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Introduction
In this paper we will look at abelian varieties over number fields. We will
be interested in particular in the number of places where such an abelian
variety has ordinary reduction. Recall that if k is a field of characteristic p
and if Xlk is an abelian variety, then X is said to be ordinary if
X[p](k) ~ (Z/pf, where g dim X.
If X is an abelian variety over any field k, then, for each prime number
1 ~ p
char(k), the Galois group Gal(ksep/k) acts on the Tate module TX.
For our purposes, the case where the field k is finite will be of particular
importance. It is well known that in this case the characteristic polynomial
of the Frobenius element FreGal(k/k) acting on TX has coefficients in Z
and is independent of 1. This means that for each 1 ~ p, the eigenvalues of
Fr on TX are the same algebraic integers. The variety X is ordinary if and
=

=

only if for some, or equivalently for any, valuation on Q extending the
p-adic valuation on Q, precisely half these eigenvalues have valuation 0.
Suppose that F is a number field and that X/F is an abelian variety. At
every finite place v of F, the residue field F, is a finite field. For all but
finitely many of these places, the reduction Xv IF v of X is an abelian variety.
One can ask for how many valuations v this reduction is ordinary. From
what we have seen above, it follows that the question whether X v is
ordinary can be answered by looking at the eigenvalues of a Frobenius
element Frv E Gal(F/F) at v acting on TlX ~ T,X v’ for any 1 with v(l)
0.
Note that the fact that X has good reduction at v implies that the image
in End(TlX) of such a Frobenius element is determined up to conjugation,
and hence that the eigenvalues of this image are well defined.
The only thing which seems to be known about this question in the
=
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general case can be found in [Og, 2.7]. The result is that, after replacing F
by a finite extension, there is a set P of places, of Dirichlet density 1, such
that for each v ~ P, at least two eigenvalues of Frv on TlX are v-adic units.
It follows that if the dimension of X is 1 or 2, then there is a finite extension
of the base field F such that the set of places where X has ordinary
reduction has density 1. The existence of such an extension is also known
for all abelian varieties of CM-type.
In the second section of this paper we will prove a similar result for
abelian varieties X with the property that the image of the 1-adic Galois
representation associated to X is of a very particular form. To be precise,
we will assume that the Lie algebra of the image of Gal(F/F) in End(TlX)
is geometrically isomorphic to sp(2)2k + 1 x Ga. The exact statement is
given in Theorem 2.2. The proof of this theorem uses one of the main
results of [Sel], namely the fact that, after replacing F by a finite extension,
the image of Fr,, in End(TlX) generates a maximal torus of the image of
the Galois representation, for all v in a set of places with Dirichlet density
1. It will be shown that the fact that the Frobenius element at v generates
a maximal torus of this image is, in sufficiently many cases, sufficient to
ensure that Xv is ordinary. This proof occupies almost all of Section 2.
In the first section it will be shown that there actually exist abelian
varieties satisfying our assumption. The proof of this fact rests on the
observation, recorded in Theorem 1.7, that every group that occurs as a
Mumford-Tate group of an abelian variety over C also occurs as the image
of the Galois representation associated to an abelian variety over a number
field. This fact, which is also of independent interest, is alluded to by Serre
in [Sel].

