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EXACT BOUNDARY CONTROLLABILITY FOR THE
KORTEWEG-DE VRIES EQUATION ON A BOUNDED
DOMAIN

LIONEL ROSIER

ABSTRACT. The exact boundary controllability of linear and nonlinear
Korteweg-de Vries equation on bounded domains with various boundary
conditions is studied. When boundary conditions bear on spatial deriva-
tives up to order 2, the exact controllability result by Russell-Zhang is
directly proved by means of Hilbert Uniqueness Method. When only
the first spatial derivative at the right endpoint is assumed to be con-
trolled, a quite different analysis shows that exact controllability holds
too. From this last result we derive the exact boundary controllability
for nonlinear KdV equation on bounded domains, for sufficiently small
initial and final states.

1. INTRODUCTION AND MAIN RESULTS
The Korteweg-de Vries (KdV) equation

is a well known instance of a nonlinear dispersive partial differential equa-
tion, which may serve as a model for (among other things) propagation of
small amplitude long water waves in a uniform channel.

Recently stabilizability and controllability results have been obtained in
[8] for the forced Korteweg - de Vries equation with periodic boundary con-
ditions

Ye+ YYs + Yoow = [(L, ), 0<z<l, 0<t<T (1.2)
"ty "ty
—_— = — < < X
Ak (t,O) drk (tv 1)7 0< k = 27 (1 3)

the control action f(¢, ) being localized:

supp f(t,.) C [a,b] C [0,1]. (1.4)

On the other hand, there are to date few results concerning the boundary
controllability of KdV equation. In [16] boundary controllability of linear
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34 LIONEL ROSIER

KdV equation

Y+ Yoze = 0, 0<a<2r, 0<t<T (1.5)
"ty "ty

W(t70) = W(t72ﬂ)7 k€ {072}7 (16)
%(t, 2r) — %(t, 0)=nh(t), 0<t<T, (1.7)

is obtained as a consequence of the wniform stabilizability of this time-
reversible (linear) system in both t-directions, whose proof is rather long
and technical. Moreover only initial and terminal states yg and y7 for which

/0 i (yT(x) - yo(x))dx =0 (1.8)

are concerned and the control i(t) is not explicitly given. The first goal
of this paper is to directly study the (exact) boundary controllability prob-
lem for linear KdV equation by means of the Hilbert Uniqueness Method
(H.U.M). This approach has been successfully applied for studying con-
trollability of wave and plate equations, and more recently of Schrédinger
equation (see for instance [1], [5], [7], [11], [12], [13], [14]). The first result
of this paper concerning boundary controllability of linear KdV equation is
as follows:

THEOREM 1.1. Let H2 = {w € H*(0,27) : w(0) = w(27); w'(0) = w'(27)}
and T > 0. Then for any yo,yr € (Hg)’ (the dual space of Hg), there exist
ho, hi, ha € L*(0,T) such that the solution y € C([0,T],(H?2)) of the

boundary initial-value KdV equation:

Yt + Ypow = 0, (x,t) € (0,27) x (0,7) (1.9)

y(t,27) — y(t,0) = ho(t), (1.10)

Yr (6,27) — y. (£,0) = hy(t), (1.11)
Yrz (6, 27) — Y (1,0) = ho(t), (1.12)
y(0,.) = o (1.13)

satisfies y(T',.) = yr.

Notice that explicit controls may be given. Unfortunately, the state y
is only known to belong to C([0,T], (H2)') so it seems quite difficult to
deduce from Theorem 1.1 controllability results for nonlinear KdV equation
(1.1). Lastly it should be more realist to set boundary conditions on the
value or the first (spatial) derivative of the function y rather than on the
second derivative y,;, if we have in mind to test such controllability result
or the validity of KdV equation as a model with an experimental device: For
instance we may observe the propagation of water waves of small amplitude
in a bounded channel, the level -or the slope- of the surface of the fluid being
controlled at the ends of the channel. Notice that, as it was suggested in [2],
the extra term y, should be in this case incorporated in the equation in order
to obtain an appropriate model for water waves in a uniform channel when
coordinates x, y are taken with respect to a fized frame. This inclusion is
not without consequence in controllability results: condition on the lenght
L of the domain appears. The main result concerning (exact) boundary
Esam: Cocv, MARcH 1997, VoL.2, PP. 33-55



CONTROLLABILITY OF THE KORTEWEG-DE VRIES EQUATION 35

controllability for linear KdV equation (with boundary control on y, at
x = L) is the following:

THEOREM 1.2. Let N = {QT\/W; k.l € IN*}. Then for any T > 0

and I € (0,+00) \ N, for any yo,yr € L*(0, L), there exists h € L?(0,T)
such that the mild solution y € C([0,T], L*(0,L)) N L*(0,T, H'(0, L)) of

y(t,0)=y(t, L) = 0 (1.15)
ye(t, L) = h(t) (1.16)
y(0,2) = o (1.17)

satisfies y(T',.) = yr.

This theorem is proved by means of H.U.M and multiplier method. It
turns out that the study of (1.14)-(1.17) as a boundary initial-value problem
is more delicate than for (1.9)-(1.13), and that - because of the extra term
yr in (1.14) - the (key) observability result holds true iff L ¢ A. On the
other hand the solution y belongs this time to a functional space in which
we may give a sense to the nonlinear term yy, in (1.1).

As a consequence of previous controllability result we get the main result
of the paper, that is the exact boundary controllability of nonlinear KdV
equation on a bounded domain:

THEOREM 1.3. LetT > 0 and L > 0. Then there exists rq > 0 such that
Jor any yo, yr € L(0, L) with llyoll (0.1, < 7o, lyrllza(o.z) < ros there egists
y € C([0,T],L%0, L)) L%(0, T, H(0, L)) n WYY (0, T, H=2(0, L)) solution
of

yi = —(Ue+YYo + Yooz) in D'(0,T,H*0,L))  (1.18)
y(.,0) = 0in L*0,T), (1.19)

and such that y(0,.) = yo, y(T,.) = yr. If moreover L & N, then we may
in addition assume that y(., L) = 0 in L*(0,T) and take y.(.,L) in L*(0,T)
as control function.

Theorem 1.3 is proved by means of Banach contraction fixed point theo-
rem and Theorem 1.2.

