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1. Introduction
In

Lockhart, Rosen and Silverman [7] find bounds for the
of
conductors
of abelian varieties, which are fairly sharp in the case
exponents
of elliptic curves except over certain 2-adic fields. They conjecture the correct
upper bound for the conductor of elliptic curves in general and ask for the
behavior of the conductor of an abelian variety in the case of wild ramification.
We settle these questions here by methods related to theirs. More systematic
use of group theory enables us to derive all the bounds purely from the
formalism of Artin conductors and the study of the two simplest cases. These
correspond to extensions whose Galois group is either the quaternion group
or cyclic of prime order.
Since some of the facts were not in the exact form needed here, we felt that
the reader would be best served by a treatment as self-contained as possible.
The hope that onè might get better bounds in the presence of real multiplications provided the original impetus for this work. An unexpected application
of our results to endomorphism rings of modular abelian varieties can be found
in [1].
A finite extension K of Qp with absolute ramification index eK
vK(p) will
be called a p-adic field. Our results appear to be true over any Henselian field
with perfect residue field and v(p)
oo, but this is of no importance for our
applications. We introduce the following function on integers:
a

recent paper,

=

where n Li=oripi is the p-adic expansion of n, with 0 ri p - 1.
Our main result gives a sharp answer (cf. Propositions 6.5 and 6.6) to the
questions raised in [7].
=

THEOREM 6.2. Let A be an abelian variety

of dimension g defined

over

the

228

p-adic field

K. We have the following bound for the exponent

where d is the greatest integer in

of the

conductor:

2gl(p - 1).

information about the reduction, then the refined estimate of
Proposition 6.11 may be used.
We deduce the results for abelian varieties from new bounds on the
conductors of F[G]-modules V, where G is the Galois group of an extension
L/K of p-adic fields. It is assumed throughout that F is a field of characteristic
different from p and that modules are finitely generated. As usual, we write
F(~) for the extension generated by the values of the character 9 of a
representation defined over a field containing F.
Our inequality is most easily stated here for the Artin conductor exponent
of an irreducible complex character. See Theorem 5.5 for the more technical
estimate needed in the application to abelian varieties.
If

one

has

more

Suppose that 9 is an absolutely irreducible complex character
of G Gal(L/K). Let 91 be a non-trivial irreducible component, of degree pd, of
its restriction to the ramification group G1. Then we have [Q(~1): Q] =
(p - 1)ph-1 for some h and
THEOREM 5.1’.
=

The following simpler consequence, which
characters ([15], p. 216), can also be proved

generalizes the
more directly.

bound for abelian

PROPOSITION 5.4’. Write ph(G1) for the exponent of G1 and let pd be the
maximal dimension among absolutely simple components of V as an F[G1]module. Then

Throughout,

write ’n for a primitive nth root of unity and let J.1n 03B6n&#x3E;.
grateful to the authors of [7] for making their preprint

we

=

We are most
available and to Oisin McGuinness for his comments.

2. Preliminaries
Let K be
03C0L for

a

on

conductors

p-adic field and let L be Galois over K, with G Gal(L/K). Write
uniformizer of L. We have the descending normal filtration of

a

=
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ramification groups

([13], IV)

in which

Go is

the inertia group and

[G : Go] fL/K is the residue degree, [Go : G,] is the tame ramification
degree and G 1 is a p-group.
For a finite dimensional F[G]-module V over a field F of characteristic 0 or
l ~ p, the conductor exponent is defined by

Then

=

VG1 is the subspace of V fixed by Gi and gi is the order of Gi. Note
that this is an additive function of V, and that it does not change under
extensions of F.
We shall call the least integer c such that the kernel of the representation
afforded by V contains Gc+11 the depth of V relative to LIK. If V is a simple
F[G]-module of depth c, we find that

where Vi

=

We may express the conductor exponent

where the Swan conductor is defined

as

by

By using the Swan conductor, the computation of conductors is reduced to
consideration of the wild ramification group G1. The following lemma is
immediate from the definition and the fact that the order of G1 is invertible
in F.
LEMMA 2.4. Denote the fixed field of G1 by K1. The Swan conductor
sw(V, LIK) is additive on exact sequences of F[G]-modules and

The Artin conductor exponent of

a

class

function 9

on

G, with values in

a
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field F of characteristic zero, is defined

as

(cf. [13], VI, §2)

particular, if 9 is
f(V, L/K) f(cp, L/K).

the character afforded by an F[G]-module E then
The Artin conductor behaves well with respect to
induction or passage to a quotient. More precisely, let H be a subgroup of G
whose fixed field M has discriminant bM/K and let x be a character of H. Then
the conductor of the induced character indH(x) is given by
In

=

If L~ is the subfield of L fixed by the kernel of the representation belonging to
9 and - is the corresponding faithful character of Gal(L~/K), then

When
may

our

use

representation is given over a field of non-zero characteristic,
following lemma to lift to characteristic zero.

