ESAIM: COCV 17 (2011) 1-27 ESAIM: Control, Optimisation and Calculus of Variations
DOI: 10.1051/cocv /2009037 WWW.esaim-cocv.org

QUASISTATIC CRACK EVOLUTION FOR A COHESIVE ZONE MODEL
WITH DIFFERENT RESPONSE TO LOADING AND UNLOADING:
A YOUNG MEASURES APPROACH

FiLippo CAGNETTI! AND RODICA TOADER?

Abstract. A new approach to irreversible quasistatic fracture growth is given, by means of Young
measures. The study concerns a cohesive zone model with prescribed crack path, when the material
gives different responses to loading and unloading phases. In the particular situation of constant un-
loading response, the result contained in [G. Dal Maso and C. Zanini, Proc. Roy. Soc. Edinburgh
Sect. A 137 (2007) 253-279] is recovered. In this case, the convergence of the discrete time approxi-
mations is improved.
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1. INTRODUCTION

In this paper we study the fracture growth in an elastic body, taking into account the contribution of the
cohesive forces acting between the lips of the crack. We consider materials which display different stress-
strain relations in loading and unloading. To focus on this aspect, we keep the rest of the model as simple as
possible.

We restrict our analysis to the case of generalized antiplanar shear. More precisely, let €2 be a bounded open
set in R™V, with Lipschitz boundary. We assume that the reference configuration is the infinite cylinder Q xR, and
that the displacement U :  x R — R+ has the special form U(x1,...,2x,zn+1) = (0,...,0,u(z1,...,2N)),
with u : © — R. We assume also that the crack path in the reference configuration is contained in (I' N Q) x R,
where I' € RY is a Lipschitz closed set such that 0 < HN"1(T'N Q) < +oo and Q\ T = Ot U Q~, with OF
disjoint open connected sets with Lipschitz boundary. When speaking about bulk and surface energy, we will
refer to a finite portion of the cylinder, obtained by intersection with two horizontal hyperplanes separated by a
unit distance. Although the case of a planar set {2 is the most interesting from the point of view of applications,
no further relevant technicalities arise in considering an arbitrary N > 2.

Let us fix a time interval [0, 7], with 7" > 0. In the situation we consider, the evolution is driven by a time
dependent displacement w : [0,T] — H*(2) imposed on a fixed portion dp of the boundary 9. We assume
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2 F. CAGNETTI AND R. TOADER

that Op< is well-separated from I" and that its intersections with 9Q+ and 9~ have positive (N —1)-dimensional
measure.

Let us now introduce the energy functional. We suppose that the unbroken part of €2 can be described in the
context of linearized elasticity, so that the stored elastic energy associated to a displacement u € H*(Q\ T') is:

1
—/ |Vul?dz.
2 Jor

In order to express the work spent to create a fracture, we need some preliminary notations. Let u* denote
the trace on I' of the restriction of u to 2%, and let [u] denote the jump u® — u~ of u across I'. The crack is
represented by the set

Ju :={z €T :[ul(x) # 0}

Its contribution to the energy, according to Barenblatt’s cohesive zone model (see [1]), can be written as

/mmmwﬂ*,
I

where g : [0,4+00) — [0,+00) is a C', nondecreasing, bounded, concave function with g(0) = 0 and o :=
g'(07) € (0,+00). Here g(|[u]]) is the energy per unit area spent to create a crack with opening |[u]|. Moreover,
g'(|[u]]) gives the force per unit area acting between the lips of the crack whose displacements are vt and u ™,
respectively. Typically, this force decreases with the distance and hence g is concave. Since in practice the
cohesive interactions have finite range, we assume g to be bounded. Therefore, the total energy associated to a
displacement v € H'(Q\ I') is given by

E(u) :=%/Q\F|Vu|2dx+/rg(|[u]|)dHN_1. (1.1)

Up to now, we did not take into account the dissipation due to the fracturing process. Indeed, it may happen
that the imposed boundary data depend on time in such a way that the crack opening first increases (loading
phase) and then decreases (unloading phase). In many situations, the energy spent during the loading phase
might not be totally recovered during the unloading phase.

In order to describe this phenomenon, we introduce an internal variable + : [0, 7] — L*(T). For every x € T’
and t € [0,T], v(t)(z) represents the maximum value reached by the opening of the fracture |[u](x)| at = in
the time interval [0,¢]. Let now x € I" and ¢t € [0,7T] be fixed. We consider a family of nondecreasing convex
functions {p(-, 2)}.>0, each of them defined in [0, 2], with the properties: ¢(-,2) > g(-), ¢(z,2) = g(z), and ¢
is nondecreasing in the second variable. We assume that at time ¢ the energy per unit area of the fracture at
the point z is given by o(|[u](x)],7(¢)(z)). This means that when |[u](x)| is smaller than the maximal opening
reached up to time t the energy density follows a curve that is above g. Otherwise, the energy density we
consider is still given by the function g (see Fig. 1).

These considerations lead us to describe the state of the system by a pair (u,~) with |[u]] < v, where
u € HY(Q\T) represents the displacement and v € L°°(T") is the aforementioned internal variable. Thus, we
can correct expression (1.1), and the total energy associated to an admissible pair (u,~) is

1 _
Bluy) =y [ VaPdet [ el an
o\l r

In order to impose the irreversibility condition, we assume that the variable v is increasing.
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FIGURE 1. Fracture energy per unit surface.

We are now in a position to state the notion of evolution we are interested in. An irreversible quasistatic
evolution is a function ¢t — (u(t),y(t)) from [0,7] to H}(Q \ T) x L>(T) such that u(t) = w(t) on dpQ,
I[u(®)]] <~(t) HN~'-a.e. on T for every t € [0,7], and the following conditions are satisfied:

(a) (unilateral) global stability: for every t € [0,T]

E(u(t),7(t)) < E(v,7)

for every pair (v,7) € HY(Q\T) x L*(T) such that v = w(t) on IpQ and 7 > y(t);
(b) idrreversibility: t — ~(t) is nondecreasing;
(c) energy balance: the function ¢ — fQ\F Vu(t) - Vio(t) dz belongs to L([0,T]) and

E(u(t). () = B(u(0),7(0)) + / /Q OB LOLEE

for every ¢ € [0, 7.

This definition fits into the framework of Mielke’s approach to a variational theory of rate independent processes
(see [8] and the references therein). Indeed, let us define the stored energy as

Bt (1.7)) = Bu7) = [ (0,9) !
if u = w(t) on IpQ with |[u]| <~y HNl-a.e. on T, and the dissipation distance between two admissible pairs
(u,v) and (v, 7) as
D((u 1) 0:7)) = [ (p(0.7) = (0. 7)) ¥
if 7>~ H¥"lae. onT and D((u,7), (v, 7)) := +oc otherwise. Then,

O E(t, (u,v)) = Vu - Vu(t)dz
o\r
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and conditions (a)—(c) can be written as
(a) (unilateral) global stability: for every t € [0,T]

E(t, (u(t),~(t))) < E(t, (v, 7)) + D((u(t),~(t)), (v, 7))

for every pair (v,7) € HY(Q\T') x L>°(T) such that v = w(t) on dpQ and 7 > y(t);
(b) idrreversibility: t — ~y(t) is nondecreasing;
(c) energy balance: the function t — 8;E(t, (u(t),(t))) belongs to L'([0,77]) and

E(t, (u(t),7(t))) + Dissp((u, 7); [0, ]) = E(0, (U(O),’V(O))H/O OsE(s, (u(s),7(s))) ds

for every ¢ € [0, T7,

where the dissipation Dissp((u,7); [0,t]) along the curve s — (u(s) ( ) between O and t is defined as the total
variation with respect to the “metric” D, so that Dissp((u, ) = [; (¢(0 ©(0,7(0))) dHN L.

Following [4,7], in order to prove an existence result for the 1rrever51ble qua51statlc evolutlon7 we perform a
time discretization procedure. We define discrete-time evolutions (u(t), v (t)) by solving incremental minimum
problems, and we let the time step go to 0.

The main difficulty in passing to the continuous-time limit is the lack of compactness of the internal vari-
ables 5. In the particular case of a constant unloading response (i.e., ¢ does not depend on [u]) this problem
was overcome in [5] by defining a suitable notion of convergence, inspired by the o-convergence introduced
in [6]. We choose here a different approach based on the use of Young measures. We are thus lead to consider
in Section 3 a weaker formulation of the problem in which the internal variable is a Young measure v. The total
energy associated to an admissible configuration (u,r) becomes

E(u,v) = %/Q\me dx—i—// )|, €) dv, (€) dHN L,

To deal with irreversibility and unilateral global stability, we introduce an order relation “<” between Young
measures (see Def. 3.10) and prove an extension of Helly’s selection principle to this framework (see Thm. 3.20).