1. The

image

of the Galois

representation

1.1 The aim of this section is to prove Theorem 1.7, which states that every
group that occurs as the Mumford-Tate group of an abelian variety also
occurs as the image of the Galois representation associated to an abelian
variety. To do so, we have to treat some results about specialization in a
family of Galois representations which are needed in this proof. We will
show in Proposition 1.3 that if we have a family of abelian varieties over a
number field, then we can specialize in such a way that the image of the
Galois representation at the special point is equal to that at the generic
point. This result will be applied to a family of abelian varieties for which
the image of the Galois representation at the generic point is the group we
want. This family will be the universal family over a Shimura variety, the
fundamental group of which is easy to compute.
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1.2 Let F be a field of finite type over Q and let S be a normal, absolutely
irreducible variety over F. We write K F(S) for the function field of S
and 1: Spec(K) - S for the inclusion of the generic point. For every point
03C3 of S we will write F(a) for the residue field at u. We write S for the
normalization of S in Spec(K), and we choose closed points GE Sand Ü E S
such that à maps down to a. If we let F be the algebraic closure of F in K,
F.
we have an identification F(03C3)
Let X/S be an abelian scheme. We intend to show that we can find a
closed point 03C3 of S such that the image of the Galois representation
associated to Xa/F(G) is the same as the image of the Galois representation
of X~/K. Because F has characteristic 0, the n-torsion scheme X[n] is a
finite étale S-scheme for each integer n. Because X[n] is a finite cover of S,
every point of X~[n](K) extends uniquely to a point of X[n](S). This gives
rise to a bijection X~[n](K) ~ X[n](S). The choice of the point à gives a
map X[n](S) ~ X03C3[n](F) and since X[n] is étale over S this map is a
bijection. Composing these two maps we get an isomorphism of groups
=

=

the maps sn are compatible for varying n.
We denote the decomposition group of % by Da

Clearly,

ci

Gal(K/K).

We have

maps

For each n, the map s,, is compatible with the action of D03C3 induced by the
above maps.
If 1 is a prime number and if we take the projective limit of the maps sl.,
we get a D6-equivariant isomorphism s:
TlX~ ~ TlX03C3. We have a commutative diagram

in which 03C1~ and 03C103C3 denote the Galois representations associated to X~ and
X03C3 respectively. Note that it depends only on J whether or not im(p~) =
im(03C103C3), not on the choice of a point 03C3 lying over it.

1.3 PROPOSITION (Serre). Suppose F is a field, of finite type over Q, that
S is a normal and absolutely irreducible F-variety, and that X is an abelian
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scheme over S. Let q: Spec(K) ~ S be the inclusion
there is a closed point (J of S such that

of the generic point.

Then

if TlX~ and TlX03C3 are identified in the way described above.
be found in [Sel]. After replacing S by a
may do without loss of generality, we can
non-empty open subset,
assume that S is smooth and afhne. Let
:F" be the extension field of K that
corresponds to ker(03C1n) c Gal(K/K) and let Spec(F) be the normalization of
S in F~. Because X[ln] is étale over S for every n, Spec(F) is an unramified
cover of S. By construction,
Gal(F~/K) is a compact 1-adic Lie group.
Because S is smooth over F, there is a non-empty affine open subset U c S
that admits an étale map to the affine space A’ AF, where d is the dimension of
S. We replace S by U and àF by its pullback to U. Let 03B6: Spec(F(tl, ... ,td)) ~ Ad
be the generic point of Ad and let F’ be the Galois closure of F/F[t1,...,td].
The Galois group Gal(F’~/F(t1,...,td)) is a compact l-adic Lie group because
Gal(F~/K) is one. Here F’~ dénotes the fraction field of F’. For every point
03C4 ~ Ad(F) we can form the following diagram, in which all squares are cartesian
1.4

Proof.

This

proposition

can

as we

=

point of Spec(F’), the decomposition group of (1’ in Gal(F’~ /
F(t1, td)) will be denoted by D03C3’. It follows from [Se2, 10.6], and in
particular from Example 1 and the theorem on page 149, that there is a
If 6’ is

a

... ,

thin subset Q c Ad(F) such that, for all
F’03C4 is a field and that

r c- Ad(F)

outside Q

we

have that

where 03C3’ ~ Spec(F’) is the unique closed point lying over T. The reader is
referred to [Se2, 9.1] for an explanation of the concept of thin sets. In all
points r outside Q we automatically have that F03C4 is a field. The equality
we claim holds for all J lying over these T.

165
Since F is hilbertian by [Se2,
so we can in fact choose a
follows.

9.6], the complement of a thin set is infinite,
r with these properties. Proposition 1.3
D

1.5 COROLLARY. Suppose that we are in the situation of the proposition,
and that Q E S is a closed point fulfilling the statement of the proposition. Then
we have

Proof. By assumption, we have a finite
o E S(L) such that the images of the maps
1.6

extension L of F and

a

point

and

We write R
EndK(X~). Let us see why EndL(X03C3) R as well.
R for every
There is a finite extension K’ of K such that EndK"(X~)
finite extension K" of K’. By [FW, VI, 3] we have
are

equal.

