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SATURATING RIGHT CONGRUENCES (*)

by Bertrand LE SAEC (*)

Communicated by J. BERSTEL

Abstract. - One of the main classes of automata recognizing rational w-langages is the family
of Muller automata. Their récognition criterion is based on "state tables11. We propose a criterion
based on "transition tables". The transition tables automata recognize exactly the class of rational
(a-langages. Their main interest is that, when they are deterministic, they are isomorph to a family
of finite right congruences satisfying a "property of saturation" similar to those defïned for
congruences by À. Arnold, J. R. Buchi.

Résumé. — Une des principales classes d'automates reconnaissant les (ù-langages rationnels est
la famille des automates de Muller. Leur critère de reconnaissance est basé sur la notion de « tables
d'états». Nous proposons un critère basé sur des «tables de transitions». Les automates à tables
de transitions reconnaissent exactement la famille des ^-langages rationnels. Leur principal intérêt
est d'être, lorsqu'ils sont déterministes, isomorphes à une famille de demi-congruences satisfaisant
une propriété de «saturation» analogue à celle utilisée pour les congruences par A. Arnold, J. R.
Büchi.

INTRODUCTION

The theory of rational set of infinité words was investigated as a study of
asymptotic behaviours of finite automata [BU (62), MN (66)]. One of the
main classes of automata is the family of Muller automata. The criterion
used for récognition is based on the notion of "states table". We propose to
use a criterion based on "transitions tables". The table-transition automata
and the deterministic table-transition automata also recognize exactly the class
of rational co-languages. They are smaller than classical Muller automata, but
their main interest is that, when they are deterministic, they are isomorphic
to a family of finite right congruences satisfying a "property of saturation"
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546 B. LE SAEC

similar to those defined for congruences [AR(85),BU(62),PE(84)]. More-
over, this "syntactic" approach of deterministic automata provides a clearer
version of the property of L. H. Landweber to characterize deterministic
œ-languagfcs [LA (69)].

In part 1, we recall classical définitions and results of the theory of rational
œ-languages. In part 2, we present the table-transition automata. In part 3,
we study connections between right congruences and deterministic transition
Systems. In part 4, we introducé the "saturating right congruences" and prove
that they are isomorphic to the deterministic table-transition automata. In
part 5, we characterize the deterministic table-transition which recognize
deterministic co-languages. In part 6, we define the "Landweber right con-
gruences" to characterize the deterministic co-languages.

1. PRELIMINARIES

Let X be an fmite alphabet. We dénote by X* the set of finite words on
X, by e the empty word and by X+ the set X*-{E}. We dénote by X* the
set of infinité words on X. Let 5 ç J + , we dénote by E* (resp. B*) the set
of infinité (resp. finite) words w = wxw2. . . such wteB,

Let weX*UX°, we dénote by LF(w) the set of the left factors of w
defined by: LF{w)={ w1eX*/3 w2eX* UX°, w = wlw2}. We dénote by /w/
the length of w. We say that a language L ç Z*(Resp: L ç X°) is prefix iff
VWGL, LF(w)nL={w}.

A transition System on X is a tuple $f — (g, /, A) where g is a finite set of
states, / ç g a set of initial states and A ç g x J x g a set of transitions.

A transition System Sf is complete iff V q G g, V a G X, 3 q' e Q/(q, a, q') G A.

A transition System 5^ is deterministic iff Card (I) = 1 and

A finite (resp. infinité) computation of weX* (Resp. X*) in the transition
System Sf is a finite (resp. infinité) séquence of transitions ^=SOS182 . . .
such that §i = (q1,alip1)eA, qoel and for i^O, pt = qi+1 and w = aoal. . .
We dénote t - inf (d) = {S G g/Card ({z e M/8£ = 5 }) = oo } and
^-inf(rf)={^GÔ/Card({z'GN/^ = ̂ }) = oo}. If 5^ is complete deterministic,
we can use Mnf(w) for t-inf(d) and # — inf(w) for q-inf(d).

