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Abstract. Let (M, P) be a Poisson manifold. A 2-form w of M such that the Koszul bracket
{03C9, 03C9}P = 0 is called a complementary form of P. Every complementary form yields a new Lie
algebroid structure of TM, and, under some supplementary hypothesis, the form also defines a
Poisson-Nijenhuis structure of M [12]. We give several examples of complementary forms, and new
examples of Poisson-Nijenhuis manifolds. The general results are expressed in the framework of
Hamiltonian structures [3] and Lie algebroids.

The motivation of the present paper comes from the theory of the Poisson-Nijenhuis
structures which is being studied in connection with the integrability of Hamiltonian

dynamical systems [3, 12, 7, 16] etc.
The main result will be that certain 2-forms of a Poisson manifold M, with the
Poisson bivector P, provide the manifold with a Poisson-Nijenhuis structure, and,
in particular, all the symplectic-Nijenhuis structures are generated in this way.
As a matter of fact, the interplay between Poisson-Nijenhuis structures and
2-forms was investigated in [12]. The difference is that the 2-forms w of the
present paper may not be closed. Instead, they are asked to satisfy the dual Poisson
condition tw, wlp = 0, where the bracket is that of Koszul [8]. Such complementary forms w induce a new Lie algebroid structure on TM. Under a supplementary hypothesis (in particular, if closed), a complementary form yields a
Poisson-Nijenhuis structure of M.
In the paper we give several examples of complementary 2-forms, and new
examples of Poisson-Nijenhuis structures. These examples include the compact
Hermitian symmetric spaces (where any harmonic 2-form is a complementary 2form), foliated manifolds with a bundle-like symplectic form, the Kodaira-Thurston
symplectic manifold, Riemannian manifolds with a parallel 2-form, etc.
To gain in generality, the main results will be given in the framework of Lie
algebroids, and the existence of the bracket of 1-forms is proven in the case of a
general Lie algebra endowed with a linear representation [3].

1. Preliminaries
To make this paper reasonably self-contained we shall review the most important
notions and formulas needed. In particular, we shall start with a full review of the
extension of a Poisson bracket to 1-forms because this bracket will be essential in
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what follows. Moreover, we consider this bracket in the general algebraic framework of [3], [4] since this framework is important in applications, and we believe
that it is worth recording the proof of the fact that the bracket of 1-forms satisfies
the Jacobi identity in its full generality. Essentially, the proof is the same as the
one given in [7]. In the general case, the vector spaces involved are not reflexive,
and one of the consequences of the fact that the proof also holds in this case is that
there exists a Lie bracket of 1-forms on Poisson-Banach manifolds as well.
Let X be a (real) Lie algebra with a given representation on a (real) vector space
F. The reader should think of X as the Lie algebra of vector fields of a differentiable
manifold M, and think of F as C~(M), but keep in mind that we have much less
structure in the general case and, in particular, F is not a ring, and X is not an
F-module. However, we may define various spaces of ’tensor fields’ such as

etc., where LR denotes spaces of R-linear mappings. But, of course, these spaces
may not be the same as the tensor product spaces of the same type and, in particular,
x may be only a subspace of V1(X).
Then, we shall denote by (, ) the usual pairing on either X x 1B 1(X) or 1B 1(X) X,
and, using the classical formulas of differentiable manifolds, we shall define the

operators

where X E X. All the algebraic properties of these operators which involve only
the existing general structure hold in the general case as well. For instance, on
^k(X) we have

etc.

For

our

subject it is important to look at the space

Clearly, A(X) C V2(X) (H is to be seen as (H À, u», and the characteristic property
of (1.2) is called the skew-symmetry of H. Furthermore, one has an important
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operation called here the Gel’fand-Dorfman
defined VH, K e A(X) by [3]

bracket [,]: A(X) x A(x) ---7 V3(X),

if H E A(x) and [H, H]
also say that the same H is
We
shall
operator.
Poisson bracket defined by

Following [3],

is

a

0, ll is called a Hamiltonian
Poisson structure on F since the

=

a

Lie bracket:

The

following lemma is crucial [7]

LEMMA 1.1. Let H E

Proof.

A(X)

Let us make the

and let us define,

~03B1,03B2

~ ^1(X),

following computation which uses the skew-symmetry

of H:

If the Lie derivatives in the first and in the third term above
and after reductions, we get exactly (1.7).

are

made

explicit,
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Now, in order to prove (1.8)

we

define

an

using the formula of an exterior differential,
Namely, VX e X, we put

Of course, the

skew-symmetry of

is also skew-symmetric. Then,

we

H

was

operator d* :Vk(x)
and the

bracket {,}

The

we

put

replace

d*X

by

the final result of

we

get

(1.9) in (1.10),

comparison of ( 1.12) and (1.11) yields the required formula (1.8).

