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CAHIERS DE TOPOLOGIE ET Vol. XLIX-3 (2008) 
GEOMETRIE DIFFERENTIELLE CATEGORIQUES 

A UNIVERSAL CONSTRUCTION IN GOURSAT CATEGORIES 

Dedicated to JifiAdâmek on the occasion ofhis sixtieth birthday 

by Marino GRAN and Diana RODELO 

Abstract 

Nous démontrons que la catégorie des groupoïdes internes Grd(£) est 
une sous-catégorie réflexive de la catégorie RGph(£) des graphes réflexifs 
internes à une catégorie régulière de Goursat avec coégalisateurs: on en déduit 
que la catégorie Grd(£) est à son tour régulière de Goursat. 

Introduction 

The category Grd(£) of internai groupoids in a regular Mal'cev category £ with 
coequalisers is known to be a reflective subcategory of the category of internai ré­
flexive graphs [2]. This fact can also be seen as a conséquence of the good properties 
of the commutator of congruences in a regular Mal'cev category: indeed, the reflec-
tion of an internai réflexive graph 

d 
X. = Xj^e^-Xp 

c 

is simply given by the quotient of X\ by the commutator [R[d\, R[c\] of the kernel 
congruences R.[d] and R[c] of the "domain" and the "codomain" arrows d and c. 

In this note an explicit construction of the reflection is presented under the 
weaker assumption that £ is a regular Goursat category with coequalisers. If regular 
Mal'cev catégories are characterised by the 2-permutability of the composition of 
équivalence relations, so that RS = SR for any équivalence relation R and S on 
an object A, regular Goursat catégories satisfy the strictly weaker 3-permutability 
condition: RSR = SRS [7]. When we started this work, we knew in advance that, 
in a regular Goursat category £, the reflection could not be simply given by a regular 
quotient. Indeed, since the category RGph(£) of internai réflexive graphs is regu­
lar, this fact would hâve implied that any réflexive relation in £ is an équivalence 
relation, which is one of the équivalent définitions of a Mal'cev category. 
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This fact partially explains why the proof is more délicate at this level of gen-
erality: it is inspired by a construction due to Bourn [4], and uses the technique of 
"calculus of relations" developed in [8, 7]. 

In the first section we recall the basic définitions and properties of équivalence 
relations and their composition in a regular Goursat category which will be needed 
in the subséquent sections. In Section 2 some important properties of internai cat­
égories and internai groupoids in a regular Goursat category are recalled. Section 
3 is devoted to the main resuit, asserting that the category Grd(£) is reflective in 
RGph(£). In the last section this resuit is used to show that the category Grd(£) is 
regular Goursat whenever £ is regular Goursat. 

1 Regular Goursat catégories 

In this article £ will always be a finitely complète regular category, that is a category 
endowed with a pullback-stable (regular epimorphism, monomorphism) factoriza-
tion System. Regular catégories provide a very natural context for working with 
relations since their composition exists and is associative. 

A relation R from A to B is a subobject (rn, n ) : R ^> A x B. The opposite 
of R is the relation R° from B to A given by ( n , rn) : R >-* B x A. In particular, 
we can identify a morphism / : A —> B with the relation (1.4,/) : A >—• A x B 
and write / ° for its opposite. So any relation R can be written R = rirg. 

Remark 1.1. Consider the (regular epimorphism, monomorphism) factorization 
/ = / • r of an arrow / : A —> B. Then: 

1. f°f is the kernel pair of / , thus lA < f°f and 1.4 = f°f if and only if / 
is a monomorphism. 

2. ff° is (z. z), thus ff° < 1.4 and ff° = 1A if and only if / is a regular 
epimorphism. 

3. ff°f = f*ndFff0 = f°. 