Thus, a Young measure solution to the irreversible quasistatic evolution problem is a function ¢ — (u(t), ")
such that for every ¢ € [0, 7] the internal variable ! is a Young measure and

(a') (unilateral) global stability: for every t € [0, T
E(u(t), ) < E(v,p)

for every pair (v, u) with v € HY(Q\T), v = w(t) on IpQ and v < y;
(b’) idrreversibility: t — ' is nondecreasing with respect to =<;
(¢) energy balance: the function ¢ — fQ\F Vu(t) - Vio(t) dz belongs to L([0,T]) and

E(u(t),v") = E(u(0),°) +/ o Vu(s) - Vu(s)dxds

for every ¢ € [0, 7.
The theoretical tools we develop allow us to prove in Theorem 3.30 the existence of such a solution. In particular,
to pass to the limit from the discrete-time problems to the continuous-time evolution we use a compactness
result which gives the convergence in the sense of Young measures (Thm. 3.5).
In the case of a constant unloading response we prove (see Thm. 5.1) that the solution given by Theorem 3.30
is a concentrated Young measure, thus recovering the result in [5]. As a consequence, we are able to show



CRACK EVOLUTION UNDER LOADING AND UNLOADING )

that the internal variables 7j; actually converge in measure to the continuous-time internal variable v (see
Rem. 5.2), which improves the o-convergence obtained in [5].

For a general unloading response, it is still an open question whether or not (a’)—(c¢’) admits a concentrated
Young measure solution. Nevertheless, we show that the a priori bounds available for the discrete-time evo-
lutions are not enough to guarantee that the limit measure is concentrated (Prop. 6.1). Hence, to give a full
answer to this question one should probably exploit the minimality properties of the discrete-time evolutions.

At the end of the paper we give the Euler-Lagrange conditions for the unilateral global stability in two
equivalent formulations (Props. 7.1 and 7.2).

The paper is organized as follows. In Section 2 we fix the notations and the details of the problem. Section 3
contains the results needed to give a formulation in the setting of Young measures. The existence result for
irreversible quasistatic evolutions in the sense of Young measures is proved in Section 4. The case of constant
unloading response is the subject of Section 5. In Section 6 we show with an example that the a priori estimates
on the discrete-time variables are not sufficient to guarantee that the limit measure is localized. Finally, Section 7
is devoted to the necessary conditions for the unilateral global stability.

2. SETTING OF THE PROBLEM

In this section we give some basic definitions and we introduce the problem. We will use the following

notations:

~ T :={(y,2) eR?:y>0,2>0, 2>y}

— LF is the Lebesgue measure in R¥, k € N;

~ HN=1is the (N — 1)-dimensional Hausdorff measure in R¥.
For every set A C RY:

— 14 is the characteristic function of A;

— A€ is the complement of A in RY;

— D’'(A) is the space of distributions on A4;

— B(A) is the o-algebra of Borel sets in A;

- M;(A) is the set of the nonnegative bounded Radon measures on A.
Let €2 be a bounded open set in RN N > 2, with Lipschitz boundary, and let I' C RN be a Lipschitz closed set
such that 0 < HN 1T NQ) < 400 and Q\ T = QT UQ~, with QF disjoint open connected sets with Lipschitz
boundary. We will prescribe time dependent boundary displacements on dpQ C 92, where

Op=AH UAS,

with A}, and A, non empty relatively open, connected, Lipschitz sets. We also assume that A% CC (0QF\T),
from which it follows that 0p{ is well-separated from I". With n we denote the inner unit normal vector to 052,
defined HN~1-a.e. in 0. We will also write n for the inner unit normal vector to 9Q+.

Let us fix a time interval [0,7], with T > 0, and let w € H((0,7); H*(€)) be the boundary
displacement. Thus, the time derivative 1 of w belongs to the space L2((0,T); H(2)). We will assume that
supseo,r lw(t)l| L= (@) =2 M < +oo.

Let B ¢ RN be an open bounded set and let S C B be relatively open and Lipschitz. We set

H(B,S):={¢€ H'(B) : ¢ = 0on S}-

The symbol || - || stands for the standard norm in L?(Q) or L2(Q\ I'; R”Y), depending on the context. Moreover,
the brackets (-,-) denote the dual pairing between H~(T') and H?2(I'). For every function v € H'(Q\ T), we
will use the notation [v] := vt — v~ where v* is the trace on I' of the restriction of v to Q*F. Let

L) ={reL>*T):7>0 HY lae onl}
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For ¢ € [0, T}, the class A(t,w) of admissible displacements at time ¢ is defined as
A(t,w) := {(v,7) € HY(Q\T) x L) : v = w(t) on dpQ, |[v]] <7 HY '-ae. onT}-

Recalling the considerations made in the introduction, the total energy associated at time ¢ to a pair (v,7) €

A(t,w) is
E(o,7) = %/Q\F|Vv|2dx+/rap(|[v]|,r)dHN1. (2.1)

We will assume that ¢ € C*(7 \ {0}) N C°(7T) and:
— p(z,2) = g(z) for every z € [0, +o0),
— ¢(+, z) is nondecreasing and convex for every z € (0, +00),
— ©(y, ) is nondecreasing for every y € [0, +00),
where g : [0, 4+00) — [0, +00) is a C'!, nondecreasing, bounded, concave function with g(0) = 0. We will denote
by o := ¢’(0%) € (0, +0o0) the slope of the function g at 0.
We can give now the definition of (unilateral) global stability.

Definition 2.1. A pair (u,7) is globally stable at time ¢ € [0, T] if

= (u,y) € A(t, w);
— E(u,v) < E(v, 1) for every (v,7) € A(t,w) with 7 > ~.

Remark 2.2. One can see (see also Rem. 3.22) that the two conditions of Definition 2.1 are equivalent to the
following:

— (u,7) € A(t,w);

— E(u,v) < E(v,y V|[v]]) for every v € HY(Q\ T') such that v = w(t) on dpQ.

Thanks to Remark 2.2, for every fixed ¢t € [0,T] the existence of a globally stable pair (u,~) at time ¢ follows
by the direct method of the Calculus of Variations.

Remark 2.3. Suppose that a pair (u(t),y(t)) is globally stable at time ¢ for every ¢ € [0,7]. Choosing
(w(t),y(t)) as test pair, we have that there exists a constant C' > 0 such that

1 u(®)Pdx U N-1 L w(t)*da N
[ wuords s [ el a@an g [ weorde s [0 tsc

2
since w € HY((0,T); H(2)) and ¢ is bounded. In particular, ||Vu(t)|| < C for t € [0,T] and, by Poincaré
inequality,

[w®) | mr@r) < C, (2.2)
where C' denotes different constants independent of ¢ € [0,7]. By a truncation argument, from the fact that
supiepo, 7] [lw(t) L=y < M it follows that [lu(t)||L~@) < M and, in turn, |[[u?)]||p=r) < 2M for every

t € [0,T]. Since for every y € [0, +00) the function ¢(y, ) is nondecreasing, defining 5(¢) := v(t) A 2M one has

E(u(t),¥(t)) < E(u(t), v(t)),
so that the pair (u(t),5(t)) is still globally stable at time t.

In the sequel, thanks to the previous remark, we will always assume v € [0,2M]. Finally, we give the
definition of irreversible quasistatic evolution.

Definition 2.4. An irreversible quasistatic evolution is a function t — (u(t),~y(t)) from [0,7] to H}(Q\T) x
L (T')* such that the following conditions are satisfied:
(a) (unilateral) global stability: (u(t),~(t)) is globally stable at time ¢ for every t € [0, T7;
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(b) irreversibility: t — ~y(t) is nondecreasing;
(c) energy balance: the function ¢ — fQ\F Vu(t) - Vio(t) do belongs to L1([0,T]) and for every ¢ € [0, T

E(u(t),y(t)) = E(u(0),v(0)) + /0 o Vu(s) - Vw(s) dx ds.

Unfortunately, we are not able to provide an existence result for such evolutions in the general case. This will
be proved only when the unloading response is constant (see Sect. 5). For this reason, we extend the definition
of irreversible quasistatic evolution to the setting of Young measures.