The paper is organized as follows: In Section 2 we derive from H.U.M. a
direct proof of the exact boundary controllability result by Russell-Zhang for
(linear) KdV equation (Th. 1.1). In Section 3 we consider another boundary
controllability problem for (linear) KdV equation, in which only the value
of first spatial derivative (at @ = L) of the state function is assumed to
be controlled: this boundary initial-value problem is first shown to admit
solutions (Prop. 3.7). Next an observability result is given (Prop. 3.9) and
used to show (applying H.U.M) the exact boundary controllability for linear
KdV equation with these boundary conditions (Th. 1.2). Finally in Section
4 we derive from Th. 1.2 the main result of this paper, that is the exact
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36 LIONEL ROSIER

(local) boundary controllability of (nonlinear) KdV equation on a bounded
domain (Th. 1.3).

2. EXACT BOUNDARY CONTROLLABILITY OF LINEAR KDV
EQUATION BY MEANS OF CONTROL ON DATA

E 2m
)] k=001 2
In this section, for reasons of simplicity, we restrict ourselves to the case
where the space domain [0, L] is [0, 27], although Theorem 1.1 holds true
for arbitrary L > 0. On the other hand all the functions of this section are
assumed to take complex values. For k € {2,3} we set
d’u d’u
k. k . — ;
H, = {UEH (0,27); E(O)_w@ﬂ') f0r0§]§k—1}. (2.1)
(H*(0,27) denotes classical Sobolev space on the interval (0,2x).) For n €
Z, let

a(n) = %/0 "ty at (2.2)

be the nth Fourier coefficient of u € L?(0,2x). It is easy to see that, for all
w € L*0,27), k € {2,3}:

we Hy = Y (nMa(n)])* < oo, (2.3)
neZ
and that the Sobolev norm ||u||y := (Zf:o 02” |ul) (]2 dx)% reduces to
1
lulle = (Y (140 4+ 0 a(n)]?) (2.4)
neZ

for u € H;f. In what follows the (Hilbert) space H;f is endowed with the
norm ||.||x.

Let A denote the operator Au = —u" on the domain D(A) = HJ C
L?(0,27). As it is mentioned in [16], A generates a strongly continuous
unitary group (S(t))tejR on L?(0,27). Let T > 0. For up =Y, 5 cne™ €
L*(0,2x), the (mild) solution of the uncontrolled problem:

U+ g = 0, x € (0,27),t € IR (2.5)
u(t,0) = wu(t,2n), (2.6)
ug(t,0) = ug(t,2nw), (2.7)
Upy(8,0) = wpe(t,27), (2.8)
w(T,.) = ur (2.9)

is given by
u(t,z) = Z cnei<n3(t_T)+m). (2.10)

neZ
(In the following, u will denote the solution of (2.5)-(2.9) associated with
ur.)
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CONTROLLABILITY OF THE KORTEWEG-DE VRIES EQUATION 37

We now consider the following non-homogeneous problem: Given yg € (H;)’7

ho, hi, hg in L?(0,T), find y such that:

Yt + Yeze = 0, z € (0,2m), t € (0,7) (2.11)

y(t,2m) —y(t,0) = ho(t), (2.12)
Yo (t,2m) =y (6,0) = hyi(2), (2.13)
Yo (8,27) — Yz (6, 0) = ha(2), (2.14)
y(0,.) = o (2.15)

We first prove that 1) equations (2.11)-(2.15) admit a unique solution y €
C([0,T],(H})') in a sense to be made precise, and 2) this solution is the
classical one whenever yg € D(A), and hg, hy1, hy are smooth enough and
vanish at 0. More precisely, we prove the following;:

PROPOSITION 2.1. 1) Assume hg, hy, hy € CZ([0,T]) := {h € C*([0,T],d);
h(0) =0} and yo € HS. Then there exists a unique solution y €

C([0,T], H3(0,27))NCY([0,T], L*(0,27)) of (2.11)-(2.15). Moreover for any
ur € 3 and any S € [0,T] we have

/027r u(S, 2)y(S, z)dx

= /Owu(O,w)yo(x)dx
S
- / (uxx(t,O)m—ux(t,O)T(t)—l—u(t,O)F(t))dt. (2.16)

2) For ur € Hg, uw € C([0,T7], Hg) and (., 0) makes sense in L2(0,T).
3) Assume now only that yo € (H2) and ho, hy, hy € L*(0,T). Then there
exists a unique y € C([0,T], (H2)') such that

Yur € H2, VS € [0,T)]
< y(S),u(S, ) >(H1§)’,H§:< yo,u(O, ) >(H1§)’,H2

p

- /S (tza(t,0)ho(t) — us(t,0)Re(t) + u(t,0)ho(t))dt.  (2.17)

Proof. 1) Let ¢g, ¢1, 2 € C°°([0, 27]) be such that (bgk)(o) =0 and (bgk)(%r)
= —5f for ¢,k = 0,1,2. The change of function

z2(t, x) == ho(t)do(z) + ha(t)d1 () + ha(t) 2 () + (S(H)yo) (z) + y(t, )
(2.18)

vields an equivalent problem: Find z such that

2t e = ()= (Bit)ei() + hi(D)o () (2.19)

=0
z(t,27) = z(t0), (2.20)
zp(,27) = 2,(t,0), (2.21)
Zpp(6,27) = 2y(¢,0), (2.22)
2(0,.) 0. (2.23)
Esaim: Cocv, MARCH 1997, VoL.2, ppP. 33-55



38 LIONEL ROSIER

Since f € CY([0,T], L*(0,2r)), this non-homogeneous problem admits
(see [15]) a unique solution z € C([0,T], H)) N C'([0,T], L*(0,27)). This
proves the first assertion in 1). Let ur € HJ. Then u € C([0,T], H}) N
CY([0,T], L*(0,2x)). Integrations by parts in

S 2
/ / (wt + Uppy)Gdadt = 0 (2.24)
o Jo

lead to
S 27 27
- [ s mmdedcs [ i) s
o Jo 0

S
+ / (o2l — el + u¥ez) (L, )]57dt = 0. (2.25)
0

Taking into account (2.6)-(2.8) and (2.11)-(2.15), we get (2.16).
2) By (2.10), for ty,t2 € [0,T]

u(ty, x) —u(te,z) = Z cne_msT(emstl — emstz’)emx. (2.26)
ne€Z
Ifup € H2, Y, e [n*en]? < 0o and it follows from Lebesgue’s theorem that
ez Inte,e™ ™ T (et i) |12 5 g as ty — ty. Then u € C([0,T7, H?).
Hence u(.,0) and wu,(.,0) exist in C'([0,7]) C L*(0,T). The same argument
shows that if ur € H), u € C([0,T], H}) and