we

the

LEMMA 2.7. Suppose that k is a field of prime characteristic l and the order of
G is invertible in k. Let W be a k[G]-module affording the absolutely irreducible
character v. Then there is a finite extension F of Qand an absolutely simple
F[G]-module V, with character IVFI such that x is the reduction of xF modulo the
prime above l.
We have dimk WN = dimF vN for every subgroup N of G. In particular W and
V have the same dimension and the same conductor.
Proof. Over a finite extension ka of Fl(~), there exists an absolutely simple
ko[G]-module Wo affording the character X, and k Qko Wo W Replacing W
and k by Wo and ko, we may assume that k ko is a finite field. There exists
a finite extension F of 0,, with ring of integers O and residue field k’ ~ k, and
a torsion-free (9 [G]-module T such that k’ ~O T = k’Q9k W (see [5], V, § 12).
Moreover, V F (D, T is absolutely simple. It now suffices to assume that
k’ = k.
Let N be a subgroup of G. Let À : T ~ T be multiplication by a prime element
of O. If l does not divide INI, then À induces an isomorphism on H’(N, 1).
Taking invariants of the exact sequence
=

=

=
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yields

the exact sequence

It follows that

rank, TN = dimk WN. Clearly dim, VN - rank, TN and therefore

dimf VN = dimk WN.

3. The

cyclic

and

D

quaternion

cases

section, L/K is a totally wildly ramified extension with Galois group G.
Our goal is to bound the conductor in the special case where G is either cyclic
of order p or quaternion of order 8, and only complex characters of G are
considered. We also describe the conditions under which the bounds are
achieved. In order to study the rationality of the Artin representation, Fontaine
[3] gives a wealth of information on ramification groups. The reader will find
in his Propositions 4.2 and 4.3 results related to some of the material presented
here.
We shall need Hensel’s estimate on the discriminant, as quoted by Serre
([13], III, §6). The proof is reviewed here to emphasize that the bound is
attained precisely when vK(bL/K) --- -1 (mod pn).
In this

LEMMA 3.1.

If L is a totally ramified extension of K of degree pn,

then

equality if and only if vK(b L/K) ~ -1 (mod pn).
Proof. We have uK(bL/K) vL(DL/K), where 1)L/K is the different. Suppose that
L is obtained from K by adjoining a root 7rL of an Eisenstein equation
with

=

with

vK(apn)

Therefore,

and

=

we

clearly

0. Then
have

vL(jaj03C0j-1L) ~

vL(jaj03C0j-1L) ~

-1

j - 1 (mod p") are distinct for j =1, ... , p".

(mod pn)

if and

only if j = pn.
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COROLLARY 3.2. Suppose that G is
character of G of degree 1. Then

cyclic of order p

and let ~ be

a

non-trivial

equality if and only if f(g, LIK) ~ 1 (mod p). View V = Q(03BCp) as a faithful
0 [G]-module. Then f(V, L/K) p - 1 + peK.
Proof. We apply the lemma and (2.5), noting that V affords the regular
representation of G less the identity. By transport of structure, conjugates of 9
with

have the

same

conductor. Hence

REMARK 3.3. Another description of when a cyclic extension attains the
maximal conductor may be found in ([11], Satz 1). With the notation above,
1 + peK/(p - 1) occur if
the equalities vK(L/K) = p - 1 + peK and f(g, L/K)
c
and only if J1p K and there exists an element a E K such that a E LP and
vK(a) =1= 0 (mod p).
The remaining lemmas are needed to treat the quaternions, but they are just
as easily proved for general residue characteristic and may also be useful in
strengthening the bound for certain absolutely irreducible representations of
dimension p. Recall that the index function is defined by i(03C4)
vL(03C4(03C0L) - 03C0L)
for i E G - {1}. The minimal break in the ramification numbering is controlled
in the following lemma. Here 03A6(G) denotes the Frattini subgroup of G,
generated by p th powers and commutators.
=

=

LEMMA 3.4.

Suppose that the first

gap in the lower

ramification numbering

occurs at G = Gfo-1 ~ G

We have the bound

If equality holds, then G is cyclic.
Proof. Since G fo is a normal subgroup of G and G/Gf0 is an elementary
abelian p-group, we have 03A6(G) c G fo and therefore T e 03A6(G).
Let x be a non-trivial character of G of degree 1 whose kernel contains
G fo. By the definition of conductor exponent and (2.6), we have fo
f(~, L/K) f(~, L~/K). Then f0 1 + peKI(p - 1) by Corollary 3.2 applied to
=

=

the extension L. over K.
Suppose that equality holds. Let K’ be the fixed field of i and let K"
be the fixed field of TP. Choose a non-trivial character 9 of Gal(L/K’) of
degree 1 which vanishes on Gal(L/K"). By (2.1) and (2.6), we have fo
f(cp, LIK’) f(-, K"IK’). In view of the fact that fo ~ 1 (mod p), we have
=

=
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fo

=

eK.

=

1 +
eK;

peK’/(p - 1) by Corollary 3.2 applied
hence K’ = K and G = 03C4&#x3E; is cyclic.

to K" over K’. It follows that

D

improvement in the standard conductor bound for a cyclic tower is
possible if the beginning of the tower is "small" in the sense of [12]. Let
An

and let

NLK

be the

norm

map from L to K.

