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EXACT BOUNDARY CONTROLLABILITY FOR THE

KORTEWEG�DE VRIES EQUATION ON A BOUNDED

DOMAIN

LIONEL ROSIER

Abstract� The exact boundary controllability of linear and nonlinear
Korteweg�de Vries equation on bounded domains with various boundary
conditions is studied� When boundary conditions bear on spatial deriva�
tives up to order �� the exact controllability result by Russell�Zhang is
directly proved by means of Hilbert Uniqueness Method� When only
the �rst spatial derivative at the right endpoint is assumed to be con�
trolled� a quite di�erent analysis shows that exact controllability holds
too� From this last result we derive the exact boundary controllability
for nonlinear KdV equation on bounded domains� for su�ciently small
initial and �nal states�

�� Introduction and main results

The Korteweg�de Vries �KdV� equation

yt � yyx � yxxx � �� ��	��

is a well known instance of a nonlinear dispersive partial di
erential equa�
tion� which may serve as a model for �among other things� propagation of
small amplitude long water waves in a uniform channel	
Recently stabilizability and controllability results have been obtained in

�
� for the forced Korteweg � de Vries equation with periodic boundary con�
ditions

yt � yyx � yxxx � f�t� x�� � � x � �� � � t � T ��	��

�ky

�xk
�t� �� �

�ky

�xk
�t� ��� � � k � �� ��	��

the control action f�t� x� being localized�

supp f�t� �� � �a� b� � ��� ��� ��	��

On the other hand� there are to date few results concerning the boundary
controllability of KdV equation	 In ���� boundary controllability of linear
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KdV equation

yt � yxxx � �� � � x � ��� � � t � T ��	��

�ky

�xk
�t� �� �

�ky

�xk
�t� ���� k � f�� �g� ��	��

�y

�x
�t� ��� � �y

�x
�t� �� � h�t�� � � t � T� ��	��

is obtained as a consequence of the uniform stabilizability of this time�
reversible �linear� system in both t�directions� whose proof is rather long
and technical	 Moreover only initial and terminal states y� and yT for whichZ ��

�

�
yT �x�� y��x�

�
dx � � ��	
�

are concerned and the control h�t� is not explicitly given	 The �rst goal
of this paper is to directly study the �exact� boundary controllability prob�
lem for linear KdV equation by means of the Hilbert Uniqueness Method
�H	U	M�	 This approach has been successfully applied for studying con�
trollability of wave and plate equations� and more recently of Schr�odinger
equation �see for instance ���� ���� ���� ����� ����� ����� �����	 The �rst result
of this paper concerning boundary controllability of linear KdV equation is
as follows�

Theorem ���� LetH�
p � fw � H���� ��� � w��� � w����� w���� � w�����g

and T � �� Then for any y�� yT � �H�
p�
� �the dual space of H�

p�� there exist

h�� h�� h� � L���� T � such that the solution y � C���� T �� �H�
p�
�� of the

boundary initial�value KdV equation�

yt � yxxx � �� �x� t� � ��� ���� ��� T � ��	��

y�t� ���� y�t� �� � h��t�� ��	���

yx�t� ���� yx�t� �� � h��t�� ��	���

yxx�t� ���� yxx�t� �� � h��t�� ��	���

y��� �� � y� ��	���

satis�es y�T� �� � yT �

Notice that explicit controls may be given	 Unfortunately� the state y
is only known to belong to C���� T �� �H�

p�
�� so it seems quite di�cult to

deduce from Theorem �	� controllability results for nonlinear KdV equation
��	��	 Lastly it should be more realist to set boundary conditions on the
value or the �rst �spatial� derivative of the function y rather than on the
second derivative yxx� if we have in mind to test such controllability result
or the validity of KdV equation as a model with an experimental device� For
instance we may observe the propagation of water waves of small amplitude
in a bounded channel� the level �or the slope� of the surface of the �uid being
controlled at the ends of the channel	 Notice that� as it was suggested in ����
the extra term yx should be in this case incorporated in the equation in order
to obtain an appropriate model for water waves in a uniform channel when
coordinates x� y are taken with respect to a �xed frame	 This inclusion is
not without consequence in controllability results� condition on the lenght
L of the domain appears	 The main result concerning �exact� boundary
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controllability for linear KdV equation �with boundary control on yx at
x � L� is the following�

Theorem ���� Let N � f��
q

k��kl�l�

� � k� l � IN�g� Then for any T � �

and L � ������ n N � for any y�� yT � L���� L�� there exists h � L���� T �
such that the mild solution y � C���� T �� L���� L��� L���� T�H���� L�� of

yt � yx � yxxx � � ��	���

y�t� �� � y�t� L� � � ��	���

yx�t� L� � h�t� ��	���

y��� x� � y� ��	���

satis�es y�T� �� � yT �

This theorem is proved by means of H	U	M and multiplier method	 It
turns out that the study of ��	������	��� as a boundary initial�value problem
is more delicate than for ��	�����	���� and that � because of the extra term
yx in ��	��� � the �key� observability result holds true i
 L �� N 	 On the
other hand the solution y belongs this time to a functional space in which
we may give a sense to the nonlinear term yyx in ��	��	
As a consequence of previous controllability result we get the main result

of the paper� that is the exact boundary controllability of nonlinear KdV
equation on a bounded domain�

Theorem ���� Let T � � and L � �� Then there exists r� � � such that
for any y�� yT � L���� L� with ky�kL�	��L
 � r�� kyT kL�	��L
 � r�� there exists

y � C���� T �� L���� L��� L���� T�H���� L�� �W ������ T�H����� L�� solution
of

yt � ��yx � yyx � yxxx� in D���� T�H����� L�� ��	�
�

y��� �� � � in L���� T �� ��	���

and such that y��� �� � y�� y�T� �� � yT � If moreover L �� N � then we may
in addition assume that y��� L� � � in L���� T � and take yx��� L� in L���� T �
as control function�

Theorem �	� is proved by means of Banach contraction �xed point theo�
rem and Theorem �	�	
The paper is organized as follows� In Section � we derive from H	U	M	 a

direct proof of the exact boundary controllability result by Russell�Zhang for
�linear� KdV equation �Th	 �	��	 In Section � we consider another boundary
controllability problem for �linear� KdV equation� in which only the value
of �rst spatial derivative �at x � L� of the state function is assumed to
be controlled� this boundary initial�value problem is �rst shown to admit
solutions �Prop	 �	��	 Next an observability result is given �Prop	 �	�� and
used to show �applying H	U	M� the exact boundary controllability for linear
KdV equation with these boundary conditions �Th	 �	��	 Finally in Section
� we derive from Th	 �	� the main result of this paper� that is the exact
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�local� boundary controllability of �nonlinear� KdV equation on a bounded
domain �Th	 �	��	

