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CAHIERS DE TOPOLOGIE Vol. XIX-3(1978)
ET GEOMETRIE DIFFERENTIELLE

SYMMETRIC MONOIDAL CLOSED CATEGORIES
GENERATED BY COMMUTATIVE ADJOINT MONADS
by William F. KEIGHER

Kock (1971) has shown that if V is a symmetric monoidal closed
category with equalizers and T is a commutative V-monad on V, then vT )
the category of T-algebras in V, is a closed category. The primary purpose
of the present paper is to extend Kock's result by showing that if V is a
symmetric monoidal closed category with coequalizers and T is a commu-
tative V-monad on V, then VT is a symmetric monoidal category. We also
show that the pair of adjoint functors connecting VT and V are symmetric
monoidal functors, and that the adjunction natural transformations are mon-
oidal natural transformations. Moreover, if we assume that V, has equal-
izers, then we show that vT is symmetric monoidal closed. We also exam-
ine the relationship between the category of commutative monoids in vT and
a category of algebras in the category of commutative monoids in V. We

conclude with several examples which illustrate the results.

1. PRELIMINARIES.
Throughout the paper we assume that
V:([Voa®>[7aarylyc]7 P, [V07 Vyhomvalai)j’[’])

is a symmetric monoidal closed category in the sense of Filenberg and Kelly
(1966), page 535. We also adopt the notation and terminology contained

therein unless otherwise noted.

We recall that a monoid in V is a triple (A,e,m) where A€V, ,

and e: /> A and m: A®A > A are morphisms in V, such that
m.A@e.r;‘I :A:m.eQA.l;il and m.m@®A =m.A®m.a, 4.

The monoid (A, e,m) is commutative if m = m. cq 4 - A monoid morphism
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2 W.F.KEIGHER

f:(A,e,m)->(A',e',m') in V is a morphism f: A > A’ in V, such that
ffm=m'.fQf and f.e=c¢".

We denote the category of monoids in V by M(V) and the full subcategory
of commutative monoids in V by CM(V). Further, vV denotes the categ-
ory of V-functors from V into V, and Adj(V) denotes the full subcategory
of VV consisting of all V-functors T': V> V having a right V-adjoint. We
denote by MAdj(V) the category of adjoint V-monads on V (i.e., V-mon-
ads (T,n,¢) on V where T has a right V-adjoint) and by CMAdj(V) the
full subcategory of MAdj(V) consisting of those adjoint V-monads on V
which are commutative in the sense of Kock (1971) or Kock (1970). We

note that there are obvious forgetful functors

U: M(V)> Vo, U': CM(V)> Vo, Uj: MAdj(V)- Adj(V)
and U} : CMAdj(V)~> Adj(V).

LEMMA 1.1. The functor ® : Vo, » Adj(V) defined by the rules
DA =AQ(-) and Of=(Q(-)

is a monoidal equivalence of categories. There are also equivalences

®; : M(V)> MAJi(V) and ®;: CM(V)-> CMAdj(V)
such that ®U =U1fD1 and O U’ = UI’(I)I’.

P ROOF. The first statement follows from Bunge (1969), Theorem 3.8, page
89, while the second follows frcm Bunge (1969), Corollary 3.9, page 90,
and Wolff (1973), Proposition 2.7, page 119.

In the interest of brevity many strings of equations appear in the
proofs of the results herein, and . any equality signs in these strings have
been marked according to the fol ‘wing scheme (as in ¥Kceok (1971)) to in-
dicate the reason for the equalii:. An equality sign with a letter above it,

L . .
as in =, indicates equality a3 « :esult of naturality of ihat named natural

. : - . (3.4
transformation. One marked with « numeral within parentheses, as in ==

follows from that numbered ‘heore.n, equation, diagram, or whatever in this

2
paper. One marked with a cumeral without parentheses, as in =, indicates
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SYMMETRIC MONOIDAL CLOSED CATEGORIES... 3

that the reason for the equality will be explained below. Lastly, an unmark-

ed equality sign denotes an obvious or trivial equation.

2. COMMUTATIVE ADJOINT MONADS AND CATEGORIES OF ALGEBRAS.

We first obtain the main result which when considered in conjunction
with Kock's Theorem will imply that the category of T-algebras for a commu-
tative adjoint V-monad T on V is a symmetric monoidal closed category,

provided V, has both equalizers and coequalizers.

THEOREM 2.1. Let Vo, have coequalizers and let T be a commutative ad-
joint V-monad on V. Then vT, the category of T-algebras in V, is a sym-

metric monoidal category.

P KOOF. By Lemma 1.1, it is equivalent to assume that T is induced by a
cor. mutative monoid (A, e,m) in V, and so we denote the monad T by
4 (AQ('), nAaHA), where

-1
AA(-)

1)A = e@(-).l}f} and uA =mQ(-).a
(i) We construct the tensor product (M@, N, pMQAN) of two A-alge-
bras (M, py) and (N, py) «s follows. Consider the pair of morphisms
Ty Ty AQ(MQON) - M@N , vhere
-1 — -1
TA[=pM®N'aAMN and TN_MQPN.aMAN.CAMQN.aAMN,

and let gy M8ON > M@, N 1e the coequalizer of rj, and ry . Note that
since A is an adjoint V-monad, 4 Qqy y is the coequalizer of A@rM and

A @7y. Now consider the following diagram in V :

A@rM_» A@qMN
1Q(AQMON)) - 1QMeN) AQ(M®,N )
A@TN
4
(2.i.17 *MeN MN Pue N
"M
1Q(M QN ) M eN — TN Me,N
r
N
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4 W.F. KEIGHER