LEMMA 3.5. Suppose that ~ is an irreducible character of the cyclic group
G. Then, for any integer t such that f(cppB L/K) 1 + eK/(p - 1), we have
f(cp, L/K) 1 + teK + eK/(p - 1).
Proof. By (2.6), we may assume that ~ is faithful. If M is the subfield of L
fixed by the kernel of cppB then f(cppB L/K)
f(cppB M/K) = f, say. According
to ([13], XV, § 2, Cor. 2 to Thm. 1), f is the usual conductor of abelian local
class field theory, in the sense that it is the minimal integer such that
=

U(f)K ~ NMK(UM).
Fix m to be the greatest integer less than or equal to 1+teK + eK/(p-1). If
u~U(m)K, then u is a pt power in K, say u u it for some u1 ~ U(m-teK)K. Since
m - teK f by assumption, Ut is a norm from M. Write u1 NMK(uM) for some
=

=

uM ~ UM. Then

Thus every element of

U(m)K

is

a

norm

from L. We conclude that

f(cp, L/K) m.

D

partial inverse of Lemma 3.5 may be
proved by class field theory as above. Namely,
Prop. 4.3),
1 + eK/(p - 1), then f(cp, L/K)
f(cppt, L/K) + teK .

REMARK 3.6. A
or

found in ([3],
if f(gP’, L/K)

=

PROPOSITION 3.7. Suppose G is the quaternion group of order 8. If 03C8 is
the character of a faithful representation of G of dimension 2, then
f(03C8, L/K) 2 + 6eK. Equality holds if and only if there exists an element a E K
such that a ~ L2 and vK(a) is odd.
Proof. For any 03C4~G-{1}, of order 4, let K, be its fixed field and choose a
faithful linear character xt of H Gal(L/K03C4). Since the kernel of xi is Hi(03C4), the
definition of conductor or (2.2) gives us
=

In

particular,

has order 4 and

suppose that ! E G has minimal index. Then by Lemma 3.4, r
i(03C4) 2e,. It follows from (3.8) and the bound of Lemma 3.5
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that

f(X,, L/K03C4) 1 + 4eK.

Then

by (2.5)

and Lemma 3.1,

we

have

According to Remark 3.3, if there is no element a E K such that a E L2
vK(a) is odd, then vK(K03C4/K) 2eK. Therefore, the inequality in (3.9) is

and

strict,

as

claimed. Assume there is such

an

element

a.

We must show that

f(t/J, L/K) 2 + 6eK.
Among elements of G of order 4, choose another 03C3 ~ i of maximal index.
Let (p, (resp. ~03C3) be a character of degree 1 on G with kernel equal to
Gal(L/K,), (resp. Gal(LIK(1)). By (2.6) and the definition of conductor (2.1), we
=

have

and

But by Remark 3.3, precisely two of the three quadratic extensions of K
in L have conductor exponent 1 + 2eK . Since i(03C4) x 2eK we must have
(i(03C3) + i(T»/2 = 1 + 2eK. Therefore, i(03C3) = 2 + 4eK - f(r). In particular,
1(a) &#x3E; 1 + 2eK.
By (3.8) with i replaced by 6, we have f(x§, L/K03C3) i(6). Remark 3.6
therefore gives us
=

Then

by (2.5),

4. Some

we

have

représentation theory of p-groups

Conductors were bounded for cyclic and quaternion groups in the last section.
The group-theoretical results gathered here will be used to handle the general
case. The reader may consult [2] for representation theory and [5] for
p-groups.
In this

section, G will always denote

a

p-group and F

a

field in which p is
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invertible. For any commutative ring R, any R-algebra S and R-module M, we
use the notations MS for S ~R M and n· M for the direct sum of n copies of M.
We recall the decomposition of the character 03C8 of a simple F[G]-module V
in terms of the Galois conjugates of a character x afforded by an absolutely

simple component:

where m mF(V) is the Schur index of V over F. The division algebra EndG(V)
has degree m2 over its center, which is isomorphic to F(x), the field of character
values of x. The Hurwitz order A Z[i, j, k, (1 + i + j + k)/2] in the usual
quaternions K over Q will be of particular importance for the case p 2.
By abuse of language, we shall say that an F[G]-module V is real if it is
F[G]-isomorphic to its contragredient V* HomF(V, F). A simple F[G]module will be called unitary if it is not real. We say that a real module is
*-simple if it does not contain a non-trivial proper real submodule. Because *
is an involution on the isomorphism classes of F[G]-modules, if V is *-simple
but not simple, then V xé W (9 W * with W unitary. It follows that any real
module is the direct sum of *-simple F[G]-modules.
Note that if V admits a non-degenerate bilinear form ,&#x3E; : V x V - F which
is G-invariant in the sense that gv, gw) = v, w) for all v, w E V and 9 E G, then
V is real.
Recall the representations of abelian groups.
=

=

=

=

LEMMA 4.2. Let A be an abelian p-group and let V be a simple F[A]-module.
For some n 0, we have V ~ F(03BCpn), with the action of A on V induced by a
surjection x : A ~ J.1pn. Two choices of X lead to F [A]-isomorphic modules V

exactly when they are Gal(F(03BCpn)/F)-conjugate, and V* corresponds
V is faithful, then x is an isomorphism and A is cyclic.

to

x-1. If

Special attention will be paid to the non-abelian 2-groups with a cyclic
subgroup x&#x3E; of order 2n and index 2. They are given by G x, y&#x3E;, where
yxy-1 = x" and exactly one of the following holds:
=

y2 = 1 and a = - 1 for the dihedral group Dn (n 3),
y2 = 1 and a = -1 + 2n -1 for the semi-dihedral group Sn (n 3),
y2 = x2n and oc = -1 for the generalized quaternions Qn (n 2),
y2 1 and a 1 + 2n -1 for n 2.
1

=

=

LEMMA 4.3 (Cf.
following holds:

[5], 1 § 14.9 and

III

§ 7.6).