3. IRREVERSIBLE QUASISTATIC EVOLUTION IN THE SETTING OF YOUNG MEASURES
We give here a weak formulation of irreversible quasistatic evolution, in the framework of Young measures.

In the whole section we will assume that ¢ and d are fixed real numbers such that —oco < ¢ < d < +0.

3.1. Young measures

We recall now some definitions and properties of Young measures that will be useful in the sequel. For the
results contained in this subsection, see [10]. We set:

P([e, d]) := {probability measures on [¢,d]} = {v € M, ([c,d]) : v([c,d]) = 1}-

We recall the following useful characterization of probability measures in [c,d] (see [3], Prop. 1.3.8, where a
slightly different version of the proposition is stated).

Proposition 3.1. For each nonincreasing, left continuous function F : [c,d] — [0,1] that satisfies F(c) = 1,
there is a unique measure v € P([c,d]) such that the equality F(a) = v([a,d]) holds at each a € [c,d].

We now give the definition of measurable family in P([c, d]).

Definition 3.2. We say that a family (v;).er in P([c,d]) is measurable if for every A € B([c,d]) the scalar
function = +— v, (A) is measurable with respect to the o-algebra B(I'). The set of all such families is denoted
with P(T, [¢, d]).

Definition 3.3. We define the collection of Young measures on T' x [¢, d] with respect to the measure H¥ ! as
the set

VI, HN e d]) = (A e M (T x [e,d]) : AMA X [e,d]) =HN"HA) VAeBI)}
We introduce now a topology in Y(I', HN 1, [¢, d]).
Definition 3.4. Let ();) be a sequence in Y(I', HV 1, [¢, d]). We say that (\;) w*-converges to A € Y(I', HN 1,

[e,d)) if
/ Fdx — FdA
I'x[c,d] I'x[e,d]

for every f € COT" x [c,d]). We will also write \; RAGY
The following compactness result holds.
Theorem 3.5 (compactness theorem). Y(I', HN =1 [c, d]) endowed with the w*-topology is sequentially compact.

Next theorem gives the connection between Young measures and measurable families in P([c, d]).
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Theorem 3.6 (disintegration theorem). The map ® : P(I,[c,d]) — V(I',HN~1,[c,d]) which associates to
(Vz)zer the Young measure \ given by

= x 1% N—-1 x C
A(G) //H 16(2,€) dvp () AN Nz) G € BT x [e,d))

induces a bijection between P(T, [c,d])/~ and Y(I',HN~1 [c,d]), where ~ is the equivalence relation defined by
vy ~ Vg <= (V1)s = (V2)s for HVN e zel.

Definition 3.7. Let u : I' — [¢,d] be a measurable function. We denote by §,, the element of P(T,[c,d])
defined by
(0u)z = Ou(zy for HN"lae zel.

Identifying P (T, [¢,d])/~ and V(' HN "1, [c,d]) in the sense of Theorem 3.6, we will refer to 6, as the concen-
trated Young measure associated to u.

The following theorem (see [10], Thm. 17) will be useful in the proof of the main result of the paper.

Theorem 3.8. Let (uy)ken be a sequence of measurable functions from T to [c,d]. Suppose that d,, 2 for
some v € (I, HN"1 [e,d]). Let ¢ : T x [c,d] — R be a Carathéodory function, that is, ¢ is measurable and
é(x,-) is continuous for HN"'-a.e. x € . In addition, assume that x — ¢(z,ur(z)) is uniformly integrable.
Then ¢(z,-) is v -integrable for HN "1-a.e. z €T and

i N-1 = €T v N=1(p).
lim / o, ui () AHV 7 (z) = / PRCGLROLANE

k—-+oo

We conclude the subsection with a proposition that will be used in Remark 5.2.

Proposition 3.9. Let u,uy : I' — [c,d] be measurable functions. Then

. v
Up — U N measure <=> 0y, —— Oy.

3.2. Partial ordering for Young measures
Let us consider the following order relation in Y(I', HN =1, [c, d]).

Definition 3.10. Let vy, € Y(I, HV "1, [c,d]). We say that v; < vy if for every A € B(T) and for every
a € [¢,d] there holds

[ o0elad) @) < [ @)a(la.d) a1 o)
Proposition 3.11. Let vy,v5 € Y(I, HVN "1, [c,d]). The following conditions are equivalent:
(i) »1 S we;
(i) (v1)z([a,d]) < (12).([a,d]) for every a € [¢,d], for HNt-a.e. z € T;
(iii) for every f € C°(T x [c,d]) nondecreasing with respect to the second variable

/ f@,€)d(v), dHYN " (2) S/ f(@,6) d(va), dHN " (2).
T Jle,d] T Je,d]

The proof follows from standard approximation and localization techniques.

Remark 3.12. In particular, if vy = dy, and vo = dp,, with fi, fo : I' — [c,d] measurable functions, then
1 = Uy is equivalent to
< fo HN"1.a.e. on I
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Remark 3.13. For every v € P(T', [¢,d]) and a € [c,d] let 2z be the measurable function z2 : I' — [0, 1] defined
by z(z) = v.(|a,d]) for HV"1-a.e. x € T'. Using this notation, v; < vs is equivalent to

20 < 22 HN"Lae. on T, forevery a € [c,d|.

— a

Remark 3.14. From condition (iii) of Proposition 3.11 it follows that the inequality between Young measures
is preserved under the limit operation. More precisely, let (v,,) and (p,) be two sequences of Young measures

such that v, 2, v* g 2, w* and v, < u, for every n € N. Then v* < p*.

Definition 3.15. Let D C [0,7] and let v : D — Y(I',;HV =1 [¢,d]) be a function that associates to every
s € D a Young measure v°. We say that 7 € Y(I', HVN !, [¢,d]) is the supremum over s € D of the family of
measures {v° : s € D} if the following two conditions hold:

(i) v® XV for every s € D;

(ii) if p € Y(T,HN"1,[c,d]) and v* < p for every s € D, then ¥ < pu.
We will also write

U =supv®.
seD

In the same way one can define the infimum of a family of Young measures.

Proposition 3.16. Let F = {v* : s € D} C Y(I',HN"1,[e,d]) be a family of Young measures on T x [c,d].
Then, the supremum (infimum) of F exists and is unique.
Proof. For every a € [c,d], we set

e
a

f(a,-) :==esssupz
seD

where the functions z!" are defined in Remark 3.13. We recall that the essential supremum (see [9],
Prop. VI-1-1)
Z = esssup z;
i€l

of an arbitrary family (z;);e; in L>(I')* is defined as the unique (up to H™ ~!-equivalence) function in L>(T")*
such that

— 2>z HN lae. onT for every i € I;

—if g€ L)t and ¢ > z; HN¥"!-a.e. on T for every i € I, then ¢ > z HVN~1-a.e. on I
By definition of essential supremum, it follows that f(c,-) = 1 H¥"!-a.e. on I'. Moreover, for every a,b €
{c} U ((e,d) N Q) with a < b there exists a set J»* C T with HN~1(J%?) = 0 such that

fla,z) > f(b,x) for every z € I\ J*.

Let us define the set J C T as

J =7,

a,b
where the union is taken among all a,b € {c} U ((c,d] N Q) with a < b. Then, H¥~(J) = 0 and for every
a,b € {c} U ((¢,d] N Q) with a < b there holds

fla,z) > f(b,x) for every z € T\ J.

Let z € '\ J be chosen arbitrarily. Since f(-, ) is nonincreasing in {c} U ((¢,d] N Q) we can modify it in such
a way that it is left-continuous. We define f(c,z) = 1 and for every a € (¢, d] we set

fla,z):= lim f(b,x).

b—a
be(c,d]NQ
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By construction, the function x — f(a, ) is measurable for every a € [c,d]. Moreover, for HN"!-ae. z €T
the function a — f(a, ) is nonincreasing and left-continuous, and f(c,#) = 1. Thus, by Proposition 3.1 for
HN-1.ae. x € T there exists a probability measure 7, € P([¢,d]) such that f(a,z) = T,([a,d]) for every
a € [¢,d]. Let us set

G:={A € B([e,d]) : . — U, (A) is measurable}-
We want to show that G = B([c,d]). First of all, observe that by the continuity properties of measures along
monotone sequences of sets it follows that G is a monotone class. Moreover, one can easily check that G contains
the algebra generated by all the intervals [a, d] with a € [¢, d]. From the Monotone Class theorem (see e.g. [3]) we
get G = B([c,d]). At this point, by Theorem 3.6 we conclude that 7 € Y(I', H¥ 1, [¢,d]). Using the properties
of the essential supremum one can check that, by construction, 7 satisfies properties (7) and (i7). Uniqueness
follows immediately by property (7). O

Remark 3.17. For every s € D, let f*: ' — [c,d] be a measurable function and set v° = ¢¢s. Then

sup v* = sup 6f5 = 6esssupS€D fe-
seD s€eD
Remark 3.18. When dealing with a finite number m € N of Young measures, we will simply use the notation
""" mVi = V1 V...V, In the case m = 2, when vy = §; with f: ' — [¢,d] a measurable function, there
((5f Vg), = 1/2([0, f(x)]) 6f(:n) + (VQ);C |(f(a:),d] for HN"lae. z € T,
where (12)s |(f(2),q) denotes the restriction of the measure (1), to the interval (f(z), d]. The previous inequality
can be easily proved evaluating the two measures in the sets [a, d] for every a € [c, d].