From Lemma 1.1

we

of [ , ].

used, and it follows from it that

and, if we replace here d*X by its definition (1.9) and use (1.7),

On the other hand, if
obtain

~ Vk+1(X) by
instead

deduce

we
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THEOREM 1.2. (i) [H, H] = 0 iff H {03B1,03B2} = [Ha,H,8]. ii) If [H, H] - 0, the
bracket (1.6) is a Lie bracket on
and (a C
f E 0) - (Ha)f is
a representation of the Lie algebra
Assume that (X, F)
on
F.
iii)
(x),{,})
restrictions:
1°
a
is
with
unit
and
the
F
satisfy the following
representation of
ring
x on F is by derivations; 2° if, HX ~ x, X f = 0 ( f E F), then f = const. in F;
3° if VX E x, LXT = 0 (T E
(0, 0)), then T = 0; 4°
the span of the set {df/ f e F} over F. Then, if the bracket (1.6) is a Lie bracket,
one has[H, H] = 0.
such that
Proof. (i) [4], [7]. If 0 ~ X ~ x, obviously, there exists 7 e
if
result.
the
0.
03B3, X&#x3E; ~ Hence, [H, H] = 0, (1.7) implies required
(ii) [7]. Since [H, LXH] = (1/2)LX[H,H], (1.8) shows that [H, H] = 0
implies the Jacobi identity for the bracket (1.6). The second assertion follows by
using (1.7) again. (iii). (1.6) implies tdf, dgl = d{f, gl, where {f, g} is given by
(1.4). Hence, the Jacobi identity for (1.6) implies
d({{f,g}, h}) = 0
i.e., in view of 2°,
h}) = const. Accordingly, (1.8) and (1.5)
imply LX[H,H](df,dg,dh) = 0, Vf , g, h E F, and the restrictions 3°,4° allow
us to conclude that [H, H] = 0. (1° is needed to make 2° and 4° meaningful.)
D

^1(X),
(A’

1(X),

1(X) is

Tkh (x) , (h, k) ~

1(x)

03A3Cycl(f,g,h)({{f,g},

03A3cycl(f,g,h)

Thus, if we agree to call a triple (X, F,H) as above, with [H, II] - 0, a
Hamiltonian algebra, the main conclusion is that a Hamiltonian algebra also has a
Lie bracket on 1(x), which is given by (1.6), and is compatible with H. W e call
it the dual Lie bracket of the given Hamiltonian algebra.
REMARK. Actually, in applications, an even more general algebraic structure is
needed [4] namely, that of a Lie algebra X with a representation on a given cochain
complex C = (03A3~k=0 03A9k,d : 03A9k ~ 03A9k+1 , d2 = 0). By such a representation we
defined VX E X, ~k = 0,1, 2, ... ,
mean a mapping X - i(X) E
such that i(X)i(Y) + i(Y)i(X ) = 0 and that (1.1) (with the formula of LX seen
as a definition) holds. Then, X is represented on na in the usual sense, and, if in
the algebraic computations needed for the Lemma 1.1, we replace F by
the brackets
by 03A91, X f by i(X)df, (X, a) by i(X)a (X E X, f E na, a E
will
be
and
Lemma
1.1
will
be
valid
Theorem
defined,
But,
(1.3), (1.4)
again.
1.2 will be true only if: (1) for (i), one also asks that, if for a given X e X and
~03B1 ~ 03A91, (X, a) = 0, then X = 0; (2) for (ii) one also asks that, if for a given
a E 03A91 and VX ~ X, (X, a) = 0, then a = 0. A triple (x, C, H) as above, with
[H, H] = 0, may be called a Hamiltonian complex, and such triples, precisely, are
encountered in applications [3], [4].

LR(03A9k, 03A9k-1),

03A90, 1(X)

03A91),

From the geometric point of view, it is natural to look at Hamiltonian algebras
in the framework of Lie algebroids. We agree that all the differentiable manifolds
bellow are finite dimensional, unless specifically mentioned otherwise, and the
frame-category is the C~ category.
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First we remember that a Lie algebroid (e.g., [11]) is a vector bundle 7r : E ~ M
endowed with a Lie bracket [ , ]E on the space rE of the global cross sections
of E, and with an anchor bundle morphism A : E ~ TM which is Lie bracket
preserving and satisfies the condition

