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Introduction
The aim of this paper is to give a new approach to the Schottky problem which
means, in this paper, to characterize Siegel modular forms vanishing on the
jacobian locus. Our characterization uses the formal power series expressing
periods of algebraic curves and deduces new relations between the Fourier
coefficients.
In [10] and [7], Schottky and Manin-Drinfeld obtained the infinite product
expression of the multiplicative periods of Schottky uniformized Riemann
surfaces and Mumford curves respectively. First, we show the infinite products
can be expressed as certain formal power series, which we call the universal
power series for multiplicative periods of algebraic curves, in terms of the Koebe
coordinates which are the fixed points and the ratios of generators of the
corresponding Schottky groups. The existence of the universal periods is
suggested by the result of Gerritzen [4] which determined a fundamental
domain in the Schottky space over a complete valuation field. Our result also
gives an algorithm to compute the universal periods. By using our result, one
can deduce Mumford’s result on the periods of degenerate Riemann surfaces
([9], IIIb, §5) and the asymptotic behavior of the periods of Riemann surfaces

([3], Corollary 3.8).
Next, we study the Schottky problem by using the universal periods. Let f be
a Siegel modular form of degree g over C given by (Z
(zij) E the Siegel upper
half space of degree g)
=

Since

exp(2n",f- 1 - zij)

multiplicative-periods of the Riemann surface
with period matrix Z,f|qij = pij (qij: = exp(203C0-1 ·zij), pij: the universal periods)
are

the

is the expansion of the form (on the moduli space of curves of genus g) induced
from f in terms of the Koebe coordinates. Then as an analogy of a part of the q-

2

expansion principle,

f

vanishes

on

we

have

the jacobian locus ~ f|qij = pij

This follows from the retrosection theorem
surface can be Schottky uniformized. As
result, we have
THEOREM

=

0.

([6]) which says that every Riemann
an

immediate consequence of this

Let

(cf. Corollary 3.3).

Siegel modular form of degree g over C vanishing on the jacobian locus, and
min{Tr(T)|a(T) ~ 01. Then for any set {s1,..., s,l of non-negative gintegers satisfying LÍ =si S,

be any
put S

=

=

where x + 1,

...,

are

x±g

variables.

It is shown by Faltings [2] that Siegel modular forms over any field can be
defined and have Fourier expansions in that field. In this paper, we prove our
results for Siegel modular forms over any field by using the theory of Mumford
curves ([8]) and the irreducibility of the moduli space of curves of given genus

([1]).
1. Mumford
In this

section,

1.1. Let K be
act on

curves

a

we

review

some

results in

[4], [7], and [8].

complete discrete valuation field with valuation il.

P1(K) by the

Let

PGL2(K)

Môbius transformations, i.e.,

Schottky group over K, i.e., a finitely generated discrete subgroup of
PGL2(K) consisting of hyperbolic elements. Then it is known that r is a free
group (cf. [5]). Let g be the rank of r, and {03B3i|i = 1,..., g} be a set of free
generators of r. Since yi is hyperbolic, this can be expressed as
Let r be

a

3
1. Then a +are the fixed points of
where ai, ce - ;E P1(K) and 03B2i E K " with1 Pi
and Pi is one of the ratios of the eigenvalues of yi. Let

yi

In [4], Gerritzen showed that if
satisfies
(03B1i, 03B1-i, 03B2i)1ig ~ (P1(K) P1(K) K )g
03B1j ~ 03B1k (j ~ k) and |03B2i|
for
any i,j, k ~ {±1,..., ±g} with j, k ~ ±i, then the
min{|[03B1j, 03B1k, 03B1i, 03B1-i]|}
of
subgroup PGL2(K) generated by yi is a Schottky group with free generators Yi’
For each Schottky group r of rank g over K, let Dr be the set of points which are
not limits of fixed points of elements of 0393-{1} in P1(K). Then in [8], Mumford
proved that the quotient Dr/r is the K-analytic space associated with a unique
proper and smooth curve of genus g over K with multiplicative reduction, and
that any proper and smooth curve of genus g over K with multiplicative
reduction can be obtained in this way. Then Dr/h is called the Mumford curve
associated with r, and we denote it by Cr.

denote the cross-ratio of four

1.2. Let x; , x-i, and yi (i
the element of PGL2(03A9)

=

points.