A Muller automaton is a tuple séM^={QJ,A,ê) where <̂  = (g,/,A) is a
transition System and ê e ^ ( g ) is a family of subsets of g. The automaton
<s/M is deterministic if £f is deterministic.
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SATURATING RIGHT CONGRUENCES 547

We say that the Muller automaton séM recognize w e X™ iff there exists a
computation d of w in séu such that q-m£{d)eê.

We dénote by:
Rat, the family of rational languages of X*.
RAT, the family of finite unions of ©-languages CB™ where C and B are

rational languages of X*.
D-RAT, the family of finite unions of co-languages CB® where C and B

are prefix rational languages of X*.
M-REC, the family of co-langages recognized by a Muller automaton.
DM-REC, the family of co-languages recognized by a deterministic Muller

automaton.
Let KeX*. We dénote by K the set {weX^/CurdiLFiw)

THEOREM 1.1: [EI (74)]

- IF Ke X* is prefix then K= 0 andK* = K».

We have the fundamental results due to R. McNaughton and R. Buchi:

THEOREM 1.2: [BU(62), EI (74), MN(66)]
— RAT is a boolean algebra.
- M-REC = DM-REC- RAT = (Z)-RAT)B where (F)B dénote the boolean

closrue of F.
We say that weX* is an ultimately periodic word iff there exists

(x,y)eX**X* such that w = x / \ We dénote UP(L) the set of all the ulti-
mately periodic words of L.

BUCHFS LEMMA: [BU (62)]

If L and L' are rational (ù-languages, we have:

and L ç L' o UP(L) <^

2. TABLE-TRANSITION AUTOMATA

Let £f be a transition System, we say that a set T of transitions of ¥ is
coherent iff

3 5 l 3 8 2 , . . . , S B

A Table-transition automaton is a tuple jf = (Q,I,A,<f) where £f = (Q,I,
is a transition System and f £ ^ (A) is a family of coherent subsets of A.
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548 B. LE SAEC

We say that an infinité word w is recognized by the table-transition
automaton sé iff there exists a computation 8X 52 53 . . . of w in Sf such that
Mnf(ô1ô283. . .)eJ.

Note: If a set of transitions T is not coherent, no infinité word w can
satisfy Mnf(H',81ô2ô3. . .)=T so we assume that all the éléments of./ are
coherent.

Examples: Let us consider the table-transition automaton sé\

a C 1 J b with / = g = {i },ƒ={{ (i,a,l)}}.

The automaton sé recognizes the rationai œ-language L {sé) = {a3 b }* d*.
Let us consider the table-transition automaton sé'\

b

with g ' = { 1,2,3}, 7' = {1} and ƒ={{(!,*,2), (2,e,3), (3,6,1)}}.
The automaton sé' recognizes the rationai co-language

LW) = (ae*b)*(aeb)°. •

DÉFINITIONS : Let us dénote:

T-REC: the family of œ-languages recognized by a table-transition automa-
ton.

DT-REC: the family of the oo-languages recognized by a deterministic
table-transition automaton.

THEOREM 2.1:

— DT-REC is a boolean algebra.

Proof

1 a. Let sé = (Q,I,AiJ
[) be a complete deterministic table-transition automa-

ton.

It's clear that the deterministic table-transition automaton
sé' = (Q, Iy A, 0> (A)-,/) recognizes the complement of L {sé).

b. Let séx = (ö l s 7l5 A1; J\) and sé2 = (Ö2> h* ̂ 2^ ̂ 2) ^e two complete deter-
ministic table-transition automata. Let séx = {Q, I, A, J) the deterministic
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SATURATING RIGHT CONGRUENCES 549

table-transition automaton with:

92)> a, (p1,p2))Kqx,a,p1)eA1, (q2,a,p2)eA2}

- J is defmed by:

or
3 T2eJ2/T2 = { (q2, a9 q2) e A2/((qu q2\ a, {q'u q2)) e T]

TeJo

It's easy to show that
From 1 a and 1 è, we deduce that DT-REC is a Boolean algebra.