Recall that an équivalence relation on an object A is a relation R from A to 
A that is réflexive (1.4 < R), symmetric (R° < R) and transitive (RR < R). 
An équivalence relation is called a congruence when it is the kernel pair of some 
morphism / , written (/0-/1) "• R[f] >-» A x A. We shall usually represent a 
congruence as R[r], where r is a regular epimorphism. A regular category is called 
exact when every équivalence relation is a congruence [1]. We dénote by Equiv(.4) 
the poset of équivalence relations on A and by Cong(^4) the poset of congruences 
on A. 
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Given relations R and S from A to B, the meet of R and S, R A S, always 
exists and is given by the pullback of R —• A x B along S —> A x B. For arbitrary 
morphisms # : X —> 4̂ and h : X —» B we hâve 

(il A S)p = RgASg and /z°(iî A 5) = /i°# A /i°S. (1) 

Regular catégories with the additional property of having a commutative com­
position of équivalence relations (on any fixed object) are called regular Mal'cev 
catégories [8]; they hâve been intensively studied in the last years (see [2], and the 
références therein). 

In this work we shall focus on the strictly weaker property of 3-permutability. 

Définition 1.2. [7] A regular category £ is called a regular Goursat category when 
the équivalence relations in £ are ^-permutable, Le. RSR = SRS for any pair of 
équivalence relations R and S on the same object. 

Examples 1.3. A variety V of universal algebras is a Goursat category exactly when 
it is a 3-permutable variety: this property is known to be équivalent to a Mal'cev 
condition, namely the existence of two ternary terms p(x, y, z) and q(x, y, z) satis-
fying the identities p(x, y, y) = x, q(x,x,y) = y and p(x, x, y) = q(x,y,y). In 
particular the varieties of groups, rings, von Neumann regular rings, associative al­
gebras, Heyting algebras and implication algebras are exact Goursat catégories (see 
[11]). 

Many interesting properties of regular Goursat catégories were discovered in 
[8, 7, 12, 3]. In particular, the following characterization will be useful: 

Theorem 1.4. Let £ be a regular category. 
Then the following statements are équivalent: 

i. £ is a regular Goursat category. 

ii. RSR = SRSJorall R,S G Equiv(A). 

iii. RSR = SRSJorall R,S e Cong(A). 

iv. RSR G Equiv(^), thus RW S = RSR, for ail R,S G Equiv(A). 

When £ is an exact Goursat category, both joins of two congruences R[r] and R[s] 
exist in Equiv(A) and in Cong(A). Consequently, given two regular epimorphisms 
r and s with the same domain A, their pushout 

A-^B (2) 

4 
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always exists since iï[r]iï[s].R[r] = R[u • r]. 
Another characterization of regular Goursat catégories is given by the préserva­

tion of équivalence relations through the image by a regular epimorphism. 

Theorem 1.5. [7] A regular category £ is a regular Goursat category if and only 
if for any regular epimorphism r : A -» B and S G Equiv( A), the image r(S) = 
rSr° G Equiv(B) is also an équivalence relation. 

In a regular Goursat category £, images do not necessarily préserve congru­
ences. That is, given regular epimorphisms r and s, the image r(/2[s]) = T is an 
équivalence relation which is not necessarily a congruence. If there exists a com-
mutative square u- r = v • s 

R(r) 

(3) 

then T < R[u] and R(r) is not a regular epimorphism in gênerai. It is clear that 
in the exact Goursat context, we always hâve T = R[u] for u = coeq(to,t\) and 
R(r) a regular epimorphism. In the non-exact regular Goursat case, we would like 
to know under which conditions R(r) is a regular epimorphism. 

Proposition 1.6. Let £ be a regular Goursat category and consider a commutative 
square of regular epimorphisms (3)A. The induced morphism R(r) : R[s] •—> R[u] 
is a regular epimorphism if and only if R[r]R[s]R[r] — R[u • r]. 

Proof We use the properties mentioned in Remark 1.1. If R(r) is a regular epi­
morphism, then r(R[s]) = R[u]. So, iï[r]i?[s]JS[r] = r°(rR[s]r°)r = r°u°ur = 
R[u • r]. Conversely, when iî![r]it![s]ii![r] = R[u • r], the image of R[s] along r is: 

r(i?[s]) = rs°sr° = r(r0rs°sr°r)r0 = rR[ur]r° = rr°u°urr° = R[u]. • 

Corollary 1.7. Consider the conditions of Proposition 1.6. Then R(r) is a regular 
epimorphism if and only ifR(s) is a regular epimorphism. 
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Proof R(s) is a regular epimorphism if and only if R[v • s] = R[s]R[r]R[s). But 

v . s = u • r and the regular Goursat assumption gives 

R[u • r] = R[s]R[r]R[s] = R[r]R[s\R[r], 

i.e. R(r) is a regular epimorphism. • 
We observe that the Corollary 1.7 can also be deduced from the 3-by-3 Lemma 

proved by Lack in [12]. 