It is easy to check that both squares on the left hand side of (2.1.1) (one
involving the 7y 's, the other the 7y 's) commute. It follows that g, .7y =
=qyun-Ty coequalizes A®ry and 4 @ry , and hence there exists a unique

morphism pMGAN" AG(MQ, N )-> M @, N such that
(2.1.2) pMGAN'quMN:qMN'TJ:qMN'TN'
Since gy and A®(ARq, ) are epimorphisms of Vo , one sees that
(M@AN, PM@AN) =(M, PM)@A(N: PN)
is an A-algebra. If
frou, PM)“’(M" py+) and g:(N,py) > (N, [,
are morphisms of A-algebras, there is a unique morphism
f@,8:MQN->M"Q N’

such that
(2.1.3) @48 qyn = qun'- f®g>
and one checks that f®,g is a morphism of A-algebras. Hence we have a
functor & : Vﬁl X V‘;‘l > Vé .

(ii) We take the unit object in v4 o be the A-algebra (A, m).

(i1i) We construct a natural isomorphism

M,y ) (M €A Pya ) (M, py) in V4

as follows. Since (4, e, m) is commutative, we see that for any A-algebra
(M, py) there is a unique morphism ;(M’PM): M@, A-M such that
(2.1.4) ;(M,pM)‘qMA =0y Cua-

and it is clear that Ton p

M

) is a morphism of A-algebras. We claim that

. . . .. -1
r(M,pM) is a natural isomorphism, having as its inverse qMA.MQe. ™ -

Consider then the following equations. We have

g (219

B 7 C 1 g 2
r.q.1Qe.r p.c.]@e.rl :p.e®].c.r1=p.e®].11:M.

where 1 follows from FEilenberg and Kelly (1966), Proposition 1.1, page

512, and 2 since py is an A-structure map. On the other hand, since there
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SYMMETRIC MONOIDAL CLOSED CATEGORIES... 5

is a unique morphism f: M@, A > MQ A such that f.qy 4 = qy,-M8A, it
suffices to show that

q. 1®e.r'1.'r.q =M®AA.q.
Hence we have

(2.1.4)

q- 1Qe.r L. T.q

I

q.]@e.r'l.p.c q.l@e.p@].r'l.c:

1o

1
q.p@]‘l@e.r'l.c = q.]@n.a.c@].]@e.r-].c
k 1.3)

3
g.1€m. 1€(1Qe). 1€ = q.Me4

Me,A.q,

where 1 follows since ¢ is a coequalizer, 2 from coherence and naturality

of (-)®e, and 3 since (A, e, m) is a monoid.

(iv) Similarly we construct a natural isomorphism

: v
bty (ACMs o g )= (Mspy) in Vs

by noting that for any 4 -algebra (M, pj, ) there is a unique morphism

lfM,Pu): A48y M- M

such that

(2.1.5) l(M,pM)'qAszM'

One checks as above that er oy is a natural isomorphism of A-algebras

with inverse g . e@M. li[l
(v) We construct a natural isomorphism Zl(M’PM){N,PN)(P,pp):

in Vé , where (M, PM)7 (N, PN) and (P, pP) are any A-algebras in Vv,
by considering the diagram (2.1.6) (next page) in Vo . In (2.1.6),

_ -1 . -1

oM = TM@P-“A,M@N,P oy =TNOP.af yen, P
o -1

oy =Mery.ay 4 Neop-cay®NOP). 0’y y yap

and

. -1
O'P = M®TP'GM,A,N®P' CAMQ(NQP)'GA,M“’V@P'

An analysis of the diagram (2.1.6) shows that the composite
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6 V. F. KEIGHER

AQ(q, 8P
AQ((M&N)QP ) (9 y8F) Ae((M&,N)QP)
oml|ON TMQAN p
Iy nOP iMe ,N,P
(M &N )@P (M@ N)@P —4=(1e,N)e,P
(2.1.6) |4 @ay o lay yp f a
Meq q
MeNQP) NP MeNe,p) N8y PM@A(NQAP)
TN|PP ™M|[Ne,P
AeMe
temener) —MCawp) _omeme P))

‘IM,NQAP'M&INP' ay Np
coequalizes the pair of maps o) and oy, and since qMNQP is the co-
equalizer of this pair, there is a unique morphism
f:(M@,N)@P > M&,(NQ,P)
such that
f-aun®P = qy no, p-MOqyp- ey yp -
In turn f coequalizes the pair TM®AN and rp and hence, induces the u-

nique map

a= a(M’pM)(N,PN)(P:PP): (M@AN)QAP - M@A(NQAP)

such that f = a. e, N,P - It follows then that
QLD @y N0y P op) e NP N =0y ve  p- 8NP - Oy

and a lengthy but straightforward verification shows that a is a natural iso-

morphism of 4-algebras.
(vi) We construct a natural isomorphism
- M A
M, oy )N, pN) (M84N. oyo, N/~ (Ney I, PNe ) in Vo

by noting that for any A-algebras (M, py ) and (N, py) there is . natural
Me,N - N@AM such *© af

isomorphism of A-algebras ;:("J; oy )N, oy )

- — r
(2.1.8) M,y iV .0 ) TN T INM - O v

RTY



SYMMETRIC MONOIDAL CLOSED CATEGORIES... 7

where qpy: NOM->N@, M is the coequalizer of the corresponding mor-
phisms 73,7y : AQ(NQM)> NQM.
We now claim that