Uz (£,0) = Z (- nze_msTcn)emSt. (2.27)
neZ

The sum in (2.27) makes sense in L*(0,7) whenever 3 (712|Cn|)2 < 00,
that is uwr € Hg. From now on uy,(.,0) denotes, for uy € H; the sum in
(2.27). Notice that the linear map ug — uy,(.,0) is continuous since

-3 -3 T
I3 (= e Te) e g < (o] +1) X (e’ 229)

neZ neZ
where [2] denotes the integral part of a real number z.
3) Identifying L%(0, 27) with its dual by means of the (conjugate linear) map
y = (. Y)12(0,2r), We have the following diagram:

H? C L*(0,27) = L*(0,27)" C (H}) (2.29)

where each embedding is dense and compact. Moreover

2m
<Y, U >(H2y HR = (us ¥) 22(0,27) (:/0 uyjdz) (2.30)

for u € H} and y € L*(0,2n). It follows that (2.17) holds true for ho, h1, hy
€ C3([0, 7)) and yo, ur € H3. Since H3 is dense in H2, using 2) we see that
(2.17) also be true for ur € HZ. For yo € (H2) and ho, hy, hy € L*(0,T),
we define a ”weak” solution of (2.11)-(2.15) as a function y € C'([0, T], (H?2)")
such that (2.17) holds true for all ur € H2 and all S € [0,T]. Let S € [0, 7]
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CONTROLLABILITY OF THE KORTEWEG-DE VRIES EQUATION 39

be fixed. We first show that (2.17) defines y(S) in (H7)" in a unique manner.
It follows from the proof of 2) that the map

ur € H2 — — /S (um(t, 0)ho(t) — uz(t,0)hy(t) + ult, o)hg(t))dt eq
(2.31)

is a continuous linear form. On the other hand (see (2.3), (2.4) and (2.10))
the map ur € H? — u(S,.) € H? is clearly an automorphism of Hilbert

space. Hence for each S € [0, T7], y(S) is uniquely defined in (Hg)’. Moreover
for S € [0,77],

1y ()] 12y

sup | < y(5),u(S,.) > |
u(S..) <1

sup | < yo, u(0,.) > (H2) H2
llurll2<1

[ a0, 0B — e, O + 0,0 )

< || sup_ (ol zzy-[1w(0, 2 4 e (- 0| 220,710l 220,
ur|2s
+ e (- 0) [ 201y NP1l 22 (0,7 + 10, 0) | 220, 7)1 2l 220,7))

< Clllollzy +1hollz2o.0) + 1allze o) + 1h2llizom),  (2:32)

where C'is a positive constant which does not depend on S or on yg, ho, hq,
hy. Since

y € C([0,77, L*(0,27)) C C([0,T], (H})") (2.33)
for yo € HY and (ho, h1, ha) € C3([0,7])?, and since HJ is dense in L*(0, L)
and C2([0,T]) is dense in L2(0,T), it follows from (2.32) that y €

C([0,T], (H2)) in the general case too.
For applying H.U.M. we need the following (key) observability result. O

PROPOSITION 2.2. Let T > 0. Then there exist positive numbers C¥,CT
such that for every ur € Hg

Ot flurl3

IN

(s Ol 2o,y + 1t (s O 20,2 + [ (- ) Z20.7)
C3 llurl3: (2.34)

A

Proof. We have in L?(0,7T) :

u(t,0) = > e D), (2.35)
neZ

uy(t,0) = Zincnems(t_ﬂ, (2.36)
neZ

Uz (£,0) = Z—nzcnems(t_ﬂ. (2.37)
neZ
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40 LIONEL ROSIER

Hence
[ule, O I 20,7 + 11w (-, 0) | F20,7) + It (- 0) | 720,17
T 2, .4 2
< ([g] +1) > (140 + 0t el
nez
< Cy [url3- (2.38)
if we set C7 := [L]+1. To prove the left inequality we first take 7" € (0,7
and vy > %
Let N € IN* be such that
neEZ, |n|>N = (n+1)°>-n>7. (2.39)

By Ingham’s inequality (see [6]) there exists CT" > 0 such that
2

!

Y(an)nez € 2(Z) Y la,)* <C” / 3 a Gt =Ty | gy

|n|>N O >N
(2.40)

Let Z, := Span(eim) forn € Z and 2 := ez, C Hg. We define a
semi-norm p in Z by

Yu € 2
p(u) = (Ju(0)* + [ (0)* +[u"(0)|*)? (2.41)
= (I YoamP 4] Y imdam)P + 1) —nzﬂ(n)lz) (2.42)
neZ neZ nexz

(For w € Z, i(n) = 0 for |n| large enough.) Let ur € ZN (B, j<nZn)T, that
is ¢, = 0 for |n| < N or for |n| large enough. Using (2.10), (2.40) we get

T/
lurll3= D" (14 n® +n*) [ea)” SCT'/ plult, )’ dt. (2.43)
|nl>N 0

Since T > 1", it follows from (2.38), (2.43) and a result by Komornik (see
[7; Th. 5.2]) that there exists a constant C{ > 0 such that

T
Vur € 2 CTjur|} < /p(u(t,.))zdt
0

=l 01202y + [l (- O[T 20,7
+ [tze (5 O I 207)- (2.44)
We get the left inequality (in (2.34)) in the general case (ur € H}) by a

density argument.

O
We may now complete the proof of Theorem 1.1 by applying H.U.M.

Proof of Theorem 1.1. We first remark that we may assume yo = 0. Indeed
if yo,yr are given in (Hg)’7 if there exist hg, hy, hy € L?(0,T) such that
the (weak) solution g of (2.11)-(2.14) and (0, .) = 0 satisfies y(7,.) = yr —
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CONTROLLABILITY OF THE KORTEWEG-DE VRIES EQUATION 41

S(T)yo, then y(t,.) := S(t)yo+ y(t,.) is the (weak) solution of (2.11)-(2.15)
(with the same control functions) and is such that y(7,.) = yr. In what
follows we assume yo = 0. For ug € H} we let A(ur) denote y(T) € (H?),
where y is the (weak) solution of (2.11)-(2.15) and hg, hy and hy are chosen
in the following way:

ho(t) = —uws(t,0) (2.45)
hi(t) = uu(t,0), (2.46)
ha(t) = —u(t,0) . (2.47)

(As above u stands for the solution of (2.5)-(2.9) associated with uz.) Clearly
A H? — (H2) is a (conjugate linear) continuous map. Moreover

< A(UT), uT >(H§)'7H§

T
_ / (|u(t,0)|2—|—|ux(t,0)|2—|—|um(t,0)|2)dt
0
Cf |urll3 (2.48)

v

by Propositions 2.1 and 2.2. It follows from Lax-Milgram theorem (see [19;
p.92]) that A is invertible. The proof of Theorem 1.1 is complete.