For a Lie algebroid E it is possible to extend the usual calculus on differentiable manifolds if cross sections of E, kE and kE* are used instead of vector
fields, multivector fields and differential forms, respectively, and if derivatives
(As)f (s e 0393E) are used instead of those given by vector fields. In other words,
the classical case is just the case where E = TM, [, ]E is the Lie bracket of vector
I d. If the classical formulas are changed as indicated above, we
fields, and A
obtain an ’exterior differential’ dE, a ’Lie derivative’ LE etc. which have the usual
=

properties [ 11, 7], etc.
In particular, we also obtain a Schouten-Nijenhuis bracket of ’E-multivector
fields’ defined, for instance, as the R-linear extension of the formula

where si,
e TE and a hat means the absence of a factor. Our sign conventions
are those of [10] and [15], and we may see as in the classical case (e.g., [15]) that,
the result is
if (1.14) is extended to a bracket [03BB, 03BC]E (03BB C 0393 k E, 03BC e
in
as
of
the
into
sums
of
À
(1.14).
of products
independent
decomposition
and y
The reader will find in Section 6 of [7] a complete study of the operations
described above. In particular, if one defines grade(À) = k - 1 for À e r 1B k E, and
one multiplies (1.14) by
] E is the operation of a graded Lie algebra
where dE is an antiderivation.
Now, from the previous definitions, it follows that, if we put X = rE with the
bracket [, ]E, F
C~(M), and with the representation s f = (As) f (s E rE, f E
we
can
use
the algebraic results of the first part of this section.
C~(M)),
In particular, the space A(x) defined by (1.2) is just 0393 2 E, and the operators d Ei(s),
are those which were denoted previously by d, i(X), LX.
Concerning the Gel’fand-Dorfman bracket (1.3), one can check that it is just
the Schouten-Nijenhuis bracket of the corresponding E-bivector fields, and, hereafter, we shall speak only of Schouten-Nijenhuis brackets. (There are no general
of a general pair (x, F).)
Schouten-Nijenhuis brackets on the spaces
a
we
define
Poisson
a Poisson bivector on E as an
structure
or
Accordingly,
element 0 C 03932E which satisfies the condition

sj

0393 hE),

(-1)k+1, [ ,

=

LE

Vk(X)
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E 0393 2 E, there is an associated dual bracket of FE* defined by
We
shall dénote the Hamiltonian operator H associated with 8 by #0398 (= tt):
(1.6).
E* ~ E. More precisely, # is defined by

Moreover, ~0398

The

corresponding dual bracket (1.6) will be written as

where 03B1, (3 E FE*.
Now, Theorem 1.2
THEOREM 1. 3. 0 E

yields
03932E

is

a

Poisson structure

of E iff

holds. A Poisson structure 0 of a Lie algebroid E induces a Lie algebroid structure
on the dual vector bundle E* with the bracket (1.17) and with anchor A* =

A o #0398.
Proof. The only fact
simple computation.

that

we

still must check is

(1.13), and this follows by

a

D

We shall say that the obtained structure of E* is the dual Lie structure with
respect to 8. In view of (1.18), # is a homomorphism of Lie algebroids. It is also
important to notice that, in view of (1.14), (1.18) extends to the general SchoutenNijenhuis brackets of E* ,[ ,E - and E , [ ,E , if we extend # to À e 0393 k E*

by
Using the terminology defined above, it is well known that a Poisson manifold
is just a differentiable manifold M with a Poisson structure P on the Lie algebroid
(TM, Id.). We refer the reader, for instance, to [18] or [15] for the theory of
Poisson manifolds. Accordingly, (1.17), where L and d are the classical operators
on a manifold, is a Lie bracket of 1-forms, and, following the usual custom, we
shall denote it by {03B1, 03B2}P. This bracket and # make T* M into a Lie algebroid dual
to TM with respect to P.
The dual Lie structure of T* M, where M is a Poisson manifold, was discovered
and studied by many authors (e.g., see the references given in [7]). In particular, the
dual Schouten-Nijenhuis bracket {, }p of differential forms on a Poisson manifold,
which is essential for the present paper, was first studied by Koszul [8]. One also
has
PROPOSITION 1.4.

If ~ : (M1, P1) ~ (M2, P2) is a

Poisson

mapping, ~03BB

E
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kM (and we
Proof. In this proposition we used the notation 0393kT*M
shall continue to do so hereafter), and the indices 1, 2 signify brackets associated
to the Poisson structures P1, P2. That p is a Poisson morphism means
=

e C~(M2) and {f,g} = P(df,dg).
It follows straightforwardly from (1.21), (1.17) and
C’(M2) one has

where f, g

(1.13) that df,g,h

E

and, then, it is clear that (1.20) holds for any 1-forms À, Il of M2. This result extends
to

arbitrary differential forms using (1.14)
The

previous

definitions and results

were

D

described in the finite dimensional

case, but many of the known

applications of Poisson-Nijenhuis structures to inteare
infinite
for
dimensional situations. These applications can
grability questions
be studied either by using infinite dimensional manifolds [12] or by an algebraic
machinery [3], [4], [7].
We end this section by the indication of the way towards a theory of PoissonBanach manifolds [12]. Let M be a Hausdorff C~ Banach manifold [1]. Then, we
define a Poisson structure of M to be a Lie bracket t 1 1 on C~(M) such that,
~f E C~(M),{f,.}:= X f is a vector field called the Hamiltonian vector field
of f. Thus