We state now a preliminary lemma and a useful version of the Helly’s selection principle. For similar results
in the context of nondecreasing set functions, see [4], Lemma 6.2 and Theorem 6.3.

Lemma 3.19. Let vy,v5: [0,T] — Y(T, HN =1, [c,d]) be two nondecreasing functions such that
vi < vk and v 2 vt (3.1)

for every s, t € [0,T] with s < t. Let D be the set of points t € [0,T] such that vi = vi. Then, [0,T]\ D is at
most countable.

Proof. Let us fix A C T relatively open. For i = 1,2, consider the functions f; : [¢,d] x [0,T] — R defined by

filart) == /A (W) ([and) ) dHV

By the continuity properties of measures along decreasing sequences of sets, it follows that f;(-,t) (i = 1,2) is
left-continuous for every ¢ € [0,T]. Moreover, f;(a,-) (i = 1,2) is nondecreasing for every a € [¢,d]. Then, for
every a € {c} U ((c,d] N Q) there exists an at most countable set J# C [0, 7] such that both fi(a,-) and fa(a,)
are continuous at every point of [0,7]\ JZ2. Let J4 be the (at most countable) set defined by J4 := J, J2,
where the union is taken among all a € {c} U ((¢,d] N Q). Then, using (3.1) we get that for every ¢ € [0, 7]\ J#
there holds fi(a,t) = f2(a,t) for every a € {c¢} U((c,d]NQ) and, by the left-continuity, for every a € [c, d]. That
is, for every t € [0,7]\ J# and for every a € [, d]

J 0Dl dpart™™ = [ @, (., 5:2)

A

Let us consider a countable 7-system (A, ),en on I’ that generates the o-algebra B(T"). We recall that a 7-system
on I' is a family of subsets of I' which is closed under the formation of finite intersections and contains I'.
Analogously to what we have done when A € B(I') was fixed, for every n € N we can define an at most
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countable set J4» C [0,7] such that relation (3.2) holds with A replaced by A, for every ¢t € [0,T]\ J4».

Defining J := J,,cy J* we get that for every t € [0,7]\ J there holds

/A ()l d]) AHN 1 = / (vh) (0, d]) AHN 1

AW,

for every a € [¢,d] and n € N. By [3], Corollary 1.6.2, we obtain that v} = v} for every ¢t € [0, 7]\ J, hence the
thesis with D = [0,T]\ J. O

Theorem 3.20 (Helly’s selection principle for Young measures). Let (v,) be a sequence of nondecreasing
functions from [0,T] into Y(I',HN=1 [c,d]). Then there ewists a subsequence, still denoted by (v,), and a

nondecreasing function v : [0,T] — V(U HVN =1 [e,d]), such that v}, Ay for every t € [0,T].

Proof. Let Dy be a countable dense set of (0,7"). Using the compactness Theorem 3.5, Remark 3.14 and a

diagonal argument, we find a subsequence, still denoted by (v,), and a nondecreasing function v : D; —

YT, HN1, [e,d]) such that vt -2 vt for every t € Dy. Let v_ : (0,T] — YT, HN=L [c,d]) and vy : [0,T) —

Y(T', HN=1,[¢,d]) be the nondecreasing functions defined by

vt = sup v*  fort e (0,T] and Vi = inf v* forte[0,7T).
s€Dy s€Dy
s<t s>t

Let D be the set of points ¢ € [0,T] such that v* = v!. As v' and v} satisfy (3.1), by Lemma 3.19 the set
[0, T]\ D is at most countable. Since v’ < v! <X vt for every t € Dy, we have v! = v! = ! for every t € DNDy.
For every t € D\ Dy we define v' := v = v}, Let us show that this is a good choice. Suppose t € D\ Dy is
fixed. By the compactness Theorem 3.5 we may assume that v/ converges, up to subsequences, to a measure
v € Y(I',yHN=1 [c,d]). For every si,ss € Dy with s < t < s, by Remark 3.14 we have v < v* < v,

Hence, it follows that v* < v* < ! and, by the definition of D, v' = v* = v* = v} . Therefore v/}, Yot

for every t € DU D;. Since [0,T]\ (D U D;) is at most countable, by a diagonal argument we find a further
subsequence, which we still denote by (v,), and a function v : [0,7]\ (D U Dy) — Y(I', HN =1, [¢,d]) such that

vt =25t for every t € [0,T]\ (DU Dy). Therefore v —2 vt for every ¢ € [0,T], and this implies that v is

nondecreasing in [0, 7. O

3.3. Global stability for Young measures
In view of Remark 2.3, all the Young measures we will consider belong to Y(I', H¥ =1, [0,2M]). For t € [0,T]
the class @(t,w) of admissible configurations at time ¢ is defined as

a(t,w) = {(v,n) € HLQ\T) x VI, HV "1 [0,2M]) : v = w(t) on Ip<, djpy = 11}

The total energy associated at time ¢ to a pair (v, u) € Q(t,w) is

v ':1 v)?dx v N-1
B =g [ 1VePaes [ ol € apa(e) (33)

In this setting, we can give the definition of (unilateral) global stability.

Definition 3.21. A pair (u,v) is said to be globally stable in the sense of Young measures at time ¢ € [0, 7] if
(u,v) € a(t,w) and
E(u,v) < E(v, 1) (3.4)

for every (v, ) € Q(t,w) with v < p.
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Remark 3.22. Tt turns out that the previous condition is equivalent to (u,v) € @ (t,w) and
E(u,v) < E(v,vV 6)) (3.5)

for every v € H'(Q\T) such that v = w(t) on Op 2. Indeed, let us assume that (3.4) holds and let v € H'(Q\T)
be such that v = w(t) on dp§2. Then, we have that (v,vV d|p,)) € A(t,w). Hence, condition (3.4) with the test
pair (v,v V dj,))) becomes just (3.5).

Let now (3.5) hold and let (v, 1) € Q(t, w) with v < p. By definition of the set @ (t, w) we have also 6.} = p.
By (3.5), and since E is increasing with respect to the second variable we get

E(u,v) < E(v,v Vi) < E(v, uV o)) = E(v, ).
We also notice that, thanks to Remark 3.18, condition (3.5) can be written as

E/Q\FIVUI der//on ul, &) dug (€) dHN T < ;/Q\FWM dm+// ]|, 1[0]| VE) dus (€) dHN

for every v € H(2\ T') such that v = w(t) on dpf.

3.4. Main result

In this subsection we first give the definition of irreversible quasistatic evolution in the setting of Young
measures, and then we state the main result of the paper.

Definition 3.23. An irreversible quasistatic evolution in the sense of Young measures is a function ¢ — (u(t), v*)
from [0, 7] to HX(Q\T) x Y(I', HN~1,[0,2M]) such that the following three conditions are satisfied:

(a’) (unilateral) global stability: (u(t),v') is globally stable in the sense of Young measures at time ¢ for
every t € [0,T7;

(b') irreversibility: t — ' is nondecreasing with respect to =;

(¢) energy balance: the function ¢ — fQ\F Vu(t) - Vio(t) do belongs to L1([0,T]) and for every ¢ € [0, T

t

E(u(t), ') = E(u(0),°) +/0 /Q\F Vu(s) - Vu(s)dxds.

Remark 3.24. Condition (c¢’) is equivalent to the following:
(¢”) the function ¢ — E(u(t),v") is absolutely continuous in [0, 7] and

d o .
EE(u(t)’V )= /Q\F Vu(t) - Vw(t)dz  for ae. t € [0,T).