REMARK 2.3. (i) If 7' = 27 the observability result is obvious. Indeed for
any ur € Hg

lurlls = l[u( 0 1E20,2m) F Nt )l Z20,2m) + 1t (- )| Z2(0 20y (2:49)

(ii) Setting hy(t) = 0 instead of wu,(t,0) we also get (for some constant
ct > o)

Yur € HZ < A(UT),UT >(H§)'7H§ > C?HUTH; (2.50)

so A is also onto.

(iii) If we assume ho(t) = ho(t) = 0, the same arguments as above yield
the following result: for every T' > 0 and yg, yr € (HZ})’ there exists hy €
L?(0,T) such that the solution y € C([0,T], (H})') of (1.9)-(1.13) (with
ho = hy = 0) satisfies y(T,.) = yr. Indeed it may be shown that for uy € HZ}
(., 0) makes sense in L2(0,T) and that C¥|jur||? < Hux(.,O)H%z)(QT) <
CTlur||? for some constants CT,CT > 0. When we compare these results
with those by Russell-Zhang, we remark that 1) the spaces in which we get
exact controllability are larger than L*(0, L) (L*(0,L) C (H}Y)' C (H}2)"); 2)
the assumption (1.8) is not used here and 3) the control may be explicitly
given : for reaching yr € (Hg)’ we may choose hg, by, hy given by (2.45)-
(2.47), with ur = A=Y (yr—S(T)yo). However, even if yo, y7 € L*(0,27), y is
only known to belong to C([0, 17, (Hg)’) So this method is not appropriate
for starting the study of controllability of nonlinear KdV equation. In the
following section, another (more appropriate) exact controllability result for
linear KdV equation with different boundary conditions is given.
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42 LIONEL ROSIER

3. EXACT BOUNDARY CONTROLLABILITY OF LINEAR KDV
EQUATION BY MEANS OF CONTROL ON y,(¢, L).

From now on, the scalar space is IR. In this section L stands for some
positive number. We shall prove the controllability in L%(0, L) of

Yt + Yo+ Yrze = 0 (3.1)
y(t,0) = y(t. L) = 0 (3.2)
b(t,L) = h() (3.3)
y(0,2) = o (3.4)

where h € L?(0,T) stands for the control function. More precisely we
shall prove that, for any L > 0, T > 0, for any yo,yr € L?*(0,L) there
exists h € L%*(0,T) such that a mild solution y € C([0,7], L*0,L)) N
L*(0, T, HY (0, L))NH(0,T, H=%(0, L)) of (3.1)-(3.4) ( which verifies (3.1) in
D'(0,T,H™%) and (3.4) in L*(0, L) ), may be found such that y(7,.) = yr.

We begin by showing the well-posedness of the (initial-value) homoge-
neous problem:

y(t,0)=yt, L) = 0 (3.6)
yo(t,L) = 0 (3.7)
y(0,2) = wyo(z). (3.8)

Let A denote the operator Aw = —w"” —w’ on the (dense) domain D(A) C
L%(0, L) defined by

D(A) = {w e H*(0,L); w(0) =w(L) =w'(L) = 0}. (3.9)
The following result holds:

PrOPOSITION 3.1. A generates a strongly continuous semigroup of contrac-
tions on L*(0,L).

Proof. 1t is easy to see that A is closed. Let w € D(A). Then
/ w(z)(— w"(z) — w'(2))ds

0
L 2
J

w!()u ()i — [woTk - [k

(w, Aw)L2(O,L) =

= - <0. (3.10)

Hence A is dissipative. It may be seen that A*(w) = w’ 4+ w" with do-
main D(A*) = {w € H?*(0,L); w(0) = w(L) = w'(0) = 0}, so that
(w, A(w)) = —w/(TL)Z) < 0 and A" is dissipative too. Now the result fol-
lows from [15; cor. 4.4 chapter 1].

From now on we let (S(t);>0) denote the semi-group of contractions asso-
ciated with A, and we let B denote the (Banach) space C'([0,T], L*(0, L)) N
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CONTROLLABILITY OF THE KORTEWEG-DE VRIES EQUATION 43

L*(0,T, H'(0, L)) endowed with the norm

1
T 2
lyllB = SEJP]Hy( Mz, + (/0 ly(t, -)qul(o,L)dt) : (3.11)
tel0 )
Using the multiplier method, we get useful estimates for the mild solutions
of (3.5)-(3.8). O
PROPOSITION 3.2. 1) The map yo € L*(0, L) — S(.)yo € B is continuous.
2) For yo € L*(0, L), y.(.,0) makes sense in L*(0,L), and
Yyo € L2(0, 1)
192, Ol 20,7y < llwoll 220,15 (3.12)

1
190ll72(0,ry < 1S (ol 72 (0.7 x 0,19y T 192 O I Z207)- (3.13)

~

Proof. 1) For yo € L?(0, L) we write y the mild solution S(-)yo of (3.5)-(3.8).
By Proposition 3.1 y € C'([0,T], L?(0, L)) and

lylle(o,m,z2(0,2)) < llvollz2(0,z)- (3.14)

To see that y € L%*(0,T, H*(0,L)) we first assume y € D(A). Let ¢ €
C*([0,T] x [0, L]). Integrating by parts in

using (3.5)-(3.8) (and Fubini’s theorem) we get:

— / / (0 + ¢o + Qoos) = dﬂcdt+/(%2)(T7$)d$

—/0 q(0, y //quxdwdt

T /OT(qu—z)(t,O)dt 0. (3.16)

Choosing ¢(t, ) = x leads to

T rL L L
—/ / yzdwdt—l—/ zy(T, w)zdw—/ xyo(z) da
o Jo 0

—I—S/ / dwdt = 0. (3.17)
Hence

T rL 1 T rL L
/ / y2dedt < = (/ / y? dadt + L/ yo(z)? dw) (3.18)
o Jo 3 \Jo Jo 0

and then, using (3.14),

4T + L
lyllz2 (0,7, m51(0,1)) < (

2 loolzon (3.19)
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By the density of D(A) in L*(0, L) the result extends to arbitrary yo €
L*(0, L).
2) We also assume yo € D(A) and take ¢ = 1 in (3.16). We get

/OTyfs(tvO) dt:/OLyS(w) dl‘—/oLyz(T,x) dxg/OLyS(x) de.  (3.20)

On the other hand the choice ¢(t,z) =T — ¢ yields

T rL L T
/ / dexdt—/ Tyg(x)dwr/ (T —t)y2(t,0)dt = 0.  (3.21)
0 0 0 0

Hence
L 1 T rL T
/ ye(x) de < —/ / y? dadt —I—/ y2(t,0) dt. (3.22)
0 T Jo Jo 0

Thanks to (3.20) there exists a unique continuous (linear) extension of the
map yo € D(A) — yx(.,0) € L*(0,T) to the whole space L*(0,L). In the
following we also will denote by y.(.,0) the value of this map at any yo €
L*(0, L). Obviously (3.20) and (3.22) hold true for any yo € L?(0,L). O

We now prove the following observability result.