1,...,g) be variables, and put Q Q(x + i, yi). Let f be
=

given by

and F the subgroup of PGL2(03A9)
group with generators fi. For 1

1,...,g). Then F is a free
F - n ’ be the map given by

generated by f (i
i, j g, let

03C8ij:

=

Then it is easy to see that .pij depends only on double coset classes fi&#x3E;ffj&#x3E;
(f ~ F). Then in [7], Manin and Drinfeld showed that for any Schottky group
r

=

03B3i&#x3E;

over

K,

all representatives of fi&#x3E;BF/fj&#x3E;) converges in K and qij
the multiplicative periods of Cr, i.e., the K-analytic space
associated with the jacobian variety of Cr is given by the quotient

( f runs through
(1 i, j g) are

4

2. Periods

as

power series

2.1. Let the notation be as above. For each integer k = -1, ... , - g, put yk = y-k
and fk = ( f-k)-1. Then fk satisfies (1.2.1) also. If the reduced expression of f E F is
03A0np=1 f03C3(p) (U(p) C f ± 1, ± g}), then we put n(f) n. Put
=

... ,

Let A be the

ring of formal

and 1 the ideal of A

power series

generated by

yi

(i

=

R with variables y1,...,1 Y.,

over

1,

...,

i.e.,

g).

2.2. LEMMA. For any f E F and i ~ { ± 1, ..., ± gl, f(xi) E A. Moreover, if the
reduced expression of f E F - fi&#x3E; is fk’ f’, then f(xi) E Xk + I.
Proof. We prove this by the induction on n( f ). Let f be an element of F - fi&#x3E;
with reduced expression fk’ f ’ such that f (xi)
Xk + a for some a El. Then for
=

any j ~ -k,

Hence

belongs

to

xj + I.

Assume that

2.3. LEMMA. For any f

f ~ fi&#x3E;.

Then

f(xi) = xi,

and hence for any

E F having the reduced expression,

Proof. We prove this by the induction on

for some

and hence

belongs
and

to I. Assume that the reduced

f(xj) - f(x-j)~In(f).

Then

by

expression of f ~ F is fk · f’ · fl (1 ~ + j)
Lemma 2.2, there exists b~I such that

5

f(xj) =

xk + b.

Therefore, for any m ~ -k,

belongs to A. Similarly,

belongs

belongs to A. Hence

to

2.4. PROPOSITION. For any f E F

having the reduced expression fk. f’ · fl with

k:A ±i and l ~ ±j,

Lemma 2.2, f(xj) - xk and f(x-j)-xk belongs to 7. Hence
(f(xj)-x-i)-1 and (f(x-j)-xi)-1 belongs to A. Therefore, by Lemma 2.3,

Proof. By

belongs

to 1 +

In(f).

2.5. COROLLARY. For any 1
i, j g, the infinite product II
all
through
representatives of fi&#x3E;BF/fj&#x3E;) is convergent in A.

f t/fij(f) ( f runs

the universal power series for multiplicative periods of
denote
them by pij. As seen in 1.2, when f E PGL2(03A9)
and
algebraic
to
are
generators of any Schottky group r over a
specialized
(i = 1,..., g)
complete discrete valuation field, pij are specialized to the multiplicative periods
qij of Cr.
2.6. We call

03A0f03C8ij(f)~A

curves

2.7.

By the above formulas,

one can

compute Pij explicitly.

