
Groupe de travail
d’analyse ultramétrique

JAN DENEF
Poles of p-adic complex powers and Newton polyhedra
Groupe de travail d’analyse ultramétrique, tome 12, no 1 (1984-1985), exp. no 17, p. 1-3
<http://www.numdam.org/item?id=GAU_1984-1985__12_1_A10_0>

© Groupe de travail d’analyse ultramétrique
(Secrétariat mathématique, Paris), 1984-1985, tous droits réservés.

L’accès aux archives de la collection « Groupe de travail d’analyse ultramétrique » implique
l’accord avec les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute
utilisation commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=GAU_1984-1985__12_1_A10_0
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


17-01

POLES OF p-ADIC COMPLEX POWERS AND NEWTON POLYHEDRA

Jan DENEF

Groupe d’étude d’Analyse ultranetrique
(Y. AMICE, G. CIiRISTOL, P. 
12e annee, 1984/85, n° 17, 3 p. 25 nars 1985

Abstract.

Let p denote a fixed prine nunber, Z the ring of p-adic integers, and 0
the field of p-adic nunbers. Let x = (x , ... , xu) and f(x) E Let ~
be a Schwartz-Bruhat function on Qmp (i. e. a locally constant function with con-
pact support. The p-adic complex power of f is defined by

for sec,, Re(s) &#x3E; 0 , where I f(x) I denotes the p-adic absolute value of f(x),
and |dx| I the Haar neasure on Qmp so normalized that has neasure 1 .
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THEOREM (IGUSA [l]).

(i) z(s , $) is a rational function of 

The poles of ~) are of the or s=-~+ 
NO, k and the (N , 03BD) are among the numerical data of an

enbedded resolution of singularities of the hypersurface f = 0 (see [l], p. 86).

(iii) The Multiplicity of the poles is  n .

In the known examples, only very few of the nuuerical data (N , v) of the reso-

lution give rise to actual poles. In the Archiuedean case (i.e. Q replaced by
R in the definition of ~) ) this is explained by topological considera-
tions involving uonodrony (see MALGRANGE [3], p. 428). It is an open problen
whether an analogue of this holds for Q .

In this summary, we will state sone results about the poles of 03A6) in the

case that f is non-degenerated with respect to its Newton polyhedron. First, we

need sone notation and definitions.

For all what follows suppose that f(O) =0 and ~f(O) ~Xi 
= 0 for i = 1 ... , n

i. e. the origin is a singular point of the hypersurface f = 0 . Write

and let S = a~ ~0) . Newton s polyhedron h f of f is the convex

~ 
- -- - 
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hull of

where R+ = {x ~ R ; ., x  0} . If o is a face of F(f) , we Put f = 03A3n~03C3 a xn.
One says that f is non-degenerated with respect to its Newton polyhedron if, for

every compact face CJ of have for all x E Qmp that

This notion. is interesting, because in the set of all polynonials with a given
Newton polyhedron r ~ y the degenerate ones forn a proper algebraic subset.

Let a be a facet (i. e. an r3 - 1 dimensional face) of 1’(f~ . Let the suppor-
ting hyperplane of 0 have equation

with ai , N E N and ... , a , N) = 1 . Then, we will use the follow-
ing notation

If f is non-degenerated with respect to its Newton polyhedron, VARENKO [4] (in
the Archiuedean case, but the p-adic case is entirely sinilar) has given a proce-
dure to conpute a set of candidates for the poles of by using toroidal

resolution of singularities. The candidates come from the nunerical data of the re-

solution. It turns out that most of these candidates actually are not poles. This

was proved by LICHTIN and in the case that u = 2 , by showing that
there is cancellation between the contributions of the exceptional divisors. It

seems difficult to generalize their method of proof to the case Il &#x3E; 2 . However,
we could treat the case that m is arbitrary, by not constructing a full resolu-
tion of singularities, but using a weaker construction which introduces only a

suall number of nuuerical data. More precisely, we proved Theoren 1 and 2 below :

THEOREM 1. - Suppose that f is non-degenerated with respect to its Newton poly-

hedron, and that the support of  is contained in a sufficiently suall neighbour-
hood of 0 . If s is a pole of ~) , then s = - 1 ~

for some facet a of and 

The case u = 2 of this theoren is due to LICHTIN and MEUSER [2]. The pairs
(N(03C3) , 03BD(03C3)) are among the nuuerical data of a toroidal resolution of singulari-

ties of f = 0 , but are only a few of then.

Analogy with the Archinedean case [ 5] (where the poles are related to the eigen-



17-03

values of monodromy) let us to suspect :

THEOREM 2. - Suppose that f is non-degenerated with respect to its Newton poly-

hedron, and that the support of 03A6 is contained in a sufficiently small nei ghbour.-
hoo d of 0 .

Let o be a facet of which is a pyramid with base contained in a coordi-

nate hyperplane and top at distance 1 fron that hyperplane. Suppose that there

is no other facet with the sane value for 2014r-r ~ and that ~ ~ 7~ 1 . 

~.........

Then there is no pole s of $) with Re(s) = - @ .
We also abtained explicit formulas for $) in the case that the a. are

p-adic units, and that the reduction of f nod p is non-degenerated w. r. t. r(f).
These foruulas, and the proofs of Theorems 1 and 2 will be contained in a paper

which is currently in preparation.
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