and

that there exists
such that

we see

TM)

a

cross-section H of the vector bundle

Hom(T*M,

It is not very useful to look at the ’Poisson bivector’ P( df , dg) = {f, g 1 for the
following two reasons: (i) the model of M may not be reflexive and P may not
define H, (ii) the Schouten-Nijenhuis bracket can be defined in the usual way for
sections of AKTM but not for sections of Lalt(T* M ... x T* M, R).
Thus, the characteristic feature of the theory is that we must look rather at
#P := H than at P itself, and a Poisson-Banach manifold is a Banach manifold M
endowed with an operator H such that (1.23) is a Lie bracket of functions. This
means that H is a Hamiltonian operator as defined in the first part of this section
i.e., [H, H] = 0, for the bracket (1.3) [3]. The definition of a Poisson-Banach
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structure H may be extended to Lie-Banach
1.3 remain true.

2.

algebroids and the results of Theorem

Symplectic-Nijenhuis manifolds

begin with the definition of the Poisson-Nijenhuis structures on Lie algebroids.
Let 03C0 : E - M be a Lie algebroid of anchor A, and let B : E - E be a vector
bundle morphism. Then the Nijenhuis tensor of B is

We

E rE. If NB
shows that

dsl, s2

defines

a new

Nijenhuis
a Nijenhuis

Lie

=

0, B is called a Nijenhuis endomorphism of E, and (2.1)

algebroid

structure of anchor A

o

pair (0, B), where 0398 is
of
endomorphism E, such that

structure

of E is

a

a

B on E. Now, a PoissonPoisson structure and B is

is skew-symmetric, and the dual brackets (1.17) defined by the pairs ([, ]E,81)
and ([,]B, 8) coincide.
Moreover, if [ , is any Lie algebroid structure of E with an anchor of the
form A’ = A o C for some Lie algebroid endomorphism C : E ~ E, it follows

]É

easily that, ~s1,s2 ~ rE,

where is an E-valued 2- ‘E-form’ . (Check that [s1,s2]’E - [SI, S2]C is C~(M)bilinear.) The triple ([,1 É, C, 0398) where 0 is a Poisson structure of E and A’ A o C
is called a generalized Poisson-Nijenhuis structure of .E [16] if the conditions of
the definition of a Poisson-Nijenhuis structure given above are satisfied, except for
the fact that B is replaced by C, and that we may have Ne =P 0, but we must have
Va e rE*
=

A Poisson-Nijenhuis structure is characterized
(2.3) and by [7] (see also [16])

by the skew-symmetry of 03981

of

64

Vo,, T E rE*. The same relation with C instead of B characterizes the generalized
Poisson-Nijenhuis structures.
As mentioned in Section 1, the Poisson-Nijenhuis structures are interesting in the
integrability theory of Hamiltonian systems. This is a consequence of the following
main property [7]: if (0398, B) is a Poisson-Nijenhuis structure of the Lie algebroid
0, and 8(k), k ? 1,
E, the pairs (0398(k), Bp), where p,k
0,1,2, ..., 8(0)
are defined inductively by formula (2.3), are again Poisson-Nijenhuis structures,
0. Similarly [16], if ([ , ]’E, C, 0 ) is a generalized Poissonand [0398(k), 0398(h)]E
are ([, ]’E, C,
so
structure
Nijenhuis
0(k» and, again, [0398(k), 0398(h)]E 0. The last
equality is known as the compatibility of the corresponding Poisson structures.
The above mentioned structures are called the Poisson-Nijenhuis hierarchy of
the original structure. Under certain regularity conditions, the existence of the
hierarchy implies that the eigenvalues of B are Poisson commuting first integrals
=

=

=

=

of Hamiltonian systems [12].
As we already said, most of the

applications of the theory of Poisson-Nijenhuis
integrability problems regard infinite dimensional Hamiltonian systems, and they appear either in the context of Hamiltonian complexes (see Section
structures to

1) [3], [4] or in the context of Poisson-Banach manifolds [12]. Therefore, if not
geometry but integrability is the main interest, the definition of the (generalized)

