEMMA 5.1.

Proof. (1) Let M = Mo. (ui = c-1/21 e1, U2 = c-1/21 e2, U3 = C-1/22} is an or-

thonormal basis of aMo. HM(AM) is generated over Z by log q(1, 0, 0, -1),
log q(o, 1, 0, 1) and log q(O, 0, 1, 1). It follows that vol(aM/HM(AM)) =
c1c1/22 log3 q/2 = 1.

(2) Let M = M1. The embedding of aM into aMo is given by:

Furthermore, the image of HM(AM) in aMo is generated by log q(1,0,0,1) and
log q(0, 1, 1,2). Since {u1, u3} is orthonormal in aM, vol(aM/HM(AM)) =

(c1c2)1/2 log2 q = 2.
(3) and (4) are proved in a similar manner. D

The weight 03BDM(x), x ~ G, is the volume of the convex hull of the projection of
the points { 2013HP(x) | P ~ P(M)} onto aGM. Some definitions are required to give a
formula for vM(x). Let P ~ P(M). The roots of (P, AM) are viewed as characters of
AM or as elements of the dual space a*M of aM. If Ap is the set of simple roots of
(P, AM), and a E OP, the co-root a v E aM is defined as follows. If P0 ~ P(M0) and
Po E P, there is exactly one root P e 0394P0 such that PlaMo = a. a v is the projection
of P v E Hom(X(AMo), Z) c aMo onto aGM. The lattice Z(Ap) in aGM generated by
0394P = {a |03B1 ~ 0394P} is independent of the choice of P ~ P(M) [A3, p. 12]. Define
~M = vol(aGM/Z(0394P)) and 03B8P(03BB) = ~-1M 03A003B1~0394P03BB(03B1), for 03BB ~ ia*M. Then, for x ~ G,
[Al, p. 36]:

For computations, the formula given in [Al, p. 46] is useful:

Fix P0 ~ P(M0) having an upper triangular unipotent radical. The characters
a = (1, -1,1, -1), j8 = (0, 2, - 2, 0), a + 03B2, 2a + 03B2 ~ a*M are the roots of
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(PO,AMO). The corresponding co-roots are 03B1 = (1, -1,1, -1), 03B2 =
(0, 1, -1,0), (a + 03B2) = (1,1, -1, -1) and (2a, + 03B2) = (1,0,0, -1 ).

LEMMA 5.3. With measures normalized as above,

(1) ~M0 = 2log-2 q
(2) ~M1 = 2log-1 q
(3) ~M2 = log-1 q
Proof (1) follows from a v = c1/21(u1 - Ul) and 03B2 = c1/21u2.
(2) Let M = Mi and let P ~ P(M) have upper triangular unipotent radical.

03B1|AM is the simple root of (P, AM). The image in aMo of the projection of a v onto
aGM is (1, 0, 0, -1) = cf/2UI. Thus 1IM = cf/2.

(3) Let M = M2. The image in aMo of the projection of pv onto af, is

(1/2)(1,1, -1, -1) = (c1/21/2)(u1 - U2) and (1//2)(u1 - U2) has norm one in aGM.
Therefore 1IM = (c1/2)1/2. Q

For any integer d  1, define

If x E F*, v(x) is defined by lxi = q -v(x). We now compute vm(n) for certain nEdJtG.

LEMMA 5.4. For M = MI, 1 = 0, 1, 2, choose P = MN E9(M) such that N is
upper triangular. Let a E AM,a.

(1) If M = M2 and n E N is defined by u = a -’n -’an for

then 03BDM(n) = log-1 qlog(max{1, qd|x|, qd|y|, qd|z|, q2d|x2 - yz|}).
(2) If M = M 1 and n ~ N is defined by u = a -1 n -1 an for 

then vm(n) = 2log-1q log(max{1, qdjxj, qdlyj, qdlzll).
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(3) If M = Mo and n E N is defined by u = a -1 n -1 an for

such that w, z 1= 0, then, for large d,

vM(n) = 2[7d’ - 4d(v(w) + v(z)) + 2(v(w) + v(z))2 - v(z)’].

(4) Let M = Mo and define u as in (3). If uEAM1,t for some positive integer t
and b = au, let n ~ N be defined by u = b-In-Ibn. Define

If d is sufficiently large,

Proof. The following is useful for computing Hp(x), x ~ G. Let

Po = MoN E f!JJ(M 0) with N upper triangular. Suppose x = nak, n ~ N,
a = diag(al, a2, a3, a4) E Am., k E K. Then, for 1  j  4, laj - - - a4| is equal to the
maximum of the norms of the determinants of all 5 - j x 5 - j matrices which
can be formed from the last 5 -j rows of x. For P iD Po, Hp(x) is the projection of
HP0(x) onto aM .
We begin by computing HQ(n), Q ~ P(M0), for