Hence, we do not exclude the possibility that the configuration (u(t),r') varies in such a way that, for
example, ¢ — |[Vu(t)|| has some jump points. Anyway, the total energy is always an absolutely continuous
function of time. Next theorem shows that one inequality in the energy balance is a direct consequence of
conditions (a’) and (b’).

Remark 3.25. Let us suppose that for every ¢ € [0, T] the pair (u(t), ) is globally stable at time ¢. Then, by
repeating the arguments of Remark 2.3 we have that (2.2) still holds.

Theorem 3.26. Let t +— (u(t), ) be a function from [0,T] into H'(Q\T) x (T, HN =1 [0,2M]) that satisfies
the global stability condition (a’) and the irreversibility condition (b') of Definition 3.23. Assume, in addition,
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that t — fQ\F Vu(t) - Vuw(t) dz is measurable. Then

E(u(t),v") > E(ug, v / /Q\F Vu(s) - Vw(s)dzds

for every t € [0,T].
Proof. Note that, thanks to Remark 3.25, ¢ — fQ\I‘ Vu(t) - Vio(t)dz € LY([0,T]). Let now k € N be fixed.

Consider a subdivision (t};)ogign(;ﬂ) of the interval [0,¢] such that 0 = <t} < ... < sz<1€)71 < tZ(k) =t and

li ti — ¢y = 0. 3.6
JJm Srglgaﬁk)(k k) (3.6)

Let 1 < j < n(k) be fixed. Thanks to the minimality of the pair (u(t]), l/ti), considering (u(t,™) — w(t}™) +

w(t]), vt ") as a test pair we get

1 1 : : :
3 ) el [ [ el ad @@ < g 9 - ) P

/ / ()], €t (€) dHN ()

[02M]

_ 1 " J+1 " J+1 titt N-1(,
—/Q\IVt |d+//02M (], ot () dHN ()

+/Q\F (- vu (tﬂ'“)%/t:’j Vi(s) ds / vw<s>ds1 da
-1 /Q V(e P+ [ /02M ()L At (€) dr (@)

k
2

t7+1

/ /Q\F (= Vu'(s) + X*(s)) - Vair(s) dz ds,

where we defined
L
k

; 1
uF(s) = u(t™)  and  XF(s):= 3 / Vi (t) dr
t
for every s € (], t)7"]. Notice that since w € H((0,T); H'(R2)),
| X*(s)|| — 0 uniformly with respect to s € [0,]. (3.7)

Iterating the previous inequality with j = n(k) —1,...,0 we obtain
t
E(u(t),v') > B(u(0),2°) + / / (Vuk(s) — X*(s)) - Vai(s) dz ds. (3.8)
0 Jo\r

Thanks to (3.7) we have that for a.e. s € [0,

XFE(s) - Vir(s) da =0,
o\r
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Taking into account last relation and applying Lebesgue dominated convergence theorem
t t .
/ / (VuP(s) — X*(s)) ~Vu')(s)d:cdsf/ / Vur(s) - Va(s)dzds —> 0,
o Jo\r 0 JO\T

E(u(t),v") — E(u(0),0°) > hmsup/ /Q\F VuF(s) - Vii(s) da ds.

k—-+oo

so that

In order to conclude the proof, let us recall a general result in measure theory (see [6], Lem. 4.12).

(3.9)

Lemma 3.27. Let X be a Banach space and f € L*((0,t); X). Then, there exists a sequence of subdivisions

1 < tZ(k)

0= t% < 75,1€ <...< t:“ﬂf =t, satisfying (3.6), such that

li th) — ds = 0.
Jdm 3 [ - f6)xas

(tz _ tz 1 tz / f
o
n(k)

t —tZ 1 tl — ds strongly in X.
Z( gly

In particular, we have
n(k)

lim
k—>+oo

and

We apply the previous lemma to the function

fis— (/Q\F Vu(s) - Vw(s)de, Vu';(s))

with X =R x L?(;RY).

Hence, there exists a sequence of subdivisions 0 =9 <t} <... < t"(k) ! tZ(k)

= t such that

/ Vuk(s) - Wk(s)da ds —>/ Vu(s) - Vw(s)dz ds,
o\r o\r

and .
/ VuP(s) - (Vir(s) — W¥(s)) deds — 0,
0o Jo\r
where
Wk(s) = Va(th), tit<s<tl.
From (3.9), using (3.10) and (3.11), we get the thesis.

(3.10)

(3.11)

O

The next proposition gives a property of irreversible quasistatic evolutions whose internal variable is localized

for t = 0.

Proposition 3.28. Let t — (u(t),v') be an irreversible quasistatic evolution and let v° = 6., with vo

[0,2M] a measurable function. Let us define for every t € [0,T]

~(t) := o V esssup |[u(s)]]-
0<s<t

' —

(3.12)
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Then, there holds
Syry V8 for every t € [0,T].

Proof. Let ¢t € [0,T] be fixed. As (u(s),v®) € Q(s,w) for every s € [0,¢], in particular we have that
Oju(sy)] S V° for every s € [0, t].
Since s — v° is increasing and thanks to Remark 3.17, from the previous inequality we get that

1) |jl/t.

ess supo<,s < [[u(s)]
Recalling that §,, = v < v the thesis follows. ]

Remark 3.29. From the previous proposition it follows that for N ~'-a.e. # € I' there holds

i.e. that supp(v'), C [y(t)(x),2M].
Finally, we state the main result of the paper.

Theorem 3.30. Let w € H'((0,7); H'(Q2)) with supsepo, 7 lwt)llLe@) = M < +oo, and let (uo,d,) be
globally stable at time t = 0, where vy : I' — [0,2M] is a measurable function. Then there exists an irreversible
quasistatic evolution in the sense of Young measures t — (u(t),vt) such that (u(0),v°) = (ug, 6, )-

4. PROOF OF THEOREM 3.30

In this section we prove the existence of an irreversible quasistatic evolution in the sense of Young measures,
by means of a time discretization procedure. For every k € N, let us fix a collection of times (¢%)o<;<x in [0, 7]
such that 0 =19 <t} <...<ty ' <t} =T and

lim max (2 — 1) = 0.
k—-t00 1gi§k( E )

We set wi := w(t}) for k€ Nand i =0,...,k. For k € N fixed and i = 0,...,k, we define the pair (u},~}) in
the following way. First, we set (ul,7?) := (uo,70). Now, let us assume that the pair (uj ', i ') is given. By

induction, we define u}, as a solution of the problem
min {E(v, |[p]| vy 1) v € HY(Q\T), v =w}, on dpQ} - (4.1)

Then, we set i := v, ' V |[u]|. The existence of a solution of (4.1) can be proved by using the direct method
of the Calculus of Variations.

Remark 4.1. Consider the minimum problem
min {E(v,7) : (v,7) € A(th,w), 7>~ '} (4.2)

Arguing as in Remark 3.22, one can see that the following facts are equivalent:
~ the pair (uf,~}) is a solution to (4.2);
— u} is a solution to (4.1) and v} = ;' v |[ul]].
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We define now _
up(t) == ul, @) =), wit) =wty) fortp <t <t (4.3)
Notice that t — ~,(¢) is nondecreasing, si_nce ’y};l‘ < 4j. By definition of (u},7}) and from the fact that
¢(|[v]],) is nondecreasing, we get that for ¢i <t < ¢!

1 . 1 i
g/mIwk(t)Fdz+/Fso(l[uk(t)]l,fyk)dxg 5/9\F|Vv|2d:c+/rcp(|[v]|,|[v]|\/fyk)d:c (4.4)

for every v € H'(Q\T') with v = w(t}) on dpQ. By Remark 2.3, we can assume
7k ()| o= (ry < 2M. (4.5)

By Theorem 3.20, there exists a nondecreasing function v : [0,7] — Y(I', HV~1,]0,2M]) and a subsequence
kj — oo such that for every ¢ € [0, T

Y
(5,ij ) — l/t. (46)
Let now © C [0, 7] be such that £1(©) = 0 and 1 (t) is well defined for every t € [0,7]\ ©. We set

Vuy, (t) - V(t)de  fort € [0,T]\ O,
Or, (t) := ¢ Jorr
0 fort € ©.