VA = (Vé ,®A 3(A;m)’ ;7296’7-6)

is a symmetric monoidal category. The commutativity of the diagrams need-
ed to show this, i.e., MC1-MC?7 in Eilenberg and Kelly (1966), page 472
and page 512, follows from the commutativity of the corresponding diagrams
for V, from the defining relations for 7, Z, a and ¢, from the fact that the
qyn's are epimorphisms and from the fact that M @(-) preserves epimor-

phisms for any M € V, .
Associated with the category vd of A-algebras in V is a pair of
adjoint functors F4:.vy>v8 and U4: V& 5 V, defined on objects by
FA(M)=(A@M, uy) and UA(M, py)=M,

with F4 lefe adjoint to U4 . We now show that, relative to the symmetric
monoidal structure on VA as given in Theorem 2.1, these functors can be
given the structure of symmetric monoidal functors and the adjunction trans-
formations can be given the structure of monoidal natural transformations as

well.
THEOREM 2.2. Let V, have coequalizers and let T be a commutative ad-
joint V-monad on V. Then the adjoint functors
FT.v, > V;,r and UT: V;r—> Vo
are symmetric monoidal functors and the adjunction transformations
eL: FTUTS vY and r]T: Vo> UTFT
are monoidal natural transformations.
PROOF. We first observe that by Lemma 1.1, it is equivalent to take
T=4=(4Q(-),74, ud)

@s in the proof of Theorem 2.1. We show first that U4 is a symmetric mon-

oidal functor. To do so, we necd to construct a natural transformation
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8 W.F. KEIGHER
1A .4 4 4
U(M,PM)(MPN)'U (M,0)QU%N,p)-» U (M@AN,pM@AN)

and a morphism (UA)O 3 UA(A,m) in V, . We take

(7?AM,9M)(N,pN) ~ MmN

where gy, is the coequalizer of ry and ry as defined in the proof of
Theorem 2.1, and we take (UA ) = e. We must verify MF1-MF 4 in Eilen-
berg and Kelly (1966), pages 473 and 513, for (U4, lA/‘ﬂ,(UA)o ). In this
case, MF1 is simply E(M,OM)' qqy- ¢®M =1y , which holds as in the proof
of Theorem 2.1. Similarly we have ;(M’pM)' qy 4 M&e =1y for MF 2, again
from the proof of Theorem 2.1. Also, the equations needed to verify MF 3
and MF 4 are simply the defining relations (2.1.7) and (2.1.8) for the natur-
al isomorphisms @ and ¢ in vé .

To see that Fé is a symmetric monoidal functor, we need to con-
struct a natural transformation

Fiy: FAcm)e, FA(N) > FAdrnen)

and a morphism (F4p (A, m)> FA(1) in V& which satisfy MF 1-MF4.
For Fff, . consider the following diagram (2.2.1):

_  Tieu TaeM. 40N
AQ((AGM)R(ARN)) (AQM)Q(ARN) (ARM)QAGN)
TA@N
Ak K ;;'A
MN MN MN

AQ“&%@N ;,LA /

AerAe(AeMeN ) — (AQ(AQM@N)) Man AQMEN)
taemen )

In (2.2.1),
_ -1
kyy = A®ayyy- A®(cy 4ON). A€y y . ay y 1an

is a coherent natural isomorphism, 7,4 gy and 74\ are constructed as

in the proof of Theorem 2.1, g4 gy s4gy !S the coequalizer of r, g, and

T4gN » and FﬁN is the unique morphism such that

-A _ ./_1
(2.2.2) Fiin-91em,4an = FiiaN- <M -
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It is clear that FA is natural, and one can ¢l eck in a straightforward fashion

ol 1
that F4 is a morphism of 4-algebras. For /¢~ )¢ | we take

(F4)o =5l 4 war;

clearly r;Il (A, m)->(ARI, fty) is a neovmism of A-algebras. It remains

to verify MF1-MF 4. For MF1, we ha e i -
ing diagram in V, :

g4

.

\

+ 17w commutativity of the follow-

(ARL)R, (ACM) ——-:=+ -~ AQ(ICH )
(2.2.3) rie,Aem) A&ly
A@ (AM) : = AQM
A

To do this, we use the fact that ZA oM

frAQ(AGM) > AQM suci . :z:
But we have
16l F4

olegl.g = 1el

> 1R

=70l ud k. rler =yt .

where 1 follows from the coherence of ', .

g

- unique morphism

r A
P94 aem= Uy

(2.2.2)

-1
r

(37

1
QL. k.l = u“4 ,

nd r. Hence the con.mutativity

of (2.2.3) follows. For MF 2, we have twv s} + that
Ry Fil (AGW)0L7, gy
and to do so one us:s the uniqueness of -, . satisfying
ey Tend =Py e

and the commutativity of (A.e,m) in th> -
to show (2.2.4):

4 A Y
A@ay yp- Fitan,p- Firr @4(ACP)= Fij nop !

and since both ¢ and ¢&I are epimorphisms ‘¢

fication. For MF 3, we have

A

-y A4
D FNp-c49maen 1P

Vo, it suffices to check

that (2.2.4) holds when both sides are composed on the right with

dA0M)® (AON), AP 14 0M,

R77
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10 W.F. KEIGHER

Hence we have

~ (2.1.7)
4.10,F4 a.q. q0]1 ===

=SH
A S

F4. 1@Ai‘"4.q.]®q.a L

—~
N

.2.2) K

4
I~

.q.1€F4. 1€q¢. a

uA.K.]Qp.A.Z@K.a
2

1
uA.IQ;rA.K.]@K.a = u‘i.ud.x.lek.a

K
]@a.uA.uA.K.KQI = ]@a.yA.K./.LA@].KQZ

1€a. F4. g F4e1.q01 L 1@4. F4.F0,1.4.q01 ,

—~

2.2.2)

where 1 follows from the monad equation uA. pA = #A_ I@uA and 2 from

coherence and naturality of a.Finally, for MF 4, we must show that
‘A _nA -
A@cyy-Fify = Fy- caem,aon

and as above it suffices to check that 1@c. F4 q = F4. ¢.q. Now we have

4
- (2.2.2 = 1
1@c. F4 4 ) 19c.ud.x & 4. 1er10c). k =
2 (2.2.2)
uA.a.c@l].a'l.]@(I@c).K = uA.K.c
A (2.1.8) ~, _
F’-4.q.c FA.c.q,

where 1 follows from the commutativity of 4 and 2 from coherence. Hence
F4 isa symmetric monoidal functor.