Let G be a p-group. Then

one

of the
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(i)
(ii)
(iii)

G is cyclic,
G
Dn, Sn or Qn, as above,
G has a non-cyclic abelian normal
=

subgroup.

The theorem of Blichfeldt asserts that absolutely irreducible representations
of p-groups are monomial. We need two refinements for F-rational representations. To ease the notation, we omit the subscript F on the Schur index when
the context makes it clear.
PROPOSITION 4.4. Assume that the field F satisfies [F(03BCpn):F] =
pn-1(p - 1) for n 2 when p is odd (resp. n 3 when p 2). Let G be a p-group
and let V be a non-trivial simple, faithful F[G]-module. Then one of the following
holds:
=

=

=

cyclic of order p and m(V) 1;
Q2 and m(V) 1 or 2 according as the F-central simple algebra
~ZF splits or not;
(iii) there is a proper subgroup H of G and a simple F[H]-module W with
(i)
(ii)

G is
G

=

=

=

.
Proof. Let A be an abelian normal subgroup of G and let Wo be a simple
F[A]-submodule of resÂ( V). From Lemma 4.2, we have W0 ~ F(J1pn), with the
action of A given by a surjection x : A - J1pn. Define H = {g~G|gW0 ~ W0 as
F[A]-module}, that is H {g~G|~g = x° for some 03C3~Gal(F(03BCpn)/F)}. Clifford’s theorem shows that V ~ indGH(W) with W 03A3g~H g Wo. It follows that
resGA(V) ~gi W, where gi runs through a system of left coset representatives
for G modulo H and so the restrictions to A of distinct conjugates of W have
no components in common. A fortiori, absolutely irreducible components can
only occur with the same multiplicity in V as in W. Hence m(V) m(W). If H
is a proper subgroup of G, case (iii) holds.
We may thus assume that H
G which implies that Xg is a power of x for
each g in G and so resGA(V) is a sum of powers of x. Because V is faithful, x
must be injective and we conclude that A is cyclic. Moreover, there is a
homomorphism
=

=

=

=

=

such that ~(g-1ag) = ~(a)~(g).
We have a contradiction unless every abelian normal subgroup of G is cyclic.
This leaves the groups listed in Lemma 4.3(i) or (ii). Our assumption on roots
of unity, which forces [F(03BCpj):F] pj-1(p - 1) for all j 1, will now be used.
Suppose that G A is cyclic. When n 1, we are in case (i) and otherwise
V is induced from the unique faithful module for the cyclic subgroup of G of
order p. The proposition therefore holds for abelian groups, with
m(V) m(W) 1.
=

=

=

=

=
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of the non-abelian 2-groups in Lemma 4.3(ii). Write 6a for the
element of Gal(E/F) which acts by (Ja((2n) = (2n on E F(03BC2n). If G Dn or
S", then resGA(V) ~ E has the structure of an F[G]-module with the action of y
induced by (Ja. Consider the subgroup C x2n-1, y) of order 4 and a
one-dimensional F [C]-representation Z affording a character 03BB:C ~ {±1}
with 03BB(x2n-1)=-1. Then V = indGC(Z) and case (iii) holds with m(V) =
m(W ) 1.
Suppose G = Qn and E n + = F((2n + (2n1). Then G has a unique faithful,
simple representation Vn over F whose Schur index is 1 or 2 according as
A ~ZE+n splits or not. Since (ii) holds when n
2, we may assume n &#x3E; 2, in
which case G properly contains the usual quaternions C = x2n-2,y&#x3E; ~ Q2 of
order 8. Then V
Vn satisfies
Let G be

one

=

=

=

=

=

=

REMARK. We have
F

=

Q(J - 7),

we

mo(V)
have 2. V3

=

=

mo(W)

in

(iii) above. In contrast, when
mF ( V2) 2 while mF (V3) = 1.

case

ind8:(V2) and

=

COROLLARY 4.5. Let V be a simple F[G]-module with F as in the Proposition.
Then there is a finitely generated torsion-free Z[G]-module M such that M. is
simple and

Moreover mQ(MQ)f(V, L/K)
mF(V)f(MQ, L/K).
Proof. We use the associativity and additivity of tensor
=

products, as well
the Galois condition, to conclude the claim from the case in which V is
faithful and simple and G
1, G Z/pZ or G Q2. The modules in those
cases were explicitly described above and can be defined over Z. The simplicity
of MQ may be proved as in the more delicate version given in the next
as

=

=

=

proposition.

D

We next show that real modules may be lifted.