Corollary 1.8. Consider the conditions of Proposition 1.6. If the vertical mor-
phisms are split epimorphisms and the diagram commutes with the splittings, then 
R(r) is a regular epimorphism. 

Proof If s and u are split epimorphisms, then R(s) is also a split epimorphism. 
Thus, R(r) is a regular epimorphism by Corollary 1.7. • 

2 Internai structures 

One of the well known conséquences of the 3-permutability is the modularity of the 
lattice of équivalence relations Equiv(.4). 

Proposition 2.1. [7] Let £ be a regular Goursat category. IfR.S.T e Equiv(.4) 
are such that R<T, then fiV(SAT) = (/?V S) A T. 

For a variety of universal algebras, it was shown by Gumm [11] that congruence 
modularity is équivalent to satisfying the so-called 
Shifting Property: Let R,S<T e EquW(A) be such that RAS<T. Then, from 
(x, y) G R, (t, z) e R, {x. t) e S, (y, z) e S and ( j , //) E T 

T( R 

itfollowsthat(*,z) G T. 
It is easy to see that any regular Goursat category is a Gumm category in the 

sensé of [6]: it satisfies the categorical formulation of the Shifting Property, which 
can be expressed in a simple way in terms of pullbacks |5]. 

This implies in particular that the internai structures in a regular Goursat cate­
gory hâve some nice properties, that we are now going to recall. 
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An (internai) réflexive graph (in £) is given by a diagram 

d ^ 

x = XiEE^*o 
c 

such that d • e = c • e = U v Let po and p\ be the first and the second projections 
in the pullback 

XixXoXl^+Xl 

PO d 

Xx 3—^Xo. 

When the category £ satisfies the Shifting Property, to hâve an internai category 
structure it suffices to hâve a multiplication m : X\ Xx0 X\ —> X\ such that 

d • m == d • po and c • m = c • p\, (4) 

m-(e-fiM,\'i) = lxi and m • (l.Yi*e-c) = lxi- (5) 

In other words, the usual associativity axiom follows from the other axioms. Fur-
thermore, such a multiplication is necessarily unique, when it exists [5]. 

An (internai) category is a(n) (internai) groupoid when there exists an inversion 
morphism / : X\ —> X\ such that d • / = c, c • i = d, m • (z\ l x j = e • c and 
m • ( l x n /) = e • d. Among catégories, groupoids are characterised by the fact 
that (p0, m) = R[d] or, equivalently, that (m,pi) = R[c\. We write RGph(f ) and 
Grd(f ) for the catégories of réflexive graphs and of groupoids in £, respectively, 
and we collect the properties which will be needed later on in the following 

Proposition 2.2. [5] Let £ be a finitely complète category satisfying the Shifting 
Property: in particular, £ could be a regular Goursat category. Then 

1. any réflexive graph in £ equipped with a multiplication m satisfying the ax­
ioms (4) and (5) is a category in £; 

2. the forgetful functor Grd(£) -̂> RGph(£) is a full inclusion. 

3 The universal groupoid associated with a 
réflexive graph 

In this section £ represents a regular Goursat category with coequalisers. Given a 

réflexive graph X_ : X\ :z XQ in £, our aim is to construct the associated universal 

groupoid. 
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Let us begin with a slightly more gênerai situation: a pair of regular epimor­
phisms d : Xi -» y0 and c : X\ -» X0. We construct the following diagram 

iî[do 

PO 

i î 

do 

R[c\. 
CQ 

-R[qo] (6) 