�� Exact boundary controllability of linear KdV

equation by means of control on datah
�ky

�xk
�t� ��

i��
�

� k � �� �� ��

In this section� for reasons of simplicity� we restrict ourselves to the case
where the space domain ��� L� is ��� ���� although Theorem �	� holds true
for arbitrary L � �	 On the other hand all the functions of this section are
assumed to take complex values	 For k � f�� �g we set

Hk
p ��

�
u � Hk��� ����

dju

dxj
��� �

dju

dxj
���� for � � j � k � �

�
� ��	��

�Hk��� ��� denotes classical Sobolev space on the interval ��� ���	� For n �
ZZ� let

�u�n� �
�

��

Z ��

�
u�t�e�intdt ��	��

be the nth Fourier coe�cient of u � L���� ���	 It is easy to see that� for all
u � L���� ���� k � f�� �g�

u � Hk
p 	


X
n�ZZ

�nk j�u�n�j�� ��� ��	��

and that the Sobolev norm kukk ��
�Pk

j��

R ��
� ju	j
�x�j� dx� �� reduces to

kukk �
� X
n�ZZ

�� � n� � � � �� n�k�j�u�n�j�� �� ��	��

for u � Hk
p 	 In what follows the �Hilbert� space H

k
p is endowed with the

norm k�kk	
Let A denote the operator Au � �u��� on the domain D�A� � H�

p �
L���� ���	 As it is mentioned in ����� A generates a strongly continuous
unitary group

�
S�t�

�
t�IR

on L���� ���	 Let T � �	 For uT �
P

n�ZZ cne
int �

L���� ���� the �mild� solution of the uncontrolled problem�

ut � uxxx � �� x � ��� ���� t � IR ��	��

u�t� �� � u�t� ���� ��	��

ux�t� �� � ux�t� ���� ��	��

uxx�t� �� � uxx�t� ���� ��	
�

u�T� �� � uT ��	��

is given by

u�t� x� �
X
n�ZZ

cne
i

�
n�	t�T 
�nx

�
� ��	���

�In the following� u will denote the solution of ��	�����	�� associated with
uT 	�
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We now consider the following non�homogeneous problem� Given y� � �H�
p�
��

h�� h�� h� in L���� T �� �nd y such that�

yt � yxxx � �� x � ��� ���� t � ��� T � ��	���

y�t� ���� y�t� �� � h��t�� ��	���

yx�t� ���� yx�t� �� � h��t�� ��	���

yxx�t� ���� yxx�t� �� � h��t�� ��	���

y��� �� � y�� ��	���

We �rst prove that �� equations ��	������	��� admit a unique solution y �
C���� T �� �H�

p�
�� in a sense to be made precise� and �� this solution is the

classical one whenever y� � D�A�� and h�� h�� h� are smooth enough and
vanish at �	 More precisely� we prove the following�

Proposition ���� 	� Assume h�� h�� h� � C�
����� T �� �� fh � C����� T �� IC��

h��� � �g and y� � H�
p � Then there exists a unique solution y �

C���� T �� H���� �����C����� T �� L���� ���� of �
�		���
�	��� Moreover for any
uT � H�

p and any S � ��� T � we haveZ ��

�
u�S� x�y�S� x�dx

�

Z ��

�
u��� x�y��x�dx

�
Z S

�

�
uxx�t� ��h��t�� ux�t� ��h��t� � u�t� ��h��t�

�
dt� ��	���


� For uT � H�
p � u � C���� T �� H�

p� and uxx��� �� makes sense in L���� T ��

�� Assume now only that y� � �H�
p�
� and h�� h�� h� � L���� T �� Then there

exists a unique y � C���� T �� �H�
p�
�� such that

�uT � H�
p � �S � ��� T �

� y�S�� u�S� ���	H�
p

��H�

p
�� y�� u��� ���	H�

p

��H�

p

�
Z S

�

�
uxx�t� ��h��t�� ux�t� ��h��t� � u�t� ��h��t�

�
dt� ��	���

Proof� �� Let ��� ��� �� � C����� ���� be such that �
	k

i ��� � � and �

	k

i ����

� �	ki for i� k � �� �� �	 The change of function
z�t� x� �� h��t����x� � h��t����x� � h��t����x� �

�
S�t�y�

�
�x� � y�t� x�

��	�
�

yields an equivalent problem� Find z such that

zt � zxxx � f�t� x� ��
�X

i��

�
h�i�t��i�x� � hi�t��

���
i �x�

�
��	���

z�t� ��� � z�t� ��� ��	���

zx�t� ��� � zx�t� ��� ��	���

zxx�t� ��� � zxx�t� ��� ��	���

z��� �� � �� ��	���
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Since f � C����� T �� L���� ����� this non�homogeneous problem admits
�see ����� a unique solution z � C���� T ��H�

p� � C����� T �� L���� ����	 This

proves the �rst assertion in ��	 Let uT � H�
p 	 Then u � C���� T ��H�

p� �
C����� T �� L���� ����	 Integrations by parts inZ S

�

Z ��

�
�ut � uxxx�ydxdt � � ��	���

lead to

�
Z S

�

Z ��

�
u�yt � yxxx�dxdt�

Z ��

�
�
�
uy
�
��� x��S�dx

�

Z S

�
��uxxy � uxyx � uyxx��t� ���

��
� dt � �� ��	���

Taking into account ��	�����	
� and ��	������	���� we get ��	���	
�� By ��	���� for t�� t� � ��� T �

u�t�� x�� u�t�� x� �
X
n�ZZ

cne
�in�T

�
ein

�t� � ein
�t�
�
einx� ��	���

If uT � H�
p �
P

n�ZZ jn�cnj� �� and it follows from Lebesgue�s theorem thatP
n�ZZ jn�cne�in

�T
�
ein

�t�� ein
�t�
�j� � � as t� � t�	 Then u � C���� T �� H�

p�	

Hence u��� �� and ux��� �� exist in C���� T ��� L���� T �	 The same argument
shows that if uT � H�

p � u � C���� T �� H�
p� and

uxx�t� �� �
X
n�ZZ

�� n�e�in
�T cn

�
ein

�t� ��	���

The sum in ��	��� makes sense in L���� T � whenever
P

n�ZZ

�
n�jcnj

��
���

that is uT � H�
p 	 From now on uxx��� �� denotes� for uT � H�

p � the sum in
��	���	 Notice that the linear map uT 
� uxx��� �� is continuous since

k
X
n�ZZ

�� n�e�in
�T cn

�
ein

�tk�L�	��T 
 �
� � T
��

	
� �

� X
n�ZZ

�
n�jcnj

��
� ��	�
�

where �x� denotes the integral part of a real number x	
�� Identifying L���� ��� with its dual by means of the �conjugate linear� map
y 
� ��� y�L�	����
� we have the following diagram�

H�
p � L���� ��� � L���� ���� � �H�

p�
� ��	���

where each embedding is dense and compact	 Moreover

� y� u �	H�
p

��H�

p
� �u� y�L�	����
 ��

Z ��

�
uydx� ��	���

for u � H�
p and y � L���� ���	 It follows that ��	��� holds true for h�� h�� h�

� C�
����� T �� and y�� uT � H�

p 	 Since H
�
p is dense in H

�
p � using �� we see that

��	��� also be true for uT � H�
p 	 For y� � �H�

p�
� and h�� h�� h� � L���� T ��

we de�ne a �weak� solution of ��	������	��� as a function y � C���� T �� �H�
p�
��

such that ��	��� holds true for all uT � H�
p and all S � ��� T �	 Let S � ��� T �
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be �xed	 We �rst show that ��	��� de�nes y�S� in �H�
p�
� in a unique manner	

It follows from the proof of �� that the map

uT � H�
p 
� �

Z S

�

�
uxx�t� ��h��t�� ux�t� ��h��t� � u�t� ��h��t�

�
dt � IC

��	���

is a continuous linear form	 On the other hand �see ��	��� ��	�� and ��	����
the map uT � H�

p 
� u�S� �� � H�
p is clearly an automorphism of Hilbert

space	 Hence for each S � ��� T �� y�S� is uniquely de�ned in �H�
p�
�	 Moreover

for S � ��� T ��
ky�S�k	H�

p

�

� sup
ku	S��
k���

j � y�S�� u�S� ��� j

� sup
kuT k���



 � y�� u��� ���	H�
p

��H�

p

�
Z S

�

�
uxx�t� ��h��t�� ux�t� ��h��t� � u�t� ��h��t�

�
dt




� sup
kuT k���

�ky�k	H�
p

� �ku��� ��kH�

p
� kuxx��� ��kL�	��T 
�kh�kL�	��T 


�kux��� ��kL�	��T 
�kh�kL�	��T 
� ku��� ��kL�	��T 
�kh�kL�	��T 

�

� C
�ky�k	H�

p

� � kh�kL�	��T 
� kh�kL�	��T 
 � kh�kL�	��T 


�
� ��	���

where C is a positive constant which does not depend on S or on y�� h�� h��
h�	 Since

y � C���� T �� L���� ����� C���� T �� �H�
p�
�� ��	���

for y� � H�
p and �h�� h�� h�� � C�

����� T ��
�� and since H�

p is dense in L
���� L�

and C�
����� T �� is dense in L���� T �� it follows from ��	��� that y �

C���� T �� �H�
p�
�� in the general case too	

For applying H	U	M	 we need the following �key� observability result	

Proposition ���� Let T � �� Then there exist positive numbers CT
� � C

T
�

such that for every uT � H�
p

CT
� kuT k�� � ku��� ��k�L�	��T 
 � kux��� ��k�L�	��T 
� kuxx��� ��k�L�	��T 


� CT
� kuT k��� ��	���

Proof� We have in L���� T � �

u�t� �� �
X
n�ZZ

cne
in�	t�T 
� ��	���

ux�t� �� �
X
n�ZZ

incne
in�	t�T 
� ��	���

uxx�t� �� �
X
n�ZZ

�n�cnein�	t�T 
� ��	���
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Hence

ku��� ��k�L�	��T 
 � kux��� ��k�L�	��T 
 � kuxx��� ��k�L�	��T 

�

��
T

��

	
� �

� X
n�ZZ

�� � n� � n�� jcnj�

� CT
� kuTk��� ��	�
�

if we set CT
� ��

�
T
��

�
��	 To prove the left inequality we �rst take T � � ��� T �

and 
 � ��
T �
	

Let N � IN� be such that

n � ZZ� jnj � N 
 �n� ��� � n� � 
� ��	���

By Ingham�s inequality �see ���� there exists CT � � � such that

��an�n�ZZ � l��ZZ�
X
jnj�N

janj� � CT �
Z T �

�








X
jnj�N

an e
in�	t�T 









�

dt�

��	���

Let Zn �� Span�einx� for n � ZZ and Z �� �n�ZZZn � H�
p 	 We de�ne a

semi�norm p in Z by

�u � Z
p�u� �

�ju���j�� ju����j� � ju�����j�� �� ��	���

�



j
X
n�ZZ

�u�n�j� � j
X
n�ZZ

in�u�n�j� � j
X
n�ZZ

�n��u�n�j�
� �

�

��	���

�For u � Z � �u�n� � � for jnj large enough	� Let uT � Z� ��jnj�NZn�
�� that

is cn � � for jnj � N or for jnj large enough	 Using ��	���� ��	��� we get

kuT k�� �
X
jnj�N

�� � n� � n�� jcnj� � CT �
Z T �

�
p
�
u�t� ��

��
dt� ��	���

Since T � T �� it follows from ��	�
�� ��	��� and a result by Komornik �see
��� Th	 �	��� that there exists a constant CT

� � � such that

�uT � Z CT
� kuT k�� �

Z T

�
p
�
u�t� ��

��
dt

� ku��� ��k�L�	��T 
 � kux��� ��k�L�	��T 

� kuxx��� ��k�L�	��T 
� ��	���

We get the left inequality �in ��	���� in the general case �uT � H�
p� by a

density argument	

We may now complete the proof of Theorem �	� by applying H	U	M	

Proof of Theorem 	�	� We �rst remark that we may assume y� � �	 Indeed
if y�� yT are given in �H�

p�
�� if there exist h�� h�� h� � L���� T � such that

the �weak� solution �y of ��	������	��� and �y��� �� � � satis�es �y�T� �� � yT �
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S�T �y�� then y�t� �� �� S�t�y�� �y�t� �� is the �weak� solution of ��	������	���
�with the same control functions� and is such that y�T� �� � yT 	 In what
follows we assume y� � �	 For uT � H�

p we let  �uT� denote y�T � � �H�
p�
��

where y is the �weak� solution of ��	������	��� and h�� h� and h� are chosen
in the following way�

h��t� �� �uxx�t� �� � ��	���

h��t� �� ux�t� �� � ��	���

h��t� �� �u�t� �� � ��	���

�As above u stands for the solution of ��	�����	�� associated with uT 	� Clearly
 � H�

p � �H�
p�
� is a �conjugate linear� continuous map	 Moreover

�  �uT�� uT �	H�
p
��H�

p

�

Z T

�

�
ju�t� ��j�� jux�t� ��j� � juxx�t� ��j�

�
dt

� CT
� kuTk�� ��	�
�

by Propositions �	� and �	�	 It follows from Lax�Milgram theorem �see ����
p	���� that  is invertible	 The proof of Theorem �	� is complete	

Remark ���� �i� If T � �� the observability result is obvious	 Indeed for
any uT � H�

p

kuTk�� � ku��� ��k�L�	����
 � kux��� ��k�L�	����
 � kuxx��� ��k�L�	����
� ��	���

�ii� Setting h��t� � � instead of ux�t� �� we also get �for some constant
!CT
� � ��

�uT � H�
p �  �uT�� uT �	H�

p

��H�

p
� !CT

� kuT k��� ��	���

so  is also onto	
�iii� If we assume h��t� � h��t� � �� the same arguments as above yield
the following result� for every T � � and y�� yT � �H�

p�
� there exists h� �

L���� T � such that the solution y � C���� T �� �H�
p�
�� of ��	�����	��� �with

h� � h� � �� satis�es y�T� �� � yT 	 Indeed it may be shown that for uT � H�
p

ux��� �� makes sense in L���� T � and that CT
� kuTk�� � kux��� ��k�L�	��T 
 �

CT
� kuTk�� for some constants CT

� � C
T
� � �	 When we compare these results

with those by Russell�Zhang� we remark that �� the spaces in which we get
exact controllability are larger than L���� L� �L���� L� � �H�

p�
� � �H�

p�
��� ��

the assumption ��	
� is not used here and �� the control may be explicitly
given � for reaching yT � �H�

p�
� we may choose h�� h�� h� given by ��	����

��	���� with uT �  ���yT�S�T �y��	 However� even if y�� yT � L���� ���� y is
only known to belong to C���� T �� �H�

p�
��	 So this method is not appropriate

for starting the study of controllability of nonlinear KdV equation	 In the
following section� another �more appropriate� exact controllability result for
linear KdV equation with di
erent boundary conditions is given	
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�� Exact boundary controllability of linear KdV

equation by means of control on yx�t� L��

From now on� the scalar space is IR	 In this section L stands for some
positive number	 We shall prove the controllability in L���� L� of

yt � yx � yxxx � � ��	��

y�t� �� � y�t� L� � � ��	��

yx�t� L� � h�t� ��	��

y��� x� � y� ��	��

where h � L���� T � stands for the control function	 More precisely we
shall prove that� for any L � �� T � �� for any y�� yT � L���� L� there
exists h � L���� T � such that a mild solution y � C���� T �� L���� L�� �
L���� T�H���� L���H���� T�H����� L�� of ��	�����	�� � which veri�es ��	�� in
D���� T�H��� and ��	�� in L���� L� �� may be found such that y�T� �� � yT 	
We begin by showing the well�posedness of the �initial�value� homoge�

neous problem�

yt � yx � yxxx � � ��	��

y�t� �� � y�t� L� � � ��	��

yx�t� L� � � ��	��

y��� x� � y��x�� ��	
�

Let A denote the operatorAw � �w����w� on the �dense� domain D�A� �
L���� L� de�ned by

D�A� � fw � H���� L�� w��� � w�L� � w��L� � �g� ��	��

The following result holds�

Proposition ���� A generates a strongly continuous semigroup of contrac�
tions on L���� L��

Proof� It is easy to see that A is closed	 Let w � D�A�	 Then

�w�Aw�L�	��L
 �

Z L

�
w�x�

�� w����x�� w��x�
�
dx

�

Z L

�
w��x�w���x�dx� �ww���L� � �

w�

�
�L�

� �
w�

�

�
�L�

� �w
�����

�
� �� ��	���

Hence A is dissipative	 It may be seen that A��w� � w� � w��� with do�
main D�A�� � fw � H���� L�� w��� � w�L� � w���� � �g� so that
�w�A��w�� � �w�	L
�

� � � and A� is dissipative too	 Now the result fol�
lows from ���� cor	 �	� chapter ��	

From now on we let �S�t�t��� denote the semi�group of contractions asso�
ciated with A� and we let B denote the �Banach� space C���� T �� L���� L���
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L���� T�H���� L�� endowed with the norm

kykB �� sup
t����T �

ky�t� ��kL�	��L
 �
�Z T

�
ky�t� ��k�H�	��L
dt

� �

�

� ��	���

Using the multiplier method� we get useful estimates for the mild solutions
of ��	�����	
�	

Proposition ���� 	� The map y� � L���� L� 
� S���y� � B is continuous�

� For y� � L���� L�� yx��� �� makes sense in L���� L�� and

�y� � L���� L�

kyx��� ��kL�	��T 
 � ky�kL�	��L
� ��	���

ky�k�L�	��L
 �
�

T
kS���y�k�L�		��T 
		��L

� kyx��� ��k�L�	��T 
� ��	���

Proof� �� For y� � L���� L� we write y the mild solution S���y� of ��	�����	
�	
By Proposition �	� y � C���� T �� L���� L�� and

kykC	���T ��L�	��L

 � ky�kL�	��L
� ��	���

To see that y � L���� T�H���� L�� we �rst assume y � D�A�	 Let q �
C����� T �� ��� L��� Integrating by parts inZ T

�

Z L

�
qy�yt � yx � yxxx�dxdt � �� ��	���

using ��	�����	
� �and Fubini�s theorem� we get�

�
Z T

�

Z L

�
�qt � qx � qxxx�

y�

�
dxdt�

Z L

�
�q
y�

�
��T� x�dx

�
Z L

�
q��� x�

y�� �x�

�
dx�

�

�

Z T

�

Z L

�
qxy

�
xdxdt

�

Z T

�
�q
y�x
�
��t� ��dt � �� ��	���

Choosing q�t� x� � x leads to

�
Z T

�

Z L

�
y�dxdt�

Z L

�
xy�T� x��dx�

Z L

�
xy��x�

�dx

��

Z T

�

Z L

�
y�xdxdt � �� ��	���

HenceZ T

�

Z L

�
y�x dxdt �

�

�

�Z T

�

Z L

�
y� dxdt� L

Z L

�
y��x�

� dx

�
��	�
�

and then� using ��	����

kykL�	��T�H�	��L

 �
�
�T � L

�

� �
�

ky�kL�	��L
� ��	���
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By the density of D�A� in L���� L� the result extends to arbitrary y� �
L���� L�	
�� We also assume y� � D�A� and take q � � in ��	���	 We getZ T

�
y�x�t� �� dt �

Z L

�
y���x� dx�

Z L

�
y��T� x� dx�

Z L

�
y���x� dx� ��	���

On the other hand the choice q�t� x� � T � t yieldsZ T

�

Z L

�
y� dxdt�

Z L

�
Ty���x� dx�

Z T

�
�T � t�y�x�t� �� dt � �� ��	���

Hence Z L

�
y���x� dx �

�

T

Z T

�

Z L

�
y� dxdt�

Z T

�
y�x�t� �� dt� ��	���

Thanks to ��	��� there exists a unique continuous �linear� extension of the
map y� � D�A� 
� yx��� �� � L���� T � to the whole space L���� L�	 In the
following we also will denote by yx��� �� the value of this map at any y� �
L���� L�	 Obviously ��	��� and ��	��� hold true for any y� � L���� L�	

We now prove the following observability result	

Proposition ���� Let N � f��
q

k��kl�l�

� � k� l � IN�g� Then �L �
������ n N � �T � �� �C � C�L� T � � � such that

�y� � L���� L� ky�kL�	��L
 � Ckyx��� ��kL�	��T 
� ��	���

Proof� We proceed as in ���� Appendix I� �See also ����	 If the statement is
false� there exists a sequence �yn� �n�� in L���� L� such that kyn� kL�	��L
 � �
for any n but kynx��� ��kL�	��T 
 � � as n � �� where yn �� S���yn� 	 Clearly
yn is bounded in L���� T�H���� L�� �see ��	����	 On the other hand ynt �
��ynx � ynxxx� is bounded in L���� T�H����� L��	 Since the �rst embedding
in