For

example,

6
where

3. The

Schottky problem

3.1. Let k be a field and let
weight h &#x3E; 0 defined over k,

f

be

i.e.,

a

an

modular form of
element of

Siegel

degree g

2 and

Here X. denotes the moduli stack of principally polarized abelian varieties of
dimension g, and n : A ~ Xg denotes the universal abelian scheme. By a result of
Faltings ([2], §6), f has the Fourier expansion rational over k:

where

through all semi-integral (i.e., 2tij~Z and tii~Z) and
positive
symmetric matrices of degree g (if k C, then
qij exp(203C0-1 · zij), where Z = (zij) is in the Siegel upper half space of degree
g). Then by the symmetry qij qji and the positive semi-definiteness of T, F( f )
belongs to

T = (ti)

runs

semi-definite

=

=

=

ug denote the moduli stack of proper and smooth curves of genus g, and let
ug ~ xg denote the Torelli map.

Let
i:

3.2. THEOREM. Let A be as in 2.1, and let

homomorphism over k defined by P(qi) Pij (1 i, j g). Then for any
Siegel modular form f of degree g defined over k, the pull back 1:*(f) of f to ug Q9z k
is equal to 0 if and only if p(F(f)) 0 in A Z k.
Proof. We may assume that k is algebraically closed. First we assume that
03C4*(f) 0. We regard k((z)) as the complete discrete valuation field over k with
prime element z. Then by the result of Gerritzen quoted in 1.1, 03C1(F(f)) vanishes
be the ring

=

=

=
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for any (xi, x-i, yi)1ig~(k k k[[z]])g with xj~xk (j ~ k) and yi~z·k[[z]].
Since k is an infinite field, p(F( f )) 0. Next we assume that 03C1(F(f))=0. Let Z be
the closed subset of ug Q9z k defined by 1:*(f) 0. Then Z can be identified with
a closed subset of
Mg ~Z k, where Mg denotes the coarse moduli scheme of
proper and smooth curves of genus g. Since Mg Q9z k is irreducible ([1], 5.15),
there exist a complete discrete valuation field K containing k, and a proper and
smooth curve over K with multiplicative reduction which corresponds to the
generic point 11 of Mg ~Z k. Hence by the assumption, Z contains ri. Therefore,
by the irreducibility of Mg ~Z k, we have Z = Mg ~Z k. This completes the
=

=

proof.
3.3. COROLLARY. Let f be a Siegel modular form of degree g
whose Fourier expansion is 03A3T=(tij) a(T) 03A0i,j qtijij, and put

defined

over

k

Acknowledgements
The author wishes to express his sincere thanks to Professor D.B. Zagier who
interested in this subject and suggested some improvements in an earlier
version of the paper.
was

References
[1]
[2]

P. Deligne and D. Mumford: The irreducibility of the space of curves of given genus, Publ.
Math. IHES. 36 (1969), 75-109.
G. Faltings: Arithmetische Kompaktifizierung des Modulraums der abelschen Varietäten,
Proc. Arbeitstagung Bonn 1984, Lecture Notes in Math. 1111 (1985), 321-383, Springer-

Verlag.
Fay:
Verlag.

[3]

J.D.

[4]

L. Gerritzen: Zur analytischen Beschreibung des Raumes der Schottky-Mumford-Kurven,
Math. Ann. 255 (1981), 259-271.
Y. Ihara: On discrete subgroups of the 2 x 2 projective linear group over p-adic fields, J. Math.
Soc. Japan 18 (1966), 219-235.

[5]

Theta functions

on

Riemann

surfaces,

Lecture Notes in Math. 352

(1973), Springer-

8
[6]

[7]
[8]
[9]
[10]

P. Koebe: Über die Uniformisierung der algebraischen Kurven IV, Math. Ann. 75 (1914), 42129.
Yu. I. Manin and V. Drinfeld: Periods of p-adic Schottky groups, J. Reine Angew. Math.
262/263 (1972), 239-247.
D. Mumford: An analytic construction of degenerating curves over complete local fields,
Comp. Math. 24 (1972), 129-174.
D. Mumford: Tata lectures on theta II, Progress in Math. 43 (1984), Birkhäuser.
F. Schottky: Über eine spezielle Function, welche bei einer bestimmten linearen Transformation ihres Arguments unverändert bleibt, J. Reine Angew. Math. 101 (1887), 227-272.