PROPOSITION 4.6. Assume G is a 2-group, [F(03BC8):F]=2 and 2 fi F2.
Then all G-modules have trivial Schur multipliers. Let V be a *-simple,
faithful F[G]-module. Then there is afinitely generated torsion- free Z[G]module M such that Mo is simple and mQ(MQ)· V ~ MF. Moreover,

mQ(MQ)f(V, L/K)

f(MQ, L/K).
Proof Under our assumptions on F, the Galois group rn Gal(F(03BC2n)/F) is
generated by 03C3l:03B6 ~ 03B6l, with= ± 3 (mod 8). The key is that the action of the
group generated by r 00 and * on the representation ring of F[G] mimics that
of Gal(Q(03BC2~)/Q) on the representation ring of Q[G].
The proof will be by induction on the size of G once the special 2-groups
=

=

are

handled.
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First let G be cyclic of order 2". Our claim holds when n 0 or 1. For n 3,
we note from the description in Lemma 4.2 that there are two non-isomorphic
simple F[G]-modules, interchanged by * and corresponding to orbits of
absolutely irreducible characters under rn . Hence the only *-simple module is
their sum, which is induced from the non-trivial representation on the sub2, except
group of G of order two. The same conclusion obtains in case n
that the *-simple module is F [G]-simple when J.14 cf. F.
Similarly, the groups G Sn, Dn and Qn each admit a unique *-simple and
faithful F [G] module V. The reduction of the Z[G]-module M referred to in
the last corollary is V when G = Sn or Dn and two copies of V when G
Qn.
So the proposition is verified when all abelian normal subgroups of G are
=

=

=

=

cyclic.
Let A be

non-cyclic abelian normal subgroup
F [A]-submodule of resGA(V). As before, define
a

and let

and W=. Then W ~ W * and
indH(W). Again, the simple components

Wo

be

a

*-simple

Clifford’s theorem shows that V ~
of W are isomorphic to E F(J.12n)
with an action induced by a surjection x : A ~ J.1pn. If H were equal to G, we
would conclude that resÂ(V) is a sum of powers of x because Xg would be
Gal(E/F)-conjugate to Y±’for each g ~ G. Because V is faithful, x would then
be injective and A cyclic, in violation of our hypothesis.
So H is a proper subgroup of G. The induction hypothesis provides us with
a Z[H] module N such that m(NQ)· W xé NF. The desired lifting is provided
by the induced module M = Z[G] OI[H] N. In fact, our construction and the
Galois condition imply that the restrictions to A of g1W and g2 W (resp. g Nu
and g2No) can have components in common only if g1H g2H since all the
odd powers of x (resp. of a lift of x) must occur in W (resp. in resGA(NQ)). Hence
the multiplicities occurring in V and W (resp. in M. and N Q) are the same, so
that the Schur indices are also equal.
Finally, we specialize the Mackey formalism (cf. [2], Theorem 10.23) to
prove irreducibility. Namely, for any commutative ring R, any subgroup H of
a group G and any R[H]-module L, write Hx
xHx -1 n H and ’L for the
R-module L with action of y~xHx-1 given by l ~ x-1 yxl. Then one has
=

=

=

where

x runs

through

a

set of double coset

particular, HomQ[A](NQ, xNe)
that

vanishes unless

x

representatives for HBG/H. In
belongs to H and we conclude
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It follows from the simplicity of
and so M. is simple.

N.

that these

are

the

same

division

algebra
D

5. Conductor bounds
We derive bounds for the conductor of a finitely generated F[G]-module V,
where G is the Galois group of an extension L/K of p-adic fields and the
characteristic of F is different from p. For typographical reasons, we introduce

the notation

for V simple with Schur index m mF(V). The subscript F may be omitted
when it is clear from the context.
We begin by assuming that L/K is totally wildly ramified, so that G is a
=

p-group.

THEOREM 5.1. Suppose that
non-trivial absolutely irreducible

where h is
then

L/K is totally wildly ramified. Let cp be
complex character of G of degree pd. Then

defined by [0 (9) : Q] = (p - l)ph-l. If V

is

a

a

simple 0 [G]-module,

For a character cp afforded by an absolutely simple component of K
have dim V m(V)[Q(~): Q]~(1) according to (4.1). Since conjugates ouf 9
have the same conductor, f(V, L/K)
m(V)[0 (9) : Q]f(~, L/K). It follows that
the claimed bounds are equivalent.
We prove the second one by induction on the order of G. By (2.6), we may
assume that V is faithful. Our bound is valid for G cyclic of order p by
Corollary 3.2 and for G Q2 by Proposition 3.7.
Otherwise, Proposition 4.4 shows that there is a proper subgroup H of G of
index pn and a simple Q[H]-module W with m(W)· V ~ m(V)·indGH(W). Let
M be the fixed field of H. The induction hypothesis, the discriminant bound of
Lemma 3.1 and (2.5) imply that

Proof.

we

=

=

=
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m(W)f(V, L/K)

since

m(W) dim

V

=

m(V)[f(W, L/M)

=

pnm(V) dim W and

+

VK (b MIK) dim W]

eM

=

p"ex .

D

As a corollary, we show that the bound above may be used to control the
conductor of an F[G]-module V over a more general field F. We continue to
assume that L/K is totally ramified. Suppose that x is an absolutely irreducible
character which is defined over a field containing F. One sees that there is a
complex character cp and a choice of homomorphism , such
that i(~(g)) = ~(g) for all g E G, using Lemma 2.7 to pass through an 1-adic
field when the characteristic of F is 1 * p. By abuse of language, we refer to 9
as a lift of x. Let us define the slippage s(~, cp)
sF(~, ~) by
=

Recall that the depth of V relative to L/K is the least
is in the kernel of the representation afforded by V.

integer

c

such that

Gc+ 1

Suppose that L/K is totally wildly ramified and that V is a
simple F[G]-module of depth c relative to L/K. Let 9 be the character afforded
by any absolutely irreducible complex representation of G/Gc+ 1 which is not
trivial on G,. Write [0 (9) : Q] = (p - 1)ph-1 and ~(1)
pd. Then
COROLLARY 5.2.