We now show that e/—l: FAyd ., Vé 1s a monoidal natural transfor-
mation, i.e., satisfies MN1 and MN2 in Eilenberg and Kelly (1966), page
474. Observe that, for any 4-algebra (M, py, ),

4 A
ipyy)7 FAUA M, oy )= (M, 0y )

is the morphism p, - (AQM, yﬁ)—» (M, py ). Now in this case, MN1 be-
comes m.ARe. r:41 = A, which is one of the unit laws for (4, e, m). Also
MN2 becomes

A
Pue, N A€y - Fity = oy @aen »

and as above it suffices to check

-

4
P, N Ay n- Fitn- 24 em, 408 = Pu®aPN-T4ay, 4aN -

278



SYMMETRIC MONOIDAL CLOSED CATEGORIES... 11

Now :
(2.1.3) 1
P PN -Qaem 40N — duN-Pu®PN = qyn-Ty- AN KyN =
3 (2.2.2)
Tn. ATy & = cryend K _—
IMN-TN- N KMN IMN*NFMaN - KMN
-4 (2.1.2) ~ 4
un-n- Fifn- daem,a0n = Pue v 48yy-Fin- 2a0m, 40N

where 1 follows from coherence and naturality, 2 since IuN is the coequal-
izer of 7 and 7y and 3 since py (and hence 7y ) is an A-structure
morphism.

To complete the proof of Theorem 2.2, we show that qA 1 Vo o vd Fpé
is a monoidal natural transformation, where 7)}%: M- U4 Fa (M) is the mor-
phism e®M. l/'l,[] :M-> AQM in V, . In this case, MN1 is e®I. l}l =r:41 . e, but

1 r
e@[.l}z = 68[.r;l = r;ll.e,

where 1 follows from MCS in Eilenberg and Kelly (1966), page 472. Also,
MN 2 becomes

Fn-940m a0y (@M)€ ). LRI = c@MON ). lj gy

But we have

. (2.2.2)

F4_q.(e@1)efe0l). I'lel ud. k. (e@l)€(e0]). 1" QI

2
pd.e@1. 1. e1. 177 = e@].17,

where 1 follows from coherence and naturality and 2 from the monad law

uA. e®I1.1"1 = A@M . This completes the proof of Theorem 2.2.

3. SYMMETRIC MONOIDAL CLOSED CATEGORIES OF ALGEBRAS.

We have seen in Theorem 2.1 that if V is a symmetric monoidal
closed category with coequalizers and T is a commutative adjoint V-monad
on V, then vT is a symmetric monoidal category. If V, has equalizers,
Kock (1971) has shown that VI is closed as well. The following theorem
shows that these two structures on VT are compatible, i.e., that VT is a

symmetric monoidal closed category.

Recall first from Kock (1971) the construction of the fondamental

R79



12 W.F. KEIGHER

natural transformation Ay B:T(AB) (A, TB), where T is any V-endo-
functor on V. In the case that T is the functor of a commutative adjoint
V-monad on V, it is equivalent by Lemma 1.1 to assume that T = AQ(-),
In this case, the natural transformation Ay - AQMN )~ (M, AQN ) as

constructed by Kock is defined as the following ( lengthy) composite :
A@(MN)—Lw (M, (A MN M) LL:EL (1, necaemn,))) (w81,
(M,((MN), M&MN )@(AeMN )))—L:(1:¢)®1) ry ((MN ),(MN )M )&(AQMN)))
(L(L,t) @1)_ (g N )N Jer AN ) L1:H" 1)
(M (AQMN), AN )(AQMN))) (1Y) (i, A@N).

In the above composite,
u=uyy: M- (NMON) and t =ty : (MN)&M >N

are the adjunction transformations as in Eilenberg and Kelly (1966), page

477, for the pair of adjoint functors

MQ('):VO"VO and (M>")f Vo - Vo,
and

HAY = Hiy: (MN) > (AeM, AeN )

is the natural transformation defined in Eilenberg and Kelly (1966), page
527, making A®(-) into a V-functor. We claim that in this case T = 4 Q(-),

A has a simpler equivalent formulation.

LEMMA 3.1. Let AeV,, T = AQ(-), and let N\ be defined as above. Then

Ayy is equal to the following composite :
AQMN ) e (M, AN ) JoM) L1221, Aer(MN )oM))
(LI8Y ry AeN).
PROOF. Clearly it is sufficient to show that
1€t.a=t. HAQ1.(1,0)@1.(1,c)®1. u®l.c.