corresponding terms. It is
that this definition can be given in exactly the same way for a
Hamiltonian complex (X, C, H), and a ’tensor’ B E LR(X, X) and, in particular, for
the case of the Hamiltonian algebra with x = X(M), F
C°°(M), where M is a
Banach manifold endowed with a Poisson structure H as defined in Section 1. In
the last case, we get the notion of a Poisson-Nijenhuis-Banach manifold. The existence of the Poisson hierarchy of a Poisson-Nijenhuis-Banach manifold was proven
in [12], along with the finite dimensional case, since the computations of [12] are
also valid on Banach manifolds. Moreover, in fact, these computations require only
algebraic properties of Lie derivatives, exterior differentials and Gel’ fand-Dorfman
brackets. It follows from this argument that they remain also valid for Hamiltonian
complexes which satisfy part i) of Theorem 1.2, and for Hamiltonian algebras.
Furthermore, the existence of the Poisson hierarchy is ensured in these cases as
well and, in particular, in the case of Lie- Banach algebroids. (On the contrary, we
couldn’t use the proof of [16] for the same purpose since this proof uses the fact
that the Jacobi identity for the bracket of 1-forms implies the Poisson character of
a bivector, and this may not be true in the general cases mentioned above.)
Now, we come back to the finite dimensional Lie algebroids, and we restrict
our attention to the most important case, that of a Poisson-Nijenhuis manifold,
where E
T M with the usual Lie bracket, and A = Id., and, particularly, to
the symplectic-Nijenhuis manifolds. These are symplectic manifolds M, with the
symplectic 2-form 03C3 (du = 0), and with a Nijenhuis (1, 1 )-tensor field B such
that (P, B) is a Poisson-Nijenhuis structure of M (i.e., of TM), where P is the
Poisson bivector which has the same Poisson brackets of functions as the symplectic
Poisson-Nijenhuis

structures should be formulated in

easy to understand

=

=
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form 03C3. If #-103C3 : TM - T*M is defined by #-103C3(X) = i(X)03C3 (X e TM), P is
characterized by #P o #-103C31 = -Id., or by the fact that its matrices of local coordinates
are P - ta-le
The case of the symplectic-Nijenhuis manifolds is the case where the basic
applications of the theory to integrability problems actually appear [12], and, for
this reason, they provide us with the motivation of our study.
On a symplectic-Nijenhuis manifold (M, a, B ) there exists a unique 2-form 03C9
such that

1
where
is defined in the same way
but, while 1 is indeed the inverse
of a mapping,
is just a notation which, for uniformity, we prefer instead of the
more common b03C9; #03C9 itself does not exist if w is not nondegenerate. Indeed, (2.7)
and (2.3) imply VX, Y E TM

as #-103C3

#-103C9

#-103C3

#-103C9

where Pl is the ei1 of (2.3) in the present situation, and (2.8)

skew-symmetry of w. We say that

accounts for the

w is the associated 2-form of (M, (J,

B), and we

prove
THEOREM 2.1. The associated 2-form w of
(M, (J, B) satisfies the conditions

a

symplectic-Nijenhuis

manifold

if a 2-form w of a symplectic manifold (M, u) satisfies (2.9), w is
associated with a symplectic-Nijenhuis structure (M, a, B), where B is defined by

Conversely,
(2.7).

Since #P is an isomorphism, the first relation (2.9) is equivalent to
[#P03C9, #P03C9] 0 i.e., to the fact that #P03C9 defined by (1.19) is a Poisson structure of
M. But, it follows easily from (2.8) that #P03C9
Pl, and, since Pi belongs to the
condition
the
the
holds.
of
Poisson hierarchy
structure,
required
Now, let us make the interesting remark that, on every symplectic manifold
(M, cr), and for every differential form A one has [7]

Proof.

=

=

Indeed, if the coordinate expressions of o, and À, and the formula (1.14) are used
to compute {03C3,03BB}P, the result is the coordinate expression of d a. (See [ 15] for the

general formula of the coordinate expression of the bracket of two forms.)
0 and,
Accordingly, the second condition (2.9) is equivalent to {03C3,03C9}P
the
last
holds
since
the
0.
to
But,
therefore,
equality
[#P03C3,#P03C9] = [P, Pl]
are
of
Poisson
structures
the
hierarchy
compatible.
=

=
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Conversely, if we have a 2-form w satisfying (2.9) on a symplectic manifold
(M, 03C3), Pl § poe will be a Poisson structure of M, compatible to P (as above),
and, by a known result [12], [16], (P, -#P1 o #-103C3) is a Poisson-Nijenhuis structure
of M. But, Va E T* M, and VX E T M at the same point of M, we have
=

REMARK. A comparison of Theorem 2.1 with Proposition 2.1 of [12] shows
that a closed 2-form 03C9 on a symplectic manifold satisfies {03C9, 03C9}P = 0 iff it
satisfies the hypothesis dw = 0 of [12] for the 2-form (X, Y) = 03C9(X,

§ p§j ’ Y )

(X, Y

E

r2’M).