=

we have sw(V, L/K)
[03B4F(V) + sF(~, cp) + p/(p - 1)]eK dim V.
Proof. According to the relation (2.2) for simple representations, we have

Furthermore,

Our first inequality follows from the bound on the conductor of 9 in Theorem
5.1.
In particular, we may choose 9 to be a lift of X described above. By definition
of slippage and the decomposition into absolutely irreducible characters
(4.1), we have dim V mpd+h-1-sF(~,~)[F(03BCp): F]. We conclude by using the
=
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first

inequality
V0 = 0.

and

(2.3).

Note that since V is

simple,

we

may

that

D

Suppose that L/K is totally wildly ramified.
one of the following holds:
F[G]-module

COROLLARY 5.3.
is

assume

Assume that W

and

an

simple and either p is odd with [F(J1p2) : F] p(p - 1),
[F(03BC8):F] = 4;
(ii) W is real and *-simple, p 2, [F(03BC8):F] 2 and 2 ft F2.
(i)

W is

=

=

or

p

=

2 with

=

Then

sw(W, L/K) [03B4F(W) + p/(p - 1)]eK dim W.
Proof We saw in Corollary 4.5 and Proposition 4.6 that there
Z[G]-module M such that MQ is Q-simple, mQ(MQ)W ~ mF(W)MF and

By rewriting the bound for f(MQ, L/K) given in Theorem 5.1
and

bF(W),

we

f(W, L/K)
We may

is

a

in terms of dim W

find that
dim W +

assume

Wo

=

0,

[03B4F(W)
so

that

+

p/(p - 1)]eK dim

sw(W, L/K)

=

W.

f(W, L/K) -

dim W

by (2.3).
D

now suppose that L is not necessarily totally ramified over K. Recall that
the
fixed field of G 1 and that we write Vo
VG° and V1 VG1. Depending
K1is
on how much information is available about the F[G1]-simple components W
of V/ Vl, one may bound the conductor of V by using Corollaries 5.2 or 5.3 to
control sw(W, L/K1) and applying (2.3) and Lemma 2.4.

We

=

=

PROPOSITION 5.4. Write ph(G1) for the exponent of G1 and let pd be the
maximal dimension among absolutely simple components of VIV, as a G1-module.
Then

Proof. By extending the field of scalars, we may assume that V/ Vl splits
completely as an F[G1]-module. Denote any component by W and its
character by x. By assumption, 03B4(W) d. We may apply Corollary 5.2 with
the crude estimate sF(~, ~) h(G1) - 1 to obtain the bound
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To prove the claimed inequality,
noting that g1 eKi g0eK.

we now use

additivity, (2.3)

=

and Lemma 2.4,
E

We now proceed to our main result for the conductors of Galois modules,
stated here in terms of the Swan conductor. One may use (2.3) to obtain a
bound for f(V, L/K).
THEOREM 5.5. Let L/K be a Galois extension of p-adic fields with G
Gal(L/K) and let V be an F[G]-module. Assume one of the following holds:

(i)
(ii)
Then

either p is odd with [F(Pp2) : F]
p(p - 1),
2, V ~ V* as G1-modules, [F(98): F]
p
=

=

we

or

=

p

=

2 and

2 with

[F (9 8): F]

=

=

4;

2 ~ F2.

have the bound

where the integer dl is defined by dim(V/V1) = (p - 1)dl.
Proof. Write V VIV, and let TV ~ Wj be the decomposition as a direct
sum of simple or *-simple F[G1]-modules according as we are in case (i) or
case (ii). By additivity and Corollary 5.3, we have
=

=

Because W does not admit the identity representation of G1, one
(4.1) that dim W m(Wj)(p - 1)p’ withi = 03B4(Wj). Define integers si
=

so

sees

from

by

that dl
Li Sipi and 03A3j03B4(Wj) dim W (p - 1) (p-1)03BBp(d1), beof the basic observation that E iripi 03BBp(03A3 ri pi) for any non-negative
=

=

cause

integers

ri.
The bound for

sw(V,L/K)

results from

(5.6) and

Lemma 2.4, since

g1 eK1 = g0eK.

REMARK 5.7. Suppose that we drop the assumption V ~ V* in case (ii)
above. Note that 2f(V, L/K)
f(V C V*, L/K). By applying Theorem 5.5 to the
real module V EB V* and using (2.3), we find the weaker inequality
=

with d= dim(V/V1).
This bound is in fact taken

on.