=

=

=

for every such K". The group 03C1-103C303C1~(Gal(K/K’)) is a closed normal
subgroup of Gal(L/L) of finite index. Let L’ be the extension of L
corresponding to this subgroup. For all finite extensions L" of L’ we have
that

is of finite index and hence EndGal(L/L")(TlX03C3)
R Q Z, for all such L". It
follows that EndL(X03C3) (D Z, R Q Zl. Because Endg(X,,) ce EndL(X6) and
because the quotient is torsion free, it follows that EndL(X6)
R.
D
=

=

=

1.7 THEOREM. Let G be the Mumford-Tate group of an abelian variety
X/C. Fix a prime number 1. There exist a number field F and an abelian
variety Y/F with Mumford-Tate group G, such that the image of the l-adic
Galois representation

is

an

open and Zariski dense

subgroup of G(Q,),
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Once we have found Y/F such that im( p 1) is Zariski dense in
fact that it is open for the 1-adic topology follows from [Bo].
Let G’ = [G, G] be the derived group and C
Z’ be the connected
reductive
X
centre of G. Since
is polarizable, G is
by [De2, 3.6], so
G
G’ · C and G’ n C is finite. As usual, S denotes the Weil restriction
RC/RGm. The Hodge structure on V H1(X(C), Q) determines and is
determined by a group homomorphism h:S ~ GR ~ GL(VR). Let
K~ c G(R) be the centralizer of h and let G(R)° and K0~ be the connected
components of the unit element in G(R) and K~ respectively. For any
sufficiently small arithmetic subgroup r c G’(Q), we can form the connected Shimura variety
1.8 Proof.
G(QI), the

=

=

=

It is well known that Mc(C) is the set of C-valued points of a quasiprojective C-scheme Mc and that it is a component of a moduli space for
abelian varieties over C with certain properties, see for example [Del, 1.7].
By choosing r sufficiently small, we can make sure that it is torsion free,
that Mc is smooth, and that there exists a universal polarized abelian
scheme Xc ~ Mc. The variety X is isomorphic to a fibre of this family and
the Mumford-Tate group of the generic fibre is equal to G.
By [De 1, 5.9], Mc admits a quasi-canonical model M over a number field
F. We can assume that F is so large that the abelian scheme 9ic descends
to an abelian scheme XIM. We will denote the function field of M by K
and the inclusion of the generic point by 1. There is a Galois representation

We claim that the Zariski closure of the image of this representation
contains G. This claim will be proved afterwards, let us first show that it
implies the theorem.
Proposition 1.3 allows us to find a closed point y of M such that the
image of the Galois representation 03C1l,Y associated to Y Xy/F(y) is equal
to the image of pi. By construction, the Mumford-Tate group of Y is
contained in G, and the claim implies that G is contained in the Zariski
closure of im(pi,y). It follows from [De2, 2.9b, 2.11] that, after replacing
F(y) by a finite extension, the image of pl,y is Zariski dense in the
Mumford-Tate group of Y. The Mumford-Tate group of Y is therefore in
fact equal to G. After replacing F(y) by this finite extension, im(03C1l,y) is a
Zariski dense subgroup of G(Ql). This concludes the proof that the claim
implies the theorem, so we now only need to prove the claim.
=
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We will first show that the Zariski closure of im(03C1l) contains G’. To this
to show that the Zariski closure of the image of the

end, it suffices

representation

algebraic fundamental group at a geometric generic point of Mc is equal
image is independent of the choice of the base point, so it suffices
the
assertion for the representation
prove

