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CAHIERS DE TOPOLOGIE ET Vol. XLIX-3 (2008)
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

A UNIVERSAL CONSTRUCTION IN GOURSAT CATEGORIES
Dedicated to Ji¥i Addmek on the occasion of his sixtieth birthday

by Marino GRAN and Diana RODELO

Abstract

Nous démontrons que la catégorie des groupoides internes Grd(E) est
une sous-catégorie réflexive de la catégorie RGph(€) des graphes réflexifs
internes a une catégorie réguliere de Goursat avec coégalisateurs: on en déduit
que la catégorie Grd(£) est a son tour réguliere de Goursat.

Introduction

The category Grd(€) of internal groupoids in a regular Mal’cev category £ with
coequalisers is known to be a reflective subcategory of the category of internal re-
flexive graphs [2]. This fact can also be seen as a consequence of the good properties
of the commutator of congruences in a regular Mal’cev category: indeed, the reflec-
tion of an internal reflexive graph

d
X =Xi=<Xo
c

is simply given by the quotient of X; by the commutator [R[d]. R|c]] of the kernel
congruences R[d] and R|[c] of the “domain” and the “codomain” arrows d and c.

In this note an explicit construction of the reflection is presented under the
weaker assumption that £ is a regular Goursat category with coequalisers. If regular
Mal’cev categories are characterised by the 2-permutability of the composition of
equivalence relations, so that RS = SR for any equivalence relation R and S on
an object A, regular Goursat categories satisfy the strictly weaker 3-permutability
condition: RSR = SRS [7]. When we started this work, we knew in advance that,
in a regular Goursat category &, the reflection could not be simply given by a regular
quotient. Indeed, since the category RGph(€) of internal reflexive graphs is regu-
lar, this fact would have implied that any reflexive relation in £ is an equivalence
relation, which is one of the equivalent definitions of a Mal’cev category.
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This fact partially explains why the proof is more delicate at this level of gen-
erality: it is inspired by a construction due to Bourn [4], and uses the technique of
“calculus of relations” developed in [8, 7].

In the first section we recall the basic definitions and properties of equivalence
relations and their composition in a regular Goursat category which will be needed
in the subsequent sections. In Section 2 some important properties of internal cat-
egories and internal groupoids in a regular Goursat category are recalled. Section
3 is devoted to the main result, asserting that the category Grd(€) is reflective in
RGph(&). In the last section this result is used to show that the category Grd(€) is
regular Goursat whenever £ is regular Goursat.

1 Regular Goursat categories

In this article £ will always be a finitely complete regular category, that is a category
endowed with a pullback-stable (regular epimorphism, monomorphism) factoriza-
tion system. Regular categories provide a very natural context for working with
relations since their composition exists and is associative.

A relation R from A to B is a subobject (rg,r1) : R — A x B. The opposite
of R is the relation R° from B to A given by (r1,79) : R — B X A. In particular,
we can identify a morphism f : A — B with the relation (14.f) : A — Ax B
and write f° for its opposite. So any relation R can be written R = ryrg.

Remark 1.1. Consider the (regular epimorphism, monomorphism) factorization
f=i-rofanarrow f : A — B. Then:

1. f°f is the kernel pair of f,thus 14 < f°fand 14 = f°f if and only if f
is a monomorphism.

2. ff°is (i.i), thus ff° < 14 and ff° = 14 if and only if f is a regular
epimorphism.

3. ff°f = fand fOff° = f°.

Recall that an equivalence relation on an object A is a relation R from A to
A that is reflexive (14 < R), symmetric (R° < R) and transitive (RR < R).
An equivalence relation is called a congruence when it is the kernel pair of some
morphism f, written (fo. f1) : R[f] — A x A. We shall usually represent a
congruence as R[r], where r is a regular epimorphism. A regular category is called
exact when every equivalence relation is a congruence [1]. We denote by Equiv(A)
the poset of equivalence relations on A and by Cong(A) the poset of congruences
on A.
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Given relations R and S from A to B, the meet of R and S, R A S, always
exists and is given by the pullback of R — A x B along S — A x B. For arbitrary
morphisms g : X — A and h: X — B we have

(RAS)g=RgASg and h°(RAS)=h°RAR°S. (1)

Regular categories with the additional property of having a commutative com-
position of equivalence relations (on any fixed object) are called regular Mal’cev
categories [8]; they have been intensively studied in the last years (see [2], and the
references therein).

In this work we shall focus on the strictly weaker property of 3-permutability.

Definition 1.2. [7] A regular category & is called a regular Goursat category when
the equivalence relations in € are 3-permutable, i.e. RSR = SRS for any pair of
equivalence relations R and S on the same object.