By Remark 2.3 it follows that there exists a constant C', independent of ¢ and j, such that
etk ()l ey < C- (4.7)

For every t € [0,T], we set
0(t) := limsup Oy, ().
j—+o0
Notice that 6 is measurable, since it is the pointwise limsup of a countable family of measurable functions.
Moreover,
T T
/ O(s)ds < / lim sup ||[Vug, ()| |V (s)||ds < C, (4.8)
0 0 Jj—+too

so that § € L'(0,T). By definition of §, for every t € [0, T] we can still extract a subsequence, possibly depending
on t and denoted by (k;(t));en, such that

G(t): lim ij(t)(t).

From (4.7) it follows that we can extract a further subsequence (not relabeled) such that for every ¢ € [0, T
ug; (1) (t) — u(t) weakly in HY(Q\T) (4.9)

and
[ug, 1) ()] — [u(t)] HNlae onT (4.10)
for some u(t) € HY(Q\T).
Finally, we observe that, thanks to (4.9), for every ¢t € [0, 7]\ ©

0(t) = lim Vg, ) (t) - Vi (t) de = Vu(t) - Vw(t) dz. (4.11)
J=too Jonr o\T"
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We prove now that the function ¢ +— (u(t), ) from [0,T] to H*(Q\ T') x (I, HN=1,[0,2M]) is an irreversible
quasistatic evolution. We begin by showing the global stability property (a’).

Lemma 4.2. For every t € [0,T] we have that (u(t),v') € Q(t,w) and

1 1
—/ |Vu(t)] d:c+// )], &) dvt(€)dHN ! < —/ |Vo2dx
o\r 0,2M] 2 Jor

/ / o]l v &) dut (€) dHN T (4.12)
[02M]

for every v € HY(Q\T) with v=w(t) on OpQ.

Proof. Fix t € [0,T]. By (4.9) and from the fact that wy,q(t) — w(t) strongly in H'(Q) it follows that
u(t) € HY(Q\T) and u(t) = w(t) on dpf. Moreover, by definition of v, we have that

6|[ukj(t)(t)” = 5’ij(t)(t)'
Passing to the limit as j — 400, thanks to (4.6), (4.10) and Remark 3.14, we get
t
Ofu)) SV
and hence (u

4
To prove (4.
get

), vh) € a(t,w).
12), let v € H'(Q\T) with v = w(t) on dpQ and set vy, 1) = v — w(t) + wg, () (t). By (4.4) we

1 1
5/ |Vukj(t)(t)|2dw+/90(|[ukj(t)(t)]|7%j(w(t))dHN ' < 5/ Vo, | *dz
o\ r o\

+ / (1011 0] V (0 () ARV L (4.13)

Since vy, 4y — v strongly in H'(Q\ T), using Theorem 3.8 and the fact that ¢ is bounded we can pass to the
limit as j — +oo in the right-hand side of (4.13), obtaining the right-hand side of (4.12). Thanks to (4.9), to
prove (4.12) it remains to show that

Jeto®l o o@an ™ = [ [ el wean (114)
To this purpose, it will be useful to consider the following extension of ¢:

. oly,z) for0<y<z
Py, 2) =
9(z) for 0 < z < y.

Then, using again Theorem 3.8

/F U)oy (1)) AN / /[ o PO €)= / /[ oy P €)1
’ ’ (4.15)

Thus, it remains to prove that

I = / (SR, 98) = (ULt 0 B e, () ) AN — 0.
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We have
;] < / ‘<P(|[u(t)]|,’7kj(t)(t)) - 80(|[Uk,~(t)(t)]|,’ij(t)(t))‘dHN_l
{0 () 2] [u(®)] ]}
+ / ‘%(’ij(t) ) iy 0y () — 2w, o) O] Y, 0) (t))‘dHNfl-
O {ve; (o () <[[u(®)]]}

Since (-, ) is Lipschitz in [0, 2], with Lipschitz constant L independent of z,

e )]~ o ]| 2
{1 @) 2 [[u@®]]}

+ L/ (e, (1) (8) = [[u, (1 (D)]]) dHN T
T {ve,; (6 (8) <[[u(t)]]}

<r ) ~ l o ()]
PO{ve; 0 (8) 2] [u(®)]}

+L/ (@] — [lug, o (O]]) AR
{0 (D) <[[u(®)]

AfL/H (1] — [l 0y (D) AV,

Passing to the limit as j — 400 by (4.10) the proof is concluded. O

The irreversibility condition (b’) follows by construction, as a consequence of Helly’s selection principle
(Thm. 3.20). In order to prove the energy equality, we first give an energy estimate for the discrete time
evolutions in terms of 6.

Lemma 4.3. There exists a numerical sequence Ry, — 0 such that

o t
Elug, ) < E(Uo,’Yo)Jr/ 0r(s)ds + Ry,
0

for any k € N and for any i=1,... k.

Proof. Fix k€ Nand ¢ € {1,...,k}. Let j € N be such that 1 < j < 4. By the minimality of (ui,vi), choosing
(u{c_1 - w{c_l + w, ,’yi_l) as test pair we have

1 , L 1 . i i a
3 Vel s [odlhar < g [ o P ol )d e

”Lléva Vils) deds + (/;nvm>w%2

1 - - i
<5 [ vl e [ e ol da
O\ r

t]
+ /k Vug(s) - Vw(s)dzds
=t JO\r

J

1 th tl
+ = max / IV (s)||ds / [[Vir(s)||ds.
2 r=1,....k t;—l ti,l
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Iterating the previous inequality for j =14,...,1, we get the thesis with

1 th T
Ri = - max / [IVw(s)||ds / IV (s)||ds,
2 r=1,...k t;—l 0

that goes to 0 as kK — 400 because of the absolute continuity of the integral. O

Using the previous lemma, we prove the energy balance condition (c) for the continuous-time evolution.

Lemma 4.4. For every t € [0,T] we have

E(u(t), ") = E(uo,70) +/O 0(s) ds.

Proof. By (4.8), we already know that § € Ll([(), T]). Let t € [0,T] be fixed, and let ¢ be such that t}ij(t) <t<
tz.r(lty Applying the previous lemma, we have

th ()
E(ug, 1) (1), vk, 6) () < E(uo,7) +/ T Ok, (8) ds + Ry, (1)
0

Recalling that k;(t) is a subsequence of k;, and that k; does not depend on ¢, we get

th; )
E(u(t),v") < 1jm_&£.1§ E(ug, ) (), vr, 1) (1)) < E(uo,v0) + limsup/ ! Ok, 1) (s) ds
0

J— j—+o0o

t t
< E(uo,7) +/ lim sup 6y, (s) ds = E(uo, o) +/ 0(s)ds,
0 0

j——+o0

where we used (4.9), (4.14) and Fatou’s lemma. The proof is concluded, observing that the opposite energy
inequality comes from Theorem 3.26. O

5. THE CASE OF CONSTANT UNLOADING RESPONSE

In this section we show that in the particular situation in which the function ¢ does not depend on the
jump (i.e. ¢ is constant with respect to the first variable), the irreversible quasistatic evolution ¢ — (u(t), v?)
provided by Theorem 3.30 is such that v* = d,) for every ¢ € [0,T], where 7(t) is defined in (3.12). In this
way, we recover the result that Dal Maso and Zanini proved by means of a suitable notion of convergence in [5].
In addition, we show that the discrete-time internal variables 7 defined in (4.3) actually converge in measure
to ~y(t). This improves the o-convergence result stated in [5].

Theorem 5.1. Let the hypotheses of Theorem 3.30 be satisfied. Assume in addition that ¢(-,z) is constant for
every z € [0,+00) and that p(y, ) is strictly increasing for every y € [0,+00). Then, the function t — (u(t), ')
provided by Theorem 3.30 is such that:

— vt =06, for every t € [0,T], where ~(t) is defined in (3.12);

— t— (u(t),v(t)) is an irreversible quasistatic evolution.

Remark 5.2. It follows from Theorem 5.1 and Proposition 3.9 that when (-, z) is constant for every z €
[0, +00) and ¢(y, -) is strictly increasing for every y € [0, +00)

Vi, (¢) (t) — (t) in measure on T".
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Remark 5.3. If one removes the assumption that ¢(y, -) is strictly increasing, in general the equality v = Ov (1)

does not hold. Nevertheless, we have that the function ¢ — (u(t),~(t)) is an irreversible quasistatic evolution
with the property E(u(t),v") = E(u(t), o)) for every ¢ € [0, 7.