of the

to G’. This
to

for any point p E Mc(C). By [AGV, XI, 4.3(iii)], the category of finite topological covers of Mc(C) is equivalent to the category of finite étale covers of Mc.
It therefore suffices to show that the image of the topological fundamental
group 03C01(Mc(C), p) acting on V is Zariski dense in G’. But G(R)’IK’ 00 is
homeomorphic to R" for some n and r acts freely on this space, so
03C01(Mc(C), p) = r. If H is an almost simple factor of G over Q, the group H(R)°
is not compact. It therefore follows from [Ma, 1,3.2.11] that the Zariski closure
of r is equal to G’.
To conclude the proof of the claim, we will show that the Zariski closure of
im(pj) contains a group which maps onto G/G’. Let y be a closed point of M
corresponding to an abelian variety Y of CM-type. To show that such a point
exists, it suffices to show that there is a special point of M which is defined over
Q. This follows because the existence of a special point in M(C) is guaranteed
by [Del, 5.1] and the fact that M is a quasi-canonical model of Mc implies
that all special points are defined over Q. The Mumford-Tate group of Yc is
a torus T c G. The Hodge structure on H,(Y(C), Q) ~ V is determined by a
map h’: S - TR which is conjugate to h: S ~ GR by an element of G(R). Hence,
the composite

is

equal

to the

composite

Since T and G are the smallest subgroups of GL(V) defined over Q containing
the images of h’ and h respectively, it follows that T maps onto G/G’. It follows
from [Po, Th. 4] that, after replacing F(y) by a finite extension, the image of
the 1-adic Galois representation associated to Y is Zariski dense in T(Q,), so
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by 1.2 the Zariski closure of im(pl) contains the group T, which maps onto
G/G’. This completes the proof of the claim and hence that of the theorem. D
2.

Properties of ordinary reduction

2.1 It is known (see [Tan, 5.5] or [Ad, 6.2]) that, for every natural number
k, there are abelian varieties such that the Lie algebra of the Mumford-Tate group G is isomorphic over Q to sp(2) 2k+l x Ga. By Theorem
1.7, this implies that there exist abelian varieties such that the image of the
associated 1-adic Galois representation is open in the group G(QI) of
Ql-valued points of such a group G.
In this section we will study the properties of ordinary reduction of an
abelian variety X over a number field F for which the Lie-algebra of the
image of the Galois representation

is

a

Ql-form

of Sp(2)2k+

1

x

Ga.

2.2 THEOREM. Suppose that X is an abelian variety of dimension 22k over
a number field F. Assume that for some prime number l, the Zariski closure
G, of the image of the l-adic Galois representation satisfies

where Sp(2)2k+ 1 acts on TlX Q Ql via the (2k + 1)th tensor power of the
standard representation. Then there are a finite extension F’ of F and a set
P of places of F’, of Dirichlet density 1, such that X has good and ordinary
reduction at every place v E P.
2.3 Proof. Without loss of generality, we can assume that G, is connected.
Let us consider the weights of the representation of (G,)Q,. The weights of
the representation of Sp(2)2k+l are the vertices {± e1 ± ··· ± e2k + 1} of a
hypercube in R 2k+ 1. The weights of the representation of (Gl)Ql are the
translates of these weights over the vector e2k + 2 E R2k + 2, the last coordinate
corresponding to the connected centre Gm.
Suppose that m is an integer such that 16"’ &#x3E; 8k + 4 and let F’ be a finite
extension of F containing the lmth roots of unity and enjoying the property
that all elements of 03C1l(Gal(Q/F’)) are congruent to id modulo l m. Let P’ be
the set of places v of F’ with the properties that

(a) v does not divide 1,
(b) X has good reduction Xv at v, and

169

(c) p,(Frv) generates a maximal torus of Gl, i.e. the Zariski closure of the
subgroup of Gl(Ql) generated by p,(Frv) is a maximal torus of G j .
It follows from [Ch, 3.8] that P’ has Dirichlet
subset of P’ such that

(d)
(e)

F’ is unramified at the
all v ~ P have degree 1.