pi TO 

rf]" -Q 

i U 
90 <7l 

ci 
^ 1 " ^ 0 , 

where ô is the coequaliser of (srj • c0» so • ci), #o, Qi and e are induced by the co­
equalisers S and c and S is necessarily a regular epimorphism by Corollary 1.8. We 
obviously hâve a left vertical groupoid since it is the congruence R[d]. On the other 
hand, the lower right vertical diagram is a réflexive graph; we dénote it by D, as it 
is induced by R[d]. Note that there exists an inversion i : R[d\ -^ R[d] from which 
we can deduce a morphism j : Q —> Q on the right diagram such that j • j = 1Q, 
j -S = ô-i,qo'j = q\ and qi-j = qo- Being already equipped with two morphisms 
7To and m, we would like to find a third morphism TT\ that will endow D with a 
category structure, which is consequently a groupoid structure with inversion j . 

Lemma 3.1. In diagram (6) we hâve R\po] A R[S • p] < R[ô • p\\. 

Proof. 

R\p0] A R[ô • p] 

0) 
< 

di-fi=di-pi 

{l),RSR=RvS 

Proposition 2.1 

< 

R[do'Po}AR[di'p0]AR[ô-p] 
R[d0 • pi] A R[d0 • p] A R[ô • p] 

i2[do-Pi]Ap0(iî[do]Aiî[(5])p 

R[d0 • Pi] A p°( R[di](R[do] A R[S\)R[dx] )p 

/2[do -Pi] Ap?( fl[di](iî[do] A iî[*])/î[di] )pi 

pf( fl[d0] A ( i2[di] V (R[d0] A R[S\) ) )px 

Pl( (R[d0] A Rfa]) V (R[do] A R[S\) )pi 
p?(iî[do]Aiî[(S])pi 

PÎR[S\PI 

R[S-pi] D 

Proposition 3.2. The right vertical diagram in (6) endows D vv/f/î « groupoid struc­
ture. 
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Proof By the remarks above, the main difficulty in showing that D is a groupoid 
is to prove the existence of a morphism TÏ[ : Rqo —• Q such that ô • p\ = ir\ • ô. 
Then, by using j : Q -^ Q, we can prove that (7r0,7ri) is the pullback of (<?o,<7i)-
The proof of axioms (4) and (5) are quite straightforward. Then, D is a category by 
Proposition 2.2 with an inversion j , thus a groupoid. 

We begin by considering w = coeq( (lRd , s 0 -di ) -¾ ? Ofld ,$0 'd i ) -£ i ) and 
the right vertical morphisms induced from the coequalisers w and ô in 

(l,sod\)ôo 

R ô jR do 
(l,SQ-d\)-ôl 

PO 

<,From the commutative downward squares we easily see that 

RS'PQ = Rw V Rpo by Corollary 1.8 and Proposition 1.6 (7) 

Rw < Rw V Rp = Rô- p by Corollary 1.8 and Proposition 1.6 (8) 

Rw < Rv\ -w = Rô - pi (9) 

We hâve 

ZÎ(S 

(7) . 

(8),Proposition 2.1 

Lemma 3.1 

< 
(9) 

R 7TQ • ô A Rm • J 
Rô • po A Rô • p 

(Rw Vflpo ) ARô- p 

Rw \/ {Rpo ARô- p ) 

fltu V Rô-pi 

R ô • pi . 

This implies that <J • pi < <5 as regular epimorphisms, i.e. there exists a morphism 
n[ : Rqo —• Q such that 7Ti • 5 = <S • pi D-

We now focus on the construction of the groupoid D when starting from an 

actual réflexive graph 2C : X\ - ^o-

Proposition 3.3. The inclusion U : Grd(£) ^ RGph(£) adm/^ a left adjoint 
functor F : RGph(£) — Grd(£) definedby F{X) = Ras in diagram (6). 
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Proof By using the same notations as above, for any réflexive graph X, the unit of 
the adjunction is given by r/x = (S • (e • d, l X l ) , lx0) 

X : 

rix_ 

Xi\ 

S-(e-dAXl) 

U(F(X)) : 

^XQ 

qo 

Q^^X0. 