Suppose

that

J.12" c K and let

L be
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of the Eisenstein polynomial h(x) = .TC2n - 03C0K. Then G
V
Fl(03BE2n) by multiplication by (2n. For 1 = ± 3 (mod 8),
we have dim V = 2n-2. Since V~V* is induced from the non-trivial onedimensional representation of the subgroup of G of order 2, it follows from
(2.5), Lemma 3.1 and Remark 3.3 that f(V, L/K) 2n-2[1 + (n + 1)eK].

splitting field
Gal(L/K) acts on
the

=

=

=

6. Conductors of abelian varieties

As the main application of our bounds, we estimate the conductor of an
abelian variety A, defined over a p-adic field K.
Write g(A) = Tl(A) 0 0,, where Tl(A) is the 1-adic Tate module. Denote the
kernel of multiplication byl by A[l] and the 1-division field by L
K(A[l]).
Let G
Gal(L/K) and let I I(K/K) be the inertia group.
According to Grothendieck ([4], §4), for 1 ~ p, the conductor exponent of
A is
=

=

=

e(A/K) = dim(Vl(A)/Vl(A)I)
independent of l :0 p.
where

is the

tame

conductor. Each term above is

THEOREM 6.2. Let A be an abelian variety of dimension g defined over the
p-adic field K. We have the following bound for the exponent of the conductor:

where d is the greatest integer in 2g/(p - 1).
Proof. We may choosel to be a primitive root mod p2 if p is odd (resp.
1 = + 3 (mod 8), if p
2), prime to the degree of some polarizationt of A
defined over K. The latter condition implies that the Weil pairing induces a
non-degenerate Gl-invariant symplectic form on A[l]. Therefore A[l] is real
as G1-module and Theorem 5.5 yields the estimate
=

dim A[l] - dim A[lJG1. Since 03B5(A/K) dim Vl(A) = 2g, we
with (p - 1)d1
obtain an inequality from (6.1) at least as good as the stated bound on f(A/K).
=

n
This bound is best possible in a strong sense; it is attained for each
g and p-adic field K. We present two families of examples.
~We thank Alice Silverberg for reminding

us

to include

this

assumption.

integer
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The

following general construction

was

suggested by [6]

and

([7], §3).

LEMMA 6.3. Let K be a p-adic field, with p odd. Suppose that h(x) is a separable
polynomial in K [x] of odd degree 2g + 1 3 and that B is the Jacobian variety
of the hyperelliptic curve y2 = h(x) of genus g. Suppose that h hl...hr with hi
irreducible over K. Let Oi be a root of hi(x) and Mi K(03B8i). We have
=

=

where L

K(B [2]). Equality holds when h is irreducible and the extension
M1/K is totally ramified.
Proof. Denote by oo the unique point at infinity on the hyperelliptic curve.
Note that L is the splitting field of h. For each i, with 1
i r, write
and
oover
where
Hi Gal(L/Mi)
Pi,(1 = (03C3(03B8i), 0) - oc,
ranges
GlHi. The
divisors Pi,03C3 represent points of order 2 on B which span B[2] over F2, with
the only relation Li,(1 Pi,(1 ’" 0.
Define the Z2[G]-module X by the exact sequence
=

=

in which the

G-mapi is determined by

There is a splitting ofi induced by 03C3Hi ~ 1/(2g + 1). Since Hi is the stabilizer
of 03B8i in the permutation representation of G acting on the roots of h, we see
that B[2]
F2 0 x.
The sequence (6.4) remains exact upon tensoring wih either F2 or 02 or
passing to submodules fixed by any subgroup of G. Let W E9 (1)2[G/HJ =
E9 indGHi(1Hi). We find that f(B [2], L/K) f(W, L/K). Computing the latter by
additivity and (2.5), we obtain
=

=

=

We write V for the 2-adic Tate space of B. In view of the

dimQ2 VI dimF2 B[2]Go

it follows from

(2.3)

and

(6.1)

that

inequality

245
When h is irreducible over K, we write H Hi and M M1. For any
normal subgroup N of G, the submodule of indGH(1 H) fixed by N has dimension
[G : NH]. Since [G : GoH] equals the inertial degree FMIK, we conclude from
(6.4) that the submodule of B [2] fixed by Go is trivial when fM/K 1. In that
0 and f(B/K)
D
case, V I
f(B [2], L/K).
=

=

=

=

=

PROPOSITION 6.5. Suppose that p is odd and let A be the Jacobian variety of
the hyperelliptic curve y2 = xPs - 7rK over any p-adic field K. Then f(A/K)
attains the bound in Theorem 6.2.
Proof. The proof of Lemma 3.1 shows that if e is a root of h(x) = xps - 03C0K,
then K(03B8) has the largest discriminant among extensions of degree ps over K.
Namely, VK(bK(03B8)/K) PS - 1 + spseK. This equals f(A/K) by Lemma 6.3 and is
the bound in Theorem 6.2, with 2g = ps - 1.
D
=

PROPOSITION 6.6. For any positive integer g and any p-adicfield K, there is
abelian variety of dimension g for which the bound in Theorem 6.2 is attained.
Proof. Our construction proceeds in two steps. First consider the extension
M/K obtained by adjoining a root of the Eisenstein polynomial g(X) =
X ps - 7rK. We saw in Lemma 3.1 that vK(bM/K) ps - 1 + spsek.
For odd p, consider the Jacobian variety B of the hyperelliptic curve
y2 - xp - 7rM’ whose conductor is f(B/M) p - 1 + peM, by Proposition 6.5.
This example was treated differently in ([7], §3).
Let A
RM/K(B) be Weil’s restriction of scalars, denoted N M/K(B) by Milne.
To compute the conductor of A, we recall some functorial properties from [9].
In general, if B is an abelian variety of dimension m defined over an extension
M of K of degree n,then A is an abelian variety of dimension mn. As in ([9],
Prop. 1), since the Tate module of A is induced from that of B, we see that the
exponents of the conductors of A and B are related as follows:

an

=

=

=

For

our

choices of M and B above, A = RMIK

(B)

has dimension g

=

p’(p - 1)/2

and

construction, but taking for B the
elliptic curve already introduced in ([7], §6) and defined over M by
y2 = x3 + 03C0Mx. The authors of [7] deduce that f(B/M) = 2 + 6eM from a
formula of Ogg, proved by Saito in [17]. Lemma 6.8 below avoids this. The
The

case

p

=

2 is handled

by the

same
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abelian variety A RMIK(B) has dimension g 2S. It follows from (6.7) that its
conductor exponent is f(A/K) = 2s+1[1 + eK(s + 3)].
For an arbitrary positive integer g, write 2g
d(p - 1) + r, with 0 r
p - 2. We see that r is even and so r 0 for p 5. If d has the p-adic
expansion d = 03A3scsps one easily checks that the bound of Theorem 6.2 is
attained by the obvious product of cs copies of abelian varieties A as above, of
dimensions ps with varying s, together with r/2 copies of elliptic curves with
additive reduction. Note that if p 5, then the conductor exponent of such
D
elliptic curves necessarily equals 2.
=

=

=

=

If M is a 2-adic field, then the conductor exponent of the elliptic
B:y2 = + 1rMX is f(B/M) = 2 + 6eM .
Proof. We have f(B/M) f(B [3], L/M), where L M(B [3]). According to
([14], §5.4), 03BC3 c L and the field generated by the abscissas of the 3-division
points of B is the splitting field of the polynomial
LEMMA 6.8.

X3

curve

=

Since the conductor is not changed by unramified extension of M, we may
that 03BC3 c M. Then the action of Galois on B [3] provides a representation of G Gal(L/M) as a subgroup of the quaternion group in SL(2, F3).
From the discriminant of (6.9) we see that i E L and by the quadratic formula,
we get the equation
assume

=

Note that B admits

(-x, iy).
Suppose

complex multiplication

over

M(i), given by i(x, y) =

over M. Without changing the
that
Fix
a
root 0 of (6.10) and a point P of
i
E
M.
conductor,
may
order 3 on B with x(P) = 0. Since the Eisenstein equation (6.10) is irreducible
over M, there exists an element g E G, obtained by extension from 03C3(03B8) = - 0,
such that 03C3(P) = iP. Therefore, G is cyclic of order 4. Let x be a faithful
1 + 2eM by
character of G of degree 1. In view of (6.10), we have f(X2, L/M)
1 + 3eM by Remark 3.6. Since dim
Remark 3.3. Therefore f(x, L/M)
B[3] 2, we have f(B [3], L/M) 2 + 6eM.
Suppose that M(i) is ramified over M. We may fix another root 0’ of (6.9)

first that

we

M(i) is unramified

assume

=

=

=

=

such that 00’ =

-3. Then
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-3)/2.

+
By Kummer theory, G is not cyclic and each of the
in L is ramified. It follows that G is the quaternion
of
M
extensions
quadratic
is
and
totally ramified, so that f(B [3], L/M) = 2 + 6eM by
L/M
group
Since
this is the maximum possible value of f(B/M), we are
Proposition 3.7.
done.
D

with , = ( -1

We can improve the conductor bound of Theorem 6.2 if we know the nature
of the bad reduction. When 1 is odd, the abelian variety A over K acquires
semi-stable reduction over L K(A [1]). For any extension M of K, let AM be
the Néron model for A over Spec((DM)’ where OM is the ring of integers of M.
By Chevalley’s theorem, the special fiber has a natural decomposition of
=

algebraic

groups

where A, is an abelian variety, M is toroidal and ûli M is unipotent.
Write dim A, aM’ dim ûliM uM and dim 5M tM. The variety has
semi-stable reduction when uM 0 and in particular if L ~ M. So we may
define the semi-stable toroidal and abelian dimensions tss = tL and ass aL.
=

=

=

=

=

PROPOSITION 6.11. With the notation above, let K1 be the subfield of Lfixed
by the first ramification group of G Gal(L/K). The conductor exponent is
bounded by
=

where the integers

dt and da are defined by tss tKl (p - 1)d, and ass aK1
(p - 1)da respectively.
Proof. According to ([4], §4), we have 8(A/K) = tK + 2UK. In view of (6.1),
it remains to bound sw(A [1], L/K).
We know from Grothendieck ([4], §2), [8], [10], that there is a 2-step
filtration Tl(A) ~ T1 ~ T2, in which Tl(A)/T1 is dual to T2 with respect to the
Weil pairing. Each graded piece of
-

=

-

=

admits an action of G. Moreover, the Zi ranks of T2 and TG1 are tss and tK1,
while the Z, ranks of Tl/T2 and (TI/T2)G1are 2aSS and 2aK1 respectively.
Consider the grading X ~ Y ~ Z on A [1] obtained by tensoring (6.12) with
Fl. Then Z X* and Y* Y By Lemma 2.4, we have
=

=

248
Choose 1 to be a primitive root mod p2 when p is odd (resp.l ~ + 3 (mod 8)
when p 2). Our claim now follows from Theorem 5.5, since the relevant
dimensions are dimFl(Y/YG1)
2ass - 2aK1 and by duality,
=

=
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