H���� L� �� L���� L� �� H����� L� ��	���

is compact� it follows from a result by Simon �see ��
� cor	 ��� that the set
fyng is relatively compact in L���� T� L���� L��	 Without loss of generality
we may assume that the sequence �yn� is convergent in L���� T� L���� L��	
We infer from ��	��� that �yn� � is a Cauchy sequence in L���� T �	 Let
y� � limn
� yn� and y � S���y�	 By Proposition �	� ynx ��� �� � yx��� ��
in L���� T �	 Thus ky�kL�	��L
 � � and yx��� �� � �� but such a function does
not exist because of the following�

Lemma ���� For T � � let NT denote the space of the �initial� states
y� � L���� L� such that the mild solution y � S���y� of ����������� satis�
�es yx��� �� � � in L���� T �� Then for L � ������ n N � NT � ��� �T � ��

Proof	 Obviously T � T � 
 NT � � NT 	 On the other hand for any T � �
NT is a �nite�dimensional vector space� Indeed if �y

n
� � is a sequence in the

unit ball fy � NT � kykL�	��L
 � �g the same argument as above shows that
there exists a convergent subsequence	 Since the unit ball is compact� NT

is �nite dimensional by Riesz theorem	 Let T � � � be given	 To prove
NT � � ���� it is su�cient to �nd � � T � T � such that NT � ���	 Since
the map T 
� dim�NT � � IN is nonincreasing� there exist T� � � � such that
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T � T�� � T � and dimNT � dimNT��	 �Hence Nt � NT for T � t � T��	�
Let y� � NT � y � S���y� and � � t � �	 Since S�
�

�
S�t�y�

�
� S�
 � t�y� for

� � 
 � T and y� � NT��� we see that

S�t�y� � y�

t
� NT � ��	���

Let

MT �� f�y � S�
��y�� � � 
 � T� �y� � NTg � C���� T �� L���� L��� ��	���

Since y � H���� T � ��H����� L���

lim
t
��

y�t� ��� y

t
� y� in L���� T�H����� L��� ��	���

On the other hand �thanks to ��	���� y	t��
�y
t

� MT for � � t � � and

MT is closed in L���� T�H����� L�� �since dim�MT � � ��	 It follows that
y� � C���� T �� L���� L�� and y � C����� T �� L���� L��� hence we may write

y���� � lim
t
��

S�t�y� � y�

t
in L���� L�� ��	�
�

This in turn implies

y� � D�A�� A�y�� � y���� � NT and yx��� �� � C���� T ��� ��	���

Thus �
dy�

dx

�


x�� � yx��� �� � �� ��	���

If NT �� ���� the map y� � ICNT 
� A�y�� � ICNT �where ICNT denote
the complexi�cation of NT � has �at least� one eigenvalue� hence there exist
� � IC� y� � H���� L�nf�g such that �prime denoting here spatial derivative�

� y� � �y�� � y�
���� ��	���

y���� � y��L� � y����� � y���L� � �� ��	���

We prove in the following lemma that this does not hold if L �� N 	
Lemma ���� Let L � ������� Consider the following assertion�

�A� �� � IC� �y� � H���� L� n f�g s�t�

��
�

� y� � y�
� � y�

��� � ��
y���� � y��L� � y�����
� y���L� � ��

��	���

Then �A� 	
 L � N �

Proof	 Assume y� is as in the assertion �A�� let us denote by u � H��IR� its
prolongation by �	 Then

�u� u� � u��� � y�
�����	� � y�

���L�	L in D��IR�� ��	���

where 	x� denotes the Dirac measure at x�	 It is easy to see that �A� is
equivalent to the existence of complex numbers �� �� � �with ��� �� �� ��� ���
and of a function u � H��IR� with compact support in ��L� L� such that

�u� u� � u��� � �	� � �	L in D��IR�� ��	���
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Taking Fourier transform we get�
�� �i�� � �i���

�
�u��� � � � �e�iL� � ��	���

hence �setting � � �ip�

�u��� � i
�� �e�iL�

�� � � � p
� ��	���

Using Paley�Wiener theorem �see ����� and the usual characterization of
H��IR� functions by means of their Fourier transforms� we see that �A� is
equivalent to the existence of p � IC and of ��� �� � IC� n f��� ��g such that
the map

f��� ��
�� �e�iL�

�� � � � p
��	�
�

satis�es �

��� f is an entire function in IC�

���

Z
IR

jf���j��� � j�j��� d� ���

��� �� � IC jf���j � C�� � j�j�N eLjIm �j

for some positive constants C�N� ��	���

Since the roots of � � �e�iL� are simple �unless � � � � ��� ��� holds
provided that the roots of ��� �� p are simple and also roots of ���e�iL� 	
Notice that if ��� holds true� then ��� and ��� are satis�ed	 It follows that
�A� is equivalent to the existence of complex numbers p� �� and of positive
integers k� l such that� if we set

�� �� �� � k
��

L
and �� �� �� � l

��

L
� ��	���

we have

�� � � � p � �� � ��� �� � ��� �� � ���� ��	���

that is

�� � �� � �� � �� ��	���

���� � ���� � ���� � ��� ��	���

������ � �p� ��	���

Easy calculations lead to

L � ��

r
k� � kl � l�

�
� ��	���

�� � ��
�
��k � l�

��

L
� ��	���

p � ������ � k
��

L
���� � �k � l�

��

L
�� ��	���

Hence �A� 	
 L � N 	 This completes the proof of Lemmas �	�� �	� and
of Proposition �	�	
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Remark ���� �i� For L � N � if p is given by ��	��� and y� �with Re y� �� ��
is as in �A� �with � � �ip�� then y�t� x� �� Re

�
e�ipty��x�

�
is a nontrivial

�smooth� solution of ��	�����	
� such that yx��� �� � �	 Thus the result in
Proposition �	� holds true i
 L �� N 	 On the other hand it may be shown
�as in ��� remark �	�� p	���� that the existence of unobservable solutions of
��	�����	
� leads to uncontrollability of equations ��	�����	��	
�ii� In the particular situation where k � l� the system ��	������	��� reduces
to L � �k�� �� � ��� p � � �hence � � ��	 This yields the �unobservable�
steady solutions of ��	�����	
�� y�t� x� � a�cosx� ��� a � IR	
�iii� If the term yx is removed from ��	��� it may be shown that Proposition
�	� is true for every L � �	

The goal of the following proposition is to de�ne �in a certain weak sense�
solutions of the non�homogeneous problem ��	�����	��	

Proposition ��	� There exists a unique linear continuous map " � L���� L�
�L���� T �� B such that� for y� � D�A� and h � C����� T �� with h��� � ��
"�y�� h� is the unique �classical� solution of ���	��������

Proof� Let C�
����� T �� �� fh � C����� T �� IR�� h��� � �g	

First step� We assume here y� � D�A� and h � C�
����� T ��	 Let � �

C����� L�� be such that ���� � ��L� � �� ���L� � ��	 The change of
function z�t� x� � y�t� x���S�t�y���x��h�t���x� transforms ��	�����	�� into

zt � zx � zxxx � f�t� x� �� h��t���x� � h�t�
�
���x� � �����x�

�
��	�
�

z�t� �� � z�t� L� � � ��	���

zx�t� L� � � ��	���

z��� x� � �� ��	���

Since f � C����� T �� L���� L��� there exists by Proposition �	� and a clas�
sical result concerning such non�homogeneous problems �see ����� a unique
solution

z � C���� T ��D�A��� C����� T �� L���� L��

of ��	�
����	���	 Hence for �smooth� data y� � D�A�� h � C�
����� ��� ��	���

��	�� admits a unique �classical� solution

y � C���� T �� H���� L��� C����� T �� L���� L��� ��	���

Second step� �A priori estimates by multiplier method	� We also assume
y� � D�A�� h � C�

����� T ��	 Let q � C����� T �� ��� L��� By ��	��� we may
integrate by parts in

Z S

�

Z L

�
qy�yt � yx � yxxx�dxdt � �� ��	���
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�S denotes some arbitrary number in ��� T �	� Using ��	�����	�� �and Fubini�s
theorem� we get�

�
Z S

�

Z L

�
�qt � qx � qxxx�

y�

�
dxdt�

Z L

�

�qy���S� x�

�
dx

�
Z L

�

�qy����� x�

�
dx� �

�

Z S

�
q�t� L�h�t��dt

�
�

�

Z S

�

Z L

�
qxy

�
xdxdt�

�

�

Z S

�
�qy�x��t� ��dt � �� ��	���

Choosing q � � leads toR L
� y�S� x��dx�

R S
� yx�t� ��

�dt �
R L
� y��x�

�dx�
R S
� h�t��dt

� ky�k�L�	��L
 � khk�L�	��T 
� ��	���

Setting k�y�� h�k ��
�
ky�k�L�	��L
 � khk�L�	��T 


� �

�
� we get

kykC	���T ��L�	��L

 � k�y�� h�k ��	���

which yields

kykL�		��T 
		��L

 �
p
Tk�y�� h�k� ��	���

and

kyx��� ��kL�	��T 
 � k�y�� h�k� ��	�
�

Now take q�t� x� � x� and S � T 	 ��	��� gives

� R T� R L� y�

� dxdt�
R L
� x

y	T�x
�

� dx� R L� x
y�	x
�

� dx

��
�

R T
�

R L
� y�xdxdt� �

�

R T
� Lh�t��dt � �� ��	���

HenceZ T

�

Z L

�
y�xdxdt �

�

�

�Z T

�

Z L

�
y�dxdt�

Z L

�
xy��x�

�dx� L

Z T

�
h�t��dt

�
��	���

and then� using ��	����

kykL�	��T�H�	��L

 �
�
�T � L

�

� �

�

k�y�� h�k� ��	���

Using ��	���� ��	���� and the density of D�A� in L���� L� and of C�
����� T ��

in L���� T �� we see that the linear map �y�� h� � D�A��C�
����� T �� 
� y � B

may be extended in a unique manner to the whole space L���� L��L���� T �
to give a �linear� continuous map " � L���� L�� L���� T �� B	

Remark ��
� i� For y� � L���� L� and h � L���� T �� the �weak� solution
"�y�� h� is solution of ��	�� in D���� T�H����� L��	 Moreover "�y�� h���� ��
�� y�� and "�y�� h��T� �� are well�de�ned in L���� L� since "�y�� h� �
C���� T �� L���� L��	
ii� Obviously "�y�� �� � S���y�� hence "�y�� h� � S���y� �"��� h�	
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To apply H	U	M	 we need some observability result concerning the following
�backward well�posed� homogeneous problem�

ut � ux � uxxx � � ��	���

u�t� �� � u�t� L� � � ��	���

ux�t� �� � � ��	���

u�T� x� � uT �x�� ��	���

�Notice that ��	��� �resp	 ��	���� di
ers from ��	�� �resp	 ��	
��	� The
change of variables 
 � T � t� � � L� x transforms ��	������	��� into ��	���
��	
� and vice�versa	 Using Propositions �	�� �	� and �	� we readily get the
following result	

Proposition ���� Let L� T � �� For any uT � L���� L� the mild solution
of ����
�������� belongs to B� the function ux��� L� makes sense in L���� T ��
If moreover L �� N � there exists a constant C � C�L� T � � � such that for
any uT � L���� L� we have

kux��� L�kL�	��T 
 � kuT kL�	��L
 � C kux��� L�kL�	��T 
� ��	���

It remains to apply H	U	M	
Proof of Theorem 	�
� Thanks to Remark �	
 ii�� we may assume without
loss of generality that y� � �	 �See the proof of Th	 �	� for the details	� Let
�uT � h� � C�

c ��� L�� C�
c ��� T �� let u �resp	 y� be the �classical� solution of

��	������	��� �resp	 ��	�����	���	 Integrating by parts inZ T

�

Z L

�
u�yt � yx � yxxx�dxdt � �� ��	���

we readily get Z L

�
uT �x�y�T� x�dx�

Z T

�
ux�t� L�h�t�dt� ��	�
�

By an argument of density we see that ��	�
� holds true for uT � L���� L�
and h � L���� T �	 Let  denote the �linear� continuous map

uT � L���� L� 
� y�T� �� � L���� L�� ��	���

y standing for the solution of ��	�����	�� associated with the data h ��
ux��� L� � L���� T �	 It follows from ��	�
� and Prop	 �	� that�

 �uT �� uT
�
L�	��L


� kux��� L�k�L�	��T 
 � C��kuT k�L�	��L
� ��	���

Hence  is invertible by Lax�Milgram theorem	 The proof of Theorem �	�
is complete	

Remark ����� When y� � �� H	U	M	 yields a �linear� continuous selection
of the control� namely the map