Examples 1.3. A variety V of universal algebras is a Goursat category exactly when
it is a 3-permutable variety: this property is known to be equivalent to a Mal’cev
condition, namely the existence of two ternary terms p(z, y, z) and g(z, y, z) satis-
fying the identities p(z,y,y) = z, ¢(z,z,y) = y and p(z,z,y) = ¢(z,y,y). In
particular the varieties of groups, rings, von Neumann regular rings, associative al-
gebras, Heyting algebras and implication algebras are exact Goursat categories (see
(1.

Many interesting properties of regular Goursat categories were discovered in
[8,7, 12, 3]. In particular, the following characterization will be useful:

Theorem 1.4. Let £ be a regular category.
Then the following statements are equivalent:

i. & is a regular Goursat category.

ii. RSR = SRS, forall R, S € Equiv(A4).

ili. RSR = SRS, forall R, S € Cong(A).

iv. RSR € Equiv(A), thus RV S = RSR, forall R, S € Equiv(A).

When £ is an exact Goursat category, both joins of two congruences R[r] and R]s]
exist in Equiv(A) and in Cong(A). Consequently, given two regular epimorphisms
r and s with the same domain A, their pushout

A—'>B 2

N

C—>
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always exists since R[r|R[s|R[r] = R[u - r].
Another characterization of regular Goursat categories is given by the preserva-
tion of equivalence relations through the image by a regular epimorphism.

Theorem 1.5. [7] A regular category & is a regular Goursat category if and only
if for any regular epimorphismr : A — B and S € Equiv(A), the image r(S) =
rSr° € Equiv(B) is also an equivalence relation.

In a regular Goursat category £, images do not necessarily preserve congru-
ences. That is, given regular epimorphisms r and s, the image 7(R[s]) = T is an
equivalence relation which is not necessarily a congruence. If there exists a com-
mutative square u - r =v - §

R(r)

R[s]—>T">Rlu] 3)

g

A
v D’
then T < R[u] and R(r) is not a regular epimorphism in general. It is clear that
in the exact Goursat context, we always have T' = R[u] for u = coeq(to,¢;) and
R(r) a regular epimorphism. In the non-exact regular Goursat case, we would like
to know under which conditions R(r) is a regular epimorphism.

Proposition 1.6. Let £ be a regular Goursat category and consider a commutative
square of regular epimorphisms (3)A. The induced morphism R(r) : R[s] — R[u]
is a regular epimorphism if and only if R[r|R[s|R[r] = R[u - r].

Proof. We use the properties mentioned in Remark 1.1. If R(r) is a regular epi-
morphism, then r(R[s]) = R[u]. So, R[r|R[s|R[r] = r°(rR[s|r°)r = r°uur =
R[u - r]. Conversely, when R[r|R[s]R[r] = R[u - r], the image of R[s] along r is:

r(R[s]) = rs°sr® = r(r°rs°sr°r)r® = rR[ur|r® = rr°u’urr® = R[u]. O

Corollary 1.7. Consider the conditions of Proposition 1.6. Then R(r) is a regular
epimorphism if and only if R(S) is a regular epimorphism.
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Proof. R(s) is a regular epimorphism if and only if R[v - s] = R[s|R[r]R[s]. But
v - s = u - r and the regular Goursat assumption gives

R[u - r] = R[s|R[r|R[s] = R[r]|R[s|R][r]

i.e. R(r) is a regular epimorphism. a
We observe that the Corollary 1.7 can also be deduced from the 3-by-3 Lemma
proved by Lack in [12].

Corollary 1.8. Consider the conditions of Proposition 1.6. If the vertical mor-
phisms are split epimorphisms and the diagram commutes with the splittings, then
R(r) is a regular epimorphism.

Proof. If s and u are split epimorphisms, then R(s) is also a split epimorphism.
Thus, R(r) is a regular epimorphism by Corollary 1.7. m

2 Internal structures

One of the well known consequences of the 3-permutability is the modularity of the
lattice of equivalence relations Equiv(A).

Proposition 2.1. [7] Let £ be a regular Goursat category. If R.S.T € Equiv(A)
are such that R < T, then RV (SAT)=(RVS)AT.

For a variety of universal algebras, it was shown by Gumm [11] that congruence
modularity is equivalent to satisfying the so-called
Shifting Property: Let R, S.T € Equiv(A) be such that R A.S < T. Then, from
(r.y) € R.(t,2) € R, (r.t) € S.(y.z) € Sand (r,y) €T

xr
G
y

it follows that (¢, z) € T.