PROPOSITION 3.3. Let N = {27/ BHEEL | | ¢ IN*}. Then VL €
(0,400) \ N, VT >0, 3C = C(L,T) > 0 such that

Yyo € L*(0, L) lvollz2 0.y < Cllye(- 0) | z20,1)- (3.23)

Proof. We proceed as in [12: Appendix I] (See also [1]). If the statement is
false, there exists a sequence (y§)>0 in L?(0, L) such that [lyg|| 20,y = 1
for any n but [|yz (., 0)l|z2(0,r) — 0 as m — oo, where y" := S(-)yg. Clearly
y™ is bounded in L*(0,T, H'(0, L)) (see (3.19)). On the other hand y" =
—(y" + y2,.,) is bounded in L%*(0,7, H~2(0,L)). Since the first embedding
in

HY0,L) = L*(0,L) — H*(0,L) (3.24)

is compact, it follows from a result by Simon (see [18; cor. 4]) that the set
{y,} is relatively compact in L2(0, T, L*(0, L)). Without loss of generality
we may assume that the sequence (y”) is convergent in L?(0,T, L*(0,L)).
We infer from (3.13) that (y5) is a Cauchy sequence in L%(0,T). Let
Yo = lim,e y§ and y = S(-)yo. By Proposition 3.2 y2(.,0) — y.(.,0)
in L2(0,T). Thus [|yol|12(0,0) = 1 and y.(.,0) = 0, but such a function does
not exist because of the following;: O

LEMMA 3.4. For T > 0 let Nt denote the space of the (initial) states
Yo € L*(0,L) such that the mild solution y = S(-)yo of (3.5)-(3.8) satis-
fies Y (-,0) = 0 in L?(0,T). Then for L € (0,+00) \ N, Ny = (0) VT > 0.
Proof. Obviously T' < T' = Ny: C Np. On the other hand for any 7" > 0
N is a finite-dimensional vector space: Indeed if (y}) is a sequence in the
unit ball {y € N1; [|yl|12(0,z) < 1} the same argument as above shows that
there exists a convergent subsequence. Since the unit ball is compact, N
is finite dimensional by Riesz theorem. Let T/ > 0 be given. To prove
Npi = (0), it is sufficient to find 0 < T < 1" such that Ny = (0). Since
the map 7' +— dim(N7) € IN is nonincreasing, there exist 7', ¢ > 0 such that
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T <T+e< T and dimNy = dimNr74.. (Hence Ny = Npfor T <t < T+e.)
Let yo € N7, y = S(-)yo and 0 < t < €. Since S(7)(S(t)yo) = S(T +t)yo for
0<7<7Tand yg € N7y, we see that

S(t)yo — yo

; € Nr. (3.25)

Let
MT = {g = 5(7')?0; 0 S T S T7 gO € NT} C C([OvT]sz(OvL)) (326)
Since y € HY(0,T +¢, H72(0, L)),
i Y~y
t—0t t
On the other hand (thanks to (3.25)) ¥ ult t) Y e My for 0 < t < € and

My is closed in L*(0,7T, H=%(0,L)) (since dim(M7) < o). It follows that
y' € C([0,T], L*0, L)) and y € C'([0,T], L*(0, L)), hence we may write

S(t)yo — yo

=y in L?(0,7,H™*(0, L)). (3.27)

y'(0) = lim in L*(0,L). (3.28)
t—0t
This in turn implies
W €D(A), Alyo) =4 (0) € Ny and y,(0) € C(0.T]).  (3.29)
Thus
dyo - -
( I ) ‘1:0 =1,(0,0) = 0. (3.30)

If Np # (0), the map yo € TNy — A(yo) € A'Np (where @' Ny denote
the complexification of N7) has (at least) one eigenvalue, hence there exist
ANed, yo € H?(0,L)\ {0} such that (prime denoting here spatial derivative)

Ayo = —yo' — v, (3.31)
Yo(0) = yo(L) = y(0) = yo(L) = 0. (3.32)
We prove in the following lemma that this does not hold if L & A.
LEMMA 3.5. Let L € (0,+00). Consider the following assertion:

Ayo+ Yo' + v =0,
(A) IAed, Fyo € H?(0,L)\ {0} s.t. Y0(0) = yo(L) = y4(0)
= Yo(L) = 0.
(3.33)
Then (A) < LeN.
Proof. Assume yo is as in the assertion (A), let us denote by v € H?(IR) its
prolongation by 0. Then
Au+ o' 4+ 0" = yo"(0)do — yo”" (L), in D'(IR), (3.34)
(A

where 0, denotes the Dirac measure at zg. It is easy to see that (A) is
equivalent to the existence of complex numbers «, 3, A (with (o, 3) # (0,0))
and of a function v € H?(IR) with compact support in [—L, L] such that

A+ u' 4+ v = ady — B81, in D'(IR). (3.35)

Esaim: Cocv, MARCH 1997, VoL.2, ppP. 33-55



46 LIONEL ROSIER

Taking Fourier transform we get

(A+ (i) + (i€)*) 2(§) = a — fe™¢, (3.36)
hence (setting A = —ip)
R o — ﬁe—iLf
W) =i—4—F7—.
= e
Using Paley-Wiener theorem (see [19]) and the usual characterization of
H?(IR) functions by means of their Fourier transforms, we see that (A) is

equivalent to the existence of p € @ and of (a, 8) € @*\ {(0,0)} such that
the map

(3.37)

o — BemiL
== 3.38
19 = S0 (3.39
satisfies :
(1) fis an entire function in @
) [ RQF 01+ 1) de <
(3) VEeq [f()] <1+ [ghN HImel
for some positive constants C, N. (3.39)