1. Let P be the largest

density

places contained in P,

and

The set P also has Dirichlet density 1. We will show that Xv is ordinary for
each v E P.
Let v e P and suppose that v has residue characteristic p. Because v has
degree 1, X, is defined over the prime field Fp. The condition that p,(Frv)
should generate a maximal torus of G, is equivalent to the condition that
its eigenvalues À,1’ ... ,03BB2g should not have any more multiplicative relations
with integer coefficients than the weights of the representation of (Gl)Ql on
TlX Q Ql have additive relations. This means that we can map the
subgroup of Q* generated by 03BB1,...,03BB2g injectively to R2k + 2 by mapping
each to the corresponding weight. From now on, we will identify this
subgroup of Q* with its image A in R2k + 2 and the 03BBi with the vertices of
the hypercube described above. The algebraic number corresponding to
Q E A will be denoted by aQ. Conversely, we write Q. for the element of
A corresponding to CXE ~03BB1,...,03BB2g~ ~ Q*. Note that 03B1Q + R
CXQCXR and
=

Q.0 = Q. + QO.
are the zeros of a polynomial with coefficients in Z, so
the set {03BB1,...,03BB2g}. The À,i satisfy the same relations as
the vertices of the hypercube, so this action factors through the automorphism group of this hypercube. Because 03BBi03BBi p for every complex
conjugation a H ex on Q, there is a well defined complex conjugation on the
subgroup of Q* generated by the 03BBi. Because the 03BBi correspond to the
vertices of the hypercube, this complex conjugation acts on these vertices
and since À,ili p, this action is given by inversion of the hypercube in its
centre e2k + 2. In other words, the action of complex conjugation on A is
induced by the map on R2k + 2 given by

By [Tat], the A,

Gal(Q/Q) acts

on

=

=

We also see that p corresponds to the vector 2e2k + 2.
Let w be a valuation of Q lying over p, normalized by w(p) = 1. It gives
a map from Q* to Q and hence a map 039B ~ Q. On the set {03BB1,...,
03BB2g}, W
in
the interval [0, 1] and to prove that Xv is ordinary, we have
takes values
to show that the only values it assumes are 0 and 1. To do so, we suppose
that it does take another value and proceed to derive a contradiction.
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For each 1

-2ej + 2e2k + 2.

j
The

2k + 1 we put Q+j - 2ej + 2e2k + 2 ~ 039B and Q-j =
algebraic numbers 03B1+j = 03B1Q+j and 03B1-j = aQT have abso-

lute value p for every archimedian absolute value on Q, because each of these
numbers is the product of two eigenvalues of 03C1l(Frv). We claim that our
assumption that w(03BBi) ~ {0,1} for some i implies that w(at) &#x3E; 0 and w(aj) &#x3E; 0
for all j. To show this, note that, for any j, the set of eigenvalues of p,(Fr v) is
the union of the set of the eigenvalues corresponding to a vertex for which the
jth coordinate is positive and the set of the eigenvalues for which this
coordinate is negative. Our assumption on w(03BBi) implies that both these sets
contain an eigenvalue of p,(Fr v) with positive valuation, namely Â, for the one
and À; for the other subset. Let us assume that 03BBi lies in the former of these sets.
Then 03B1+j - 03BBi03BBi’ for some i’ and hence w(at) &#x3E; 0. Similarly we see that
w(03B1-j) &#x3E; 0.
Because the group Gal(Q/Q) acts on the set {03BB1,...,03BB2g} through the
automorphism group of the hypercube, it acts on the set {03B1+j, 03B1-j} 1 j 2k + 1. We
will be interested in the algebraic integer

It is invariant under the action of Gal(Q/Q) and therefore j8eZ. We also know
that w(03B2) &#x3E; 0, whence p|03B2, and that Ifil (4k + 2)p.
Because of the assumptions on F’, we know that the numbers at are
congruent to 1 modulo l m, so P --- 4k + 2 (mod 16"’). Because v has degree 1 in
F’ and since F’ contains the luth roots of unity, we have p * 1 (mod lm). It
follows that fl ~ (4k + 2)p (mod plm). Because 16"’ &#x3E; 8k + 4, the facts that

and

imply that fi = (4k + 2)p and it follows that all a; are equal to p, contradicting
the fact that the eigenvalues of p,(Fr v) do not satisfy more relations than the
weights of pi. This means that our assumption that w({03BBi}2gi = 1) =1= {0, 1} was
incorrect and hence that X has ordinary reduction at v.
0
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