It is easy to see that any regular Goursat category is a Gumm category in the
sense of [6]: it satisfies the categorical formulation of the Shifting Property, which
can be expressed in a simple way in terms of pullbacks [5].

This implies in particular that the internal structures in a regular Goursat cate-
gory have some nice properties, that we are now going to recall.

t
R

z

S
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An (internal) reflexive graph (in £) is given by a diagram
_d,
X = X1=e—Xo
c

suchthatd - e = c-e = ly,. Let pg and p; be the first and the second projections
in the pullback

P
X1 X x, X1—> X1

m) e

X1 Xo.

When the category £ satisfies the Shifting Property, to have an internal category
structure it suffices to have a multiplication m : X x x, X1 — X such that

d-m=d-py and ¢c-m=c-py. 4)

m-(e-d,1x,)=1x, and m-(1x,,e-¢c) = 1x,. &)

In other words, the usual associativity axiom follows from the other axioms. Fur-
thermore, such a multiplication is necessarily unique, when it exists [5].

An (internal) category is a(n) (internal) groupoid when there exists an inversion
morphism i : X; — X; suchthatd-i =c¢,c-i =d, m-(i\1x,) = e-cand
m - (1x,,i) = e - d. Among categories, groupoids are characterised by the fact
that (po, m) = R[d] or, equivalently, that (m,p;) = R|[c]. We write RGph(£) and
Grd(&) for the categories of reflexive graphs and of groupoids in &, respectively,
and we collect the properties which will be needed later on in the following

Proposition 2.2. [5] Let £ be a finitely complete category satisfying the Shifting
Property: in particular, £ could be a regular Goursat category. Then

1. any reflexive graph in £ equipped with a multiplication m satisfying the ax-
ioms (4) and (5) is a category in &;

2. the forgetful functor Grd(€) — RGph(E) is a full inclusion.
3 The universal groupoid associated with a
reflexive graph

In this section £ represents a regular Goursat category with coequalisers. Given a
reflexive graph X : X; = Xg in &, our aim is to construct the associated universal
groupoid.

-201 -



GRAN & RODELO - A UNIVERSAL CONSTRUCTION IN GOURSAT CATEGORIES

Let us begin with a slightly more general situation: a pair of regular epimor-
phismsd : X; - Ypand ¢ : X; — Xp. We construct the following diagram

Rldo]—2—= R{qo] (©)
Po D1 To||m

v 5

R[d]———

el

X1 Xo,

c1 c

Rl

where ¢ is the coequaliser of (sg - g, S0 * ¢1), go,¢1 and ¢ are induced by the co-
equalisers & and ¢ and § is necessarily a regular epimorphism by Corollary 1.8. We
obviously have a left vertical groupoid since it is the congruence R[d]. On the other
hand, the lower right vertical diagram is a reflexive graph; we denote it by D, as it
is induced by R[d]. Note that there exists an inversion i : R[d] = R[d] from which
we can deduce a morphism j : @ — @ on the right diagram such that j - j = 1,
j-6=20-1,90-j = q1 and q1 - j = go. Being already equipped with two morphisms
mo and m, we would like to find a third morphism 7; that will endow D with a
category structure, which is consequently a groupoid structure with inversion j.

Lemma 3.1. In diagram (6) we have R[po) A R[0 - p] < R[d - p1].
Proof.

Ripo] A R[S - p]

R[dp - po] A R[d1 - po] A R[S - ]

Rldo - p1] A Rldo - u] A R[S - ]

Rldo - p1] A p°( R[do] A R[6] )p

< Rldo - p1] A u°( R[d1)(R[do] A RIS R[d1] )u
WEZDPL Ridy - p1] A p3( Rld1](R[do] A RIS))RI[d1] )y
RSEZRYS ™ po( Rido] A ( Rldi] V (Rldo] A R[8))) )p1

p2( (Rldo] A Rld1]) V (Rldo] A RI3]) )p1
p2(Rldo] A R[3))p1

P?R[‘S]Pl

R[5 . pl] O

—
A IIZ

Proposition 2.1

A

Proposition 3.2. The right vertical diagram in (6) endows D with a groupoid struc-
ture.
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Proof. By the remarks above, the main difficulty in showing that D is a groupoid
is to prove the existence of a morphism 7, : Rqy — @ suchthaté - p; = m - J.
Then, by using j : @ — Q, we can prove that (g, ) is the pullback of (qo, q1)-
The proof of axioms (4) and (5) are quite straightforward. Then, D is a category by
Proposition 2.2 with an inversion j, thus a groupoid.