Now we have

t. HAQ1.(1,)®1.(1,c)@1.u®l. c i
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SYMMETRIC MONOIDAL CLOSED CATEGORIES... 13

1
t.(1,100)01.(1,18c)01. HAQI. ugl. c =
2
t.(1,(10t)81).(1,1€¢)81. (c,c)®1 . KARI. u®l. ¢ =
3
t.(1,100)01.(1,18c)81. (c,c)®1.p '@1.(1,u)®l. . ul.c =

4
t.(1,1Q)R1.(1,1€c)R1.(c,c)®1.(l,a)@1.u@l.c =
5
t.(1,10)81.(1,a)81.(1,c)81.(c,]18c)®I.u®l.c =
t
:1.(1,1Qt)R1.(1,a)R1.(1,c)R1.uRRl.c = IQt.a.c.t.u®l.c

6 7
=1Qt.a.c.c = I8t. a.

Here we see that each numbered equality sign follows from Eilenberg and
Kelly (1966), in particular 1 follows from page 537, (6.7), 2 from page
499, (7.1), 3 from page 480, (3.19) with x =a™l, 4 from coherence, 5
from page 477, (3.4) with x = IQc, 6 from page 478, (3.7) and 7 from
MCG, page 512, where K is defined on page 499 (7.1), and p is part of the

given data for V as in Section 1 above.

LEMMA 3.2. Let Ae¢V,, T = AQ(-) and let A be defined asin Lemma 3.1.

Then the following diagram commutes.

AQ(M@N, P) AQ(M,(NP))
AQPMNP A
\ M,(NP)
M, AQNP
Aven, P (i, AGNEY
1(]’ )\NP)
MQN, AQP M, (N, AQP
( ) PN, AGP ¢ )

PROOF. We have
(3.1) 1
p. A= p.(L,I&).(l,a).u =
p.(1,1€t).(1,a).(1,a).p"L.(Lu). u 2
p.(1,18t).(1,1€a). (1,a).(1,a@1).p L. (Lu). u 2
p.(1,18t). (1.1&t€1)). (1,1€((p@1)81)). (1,a). (1,a®1).p~L . (Lu). u &
(1,(1,1€t).p. (1,1€t®1)). (1,18((pR1)R1)).(1,a).(1,a81).p L. (1,u). u

(L(1,1€¢t).p. (1 ,a). (1,(1€)81). (1,(1&(p1))®1).(1,a01). p™L . (1,u). u =

I

o
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(1,(1,18¢). (1,(1,a)). p. (1,(1€)@1). (1,(1€(p@1))81). (1,a®1). p~L . (Lu). u
4 n01,10). (L(1,a)).p. (L(18t)@1). (1,(18(p81))81). (1,a€1). KV . u
K (1(L1€1). (L(La). p-KV. (1,1€0). (L1€(p€1L). (1,a). u =
(L(L1€)). (L(La)). (Lu). (1,18¢). (1,1€(p@1)). (,a). u
(L(1,1€1). (L(La)). (Lu). (1,18¢). (1,a), (1,(18p)@L). u
(1(1,1€0). (L(L,a)). (Lu). (1,18¢). (1,a).u.18p S22 (1,A). A. 18p.

&

Of the equalities of this string of equations which follow from Eilenberg and

Kelly (1966), 1 follows from page 480, (3.19), with x = a’,
A= AQMeN,P), B=M, C=N, D=(AQM&N,P)&M)&N

and from page 477, (3.1) and (3.3), 2 from MC 3, page 472, 3 from page
480, (3.19) with 7! in place of 7 and x = 1, and 4 from page 499, (7.1).

THEOREM 3.3. Let V, have equalizers and coequalizers and let T b&a
commutative adjoint V-monad on V. Then VT is a symmetric monoidal clos-

ed category. N

PROOF. We have shown in Theorem 2.1 that VI is a symmetric monoidal
category, and Kock (1971) has shown that vT is a closed category. We
must show that the two structures on VT are compatible, and for this we
use Theorem 5.3, page 490, of Eilenberg and Kelly (1966). Again by Lemma
1.1 we may assume that T= 4 = (A Q(-), r/A , uA) for a commutative mon-
oid (A,e,m) in V.

At this point we recall the construction of the internal hom functor
in V4 from Kock (1971). Let (M, py) and (N, py) be two A-algebras.
The intemal hom object (Homy(M,N),<py ,py>) is defined as follows.

The following diagram (3.3.1) is an equalizer in V, .

Hom 4, N) — M ) — 2w D) ey )

(3.3.1) Hﬁx /I:pN)

(AQM, AQN)

282
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We note that in Kock (1971) the internal hom object in Vé is denoted by
MAN and in V, it is denoted by MAN , rather than Hom, (M,N ) and (MN ),
respectively, which we use. The A-structure <py, py> on Hom,(M,N) is

given by commutativity of the following diagram

A@Hom | (M,N) — LM AQ(MN)
Aun
(3.3.2) <pys PN (M, AGN )
l(l,pN)
Hom 4 (M,N) MN (MN )

Moreover, if

f:(M'py)>(M,py) and g: (N, py)~>(N', py.)
are two morphisms of A-algebras, there is a unique morphism of 4A-algebras
Hom,g(f,g): Homy(M,N)> Hom, (M',N') which is such that
(3.3.3) eyn-Homy(fig)=(f,8) eyy-

Recall also from Kock (1970), page 8, and Eilenberg and Kelly

(1966), Theorem 5.2, page 445, that for each (M, ()M)EV%I there is a V’i-

- (M,pm)

functor L =LM . v4 5 v4 defined for any (N, py)e o by

-LM(N7 PN) = (HOITI,A(M,N), <PM :pN>)7
and if (P, pp ) (0, PO )€ Vé , we have a natural transformation
™ _TM
— (Hom 4 (Hom (M, P),Hom, (M, Q)), <<pM,pp>,<pM,pQ>>)

defined by the commutativity of the following diagram (3.3.4).