For the universal property, let us consider an arbitrary morphism of réflexive graphs 
(ai,Qo) : 2L —> U(2L')- We define a morphism ( /3I ,Q 0 ) : D —> J£' of réflexive 
graphs (which is necessarily a morphism between the groupoids by Proposition 2.2), 
where 0\ is the unique morphism with the property j3\ - ô = 7r[ • R(a\) given in 

R[c\. 
CQ 

$ X r •R 

Q l fl(oi) 

<fl- -Q 

x : vjc{ xY# j f i . 
( l x , , e ' .c ' ) 

Y 

for R(a\) the induced morphism from R[d] to i?[d'] = X{ xX' X[. Moreover, 
0i • ô • (e • d, l X l ) = TT; • i î (a i ) • (e • d, l X l ) = TTJ • (e' • d', lx ;)°- CM = a i . 
As for the uniqueness, suppose there exists another functor (^i, a0) : D —» X ' such 
that (̂ i • 5 • (e • d, l X l ) = OL\. The morphism i?(e • d, l X l ) : R[d] —> fl[do] is such 
thatpi >R(e-d, l X l ) = 1/^j and the equality /¾ -<5-(e-d, l X l ) = <p\ -(S-(e-d, l X l ) 
implies that /¾ x x / /¾ • ô • R(e • d, l X l ) = ^ i x A ^ p î - i?(e • d, l X l ) . Since 

0i-S = 0i'ô-pl_-R(e-dAXl) 
= 01-TTx-ô- R{e'dAXl) 
= TT[ 'PI x x / 0i -ôj fl(e-d, l X l ) 

= Tri ' ^1 x x 0 ^ i -ô- R{e-d, l X l ) 

= ^ 1 - ^ 

and £ is an epimorphism, then we get 0\ = <p\. D 

Remark 3.4. 1. If X G Grd(£), then F(X) ^ X by Proposition 3.3. 
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2. Given a réflexive graph X : X i ^ ^ X 0 , we hâve D = C, where C de-
c 

notes the groupoid induced from the kernel pair R[c] of the codomain c 
when taking the coequaliser 7 = coeq(s0 • d0, s0 • d\). Using the univer­
sal property of (ô • (e • d, l X l ), lX o) : X -> £/(F(X)) and the morphism 
(7 • (e • c, l X l ) , lX o) : X -> C/(Ç), we get a unique functor D - • C. By 
exchanging the rôles of d and c we obtain the inverse morphism C-^D. 

3. It follows from the construction of the universal groupoid associated with 
a réflexive graph in a regular Goursat with coequalisers category that 
the congruence R[ô] on R.[d] also détermines an équivalence relation 
(fl(d0),iî(d1)) : R[ô] ~ R[c] x R[c]. 

R[ô] *° j fi[d] ? ^ Q (10) 

R(d0) R(s0) w I 
i?[c 

One then has a double équivalence relation R[ô] on R[d] and #[<:]: in uni­
versal algebra this is the well-known double congruence AR[d],R[c] u s e d t o 

define the commutator [R.[d], R[c}\ of R[d] and R[c\ (see [11] and [13]). 

4 Grd(£) is a regular Goursat category 

In this section we prove that Grd(£) is a regular Goursat category for any regular 
Goursat category £ with coequalisers. The crucial point is to show that Grd(£) has 
(regular epimorphism, monomorphism) factorizations, since Grd(£) is not closed 
under quotients in RGph(£) in gênerai. 

Given (¢1,^0) : 2£! -> 2L G RGph(f), for any regular category £, it is 
clear that (0i ,^o) i s a regular epimorphism (a monomorphism) in RGph(£) if 
and only if ip\ and 0o a r e regular epimorphisms (monomorphisms) in £. If the 
functor (^1,^0) - X! -^ 2L e Grd(f ) is a regular epimorphism in RGph(£), 
then 02 : X[ x x / X} —> Xi x X o X\ is also a regular epimorphism in any regular 
Goursat category £ by Corollary 1.8, so that (^1,^0) is a regular epimorphism in 
Grd(£). The converse statement holds in regular Mal'cev catégories (Lemma 3.1 
in [10]), and we shall now prove that it also holds in the regular Goursat context in 
Proposition 4.2 below. 
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Remark 4.1. For any regular Goursat category £ with coequalisers, the functor F : 
RGph(£) —• Grd(£) préserves colimits since it is a left adjoint (Proposition 3.3). 
So, given a regular epimorphism (0i,0o) • 2L' —• K_ in RGph(£), the image 
F(i/>i, 0o) — (Fi^i), 0o) : D! —* D. is a regular epimorphism in Grd(£), where 
F (0 i ) is given by the unique morphism such that F(ibi) - ô' = ô - R(ipi) : 