# � yT � L���� L� 
� ux��� L� � L���� T �� ��	���

where u denotes the solution of ��	������	��� associated with uT ��  
���yT �	
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	� Exact boundary controllability of nonlinear KdV

equation on a bounded domain

In this section we prove that the following boundary�control system

yt � yx � yyx � yxxx � � ��	��

y�t� �� � y�t� L� � � ��	��

yx�t� L� � h�t� �h � L���� T �� ��	��

y��� x� � y��x� ��	��

is exactly controllable in a neighbourhood of the nul state	 More precisely
we show that for any L � � and T � � there exists a radius r� � � such
that for every y�� yT � L���� L� with ky�kL�	��L
 � r�� kyTkL�	��L
 � r� we

may �nd y � B � C���� T �� L���� L��� L���� T�H���� L�� such that �� yt �
��yx � yyx � yxxx� in D���� T�H����� L�� and �� y��� �� � y�� y�T� �� � yT 	
�Notice that for y � B� yx � L���� T� L���� L��� yxxx � L���� T�H����� L��
and yyx � L���� T� L���� L�� � see below Prop	 �	� �� hence yx� yyx� yxxx �
L���� T�H����� L��	� If moreover L �� N � then ��	�� is true in L���� T �
and ��	�� holds in a weak sense �that we will not specify� for some control
function h � L���� T �	
To solve ��	�����	��� we write y � S�t�y��y��y� where �S�t��t�� denotes

the semi�group associated with the operator A of section �� y� and y� are
�respective� solutions of two nonhomogeneous problems�

y�t � y�x � y�xxx � � ��	��

y��t� �� � y��t� L� � � ��	��

y�x�t� L� � h�t� ��	��

y���� x� � � ��	
�

and

y�t � y�x � y�xxx � f ��	��

y��t� �� � y��t� L� � � ��	���

y�x�t� L� � � ��	���

y���� x� � �� ��	���

�In ��	�� we have set f � �yyx	� Let �� � h � L���� T � 
� y� � B be the
map which associates with h the weak solution of ��	�����	
�	 By Proposition
�	�� �� is a �linear� continuous map	 The following proposition deals with
equations ��	�����	����

Proposition ���� 	� If y � L���� T�H���� L��� yyx � L���� T� L���� L�� and
the map y 
� yyx is continuous�

� For f � L���� T� L���� L�� the mild solution y� of ���������	
� belongs to
B� Moreover the linear map �� � f 
� y� is continuous�

Remark ���� Recall that for f � L���� T� L���� L�� the mild solution y� of
��	�����	��� is given by

y��t� �� ��

Z t

�
S�t� s�f�s� ��ds� ��	���
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Proof� �� Let y� z � L���� T�H���� L��	 Let C� denote the norm of the
Sobolev embedding H���� L� �� L���� L�	 Applying triangular inequality
and H�older�s inequality we get

kyyx � zzxkL�	��T�L�	��L


�

Z T

�
k�y � z�yx�t� ��kL�	��L
dt �

Z T

�
kz�yx � zx��t� ��kL�	��L
dt

�
Z T

�
k�y � z��t� ��kL�	��L
kyx�t� ��kL�	��L
dt

�

Z T

�
kz�t� ��kL�	��L
k�yx � zx��t� ��kL�	��L
dt

� C�
� Z T

�
k�y � z��t� ��kH�	��L
ky�t� ��kH�	��L
dt

�

Z T

�
kz�t� ��kH�	��L
k�y � z��t� ��kH�	��L
dt

�
� C�

�kykL�	��T�H�	��L



�kzkL�	��T�H�	��L



�ky � zkL�	��T�H�	��L

� ��	���

��	��� with z � � yields yyx � L���� T� L���� L��� and ��	��� with z tending
to y gives the continuity of the map y 
� yyx	

�� Since

k����t��s�S�t� s�f�s� ��kL�	��L
 � kf�s� ��kL�	��L
 � L���� T �� ��	���

it follows from Lebesgue�s theorem that the mild solution y��t� �� �R t
� S�t � s�f�s� ��ds belongs to C���� T �� L���� L��	 Moreover for every t �
��� T �

ky��t� ��kL�	��L
 �
Z t

�
kf�s� ��kL�	��L
ds � kfkL�	��T�L�	��L

 ��	���

so the linear map f � L���� T� L���� L�� 
� y� � C���� T �� L���� L�� is contin�
uous	 To show this map is �well�de�ned and� continuous from
L���� T� L���� L�� into L���� T�H���� L��� it is clearly su�cient to prove�

�C� � �� �f � C����� T �� L���� L��

ky�xkL�		��T 
		��L

 � C�kfkL�	��T�L�	��L

� ��	���

Integrating by parts in

Z T

�

Z L

�
xy��y�t � y�x � y�xxx�dxdt �

Z T

�

Z L

�
xy�f dxdt ��	�
�
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we get Z L

�
x
y��T� x�

�

�
dx �

Z T

�

Z L

�

y��t� x�
�

�
dxdt

�
�

�

Z T

�

Z L

�
y�x�t� x�

�dxdt

�

Z T

�

Z L

�
x�fy���t� x�dxdt� ��	���

Hence� using ��	���Z T

�

Z L

�
y�x�t� x�

�dxdt

� �

�

Z T

�

Z L

�
y��t� x�

�dxdt�
�

�
L

Z T

�
kf�t� ��kL�	��L
�ky��t� ��kL�	��L
dt

� �

�
Tkfk�L�	��T�L�	��L

 �

�

�
LkfkL�	��T�L�	��L

�ky�kC	���T ��L�	��L



� �

�
�T � �L�kfk�L�	��T�L�	��L

� ��	���

The proof of Proposition �	� is complete	

We may now prove the main result of this paper	
Proof of Theorem 	��� We �rst assume that L �� N 	 We show that for T � �
there exists r� � � �small enough� such that if ky�kL�	��L
� kyT kL�	��L
 � r��
the state yT may be reached from y� for nonlinear KdV equation	 Let
y�� yT be states in L���� L� such that ky�kL�	��L
� kyT kL�	��L
 � r� r � � to
be chosen later	 Let F denote the nonlinear map

y � L���� T�H���� L�� 
� F �y�

�� S���y�� �� � #�yT � S�T �y�� ���yyx��T� ���� ����yyx� � B��	���

�# is de�ned in Remark �	��� �� and �� are de�ned at the beginning
of this section	� F is well�de�ned and continuous by Propositions �	��
�	�� �	� and Remark �	��	 Clearly each �xed point of F veri�es ��	�� �
in D���� T�H����� L���� ��	�� and y�T� �� � yT 	 For proving existence of
�xed�point for F we apply Banach contraction �xed�point theorem to the
restriction of F to some closed ball B��� R� in L���� T�H���� L�� �R will be
chosen later	� We need�

F
�
B��� R�

� � B��� R�� ��	���

and

�C� ���� ��� �y� z � B��� R� kF �y�� F �z�k � C�ky � zk� ��	���

where k�k from now on stands for the norm L���� T�H���� L��	 Let K� �resp	
K�� K�

�� denote the norm of �� �resp	 ��� ��� as a map from L���� T �
�resp	 L���� T� L���� L��� into L���� T�H���� L�� �resp	 L���� T�H���� L���
C���� T �� L���� L���� and let K denote the norm of # as a map from L���� L�

into L���� T �	 Set K� �
q

�T�L
� 	 Let y� z � L���� T�H���� L��	 Assume

kyk � R� kzk � R� ��	���
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Then by ��	��� and ��	���

kF �y�k �
r
�T � L

�
ky�kL�	��L
 �K�K�kyTkL�	��L


� ky�kL�	��L
 �K�
�C�kyk�� �K�C�kyk�

� C��K� �KK�K
�
��R

� � ��KK� �K��r� ��	���

��	��� leads to the �rst condition on R� r�

C��K� �KK�K
�
��R

� � ��KK� �K��r � R� ��	���

Now write

F �y�� F �z� � ���zzx � yyx� � �� � #
�
���yyx � zzx��T� ��

�
� ��	���

We get� by ��	����

kF �y�� F �z�k � �C��K� �KK�K
�
��Rky � zk� ��	�
�

��	��� will hold provided that

�C��K� �KK�K
�
��R � �� ��	���

Let R be some positive number verifying ��	���	 Then ��	��� holds true if
we take

r ��
R

���KK��K��
� ��	���

Setting

r� ��
�
�C���KK��K���K� �KK�K

�
��
���

� ��	���

we see that r � r� as R � �
�C��K� � KK�K

�
��
���

	 It follows that if
ky�kL�	��L
 � r� every yT with kyT kL�	��L
 � r� may be reached by a solution
of nonlinear KdV equation coming from y�	 The proof of Theorem �	� is
achieved when L �� N 	 If now L � N � it is su�cient to consider some
!L � L such that !L �� N and to apply the theorem to the functions !y�� !yT �
L���� !L�� where !y�� !yT denote the prolongations �by �� of �given� states y��
yT � L���� L�� and then to restrict the solution !y to the domain ��� T � �
��� L�	 The proof of Theorem �	� is complete	

Remark ���� As it has been pointed out to the author by E	 Zuazua� the
linear KdV equation is exactly boundary controllable when L � N if y��� L� is
also assumed to be controlled	 More precisely let k � IN�� L � � and T � �	
Then for any y�� yT � L���� L� there exist h� � Hk

� ��� T � and h� � L���� T �
such that the generalized solution of the initial�boundary�value problem

yt � yx � yxxx � � ��	���

y�t� �� � � ��	���

y�t� L� � h��t� ��	���

yx�t� L� � h��t� ��	���

y��� x� � y��x� ��	���

satis�es y�T� �� � yT 	 Indeed it may be shown that �for any L � �� there
exist positive constants C�� C� such that for every uT � L���� L�� if u denotes
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the solution of ��	������	���� then�

C�
�kux��� L�kL�	��T 
� kuxx��� L�kH�k	��T 


�
� kuTkL�	��L
 � C�

�kux��� L�kL�	��T 
� kuxx��� L�kH�k	��T 


�
�

�Lemma �	� holds true this time for every L � � since y� � H���� L��
� y� � �y���y���� and y���� � y�

���� � y�
����� � � imply y� � �	� Proceeding

as in section �� we get the following �alternative� statement of Theorem �	��
Let k � IN�� L � � and T � �	 Then if y� and yT are given states su�ciently
close to � in L���� L�� there exist h� � Hk

� ��� T � and h� � L���� T � such that
the generalized solution y � C���� T �� L���� L��� L���� T�H���� L�� of

yt � yx � yyx � yxxx � � ��	���

y�t� �� � � ��	�
�

y�t� L� � h��t� ��	���

yx�t� L� � h��t� ��	���

y��� x� � y��x� ��	���

satis�es y�T� �� � yT 	

The author thanks the Dipartimento di Matematica of Politecnico Di Torino
for its hospitality� The author also likes to thank J�M� Coron for bringing his
attention to the boundary controllability of KdV and E� Zuazua for pointing
to him techniques permitting to drop useless assumptions�

References

��� C� Bardos� G� Lebeau and J� Rauch� Sharp su�cient conditions for the observation�
control and stabilization of waves from the boundary� SIAM J� Control Optim�� ���
����� ��������
�

��� J� Bona and R� Winther� The Korteweg�de Vries equation� posed in a quarter�plane�
SIAM J� Math Anal�� ��� ����� ��
�������

��� J�M� Coron� Contr�olabilit
e exacte fronti�ere de l	
equation d	Euler des �uides parfaits
incompressibles bidimensionnels� C� R� Acad� Sci� Paris� t� ���� S
erie I� ����� ����
����

��� A�V� Fursikov and O�Y� Imanuvilov� On controllability of certain systems simulating
a �uid �ow� in Flow Control� IMA� Math� Appl�� vol� ��� Gunzberger ed�� Springer�
Verlag� New York� ���
� ��������

�
� L�F� Ho� Observabilit
e fronti�ere de l	
equation des ondes� C� R� Acad� Sci� Paris� S
erie
� Math�� ���� ����� ��������

��� A�E� Ingham� Some trigonometrical inequalities with application to the theory of
series� Math� A�� ��� ����� ��������

��� V� Komornik� Exact controllability and stabilization� the multiplier method� R�A�M�
��� John Wiley�Masson� �����

��� V� Komornik� D�L� Russel and B��Y� Zhang� Control and stabilization of the
Korteweg�de Vries equation on a periodic domain� submitted to J� Di�erential Equa�
tions�

��� D�J� Korteweg and G� de Vries� On the change of form of long waves advancing in a
rectangular canal� and on a new type of long stationary waves� Philos� Mag�� 
� ���
���
� ��������

���� G� Lebeau� Contr�ole de l	
equation de Schr�odinger� J� Math� Pures Appl�� ��� �����
��������

���� J�L� Lions� Contr�olabilit
e exacte de syst�emes distribu
es� C�R� Acad� Sci� Paris� ����
����� ������
�

Esaim� Cocv� March ����� Vol�	� pp� 

���



CONTROLLABILITY OF THE KORTEWEG�DE VRIES EQUATION ��

���� J�L� Lions� Contr�olabilit�e exacte� Perturbations et Stabilisation de Syst�emes Dis�
tribu�es	 Tome 
� Contr�olabilit�e exacte� Collection de recherche en math
ematiques
appliqu
ees� �� Masson� Paris� �����

���� J�L� Lions� Exact controllability� stabilizability� and perturbations for distributed
systems� Siam Rev�� ��� ����� �����

���� E� Machtyngier� Exact controllability for the Schr�odinger equation� SIAM J� Control
Optim�� ��� ����� ������

��
� A� Pazy� Semigroups of linear operators and applications to partial di�erential equa�
tions� Springer�Verlag� New York� �����

���� D�L� Russel and B�Y� Zhang� Controllability and stabilizability of the third�order
linear dispersion equation on a periodic domain� SIAM J� Control Optim�� ��� �����
�
������

���� J�C� Saut and R� Temam� Remarks on the Korteweg�De Vries equation� Israel� Math��
��� ����� ������

���� J� Simon� Compact sets in the space Lp��� T� B�� Annali di Matematica pura ed
applicata �IV�� vol� CXLVI� ����� �
����

���� K� Yosida� Functional Analysis� Springer�Verlag� Berlin Heidelberg New York� �����
���� B��Y� Zhang� Some results for nonlinear dispersive wave equations with applications

to control� Ph� D� thesis� University of Wisconsin� Madison� June �����

Esaim� Cocv� March ����� Vol�	� pp� 

���



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Impact
    /LucidaConsole
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA <>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