Since the roots of & — Be™*¢ are simple (unless @ = 3 = 0), (1) holds
provided that the roots of €3 — & 4 p are simple and also roots of o — Fe~*%,
Notice that if (1) holds true, then (2) and (3) are satisfied. It follows that
(A) is equivalent to the existence of complex numbers p, g and of positive
integers k, [ such that, if we set

27 27
p1 = po + k— and pg = g +1—, (3.40)
L L
we have
€ —E+p=(E—po) (€= ) (€= pa), (3.41)
that is
po+p1t+pe = 0, (3.42)
popr + pope + pape = =1, (3.43)
Hoftifte = —p. (3.44)

Easy calculations lead to

[k2 + kil + 12
L = 2« % (3.45)

1 27
= —=2k+1)— 4

p = —uo(uo+k2%)(uo+(k+l)2%). (3.47)

Hence (A) <= L € N. This completes the proof of Lemmas 3.5, 3.4 and
of Proposition 3.3.
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REMARK 3.6. (i) For L € N, if pis given by (3.47) and yo (with Re yo # 0)
is as in (A) (with A = —ip), then y(t,2) := Re (e "'yo()) is a nontrivial
(smooth) solution of (3.5)-(3.8) such that y,(.,0) = 0. Thus the result in
Proposition 3.3 holds true iff L ¢ M. On the other hand it may be shown
(as in [7; remark 4.4, p.56]) that the existence of unobservable solutions of
(3.5)-(3.8) leads to uncontrollability of equations (3.1)-(3.4).

(ii) In the particular situation where k = [, the system (3.45)-(3.47) reduces
to L =2km, po=—1, p=10 (hence A = 0). This yields the (unobservable)
steady solutions of (3.5)-(3.8): y(t,z) = a(cosz — 1), a € R.

(iii) If the term y, is removed from (3.5), it may be shown that Proposition
3.3 is true for every L > 0.

The goal of the following proposition is to define -in a certain weak sense-
solutions of the non-homogeneous problem (3.1)-(3.4).

PROPOSITION 3.7. There exists a unique linear continuous map ¥ : L*(0, L)
x L?(0,T) — B such that, for yo € D(A) and h € C*([0,T]) with h(0) =
U(yo, h) is the unique (classical) solution of (3.1)-(3.4).

Proof. Let C3([0,T]) := {h € C*([0,T], IR); h(0) =0}.

First step: We assume here yp € D(A) and h € C([0,T]). Let ¢ €
C*(]0, L]) be such that ®(0 ) #(L) = 0, ¢(L) = —1. The change of
functlon z(t,x) = y(t,z) — (S(t)yo) (x) + h(t)¢(x) transforms (3.1)-(3.4) into

Zt Zo 4 Zewe = f(G2) =R (t)o(x) +h(1) (¢ (2) + ¢ () (3.48)
z2(t,0) =2, L) = 0 (3.49)
Wt L) = 0 (3.50)

z2(0,2) = 0 (3.51)

Since f € C'([0,T], L?(0, L)), there exists by Proposition 3.1 and a clas-
sical result concerning such non-homogeneous problems (see [15]) a unique
solution

2 € C([0,T],D(A))nC ([0, T], L*(0, L))

of (3.48)-(3.51). Hence for (smooth) data yo € D(A), h € CZ([0,1]) (3.1)-

(3.4) admits a unique (classical) solution
y € C([0,7], H*(0, L)) N CH([0, 7], L*(0, L)). (3.52)
Second step: (A priori estimates by multiplier method.) We also assume

Yo € D(A), h € C3([0,T]). Let ¢ € C*([0,T] x [0,L]). By (3.52) we may
integrate by parts in

/ / 9y (Yt + Yo + Yoo )dadt = 0. (3.53)
0 0
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(S denotes some arbitrary number in [0,77].) Using (3.1)-(3.4) (and Fubini’s
theorem) we get:

// (9 + 6o + Groa) & dacdt+/ (%’zgﬂda@
/de—%/ g(t, L)h(1)%dt

/ / Gryodadt + = / (qy2)(t,0)dt = 0. (3.54)
Choosing ¢ = 1 leads to
JEy(S,2)2da + [ ya(t,0)%dt = [ yo(a 2dx—|—fosh(t)2dt

< yoll7z(0,ry + 12ll720,1) (3.55)
1
. 2
Setting [0 1) = (19013(0.5) + 013 0.7y we et
19llcqo,11.220,2)) < (o, )| (3.56)
which yields
191122 (0,7 0,09y < VT | (o, W), (3.57)
and
192 (- Ol 20,7y < [l (o, ) - (3.58)
Now take ¢(t,2) =z, and S =T. (3.54) gives
— ST ded + fF M g — [0l gy
+2 0 y2dedt — —fo Lh(t)2dt = 0. (3.59)
Hence
T rL 1 T rL L T
/ / yrdadt < (/ / yzdxdt—l—/ xyo(x)Qdac—l—L/ h(t)th)
o Jo 3 \Jo Jo 0 0
(3.60)
and then, using (3.57),
1
4T+ L\?2
oz oy < (T52) " w0l 3.61)

Using (3.56), (3.61), and the density of D(A) in L*(0, L) and of C3([0,7])
in L2(0,T), we see that the linear map (yo, h) € D(A) x C2([0,T])—~y € B
may be extended in a unique manner to the whole space L?(0, L) x L*(0,T)
to give a (linear) continuous map ¥ : L?(0, L) x L?(0,T) — B. O

REMARK 3.8. i) For yo € L%(0,L) and h € L%*(0,T), the (weak) solution
U (yo, k) is solution of (3.1) in D'(0,T, H2(0, L)). Moreover ¥(yo, 1)(0,.)
(= yo) and W(yo, h)(T,.) are well-defined in L2(0,L) since ¥(yo,h) €
C([0, T, L*(0, L)).

ii) Obviously ¥(yo,0) = S(-)yo, hence ¥(yo, h) = S(-)yo + (0, h).
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To apply H.U.M. we need some observability result concerning the following
(backward well-posed) homogeneous problem:

Ut + Up + Uppy = (3.62)
u(t,0) = u(t, L) (3.63)
uy(t,0) = (3.64)

w(T,z) = ur(z). (3.65)

(Notice that (3.64) (resp. (3.65)) differs from (3.7) (resp. (3.8)).) The
change of variables 7 =T —t, £ = L — z transforms (3.62)-(3.65) into (3.5)-
(3.8) and vice-versa. Using Propositions 3.1, 3.2 and 3.3 we readily get the
following result.