Theorem 2.1 is advantageous since it is easier to work with differential forms
than with Nijenhuis tensors. This fact is illustrated by the following examples.
PROPOSITION 2.2. Let M be a compact Hermitian symmetric space with metric
g and Kâhler form 03C3. Then, any harmonic 2-form 03C9 of M is associated with a
symplectic-Nijenhuis structure (M, 03C3, B), where B is defined by (2.7).
Proof. The result is proven if we check that satisfies the first condition (2.9)
since, by harmonicity, d03C9 0.
By the results of Koszul [8] (see also [15]) the bracket {03BB, 03BC}P of differential
forms 03BB E kM, 03BC on a Poisson manifold is expressible by
=

where 6

=

i( P)d - di(P). Hence, the first condition (2.9) means

Furthermore, Brylinski [2] (see also [15]) proved that, in the case of a symplectic
manifold, 6 is just the symplectic codifferential, which is known from [9] where it
is also proven that a Kahler manifold has the property b = CbgC. In this formula,
is the Riemannian codifferential of the Kahler metric g, and C is defined on
forms by applying the complex structure tensor J to the arguments of a form (e.g.,

8g

[17]).
Now, if 03C9 is harmonic, C03C9 is also harmonic (e.g., [17]) and, in particular,
03B4gC03C9 0. Therefore, bw 0. Finally, on a compact Riemannian symmetric
space, the exterior product of harmonic forms is harmonic (e.g., [5]). Thus, in our
0
case 03C9 n w is harmonic, and b(w n w) = 0. Hence (2.13) holds.
=

a

=

In order to give a second example we define first an auxiliary notion. Let F be
foliation of a differentiable manifold M. A symplectic form (7 of M (if it exists)
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is said to be F-bundle-like if: (i) the leaves of F are symplectic submanifolds of
(M,03C3); (ii) for any pair of F-projectable vector fields (i.e., vector fields which
have projections onto the space of leaves of F) X, Y which are 03C3-orthogonal to F,
a(X, Y) is constant along the leaves of F. The name bundle-like is used because
the situation is similar to that of bundle-like Riemannian metrics (e.g., [14]).

PROPOSITION 2.3. Let (M, 03C3) be a symplectic manifold which has a foliation JF
such that o, is an F-bundle-like symplectic form. Let B be the projection on TF
according to the decomposition T M N0 e TF where NF is the a-orthogonal
bundle of TF. Then (M, 03C3, B) is a symplectic-Nijenhuis structure.
Proof. First, we notice that, in this Proposition, what we have is a Dirac bracket
(i.e., a Poisson bracket computed along the leaves of a foliation with symplectic
leaves e.g., [10], [15]) which satisfies the supplementary condition (ii).
In the following computation we shall use the bigrade or type of forms induced
by the decomposition T M = N 0 e TF, and the corresponding decomposition
=

of the exterior differential

and d03C3

=

0 is

(e.g., [14]).

In

particular, we have a decomposition

equivalent to

Since the leaves of F are symplectic, the leafwise Poisson brackets of functions
in C~(M) exist and yield a Poisson structure, say D, of M, known as a Dirac
bracket. More exactly, ~f E C°°(M), we have a leafwise Hamiltonian vector field
=
=
defined by
Therefore,
#Pd"f (tp o

Xf

i(XDf)03C3"

i(XDf)03C3 = -d"f.

Xf

#-103C3 = -Id.), and
D(df,dg) = {f,g}D

=

03C3"(XDf , XDg) = 03C3"(#Pd"f,#Pd"g) = 03C3"(#Pdf, #Pdg),

since the added terms d’ f , d’g have no contribution to the result. Hence, D
and, because D is

a

Poisson bivector,

we

=

#P03C3",

have

Until now, we referred to any Dirac bracket. If we add the condition (ii) of the
definition of an F-bundle-like symplectic form, we also get that d"O" = 0 (the
equivalence of the latter condition with property (ii) is rather obvious). Then, it
follows from (2.16) that we also have du" = 0, and, by Theorem 2.1, 0," is associated with a symplectic-Nijenhuis structure. The Nijenhuis tensor of this structure
and it is easy to see that, VX E TM, if X = X(1,0) +
is B = -#P o

#-103C3",

X(0,1),
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then BX

=

X(o,j).

1--l

We end this section by a nice concrete example of a compact symplecticNijenhuis manifold. Namely, we take M to be the Kodaira-Thurston example of a
non-Kähler symplectic manifold: the quotient of R4 by the group of transformations

where p, q, m, n

are

integers. The symplectic form of M is

~(x1, x2) and

which is invariant by (2.18). Assume that p =
defined on M (i.e.,invariant by (2.18)), and take

0 =

03C8(x4) are well

(invariant by (2.18), again). Clearly, doe 0, and a straightforward computation
on (1.14) yields {03C9,03C9}P
-Id. Hence, by Theorem
0, where #P o #-103C31
=

based

=

2.1, ú.J is associated with
will be

a

=

Poisson-Nijenhuis structure whose Nijenhuis tensor B

given by

Notice that B has exactly two eigenvalues, hence, it leads to the
the Hamiltonian dynamical systems which leave ce invariant [12].
3. General

integrability

of

complementary 2-forms

Theorem 2.1 suggests the following general definition: let 7r : E - M be a Lie
algebroid of anchor A, and a Poisson structure of E; then a 2-E-form ce E 03932E*
will be called a complementary 2-form of 0 if

is a complemented Poisson structure of E, and, in particular, if
TM, A = Id., (M, 0398, 03C9) is a complemented Poisson manifold.
Generally, the complementarity condition (3.1 ) is not equivalent with the condition of [12] quoted in the Remark which follows Theorem 2.1. The main result
on complementary 2-forms is