Proof. By Theorem 3.30, there exists an irreversible quasistatic evolution in the sense of Young measures
t — (u(t),v") such that (u(0),°) = (ug,d,,). Let us show that v* = 4, for every t € (0,T]. Let us fix
€ (0,T). Since (u(t),v?) is globally stable, for every v € HY(Q \ I') with v = w(t) on dpQ we have

1 2 l 2 N-1
2/Q\F|Vu(t)| dz < 2/Q |Vl dl’+//02 [[v]] V &) dvi (&) dH

/ / HIL,€) vt (€) MY (5.1)
0, 2M
Using the fact that ¢(-, z) is constant for every z € [0, +00), we can write
L LV €) — ()] ) dvk(€) dr
0, 2M
-1/ oIl ) — e(fu(®)]].&)) dv€) aH¥ " (5.2)
{&<][v \}

Since, by Remark 3.29, v(t) < & for every ¢ € supp(v%), and ¢(y, -) is increasing for every y € [0, +00), we have

// o]l [[o]l) = (I[()]Ié)) L&) dHN !
{e<\[v]|}

<[/ oIl 1) = ()] 72 ) vk (€) ane
{§<\[v]|}
= [ (Y ) = ol e) ) e
</ (go(an,uvnth»—sa(Hu(t)n,v(t») an 5.3

where in the last inequality we used the fact that v/} is a probability measure. Relations (5.1), (5.2) and (5.3)
imply that

1 _ 1

5 [ vutPde+ [ el <5 [ wuPde s [ el )l vae)ary
2 Jor r 2 Jor r

that is, by Remark 3.22; the pair (u(t),év(t)) is globally stable in the sense of Young measures at time t.
Moreover, ¢t — ~y(t) is nondecreasing. Hence, both conditions (a’) and (b") of Definition 3.23 are fulfilled. We
can then apply Theorem 3.26 to the function ¢ — (u(t),d, ;). We get that for every t € [0, T]

E(u(t),~v(t)) > E(uo,0) —l—/o o Vu(s) - Vi(s)dz ds.

Since t +— (u(t),r') is an irreversible quasistatic evolution in the sense of Young measures, from the last
inequality it follows that E(u(t),y(t)) > E(u(t),v!) for every t € [0,T]. Hence, we have

//[O2M] O], () dvt (&) dHN 1 >//02M )], €) dvt (&) dHN 1
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for every t € [0,T]. By Remark 3.29 and from the fact that ¢(|[u(¢)]|,-) is strictly increasing we get
V=0, for every t € [0,T]. O

6. CONCENTRATION OF THE MEASURE /!

In Section 4 we provided an existence theorem for an irreversible quasistatic evolution ¢ — (u(t),v") in the
sense of Young measures. To this aim, for every & € N and for every i = 0,1,. ..,k we defined by induction the
pairs (u}€7 'y,i) with the property that

(i) ui is a solution to (4.1) and 7}, = |[ul]| V75 '
Then, the piecewise constant functions wuy : [0,7] — H'(Q\T) and 7y : [0,7] — L(I')* were defined in (4.3),
and we proved that

(17) ||[uk(t)]||H%(F) < Cforevery k€N, ¢t €[0,T];

(iid) i, (t) = vt
Moreover, we showed that in the particular case in which the unloading response (-, z) is constant, the limit
measure ' has the special form v* = 6.y, where 7(t) € L>(I')* for every t € [0,7] (Thm. 5.1).

In this section we investigate whether the same conclusion holds when ¢ satisfies the hypotheses listed in
Section 2, without further restrictions. In particular, we want to know if properties (4), (i7) and (zi7) imply that
vt is an atomic measure for every ¢ € [0, 7.

At the moment, we are not able to give a complete answer to this question. Nevertheless, we show with the
following proposition that conditions (i¢) and (ii¢) are not sufficient.

Proposition 6.1. There exists a sequence of nonnegative piecewise constant functions
pr:[0,1] — Hz([0,27])  keEN,

and a function
v :[0,1] — Y([0, 2], HN 1, [0, 1])
such that vt is non atomic for t € (0,1] and the following two conditions are satisfied:
(1) there exists a positive constant C such that

||pk‘(t)||H% ([0’271,]) S C’

for every t € [0,1] and k € N;
(2) setting vi(t) := supg<s<; px(s) there holds

i () Yyt for every t € [0,1].

Proof. Let k € N be fixed. We set p.(t) := 0 for 0 <t < 52—. When 2 <t <1, we define

2F11 2k 1
) (sin(2’%))+ for z € [%,2#} ,
Pr(l) =
0 otherwise in [0, 27].

Let now t € (0,1) and let i € {1,...,2¥ — 1} be such that ﬁ <t< 2",;"_:1. We assign pg(t) as

) (sin(2kac))Jr for x € [—QW(;,:I), %] ,
Pe(l) :=
0 otherwise in [0, 27].
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Notice that py(t) — 0 strongly in L2([0, 27]) for every ¢ € [0,1]. Indeed,

27
s
IO o2ey = | Ipn(0Pde < 5 0.

A standard computation shows that

IPkOI2, ) < 70 +)

Let us write the expression of the functions ~(¢). It turns out that v;(t) = 0 for 0 < t < Qk—lﬂ, and
Vi (t) = (sin(2km))Jr when 2’“+1 <t<1 Fixte [2k+1, 2k+1) and i € {1,...,2% —1} such that 2++1 <t< Qi,f_ﬁl.
Then N

(t) = (sin(2z)) for z € [0, 2],
0 otherwise in [0, 27].

We will prove that for every t € [0, 1] we have ~,(t) 2, v, where 10 = & and for t € (0,1]

ve(€) == Lj0,27¢] (x) (\/17—52 dé + 50(5)) + Li2rt,2q] (x)00(&)

for HN~"1-a.e. x € [0,27]. To this purpose, it will be enough to show that

/ (@) fpu (@) dz — / N / o)1) drdi(€)

for every a € C°([0,2x]) and f € C°([0,1]). For t = 0 the claim follows immediately. Let us fix t € (0,1),

the proof for the case ¢t = 1 being analogous. For every k € N, we have that Q—k% <t< %ﬁ%, for some 1y, €

{0,1,...,2*}. Let us fix € > 0 arbitrarily small. There exist two integers j and r; such that 0 < 2t — 2;” <.
We have )
| a@so@yas = 1i+ 12 (6.1)
where .
22% I 27
I} ::/ a(x)f ((sin(Qk:E)) ) dr and I} ::/ - a(x)f(0)de.
0 S
We observe that ) ) .
B [ a@)0)de - /0 /O a(2)£(6) 1(ant.am () S0 (€) . (6.2)
Tt
It remains to compute the limit of I ,1 as k — oo. We write
27r7'j
1 2 ook o\t
I; :/0 a(z)f ((5111(2 z)) ) dz + Rj i, (6.3)
where
M 2mig
2k . E 2k
Rj = /Mrj a(x)f ((5111(2 ) ) dz < || fllcoqo,2) /2” |a(x)| dz.
27 27

From the last inequality it follows that for ¢ fixed

27t 27t
*Hch‘)({ozw])/z la(@)lde < lim inf Ry < limsup Rj ;. < 11l coqo, 2w1>/z , la(z)]dz.

T T
- — 100 -
27 + 23
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Letting € tend to 0 all the terms in the last relation converge to 0. Thus, we conclude that

27rj

. . 27 . k +
ETOO Il = ]Einoo kgrfoo ; a(x)f ((sm(2 z)) ) dz. (6.4)
Let us compute the limit (6.4). For every k > j, we have that f ((sin(2km))+) is periodic in [0, 22J ]. Hence,
using the Riemann-Lebesgue lemma we have that when & — 400
. 27
. k +\ 27 2l . j + * 00 27'('7"]‘ .
f ((5111(2 ) ) 2, /0 f ((5111(2 z)) ) dxr  weakly* in L (0, 57 )
Since
97 s 97 o7
27 A J + o 27 . j 1
2 /0 ! ((s1n(2 z)) ) dz = o ( ; f(sin(2/z)) do + o7 f(O))
1 U
:2—/ f(sinz)dx + f /f d¢ + f()
™ Jo
we have
27y 2mr; s
) e ok 27 1 = 1
kgr-l{loo ; a(x)f ((sm(2 dx = / / e d«f dz + / §a(x)f(0) dz.  (6.5)
Collecting (6.1), (6.2), (6.4) and (6.5) we conclude the proof. O

7. EULER-LAGRANGE CONDITIONS

In this section we study in detail the Euler-Lagrange conditions satisfied by a pair (u,r) which is globally
stable in the sense of Young measures at a fixed time ¢ € [0, 7.