2 a. It is clear that DT-REC ç T-REC.

2b. Let <stf = (Q,{q0}, A)t/) be a table-transition automaton which reco-
gnizes the rational œ-language L. Let e^M = {Q'J\A\ê) the Muller automa-
ton where g' = { #0} U A, / = { q0}, <ƒ = ƒ and

{(?o. a> (<ïo> <*> ?))/Öo» «s^) e A } U

a, ^2) . b, (q2,6, «3))/Öi»fl' «2) e A tei, *,

It is clear that L = L(ts^) = L(ts^M) since VweX™, weLoweL(jtf)o t-
inf(w)e ƒ o^inf(w)e^oivGL(j^M) so T-REC ç RAT.

2 c. Let us consider a deterministic Muller automaton séM = (Q,I, A, S) that
recognizes the rational co-language L. We have L{séM)— U {L{sé^)IEsS}.

Let / = { r ç { 5 = fe^)eA/y)e£x£} such that

Let séT be the table-transition automaton (Q,I,A,{T}). It is clear that
L(J / )= U{i(j/ r)/rey}, so L = L(sfM)= \JL(jtfE)= \JL(séT) and
RAT e i)r-REC. •

3. DETERMINISTIC TRANSITION SYSTEMS AND RIGHT CONGRUENCES

A right congruence ~ over X* is an équivalence relation which satisfïes:
V(W,TJ, w)eX* xjf* x X*, u~v=>uw~vw. We dénote w/~ the ^-class of w
and we say that ^ is finite if it has a fini te number of classes.

We say that a right congruence ^ preserves the successors in a œ-language

Let S=(ö, (#0},A) be a deterministic transition System, we dénote by ~Q

U V

the relation defined by u~QVo{^qeQ:q0^ qoq0^ q}.

vol. 24, n° 6, 1990



550 B. LESAEC

PROPOSITION 3.1: The class of deterministic complete transition Systems is
isomorphic to the class of finite right congruences.

— Let S= (Q, { q0 }, A) be a deterministic finite transition system, it is easy
to show (from the determinism of S) that ~ Q is a finite right congruence.
Let ~ be a finite right congruence, we define the transition System
S^=(Q~J^,A^) With Q~={ul*}9 / ~ = {e/*},
A~ = {(w/~,a,(wa)/~)}. It is clear that S~ is a deterministic transition
System. •

PROPOSITION 3.2: Let sé be a deterministic complete Muller {resp. table-
transition) automaton and ~ Q the associated right congruence then ~ Q preser-
ves the successors in L(sé).

— ït is clear that, if two words of X* have the same computation on sé,
they also have the same successors in L{$$). •

4. SATURATING RIGHT CONGRUENCES

DÉFINITION : Let L be a œ-language and ~ a right congruence. We say
that ^ saturâtes L iff ^ preserves the successors in L and satisfies:

X+ x X+,x~xu~xvandx(u+ v+)m p| L^0impliex(w+ v+)<° <= L

^xu^xv i.e.

PROPOSITION 4 .1 ; Let sé be a deterministic complete Muller {resp. table-
transition) automaton and ~Q the associated right congruence then czQ satu-
râtes L(sé).

Proof: Let us prove that if a deterministic complete Muller (resp. table-
transition) automaton sé = (Q, ƒ, A, $), the finite right congruence ~ Q satu-
râtes L = L(jaf). From the proposition 3.2, ^ Q preserves the successors in
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SATURATING RIGHT CONGRUENCES 551

Let (x, w, v)eX*xX+ * X+ such that x ~ Q xu~Qxv and
x(u+v+TC\L^0. Let u^uxu2, . . . Ujl and v = vxv2. . .vm with
(ux, u2,. . ., un, vu v21. , ,, vm)eXn+m.