R 

R(wi) 

R 

c']= :X>-
Cl 1* 
CQ Y tXv SQ 

~R[d']^Q' 

w f t ( ^ l ) 

d ] — - Q ^ 

F(tfi) 

By Corollary 1.8, i?(0i) : i2[d7] -» iî[d] is a regular epimorphism and, conse-
quently, F (^ i ) is a regular epimorphism in £. 

Proposition 4.2. Lef £ be a regular Goursat category with coequalisers and con­
sider a functor (<^i, ty?o) '• 2L' —+ 2L" £ Grd(£). Then (</?i, <po) is a regular epimor­
phism in Grd(£ ) if and only ifit is a regular epimorphism in RGph(£ ). 

Proof If ((/?i, (po) is a regular epimorphism in RGph(£), then it is also a regular 
epimorphism in Grd(£) as already observed above. 

For the converse, let (<pi, </?o) be a regular epimorphism in Grd(£), and we hâve 
to prove that ip\ and ipo are regular epimorphisms in £. We begin by considering the 
(regular epimorphism, monomorphism) factorizations (f\ = i\ • z/>i and y?0 = 0̂ • 0o 
and the induced réflexive graph X : X\ ^ XQ given in the following diagram 

(11) 

Since X ' and X " are groupoids, then the images F(0 i ,0o) '• K' —^ D and 
F(LI,LQ)

 : B. —> K" (see Remark 3.4.1.) provide the commutative diagrams 

F(vi) 

X[ ^Xi ^Q and X\ ^Q *~X" 

«1 i J/ Kl J/ 

-Xo= =¾ X0-- --xQ> - , — - * o -
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With the first diagram, we see that ô • (e • d, lXl) is a regular epimorphism since 
F(0 i ) is a regular epimorphism (Remark 4.1) and with the second diagram we see 
that it is also a monomorphism. Hence, X = D, i.e. X is actually a groupoid. 
To finish, we hâve both (<pi, ĉ o) = (^1,^0) • (0i, 0o) and (0i, 0o) regular epimor­
phisms in Grd(£), implying that (<£i, v?o) — (^1,0o)- D 

Proposition 4.3. Lef £ be a regular Goursat category with coequalisers. Then 
Grd(£) is a regular Goursat category. 

Proof. The category Grd(£) is finitely complète because the limits are computed as 
in £, and this latter category is finitely complète. Moreover, regular epimorphisms 
in Grd(£) are stable under pullbacks since they are composed by pairs of regular 
epimorphisms in £ (Proposition 4.2) which are stable under pullbacks in £. For any 
functor ((pi, <po) : XJ_ —> X 7 G Grd(£), we can consider the diagram (11) and we 
see that (0i, 0o) is a regular epimorphism in Grd(£). Hence, Grd(£) has (regular 
epimorphism, monomorphism) factorizations, and is a regular category. 
To see that Grd(£) is a regular Goursat category it suffices to check that the image 
of an équivalence relation along a regular epimorphism is still an équivalence rela­
tion (see Proposition 1.5). This fact easily follows from the description of regular 
epimorphisms, by using the fact that the regular image of an équivalence relation in 
£ is an équivalence relation in £. D 

Remark 4.4. This last resuit obviously implies that the category Grd2(£ ) of double 
groupoids in a regular Goursat category £ is again regular Goursat, since Grd2(£) is 
nothing but the category of groupoids in the regular Goursat category Grd(£). By it-
erating this construction we conclude that the category Grdn(£) of n-fold groupoids 
in £ is regular Goursat, for any natural number n > 1. 
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