LM
Hom 4 (P, Q) — (PQ) —EC __((MP),MQ))
LY ,
(3.3.4) l Po l(e "
Hom 4(Hom 4(M, P ), Hom (M, Q)) (Hom,(M,P),(MQ))

e Ae)
(HomA(M, P): HomA(M’ Q))
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In order to verify that Theorem 5.3 of Eilenberg and Kelly (1966 )

applies, we define a natural isomorphism p = E)(M, oy NP IPpp )

(Hom 4(M&,N, P),<pM®AN,pP>)~> (Hom (M, Hom (N, P)),<py.<py:pp>>)

of A-algebras as follows. Consider the following diagram

eMe, N,P , 1
Hom ,(M&N, P) 4 (M&,N,P) —@M—-L(M@N,P)
(3.3.5) Punp Lirve PUNP
H M, H N, P M, H N,P M, (NP
OmA( omA( )) eM,HomA(N,P)( omA( ))(I’eNP ( ))

In (3.3.5), p is the natural isomorphism from the symmetric monoidal closed
category V, g is the coequalizer which defines M@, N as in the proof of
Theorem 2.1, and e is the equalizer defined in (3.3.1). Since the functor

(M,-): Vo> V, has a left adjoint, (1, eNP) is the equalizer of
(1,(py.1)) and (1,(1,pp).(1,H*),

and we claim that pyyp-(qy 1) eMQAN p also equalizes them. To see

this, note that we have

(Lioys1)p-(9,1)e & p.(1@py1).(g,1). €
p.(al1).(c@LI).(a,1). (ry,1).(q,1). e Ed
p.(a'l,l).(CQZ,]).(a,]).(]@q,]).(pM®AN,]).e z
p.(a'I,Z).(CQZ,]).(a,]),(Z@q,]).(],pP).HA.e =
p.(Lop)-(aL1).(c@11). (a,1). (18, 1). HA. e &
(1,(L,pp))-p-(a"l,1).(c®1,1).(a,1).(1€q,1). H" . 1
(L(Lop)-p-(aL1).(c@1,1),(a,1). H . (q,1). 2
(L(Lpp))-p.(a’l,1).(c@L,1).(a,1).(cc).pL.(1,u).(q,1). e :
(L(Lpp)-p-((1€che). (aL,1).p . (Lu).(g,1). ¢ &
(L(Lpp))-(L(c,c)).p.(al,1).p7t.(Lu). (¢,1). e 2

(L(Lop)-(Lice)-(1p1).p. (Lu).(¢1).e &

1=

A

28 %
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(L(1,pp))-(1,(c,e)).(1p™!) .(L(Lu)).p.(q.1). e
3
= (L(Lpp)), (LHY).p.(q,1). e.
In this string of equations, 1 follows from the definition of 7y as in The-
orem 2.1, 2 since e is an equalizer, 3 from Eilenberg and Kelly (1966),
page 537, (6.7) and page 499, (7.1), 4 from coherence and 5 from MCC 3
for V, Eilenberg and Kelly (1966), page 475. It follows that there is a u-
nique morphism
pynp: Hom, (M@, N,P)-(M,Hom,(N,P))

such that
(3.3.6) Punp-(un-1)-eye, n,p =(1-eyp)-Pyyp -

Next we claim that p’' equalizes (py,]) and (I,<pN,pP>).HA , and

since (1, ey p) is a monomorphism, it suffices to show that
(1,e).(py1).p' = (Le).(1,<py.pp>). HL . p".

We have then

(3.3.6) p
(Le)-(pys1)p" = (pys)- (Le).p’ === (py1).p(g:1)- e =

(2.1.2)

1
p-(a,1).(ry,1).(q,1). e p.(a,]).(]@q,]).(pMQAN,]). e =

po(@l).(180,1).(Lop). HA. e 1 b (a1).(Lop) HY . (g,1). ¢ B
(L(Lpp)).p-(a1).HA (q,1).e 2

(L(Lop).p-(a1). HA . (1,t). KN .p.(q,1). ¢ i
(L(1L,pp)).p.(1,18t).(a,1). HA. KN . p.(q,1).
(L(Lpp)).p-(1,1€t).(1,a). KN . HA . p.(q,1). e

I

ns

4
(L(1,pp)-(L(1,1€t)).(1,(1,a).p. KN . HA p.(q,]). ¢ =
(L(L,pp))-(1,(1,188)). (1,(1,a)). (Lu). HA. p. (q,1). .1
(IalapP))' (1, )\)- HAP.(q,]). e (—_3'3‘6)
HA

(L(Lpp)-(LA).HA (Le).p" = (L(Lpp)).(1\).(1,18e). H . p’

(3.3.2) .
=== (Le).(I,<py.pp>)-HA.p".
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18 W.F. KEIGHER

In this string of equations, 1 follows since e is an equalizer, 2 from Eil-
enberg and Kelly (1966), page 500, (7.2), 3 from Eilenberg and Kelly (1966)
page 537, (6.7) and page 499, (7.1), and 4 from Eilenberg and Kelly (1966)
page 499, (7.1). Since p' equalizes
(py-1) and (1, <py.pp>)-H?,
there is a unique morphism
p: Hom,(M&,N,P )~ Hom,(M,Hom,(N,P))

such that e.p =p’, and hence we have

(33.7) Pynp-(qun-1)-€na n,p =(lienp)- ey, Hom o(N,P ) PHNP-

Now since g is a coequalizer, (1,q) is an equalizer, and also p is the
unique morphism such that

p-(q,1).e =(l,e).e.p.
Hence, since p is a natural isomorphism, it follows that p is a naturaliso-

morphism as well. It remains to show that p is a morphism of A-algebras,

i.e., that we have
(3.3.8) Punp-<Pua N-PP> = <Py><PN-Pp>>- ACPyyp
and as before it suffices to show that

(l,e). e.f).<pM®AN,pP> =(l,e). e.<py.<py,pp>>.18p.