We begin by considering w = coeq((1g4,50-d1)-00, (1ra,80-d1)-61)and
the right vertical morphisms induced from the coequalisers w and 4 in

(1,80-d1) 00 w
—_—

———=3Rdp 1%
(1,50-d1)-61 | ~
h-}
po g [# P1 o lo v}
Rd —Q.

o

¢(From the commutative downward squares we easily see that
Ré-pg = Rw VRpy by Corollary 1.8 and Proposition 1.6 (7)

Rw <Rw VRu =Ré& p by Corollary 1.8 and Proposition 1.6 (8)

Rwsva.w =R6'p1 (9)
We have
R = 1271'0'3/\1%|lrn.3
(;) . (RwVRpy )ARG-
®)Propgsition 21 b\ (Rpy ARG~ )

Lemma 3.1
< Rw VRé-p;
) Ré-p1.

This implies that § - p; < d as regular epimorphisms, i.e. there exists a morphism
T : Rqgy — Qsuchthatm -6 =20"p1 0.
We now focus on the construction of the groupoid D when starting from an

actual reflexive graph X : X = Xo.

Proposition 3.3. The inclusion U : Grd(£) — RGph(E) admits a left adjoint
functor F : RGph(£) — Grd(€) defined by F(X) = D as in diagram (6).
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Proof. By using the same notations as above, for any reflexive graph X, the unit of
the adjunction is givenby nx = (0 - (e - d,1x,).1x,)

d
X: X1<——Xp
nx 5.<e.d.1xl)l ¢ l

qo0
U(F(X)): Q=——Xo.

q1

For the universal property, let us consider an arbitrary morphism of reflexive graphs
(a1,ap) : X — U(X'). We define a morphism (31.0qg) : D — X' of reflexive
graphs (which is necessarily a morphism between the groupoids by Proposition 2.2),
where (3 is the unique morphism with the property 3 - § = 7} - R(a) given in

co

Rld—=X——"—R[d]——"—Q
lall R(al)l 8

\
/ / / /
X X Xxt X1 X1,

(1x’1~e,'cl)

for R(a1) the induced morphism from R[d] to R[d'] = X| x x4 X{i. Moreover,
Br-b-(e-d1x,)=m1 Rle) (e-d.1x,) =1 (¢-d',1x1) a1 = 1.

As for the uniqueness, suppose there exists another functor (o1, ag) : D — X’ such
that ©; - 6 - (e - d,1x,) = a1. The morphism R(e - d.1x,) : R[d] — R[dy] is such
that p; - R(e-d, 1x,) = 1g[q and the equality 3, -0-(e-d.1x,) = ¢1-0-(e-d.1x,)
implies that 3, X x; B1-9-R(e-d, Ix,) =1 X x4 %1 .3 R(e-d,1x,). Since

B1-6d = PB1-6-p1-R(e-d.1x,)

= ,81-71'1-S~R(€'_d,1,\’1)
= 7r’1~ﬁ1 XX6/31-5_-R(6~d,1X1)
= m 1 Xxs 9100 Rle-d,1x,)
= -6
and ¢ is an epimorphism, then we get §; = 1. O

Remark 3.4. 1. If X € Grd(£), then F(X) = X by Proposition 3.3.
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2. Given a reflexive graph X : X\ = 1___,X0, we have D = C, where C de-

notes the groupoid induced from the kernel pair R[c] of the codomain ¢
when taking the coequaliser v = coeq(so - do, o - d1). Using the univer-
sal property of (6 - (e-d.1x,),1x,) : X — U(F (X)) and the morphism
(y-(e-e,1x,),1x,) : X — U(C), we get a unique functor D — C. By
exchanging the roles of d and ¢ we obtain the inverse morphism C — D

3. It follows from the construction of the universal groupoid associated with
a reflexive graph in a regular Goursat with coequalisers category that
the congruence R[6] on R[d] also determines an equivalence relation
(R(do), R(d1)) : R[6] — Rlc] x Rlc].

R|§|——==R[d| —"—=0 (10)
R(do)lﬂ(lﬁioiﬁ(dl)l dolsHm %Hlm
Rc] z(: X1 - Xo.

One then has a double equivalence relation R[] on R[d] and R|[c]: in uni-
versal algebra this is the well-known double congruence Agjq) r|¢ used to
define the commutator [R[d], R]c]] of R[d] and R|[c] (see [11] and [13]).

4 Grd(€) is a regular Goursat category

In this section we prove that Grd(€) is a regular Goursat category for any regular
Goursat category £ with coequalisers. The crucial point is to show that Grd(£) has
(regular epimorphism, monomorphism) factorizations, since Grd(£) is not closed
under quotients in RGph(£) in general.