PROPOSITION 3.9. Let L,T > 0. For any ur € L?(0, L) the mild solution
of (3.62)-(3.65) belongs to B, the function u,(., L) makes sense in L*(0,T).
If moreover L ¢ N, there exists a constant C' = C(L,T) > 0 such that for
any ur € L?(0, L) we have

1w (s Dllr2o,1) < llurllzzgo,ry < € lluals D)l z2o,m)- (3.66)

It remains to apply H.U.M.
Proof of Theorem 1.2. Thanks to Remark 3.8 ii), we may assume without
loss of generality that yo = 0. (See the proof of Th. 1.1 for the details.) Let
(ur,h) € C'(0,L) x C(0,T), let u (resp. y) be the (classical) solution of
(3.62)-(3.65) (resp. (3.1)-(3.4)). Integrating by parts in

T rL
0 0

we readily get

L T
/0 uT(ac)y(T,x)dw:/o ug(t, L)h(t)dt. (3.68)

By an argument of density we see that (3.68) holds true for uy € L2(0, L)
and h € L?(0,T). Let A denote the (linear) continuous map

ur € L*(0, L) — y(T,.) € L*(0, L), (3.69)

y standing for the solution of (3.1)-(3.4) associated with the data h :=
uz(., L) € L*(0,T). Tt follows from (3.68) and Prop. 3.9 that

(Aur), ur) 120 1y = e D20,y = C 2 lur 0, (3.70)

Hence A is invertible by Lax-Milgram theorem. The proof of Theorem 1.2
is complete.

REMARK 3.10. When yo = 0, H.U.M. yields a (linear) continuous selection
of the control, namely the map

I': yr € L*(0,L) — u,(., L) € L*(0,7T), (3.71)

where u denotes the solution of (3.62)-(3.65) associated with uz := A~ (yr).
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4. EXACT BOUNDARY CONTROLLABILITY OF NONLINEAR KDV
EQUATION ON A BOUNDED DOMAIN

In this section we prove that the following boundary-control system

Yt Yo+ YYs + Yozw = 0 (4.1)
y(t,0) =y, L) = 0 (4.2)
ye(t,L) = h(t)  (heL20,T)) (4.3)

y(0,2) = wyo(2) (4.4)

is exactly controllable in a neighbourhood of the nul state. More precisely
we show that for any L > 0 and T > 0 there exists a radius r¢ > 0 such
that for every yo,yr € L*(0, L) with [[yollp2(0,0) < 70; lTllr20,1) < 70 We
may find y € B = C([0,T], L*(0,L)) N L*(0,T, H*(0, L)) such that 1) y; =
— (Y + YYz + Yzwe) in D'(0, 7, H3(0, L)) and 2) y(0,.) = yo, y(T,.) = yr.
(Notice that for y € B, y, € L*(0,T,L%(0, L)), yzsr € L*(0,T, H2(0, L))
and yy, € L1(0,T, L(0, L)) - see below Prop. 4.1 -, hence y, + yys + Yuss €
LY(0, T, H7%(0,L)).) If moreover L ¢ N, then (4.2) is true in L%(0,T)
and (4.3) holds in a weak sense (that we will not specify) for some control
function h € L2(0,T).

To solve (4.1)-(4.4), we write y = S(t)yo+y1 +y2 where (S(t))+>0 denotes
the semi-group associated with the operator A of section 3, y; and y, are
(respective) solutions of two nonhomogeneous problems:

Yit + Yie + Yices = 0 (4.5)
n(t,0) =y (t,L) = 0 (4.6)
(6, L) = h(t) (4.7)
y1(0,2) = 0 (4.8)
and
Yot + Y2 + Y2uaw J (4.9)
y2(t,0) = y2(t, L) = 0 (4.10)
yor(t, L) = 0 (4.11)
y2(0,2) = 0. (4.12)

(In (4.9) we have set f = —yy,.) Let ¢y : h € L?(0,T) — y; € B be the
map which associates with i the weak solution of (4.5)-(4.8). By Proposition
3.7, 11 is a (linear) continuous map. The following proposition deals with
equations (4.9)-(4.12):

ProposiTiON 4.1. 1) Ify € L?(0,T, H*(0, L)), yy, € L'(0,T, L*(0, L)) and
the map y — yy, is continuous.

2) For f € LY0,T, L0, L)) the mild solution yy of (4.9)-(4.12) belongs to
B. Moreover the linear map ¥y : [ — yo is continuous.

REMARK 4.2. Recall that for f € L1(0,7,L*(0, L)) the mild solution y of
(4.9)-(4.12) is given by

y2(t,.) == /075 S(t—s)f(s,.)ds. (4.13)
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Proof. 1) Let y, z € L?(0,T,HY0,L)). Let C; denote the norm of the
Sobolev embedding H'(0,L) < L°(0,L). Applying triangular inequality
and Holder’s inequality we get

lyye — 2zulliiorr200.1)

T T
< / H(y - Z)yx(tv ')HL2(O,L)dt + / H'Z(yx - Zl’)(tv ')HL2(O,L)dt
OT 0
< / 1 = )t Izgo.ny v (6 eyt
T
" / 12t Moy | W — 22) (6 Moyt
T
< A [ 1= o It Mooy

T
+ / 12t M ony |9 — =)t e o.cye)

< Cy(Iyll 2o, 10,1
Hlzllz2 om0, 18 = #2021 0.2)- (4.14)

(4.14) with z = 0 yields yy, € L' (0,7, L*(0, L)), and (4.14) with = tending
to y gives the continuity of the map y — yy,.