Then,
E

(0398,03C9)

=

THEOREM 3.1. Let (0398, 03C9) be a complemented Poisson structure of the Lie
broid E, and let B : E ~ E be defined by

alge-
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Then, the bracket defined Vsl, 82

E FE

by

provides E with a new Lie algebroid structure of anchor map A o B.
Proof. By Theorem 1.1, we may see the dual bundle E* of E as a Lie algebroid
with the dual Lie structure induced by 0 and the anchor A*
A o #0398. Then, by
(3.1), the complementary 2-form 03C9 is a Poisson structure of E*, and it induces a
dual Lie algebroid structure on E with the anchor map A* o #-103C91
A o B. By (2.4),
=

=

the bracket of this structure is

where SI, S2 E TE and S E
last term of (3.3).
By (1.17) we have

Here,

we

may

replace Va

e

0393(E ~ 1B2 E*). We shall prove that S is precisely the

rE*, ~s

E rE

and, furthermore, by known results of [10] and [7],

We get

Nc.w, let us take a

Therefore,

we

have

e

rE*, and evaluate:
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Of course, we have a similar expression for the second term of
that, (3.8) takes the form (3.4) with

In (3.10)
we have

we

may

replace

B

by (3.2) and, also, use the fact that Vs

which follows from the definitions of
obtain

and if we

we

use

(3.8) and, with

dE, dE*

and from A*

=

A

o

E CCX) (M),

Us. Then,

we

(3.6) for 03C9 instead of a and the classical formula

arrive at the

required expression

The result which connects the complementary forms and the Poisson-Nijenhuis
structures is
THEOREM 3.2. With the

same

notation

as

in Theorem 3.1,

if

then the Lie algebroid structure (3.3), together with the morphism (3.2) and the
Poisson structure 0, is a generalized Poisson-Nijenhuis structure of E. If the
stronger condition

if dEW 0), and if the anchor A of E is injective,
Poisson-Nijenhuis structure of E.

holds (in particular,
is

a

=

then

(0, B)
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That (0398, B ) give rise to a E-tensor (2.3) which is skew-symmetric is
trivial. To check (2.5) for S of (3.14) we take a, 0 e FE* and t E 0393E, and

Proof.

compute

if (3.15) holds.
Furthermore,

if (3.16) holds,

we

have Va e

FE*, ds, t ~ 0393E,

(3.14) vanishes. If this happens, (3.3) reduces to [s1,s2]’E = [S 1, s2]B.
Applying the anchor A o B to this equality, and using (2.2), (2.1 ), we get
and S of

and, if A is injective, this implies NB = 0.
To finish the proof of Theorem 3.2, we have

to

check, for instance, that (2.6)

holds.

First,

notice the following auxiliary
by evaluating on s e rE:

we

Va e 0393E*

Then Vs E

formula whose

rE, and with the notation of (2.6),

we

get:

validity

is checked
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In this computation, we used the expression of an exterior differential, and the
auxiliary formula (3.17), and we made all the possible reductions. Now, if we look
at the

obtained result, and take into account that

(see (3.7)) and that

we

have

(3.15),

we see

that

(2.6)

finished.

is true, and the

proof

is
0

Theorem 3.2 shows the existence of an interesting class of (generalized) PoissonNijenhuis structures. A complementary 2-form c,v will be called a (generalized)
Nijenhuis complementary form if it satisfies (3.16) ((3.15) in the generalized

case).
In what follows,
have

we use

these notions in the

case

of Poisson manifolds. We

PROPOSITION 3.3. Let p : (M1, P1) ~ ( M2, P2) be a Poisson mapping, and
let 03C92 be a complementary 2-form of P2. Then WI- p*0e2 is a complementary
2-form of Pl. Furthermore, if 03C92 is (generalized) Nijenhuis, and if

(e. g., if (M2, P2) is symplectic) then wl is also (generalized) Nijenhuis.
Proof. The result is an immediate consequence of Proposition 1.2 and Theorem
3.2.
COROLLARY 3.4. The symplectic realizations of a
ifold are complemented symplectic manifolds.