— Let us suppose that sé is a deterministic Muller automaton:
Since x^Q xu~Qxv, it is ciear that V w'ex(u+ v+)m, q^rif(w) = QuUQv

where Qu and gv are the sets of states of Q defîned by:

If x(u+ v+)<*C\L^0 then QuVJQveS and ;c(w
+ ü + r s L.

- Let us suppose that sé is a deterministic table-transition automaton:
Since x ^ Q XM^QXÏ;, it is clear that V w'ex(u+ f+)ta, Mnf(w)= r„ U ̂  where
Tu and rw are the sets of transitions of A defmed by:

- Tu={((xUl. . .udl*Q,

then Tu U TveW and x(u+ v+Y ç L •
In order to prove the converse, we need some results.

LEMMA 4.2: Let L be a (ü-language and ~ be a right congruence which
saturâtes L. Let (x, u, v, w)sX* x X+ x X+ such that x~xu~xv~xw. We get:

1. x(uvw)meLox(vuvwj*eL.

3. x (uvw)® e Lo x (uvuw)m e L.

Proof: Let ̂  be a right congruence which saturâtes L.

Let (x, u, v, w)eX* x X+ x X+ such that X^XW^XT^XW

1. x (uvw)m e L <=> x (uvwvwy e L (x~xu~xvw and ~ saturâtes L)
o x {uvwvuvwvwy e L {xczxw~xuvwv and ~ saturâtes L)
o x (uvwvuvw)® e L (x~xvw~xuvwvu and ^saturâtes L)
o xuvw (vuvwuvw)™ € L

vol. 24, n* 6, 1990



552 B. LE SAÉC

o x (v (uvw)2)m e L
o x (vuvw)& G L

(^ preserves the successors in L)
(x~xv~xuvw and ~ saturâtes L).

2. From (1), we have x(uvwj*eL<^x(vuvwf*eL<s>xvu{vwvüf eL<=>
x(ywvtïf eL. Let U^v, V=wv, W=u, from (1) we deduce: x (uvwfeLo
x (vwvuTeLox (UVWTeLox {VUVW)9eLox {wvvwvüfeL and thus:

x (wvvwvu)a e Lo x (wv2 wvu)™ e L
o xw (v2 wvuw)® e L
o xw (vwvuw)™ e L
o x ((wv)2 üf e L
<=> x (wvü)™ e L
o xw (vuwj* e L
o x (vuwf* e L

3. x (uvwf* e Lo x (vuw)™ e L
o x (uvuwj* e L

(xw~xwv~xwvuw, ^saturâtes L)

(x~xwv~xu, ^saturâtes L)

(~ preserves the successors in L).
(Lemma 4.2.2)

(Lemma 4.2.1). •

COROLLARY 4.3: Let L be a (o-language and ^ a right congruence which
saturâtes L. Let (x,w1,w2,u,v)eX* x X* x X* x X* x X* such that
x^xwx~xuv andxu^xuw2 then

x(w1uw2v)fOeL o x(w1uw2vuv)<ùeL.

Proof: We have (x,u,v,wuw2)e(X*)5 such that x~xwx~xuv and
xu~xuw2 and ~ saturâtes L:

u

x uw2 uvj* eL o x ((wx) (uw2 v) (wx) (uv))" e L (Lemma 4 . 2 . 3 )

o xWi u (w2 vwx uvw± uf e L

^u ((w2) (vw1 u) (w2) (vw± w))ro e L (Lemma 4 . 2 . 3 )

x u (w2 vwx u)™ e L

>! UW2 v)töeL. M

Informatique théorique et Applications/Theoretical Informaties and Applications



SATURATING RIGHT CONGRUENCES 553

The foilowing result is a generalization of the previous corollary:

COROLLARY 4.4: Let L be a co-language and ̂  a right congruence which
saturâtes L and let x, yu y2, . . .,yn,vuv2, • • .,vn+1eX* such that