We have
(3.3.7)

. 3.3.2
(le). e.p.<pM®AN,pP> = p.(q,1). €. <pM®AN’pP>

~
~

Y
p-(g1)-(Lop)sA.18e = p.(g,1).x. 18(g,1). 1€e &

(3.2)
(1,(l,pp))-p-A-1€(q,1). 1Qe =

(1,(1,op))-(LA). A.18p. 1€(q,1). 18 =——=
(1,(1,0p)-(L,A). X. 1€(1,¢). IQe. 18p

(1,(1,pp))- (1,A).(1,1Qe). \. I Qe. 1€p
(3.3.2)

(l,e).(1,<pN,pP>). A IQe. I€p

(1,e). e.<pM,<pN,pP>>.1@i7.
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Hence we have that p(M,PM)(N,PN)(P,PP):
is a natural isomorphism of A-algebras.

We now claim that for any (M, py, ), (N, pN)eV’éI , p induces a vé-

natural isomorphism of v4-functors

L s MOUN e n . .
p: L > LELT via Prp o) = P, py )N, oy NP, pp )

Hom, (M®,N,P )~ Hom, (M,Hom, (N,P)).

To see this we need to verify that VN in Eilenberg and Kelly (1966), page

466, holds for p , so that we must check that the following diagram commutes
where (P,pp ), (Q,po)e\/’g :
-LM@AN
HomA(P,Q) \HomA(HomA(MQAN,P), HomA(MQAN,Q))

(3.3.9) ILN lHomA(l,ﬁ)
Hom y(Hom 4(N,P),Hom 4(N,Q)) Hom 4(Hom 4(MQ,N,P),Hom 4(M,Hom 4(N,Q)))

Hom 4(Hom 4(M,Hom 4(N,P)), Hom 4(M, Hom4(N,Q)))

Now since e is a monomorphism in V,, it suffices to check that

MeyN

(1,(1,e)).(1,e),e. Hom,(1,p). L
(1,(1,e)).(1,e). e. Hom(p,1). LM . LN .

We have that
- ‘M@AN e
(1,(1,e)).(1,e). e. Hom,(1,p). L = -

@AN (3.3.7)

(L(Le)).(1,e).(1p). e. L

(1p)-(1,(g,1))-(Le). e.L

N
(Lp)-(Lia1))-(e,1). LAY ¢

MOy N
(e,1).(1,p).(1,(9,1)). L .e

M@yN (3.3.4)

1]

IRl
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(e,1).(1,p).((9,1)1). LM®N ¢

=

(e,1).((¢,1),1).(1,p). LM®N ¢

(e.1)- (e 1)1). (1) LM LN ¢ 222
®,1)-(e,1).((1,e),1). LM LN ¢ L
(,1).(e,1). LM . (e,1). LN . e .39
(b, 1).(e,1). LM . (1,e). e. LN L

(0.1). (e, 1) (LiLey. LM e 1" =
(L(Le) (1) (e1). LM e 1N 22D
(1(Le)). (b,1)-(Le). e. LM . LN &

(1,(Le)).(1,e). e. Hom 4(p,1). LM . LV .
In this string of equations, 1 follows from MCC3' in Eilenberg and Kelly

(1966 ), page 475.
It is now clear that the object (M@, N’pM®4N) in V4 and the

4 ‘ .. T MOyN
V*#-natural isomorphism p: L

\'A-functor LMLN: V'it IRAVE in the sense of Eilenberg and Kelly (1966 ),
Remark 10.11, page 471, so that by Theorem 5.3 of Eilenberg and Kelly,

SLMLY form a representation of the

the closed category VA admits enrichment to a ( symmetric ) monoidal clos-

ed category VA . This completes the proof of Theorem 3.3.

We observe that Day (1970) has shown that for a symmetric monoid-
al closed category V such that V, has all small limits and colimits and
for a commutative monoid ¥ in V, the category of M-modules, viewed as a
functor category, is also symmetric monoidal closed. We note that Cay's
proof depends heavily on the completeness and cocompleteness of Vo, while
the proof given herein is motivated by the obvious examples and requires

only the existence of equalizers and coequalizers in V, .

4, COMMUTATIVE MONOIDS AND ALGEBRAS FOR A MONAD,

The following theorem describes a connection between the categ-

ories CM(V) of commutative monoids in V and vT of T-algebras for a
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commutative adjoint V-monad T on V. Briefly stated, it says that there is
a monad T; on CM(V) with the property that Tj-algebras in CM(V) are
(isomorphic to) commutative monoids in vT . We denote by U: CM(V)-V,

the functor given on objects by U(A,e,m) = A.