Proposition 7.1. Let t € [0,T] be fized and let (u,v) be globally stable in the sense of Young measures at
time t. For x € T define a(x) := inf{z : z € supp v, }. Then

p)
Vu - Vi da + /F |11 1 go=u]1=a} <U v({01) + /(O,2M] ‘;;

0 _
[ ey [ GO duate)
0

+ [ sl s /[ o O a7

)

/ 0 —1
+/F|[?/f]|1{o<[unw1=a|w1|} <9 (a) Vz({a}H/WM] a—j(a,f)dvz(£)> dHN

0 _
*/|[¢]|1{o>[u][¢]:—a|[w]|}/ G—CP(a,f)de(f)dHN >0 (7.1)
r [0,2M] OY

(07,6 dvl(€)> AN

O\l

for every ¢ € HY(Q\T,0pQ).
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Proof. Since (u,v) is globally stable, thanks to Remark 3.22 we have that E(u,v) < E(v,v V d))) for every
ve HY(Q\T) such that v = w(t) on dpQ. Thus, for every ¢ € H}(Q\ T, 0p<) there holds

lim inf E(u+ ¢, vV ) — Eu,v)

> 0. 7.2
17_>0+ 77 - ( )

Let us show that the liminf in (7.2) is actually a limit and that it coincides with the left-hand side of (7.1).
First, for the volume part of the energy, it is clear that

lim

1 2 _ 2
_/ [Vu +nVip|* —|Vu| do —
n—0+ 2 O\l

/ Vu- Vi de.
n O\

It remains to evaluate the limit:

, e([[ul + Y]l €V ([[ul +2[¥]D) — (], ) N-1
Jim /F /[MM] dvy(€) dHN 1. (7.3)

n—0t n
To this aim, we notice that for HV"t-a.e. z €T
a(x) = max{a € [0,2M] : vz([a,2M]) = 1},

from which one can check that a is measurable and bounded. Hence, we can divide I' in the following four
measurable subsets.

Step 1. z € {0 =

[ull = o}
Let z € {0 = |[u]|

= a} be fixed. In this case, we have under the integral on I' the expression

/ el[¥](@)], € vV nlldl(@)]) — ¢(0,€) dua(€)
[0,2M] n

_ 9(l[Y](x)]) pl[¥)()], € Valld](@)) — »(0,§) .

= n(opTEER [ I (6)
For 7 sufficiently small and £ € (0, 2M] fixed we can write

n n Y
where 3 € (0,n|[](x)]). Thus, applying Lebesgue dominated convergence theorem we get that
e LE V@) 0.8 P v op
i 7 v (6) = [W](x) ( op+ [ G0t g x<«s>> .

Applying once again Lebesgue dominated convergence theorem we get the second term of the first line of (7.1).
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Step 2. x € {0 = |[u]| < a}
For x fixed and n > 0 sufficiently small we have

[ el vl —u0 o, ¢ [ bl -p0.9,, ¢
[0,2M] ’ [0,2M] !

n n
= T % v
= [, BN G e,

with G € (0,n|[¢](z)|). Applying twice Lebesgue dominated convergence theorem, first for the measure v,, and
then for HV~!, we obtain the second line of (7.1).

Step 3. z € {0 < |[u]| < a}
For z fixed and n > 0 sufficiently small the integrand is given by

/ o(|[u](z) + n[v](#)], §) — o(|[u](x)], £)
[0,2M]

" dv, (8).

Passing to the limit as n — 07 one gets

[ i) sl 52 ()} ) s ).
[0,2M] )
This gives the third line of (7.1).

Step 4. x € {0 < |[u]| = a}
Let us assume that [u](z) [¢](x) > 0. In this case we have |[u](z) + n[](x)| > |[u](z)] = a(z). Hence,

/ p(l[u](x) + nl](@)], € V ([ul(z) + n[¢](@)]) = pla(z),)
[0,2M] n

({a(x)})g(I[u](x) +nly](z)]) — gla(x))

:Vl‘
n

+/ o(|[u](x) +n[Y](x)], £ V ([[ul(z) +n[¥](x)]) — plalz),§) v (
(a(2),2M] U ’

§)-

For ¢ € (a(x),2M] fixed and n > 0 sufficiently small the ratio under the integral sign is given by

p(lul(@) + nlel(@)], € v ([[ul(x) + nly](@)]) = ele(x),€) _ @(l[ul(x) + nl](2)],§) = pla(z),§)

Ui Ui
When 1 — 07, the last expression becomes

Oy dp

[¥](2) Sgn([U](w))a—y(a(w),E) = I[w](x)la—y(a(w),ﬁ)-

Hence, when 1 — 07, thanks to Lebesgue dominated convergence theorem the expression in (7.4) tends to

|[¢](2)] <Vz({a(x)})g'(a(m)) +/( %(a(x%f)dvz(ﬁo : (7.5)

a(z),2M] OY
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In case [u](z) [{](x) < 0, since |[u](z) + n[¢](z)| < |[u](x)] = a(z) we have

/ p(llul(z) +n[](@)], €V ([u](z) + nl¥](@)]) - p(a(2),§) ©
[0,2M] n ¥

:/ p(l[u)(z) +nl¥](@)],§) — p(a(2),) ©
[0,2M] e

n

When 1 — 01, using once again Lebesgue dominated convergence theorem, we get that the last expression
converges to
9¢

(a(z),&) dve (&) = —|[¥](z)] 5, (@), &) dva (€). (7.6)
[0,2Mm] OY

1) sgn((ul () /

[0,2M] 8_y

Collecting (7.5) and (7.6) and applying Lebesgue dominated convergence theorem we get the last two lines of
relation (7.1). O

In the next proposition we give an equivalent formulation for the Euler-Lagrange conditions.

Proposition 7.2. Let t € [0,T] be fixred and let (u,v) € A(t,w). Then (7.1) holds if and only if the following
two conditions are fulfilled:

(a) u satisfies

Au=0 in D'(Q\ ),
u=w(t) on Hz(0p<),
O =0 on H=2 (99 \ 0pQ), (7.7)
Oput = Bqu~  on H—z(D);
(b) there exists h € L>°(T") such that
(On [0]) = [ gl an ! Yo e HH(@\T,0p0)
r
|h| < o v, ({0}) +/ a—C'O(OJF,E) dv,(¢) HN lae. in JSN{a =0},
(0,2M] dy
% + N—-1_ : c
|h] < /[O,2M] By (07, &) dv. (&) H a.e. in JSN{a > 0}, (7.8)
h sgn[u] :/ %( [u]], &) dvs (€) HN"Lae. in {0 < [[u]]| < a},
[0,2M] dy
hsgnlu] € ¥ HNLae. in {0 < [[u]| = a},

where X is the segment

— dp , dp '
Y= {/[O,QM] a—y(a,é)dux(i) +rz/;c({a})(g (a) - a—y(a,a)) cr e, 1]} :

Proof. Let us prove the two implications.

Step 1. Show that (7.1) = (a) and (b)
Specifying (7.1) for an arbitrary ¢ € H}(Q, 9pQ) we obtain relations (7.7)1-(7.7)4. At this point, integrating
by parts we have

o Vu - Vipde = —(Ogu, [¢]) (7.9)
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for every 1 € H3 (Q\T,9p). Arguing in the same way as in [2], we obtain the existence of a function h € L°°(T")
such that (7.8); holds. From (7.1), using (7.9) and (7.8); and since Hz2 (') is dense in L!(I') we get that

o
= [reart s [t (om0 + [ 0T | ant
r r (0,2M] dy

dp _
+/|Z|1{oz|[u]\<a}/ a—(0+7§)de(€)dHN !
r [0,2M] 9Y

0 _
+ [ sl Loieay [ SE(l € dvi(e)ar™!
r [0,2Mm] OY

+ / 12 1 o< tugo—atepy | 9(@) wa(fa}) + / (0,€) duy (€) | dHN

d
(a,2M] Oy

) _
~ [t ey [ @ (@an T 20
r [0,2Mm] OY

for every z € L1(T'). Evaluating the last relation first for functions z > 0 and then for functions z < 0 arbitrary,
by a localization argument we obtain (7.8).

Step 2. Show that (a) and (b)= (7.1)
Conversely, applying (7.7); to an arbitrary ¢ € H} (Q\T,0p), integrating by parts and using conditions (a)
and (b) we get (7.1). O
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