0

complemented Poisson man-

COROLLARY 3.5. If ( M, P, w) is a complemented Poisson manifold, the pullback
of w to either a symplectic leaf S of P or the local transversal germ N at xo e S is
a complementary 2-form of S or N, respectively. In particular, if w is a Nijenhuis
complementary form, the leaves S are symplectic-Nijenhuis manifolds.
Proof. The inclusions of S and N in M are Poisson mappings and, obviously,
the inclusion of S in M satisfies (3.18).
~
It is less difficult to find examples of complemented Poisson manifolds than it
is to find Poisson-Nijenhuis structures.
First, notice that if (M, u) is a symplectic manifold with P = ta-l then w is
a complementary 2-form of u iff #P03C9 is a Poisson structure Pl of M. Thus, on
symplectic manifolds, complementary 2-forms are equivalent to Poisson structures,
and every new Poisson structure Pl of ( M, a) yields a new Lie algebroid structure of

the form (3.3) on TM with anchor B - #Po#-103C9. It is easy to see that #P1 = -Bo#P,
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symplectic foliation of Pl, im #P1 coincides with im B. Of course, the
symplectic 2-form 03C3 is complementary to its own Poisson structure P.
Next, let (Mm, P) be a regular Poisson manifold with rank P 2k m. Then,
the symplectic foliation S of P is regular, we may choose a transversal distribution
NS, and we may use the bigrading technique induced by TM NS ~ TS as we
did in Section 2. In particular, P has type (0, 2), the space 1,0M of the forms of
type (1,0) is equal to ker #P, and the latter is an abelian subalgebra with respect to
the bracket (1.17) of the present case (e.g., see [ 15]). Accordingly, by (1.14), every
form 03C9 of type (2, 0) will be a complementary 2-form of P, and B = #P o #-103C91 = 0.
d’03C9 + d"w, where the terms have the type (3, ) and (2,1 ),
We also have d03C9
Therefore,
(3.3) reduces to
respectively.
whence the

=

=

=

(3.15) holds. But this remark is not interesting since B = 0.
Furthermore, if a regular Poisson manifold (M, P) has a 2-form w which is
parallel with respect to a Poisson connection (i.e., a torsionless connection V such
that 17P
0) then w is a closed complementary 2-form of (M, P), and it yields
a Poisson-Nijenhuis structure on (M, P). Indeed, using (1.14) and a technical
computation, one gets the local components [15]
and

=

where i7 is an arbitrary torsionless connection of M. If VP = B7 ú)
0, tw, wlp =
0 as claimed.
For instance, if a Riemannian manifold (M, g) has a parallel 2-form w, and
if we put P
#g03C9, then it is clear that P is a Poisson structure of M, and the
connection
of ( M, g ) is a Poisson connection. Accordingly, the form
Riemannian
is a Poisson-Nijenhuis structure.
w is complementary to P and (P, #P o
Another example is provided by the results of Section 12 of [12]. Namely,
if G is a Lie group, and P is a right(left)-invariant Poisson structure on G, one
has {03B1,03B2}P 0 for any left(right)-invariant 1-forms 03B1, 03B2 of G. Indeed, for any
left(right)-invariant vector field X we have LX P = 0, and we get
=

=

#-103C9)

=

(In the computation above, we wrote # instead of #P.)
Now, it is clear from (1.14) that if w is a left(right)-invariant 2-form we shall
get {03C9, 03C9}P = 0. Hence, any left(right)-invariant 2-form is complementary to any
right(left)-invariant Poisson structure of G. If we also require dW 0, we get the
Poisson-Nijenhuis structure of Section 12 of [12].
=
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For a final example, let P be the Lie-Poisson structure of the dual space 9* of a
finite dimensional Lie algebra 9 (e.g., [18], [15]), and let r e 1B2Ç be a solution of
the classical Yang-Baxter equation [r, r]
0, where the bracket is the algebraic
bracket
of the bracket of 9 by a formula of
extension
of 9 (the
Schouten-Nijenhuis
the type (1.14), e.g., [15]). Then r can be seen as a ’constant’ (i.e., with constant
components) 2-form on g*, and, since it follows easily from the definition of the
Lie-Poisson structures that the brackets {,}P and [ , ] are the same for ’constant’
forms, the 2-form r is a closed complementary 2-form of (G*, P) and it provides
the latter with a ’constant’ Poisson-Nijenhuis structure. (See also Section 14 of
[12] and [6].)
Finally, let us notice that it is not possible to extend Theorems 3.1 and 3.2, as they
stand, to either Poisson-Banach manifolds or Hamiltonian algebras or complexes.
Indeed, if (X, F, H) is a Hamiltonian algebra as in Section 1, we might try to
define a complementary form as an element #-103C91 E LR(x, 1(X)), which can be
extended to the bidual of X with respect to F, and such that the Gel’ fand-Dorfman
bracket {#-103C9,#-103C9}, defined for the dual bracket of the given Hamiltonian algebra,
vanishes. But, the dual bracket of such a complementary form is on the bidual of
x and not on X itself.
=

Added in Proofs. The new book: Dorfman I., Dirac structures and integrability of
nonlinear evolution equations, J. Wiley &#x26; Sons, New York, 1993, is also available
now for the general algebraic Hamiltonian theory of Gel’fand and Dorfman to
which we referred in Section 1.
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