THEOREM 4.1. Let V, have coequalizers and let T=(T,n,u) be a com-
mutative adjoint V-monad on V. Then there is a monad T =(T;,n;,p;)
on CM(V) such that

T
and CM(VT) is isomomhic to CM(V) L over V.
PROOF. Again by Lemma 1.1 we may assume that
T=4=(48(-),n%, p?)
for a commutative monoid (A, e,m) in V. For any commutative monoid
(A',e',m") in V, define
T,(A',e',m')=(AQA", e;,m; )

where

e; = e@e'.l}l and m; =m@m'. 0y 4.,
and where

O 40 (AQA)B(ABA") » (ARA)R(A'RA’)

is the so-called «middle-four interchange» of Eilenberg and Kelly (1966),
page 517, a coherently natural isomorphism. A simple calculation shows

that (A®A’, e;,m;) is a commutative monoid in V, so that
T;: CM(V) > CM(V)
is defined on objects. For a morphism f in CM(V), let T;(f) = AGf, a
morphism in CM(V) as well. Define natural transformations
by
4 4

M iane,m)= N g and wp g ormy=(n%)y

Again we see that 0 4+ ov vy and 7 g1 oo 0y are morphisms in CM(V)

and that 1; and p; are natural. It is immediate that
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22 W. F. KEIGHER

UT, =TU, Un;=9U and Uyp; =pU,

and since U is faithful, it follows that T; =(T;, 5;,pu;) is a monad on
CM(V). .
Now define @ : CM(VA )> CM(V) 1 on objects by

(D((Mpr)’ elym') = ((M, e'. €, m’. QMM)a PM):
where gy : MOM > M ®,4 M is the coequalizer of the two morphisms
st ARMRM) - MeM,
’ -1 [ -1
th=pPu®M. agyy and ™ =M@py-ayay-cau®M-afyy-

as in Theorem 2.1. The calculations showing (M, e’. e, m" qyy/) to be a

commutative monoid are straightforward and depend upon knowing that
m': (M@ M, PM&XAM)" (M, py) and e':(A,m)~ (M, p,)

are morphisms of 4-algebras making ((M,py ), e',m’) a commutative monoid
in V-/-I , and upon recalling the definitions of the natural isomorphisms a,
! and ¢ in V4 from Theorem 2.1. Similarly one sees that py: AQM > M is
a morphism in CM(V) and also a T;-structure on (M, e’. e, m'. gy, ). Defin-
ing ® on morphisms by ®(f) = f, we have a functor

O cM(vA) > eM(vyTL .

To see that ® is an isomorphism, define ®': CM(V)Tl -> CM(VA) on ob-
jects by
(M, e',m’),py) =((M,py)e"m"),
where
e’ =py.ARe’". r;ll :A-M
and m": M@, M > M is the unique morphism such that m'=m". gy, . Note
that the existence of m” follows since m' coequalizes 7y and rj;. It is

immediate that (M,p),) is an A-algebra, and one can easily show that
e":(A,m)>(M,py) and m":(M@AM,pMQAM)»(M,pM)

are A-algebra morphisms making ((M,p) ), ", m") a commutative monoid in

v4. Again defining ®' on morphisms by ®'(f)=f, we have a functor
T

O .CM(V)Y 1> CM(V’—‘I ), and a direct calculation shows that ®' =®1 5o
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that ® is an isomorphism (over V) as required.

5. EXAMPLES.

1. The following example provided part of the motivation (and the no-
tation ) for this paper. The category Ab of abelian groups and group homo-
morphisms is known to be a symmetric monoidal closed category. Moreover,
a commutative monoid in Ab is a commutative ring R with identity, and if
R denotes the corresponding commutative adjoint (46-)monad on 4b, it is
clear that AbE = R-Mod , the category of R-modules and R-linear homomor-
phiswns. Since Ab has equalizers and coequalizers, it follows from Theorem
3.3 that R-Mod is also a symmetric monoidal closed category, which is in-
deed a well known result. Furthermore, one sees that CM( R-Mod ) = R-Alg ,
the category of commutative R-algebras and R-homomorphisms, and since

CM(Ab)= Comm, the category of commutative rings with identity, we have

R-Alg= CommTl. Hence any R-algebra S can be viewed as either an R-
module S with a multiplicative structure, or as a commutative ring S with
an action of R on S via a ring homomorphism R®S - S (i.e., a ring homo-
morphism R~ S, since R®S= RIIS ), again a well known fact; e.g., Mac
Lane (1967), page 173.

2. The category Sets of sets and functions is a cartesian closed cat-
egory, and a commutative monoid in Sets is just an abelian monoid M .
Hence, Sets¥ = M-sets , the category of M-sets and M-functions, is a sym-

metric monoidal closed category by Theorem 3.3.

3. The category E(Ab), whose objects are pairs (A4,f) with 4 an
abelian group and f an endomorphism on 4, is a symmetric monoidal closed

category, where (A,f)Q(B,g)=(AQB,f#g), with
(ftg)(a®b) = f(a)Rb+ aQg(b), forany acd, beB,

and where
((A.f),(B,g)) = ((AB),{f, g}), with {f,gl(h)=gh-hf

for any h: A > B as in Keigher (2) and (b). Also, a commutative monoid
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in E(Ab) is a differential ring (A,d), and

(4,d)
E(Ab) ™ = (4, d)-Mod,

the category of differential modules over (4, d) by Keigher (b). It follows
from Theorem 3.3 that (4, d)-Mod is a symmetric monoidal closed category.

Clearly we have
CM((4,d)}Mod) = (A, d)}Alg,
the category of differential algebras over (A4, d), and since
CM(E(Ab)) = Diff,
the category of differential rings, Theorem 4.1 tells us that

T
(A, d)Alg = Diff !

as well.

4. The category Ban of real Banach spaces and continuous linear trans-
formations of norm not exceeding one is a symmetric monoidal closed cat-
egory as in Wick-Negrepontis (1973), and a commutative monoid in Ban is
a Banach algebra A . Moreover, Ban has equalizers and coequalizers, so
that the category Ban? is also symmetric monoidal closed by Theorem 3.3.
The category Ban? is called the category of Banach A-modules for the

Banach algebra A, and is of some interest to functional analysts.
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