2) Since
I0,0(5)S(t = 5)f (5. 2,y < 1F(s: Mnzo.y € LH0.T),  (4.15)
it follows from Lebesgue’s theorem that the mild solution y2(¢,.) =

fJS(t — 8)f(s,.)ds belongs to C([0,T], L*(0,L)). Moreover for every ¢ €
[0,77]

t
192(t, )l z2 (0, S/O 17(85 lz20,0yds < (I fllzro,r,220,) (4.16)

so the linear map f € L1(0,7T, L*(0, L)) — y; € C([0,T], L*(0, L)) is contin-
uous. To show this map is (well-defined and) continuous from
LY(0,T,L*0, L)) into L*(0,T, H*(0, L)), it is clearly sufficient to prove:

3Cy > 0, Vf € C([0, 7], L*(0, L))
lv2ellz2 0,1y x 0,0)) < Call fllL0,7,12(0,1))- (4.17)

Integrating by parts in

T L T rL
0 0 0 0
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L 2 T rL 2
0 2 o Jo 2
3 T rL
+ —/ / You (t, ©) 2 ddt
2Jo Jo
T rL
= / / z(fyz)(t, x)dzdt. (4.19)
o Jo

we get

Hence, using (4.16)

/ / Yo (t, ) dacdt
2 2 T
<1 / / yalt, @) dedt + 21 / 17t M zz(o.y Nt 2o,y
3 0 0 3 0

< gTHf"%l(O,T,L2(O,L)) + LIz r 20,0 92 lleqom1,2200,0))

1
< T+ 2D /112 20,7,02(0,1))- (4.20)
The proof of Proposition 4.1 is complete. O

We may now prove the main result of this paper.
Proof of Theorem 1.3. We first assume that L ¢ N'. We show that for T > 0
there exists ro > 0 (small enough) such that if ||yol|z2(0,), Y7l 22(0,1) < 7o
the state yr may be reached from yo for nonhnear KdV equation. Let
Yo, yr be states in L*(0, L) such that [|yo|lr2(0,0), lyrllz20,0) < 75 7 > 0 to
be chosen later. Let F denote the nonlinear map
y € L*0,T,HY0, L)) — F(y)
=S )yo+ 1oL (yr — S(T)yo+ ¥2(yy=)(T,.) + Y2 ~yys) € B4.21)
(I' is defined in Remark 3.10, ¢; and 1, are defined at the beginning
of this section.) F is well-defined and continuous by Propositions 3.2,
3.7, 4.1 and Remark 3.10. Clearly each fixed point of I’ verifies (4.1) -
in D'(0,T, H"%(0,L))-, (4.4) and y(T,.) = yr. For proving existence of
fixed-point for I we apply Banach contraction fixed-point theorem to the
restriction of F to some closed ball B(0, R) in L*(0,T, H*0, L)) (R will be
chosen later.) We need:

F(B(0,R)) C B(0,R), (4.22)

and
3C5 €10, 1], Yy, 2 € B(0,R) ||[F(y) — F(2)|| < Cslly — =], (4.23)
where ||.|| from now on stands for the norm L?(0,7, H*(0,L)). Let Ky (resp.
K3, K}) denote the norm of ¢, (resp. w2, t2) as a map from L2( ,T)

(resp. L'(0,T,L*(0,L))) into L*(0,7, H'(0, L)) (resp. L*(0,T, H'(0, L)),
C([0,T],L*0,L))), and let K denote the norm of I' as a map from L?(0, L)

into L2(0,7). Set K5 = /2L, Let y, 2 € L*(0, T, H'(0, L)). Assume
lyll < B, =]l < B. (4.24)
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Then by (3.19) and (4.14)

IFGI <\ T lwollaony + KK (el
+ yollz2 0.0y + E3C1llyl1*) + K2Cillyll®
< Oy(Ky+ KK\K)R* + 2KK, + K3)r. (4.25)
(4.22) leads to the first condition on R, r:
Ci(Ky+ KK (K)R* + (2K K, + K3)r < R. (4.26)

Now write

F(y) = F(2) = (220 — yye) + 1o D(¢2(yye — 22)(T,.)).  (4.27)
We get, by (4.14),

|F(y) — F(2)|| <2C1(Ks+ KK1K)R||y — 2| (4.28)
(4.23) will hold provided that
201 (Ky+ KK KSR < 1. (4.29)

Let R be some positive number verifying (4.29). Then (4.26) holds true if
we take

R
= —— 4.
g 22K K4 4 K3) (4.30)
Setting
ro = (4C1 (2K K1 + K3) (K, + KKlKg))_l, (4.31)

we see that r — rg as R — (201(1(2 + KKlKé))_l. It follows that if

ol z2(0,1) < o every yr with [|yr||72(0,1y < 7o may be reached by a solution
of nonlinear KdV equation coming from yg. The proof of Theorem 1.3 is
achieved when L ¢ N. If now L € N, it is sufficient to consider some
L > L such that L ¢ A" and to apply the theorem to the functions %o, y7 €
L2(0, L), where 3o, yr denote the prolongations (by 0) of (given) states ypo,
yr € L*(0,L), and then to restrict the solution y to the domain (0,7) X
(0, L). The proof of Theorem 1.3 is complete.

REMARK 4.3. As it has been pointed out to the author by E. Zuazua, the
linear KdV equation is exactly boundary controllable when L € N if y(., L) is
also assumed to be controlled. More precisely let £ € IN*, L > 0 and T > 0.
Then for any yo,yr € L%(0, L) there exist hy € H}(0,T) and hy € L*(0,T)
such that the generalized solution of the initial-boundary-value problem

Y+ Ys +Yoow = 0 (4.32)
y(t,0) = 0 (4.33)

y(t, L) = he(t) (4.34)
ys(t,L) = ha(t) (4.35)
y(0,2) = yol(a) (4.36)

satisfies y(T,.) = yr. Indeed it may be shown that (for any L > 0) there
exist positive constants C, Cy such that for every ur € L%(0, L), if u denotes
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the solution of (3.62)-(3.65), then:

Cr (e (o L)l 20,1y + ttww (o L)l r=r(0,1))
<lurllpeory < Collluw( Dllzzo,ry + Ntee (s D) l-r0,1))-

(Lemma 3.4 holds true this time for every L > 0 since yo € H>(0,L),
Ao = —yo'—yo" and yo(0) = yo'(0) = yo”(0) = 0imply yo = 0.) Proceeding
as in section 4, we get the following (alternative) statement of Theorem 1.3:
Let k € IN*, L > 0and T > 0. Then if yg and yr are given states sufficiently
close to 0 in L%(0, L), there exist hy € HY(0,7T) and hy € L*(0,T) such that
the generalized solution y € C'([0,T], L*(0, L)) N L*(0,T, H'(0, L)) of

Yt + Yo + YYs + Yozw = O (4.37)
y(t,0) = 0 (4.38)
y(t,L) = hi(t) (4.39)
ye(t, L) = ha(t) (4.40)
y(0,2) = yolx) (4.41)

satisfies y(7,.) = yr.

The author thanks the Dipartimento di Matematica of Politecnico Di Torino
for its hospitality. The author also likes to thank J.M. Coron for bringing his
attention to the boundary controllability of KdV and E. Zuazua for pointing
to him techniques permitting to drop useless assumptions.
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