. .yic^xy1. . .ylvi+l then

o xi^ yxv2. . . ynvn+1)(y1. . . yn)T

Proof:

x((v1y1v2, . .j'n^ + Jö ' i . . . .yn)TeLo

xv1y1((v2)(v2y2. . -^n^ + i^iJi)(
(Lemma 4.2.3)

(Lemma 4 .2 .3 )

x(v1y1. . .vnynvn

DÉFINITION: Let L be a co-language and ̂  be a fmite right congruence.
We defïne the deterministic complete table-transition automaton
sé~ = ( g ~ , / ^ , A ^ 5 t / ^ ) by:

- Q~={UICÏ, ueX*}, I~ = {E/~}, A~={(u/^,a,ua/^\ ueX*,
aeX},

weUP(L),T=t-M(w)}.

THEOREM 4.5: Let Lbe a rational <£>-language and ~ afinite right congruence
which saturâtes L. We have: L = L{sé'~).

Proof: Since L and L(stf~) are rational o-languages, it suffice to prove
that UP(L)- UP (L(stcz)).

— Let weUP(L). Since ~ is finite, by définition of sé~^ we have
t-mf(w)e<f~ and then w

vol. 24, n ' 6, 1990



554 B. LE SAEC

- Let us prove that UP (L (<$?-))<= UP(L). Let weKP(L(j^~)). By
définition of s/~, we have:

weUP((L(#?~)) o 3w'eUP(L)/t-inf(w')=t-mf(w)eJ~.

Since we UP((L(jtf~)), there exists x, yeX* such that x~xy, w = x/°.

Since w' e UP(L), there exists x', ƒ eX* such that x '~x 'ƒ , v/ = x'j/0*.

Let y = y1* . .ƒ„ and y'^y\. . . j ^ , such that Vl^z^w, Vl^/^w' , yteX,

We have:

Since M
a. there exists ul9 . . ,,vn, ul9 . . . ^ „ e l * such that Vl^f^n ' , >' =

and xUi~xy[. . .^_ x and XM^JX;; ~ x.

Z?. there exists t>'l9 . . . , ^ , u'u . . . ^ J - e l * such that Vl^/^w, y' — u^
and x'wl^x^i. . ..y^i an<i x'u'iy^ ~ x'.

Let x" = x'«i and y"=y1 v\ u\ =y". . . j;;» such that V 1 ^ i ^«" 9 y"eX9 we
have X"CÜX and y1=y". So we can suppose that x' and j ' are choosen such
that y<i=y\ and x'~x and M1 = M'1 = S.

We have: w = x.yö> = x ( y T = ̂ Ö;

By the corollary 4.4, we have:

By a similar construction, we have:
- w' = x'y'™eL<^x'{y'nyeL<>x'(y>n>yYeL<>x(yy'YeL\

Hence the result. •

THEOREM 4.6: Thefamily of deterministic complete table-transition automata
which recognize a rational (ù-language L is isomorphic to the family of finite
right congruences which saturate L,

Proof: In the theorem 4.5, we proved that, from a finite right congruence
~ which saturâtes a rational co-language L, we can build a deterministic
table-transition automaton jtf~ such that L(jaf ~) = L and ̂ Q = ̂ . In the
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SATURATING RIGHT CONGRUENCES 555

theorem 4.1, we proved that, if si is a deterministic table-transition automa-
ton which recognizes a co-language L then the associated fïnite right congru-
ence ~ Q saturâtes L. •

Remark', We saw, in the proof of the theorem 2.1, that any deterministic
Muller automaton, is in fact a table transition automaton and so any deter-
ministic Muller automaton which recognize Le RAT, defïnes a fïnite right
congruence which saturâtes L, but the converse is not true:

Let L={a, b}* cFeRAT and ~ the fini te right congruence with one class
£/~ = {a,Z>}*. It's obvious to see that ~ saturâtes L, but the associated
transition System £?~ cannot leads us to build a Muller automaton which
recognizes L:

5. CYCLICALLY CLOSED TABLE-TRANSITION AUTOMATA

DÉFINITION : We say that a table-transition automaton si = (Q, I, A, J) is
cyclically closed iff V Te J, V T ç A such that TU T' is coherent, T\JT'eJ.