Given (¥1,%) : X' — X € RGph(€), for any regular category &, it is
clear that (i1,vy) is a regular epimorphism (a monomorphism) in RGph(€) if
and only if ¢ and iy are regular epimorphisms (monomorphisms) in £. If the
functor (11.%0) : X' — X € Grd(€) is a regular epimorphism in RGph(€),
then ¥y : X XX} X1 — X1 xx, X1 is also a regular epimorphism in any regular
Goursat category 8 by Corollary 1.8, so that (1, %) is a regular epimorphism in
Grd(&). The converse statement holds in regular Mal’cev categories (Lemma 3.1
in [10]), and we shall now prove that it also holds in the regular Goursat context in
Proposition 4.2 below.
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Remark 4.1. For any regular Goursat category £ with coequalisers, the functor F :
RGph(€) — Grd(&) preserves colimits since it is a left adjoint (Proposition 3.3).
So, given a regular epimorphism (¢1,v0) : X' — X in RGph(£), the image
F(¢1,v%0) = (F(¢1),%0) : D' — D is a regular epimorphism in Grd(£), where
F(31) is given by the unique morphism such that F(¥;) -8 =& - R(v1) :

cl / ,
R[¢|=%X]|—>R[d|-2>Q'
Ry, 7 lw iR(wl) F(w)
R[C]:;Xl R[d]—~»Q

By Corollary 1.8, R(¢1) : R[d'] — R|[d] is a regular epimorphism and, conse-
quently, F'(1,) is a regular epimorphism in £.

Proposition 4.2. Let £ be a regular Goursat category with coequalisers and con-
sider a functor (o1, o) : X' — X" € Grd(€). Then (1, o) is a regular epimor-
phism in Grd(€) if and only if it is a regular epimorphism in RGph(E).

Proof. If (p1,0) is a regular epimorphism in RGph(€), then it is also a regular
epimorphism in Grd(£) as already observed above.

For the converse, let (¢1, ©o) be a regular epimorphism in Grd(£), and we have
to prove that ¢; and ¢ are regular epimorphisms in £. We begin by considering the
(regular epimorphism, monomorphism) factorizations ¢ = ¢1 -1 and pg = to- %o
and the induced reflexive graph X : X, = Xo given in the following diagram

Rlpi]|——= X" (11

|- H’\* /;H :

Rlpo)———= X ltle w X
e

Since X’ and X" are groupoids, then the images F(v1,1) : X' — D and
F(t1,10) : D — X" (see Remark 3.4.1.) provide the commutative diagrams

F(31) L
Xm@ and Xm{’
| | | S | !
Xj———= Xo=—=Xo Xo——Xo—— X},
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With the first diagram, we see that § - (e - d,1x,) is a regular epimorphism since
F (1) is a regular epimorphism (Remark 4.1) and with the second diagram we see
that it is also a monomorphism. Hence, X & D, i.e. X is actually a groupoid.
To finish, we have both (1, o) = (¢1,t0) - (¥1, %) and (1, ¥p) regular epimor-
phisms in Grd(€), implying that (v1, p0) = (¥1, o). O

Proposition 4.3. Let £ be a regular Goursat category with coequalisers. Then
Grd(€) is a regular Goursat category.

Proof. The category Grd(€) is finitely complete because the limits are computed as
in £, and this latter category is finitely complete. Moreover, regular epimorphisms
in Grd(€) are stable under pullbacks since they are composed by pairs of regular
epimorphisms in £ (Proposition 4.2) which are stable under pullbacks in £. For any
functor (1, ¢0) : X’ — X” € Grd(€), we can consider the diagram (11) and we
see that (v1, o) is a regular epimorphism in Grd(€). Hence, Grd(€) has (regular
epimorphism, monomorphism) factorizations, and is a regular category.

To see that Grd(£) is a regular Goursat category it suffices to check that the image
of an equivalence relation along a regular epimorphism is still an equivalence rela-
tion (see Proposition 1.5). This fact easily follows from the description of regular
epimorphisms, by using the fact that the regular image of an equivalence relation in
£ is an equivalence relation in £. O

Remark 4.4. This last result obviously implies that the category Grd?(€) of double
groupoids in a regular Goursat category £ is again regular Goursat, since Grd?(£) is
nothing but the category of groupoids in the regular Goursat category Grd(£). By it-
erating this construction we conclude that the category Grd™ (£) of n-fold groupoids
in & is regular Goursat, for any natural number n > 1.
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