THEOREM 5.1: Let sf = (Q,I,à,<f) be a deterministic complete table-transi-
tion automaton.

L{sé)eD-RAT iff si is cyclically closed.

Proof: a. Let J& = (Q,{qo},A9S) be a cyclically closed deterministic table-
transition automaton which recognizes the rational co-languages L. Let us
prove that LeD-RAT.

Like in paragraph 2, let s#M = (Q\r,Ar,S) the deterministic Muller
automaton where Q'={q0} U A, Ir={q0}, é? = J and

o, a,q)eA}\J

i, <*, q2), b, (q2> b, q3))/(ql9 a, q2) e A (q23 b, q3)eA}

It is clear that L = L(sf) = L(sfM) since VweJT,
. Moreover J^ is

vol. 24, n° 6, 1990



556 B. LESAEC

cyclically closed so séM satisfies the property: V£e<f, V£" Q*, E{JE'GJ.

L. H. Landweber used this property to characterize the Muller automata
which recognize the deterministic co-languages [LA (69)] so
LeZ)-RAT.

b. -Let sé — (Q, {qo}>A,JO o e a deterministic table-transition automaton
which recognizes a deterministic rational co-languages L. Let us prove that
sé is cyclically closed.

Let TeJ and T'eA such that T\JTr is coherent. There exists xeX*,
u = uxu2. . ,un9 v = v1v2. . ,vm9 519 52, . . .,8BeA, 5 r , S2,s . . .,5m,eAs qeQ
such that:

q and

£ = (ft9Mi9^ + 1), q = qv = qm+i and JT={8 1 S8 2 S . . .,8„};

— q -* q and

We have M n f ( x w œ ) ^ T s o x j w ^ } * ! / ^ ! . Since

L G Z)-RAT, 3 ̂ e RAT/^= L.

We have x{ w,z;}* ww ç ^ so, like [AR (84) Lemma III. 1], it is easy to
build by induction a séquence (w„)neW, such that VZE^I, wteK, /Wi/</wi+1/
and lim (wn) = wex{u+ v? } m n ^ and since Vwex{u+ v+ }œ, f-

w -> oo

inf (w) = {T\JT')eJ and ^ is cyclically closed. •

6. LANDWEBER RIGHT CONGRUENCE

DÉFINITION : Let L be a rational œ-language and ^ a right congruence.
We say that ^ is L-Landweber right congruence iff ~ preserves the successors
in L and ^ satisfies:

I + X r 5 X-XU-XV

and x { M, v} * iT H L / 0 implies x (v* uf ç Lw
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SATURATING RIGHT CONGRUENCES 557

0i.e. s/^ >-x/0
THEOREM 6 . 1 : Lef Lbe a rationa! language and ~ afinite right congruence

onX*.

If ~ is a L-Landweber right congruence then ~ saturâtes L.

Proof: Let L be a rational language and ~ finite L-Landweber right
congruence. Let us prove that ~ saturâtes L.

By définition, we have:

V(x,u,v)eX* *X+ xX+ /x~xu~xv:x{u,v}*u&r)L¥= 0 =>x(v*u)" ei L&.

Let (x,u,v)eX*xX+ xX+ such that x~xw~x?/ and x(u+ v+)a

and let us prove that x(u+ v+)(ù £ L. Since L and x(w+z;+) tû are rational
languages, x(w+ t)+)œ H ^ is a rational language. So UP(x(u+ v+y° C\L)^0
and it suffice to prove that UP(x(u+ v+)<ü) e UP(L) (Büchi's lemma).

Let w € UP (x (u + v+)m), there exists 0? x, p2, . . ., pn) e N n such that
w = x(uPlvP2. . .up»'1vPn)<ü, Since ^ is L-Landweber right congruence and
x ̂  xu ~ xv ~ xuPl vP2. . . wp" -11;77», we have:

x(uPlvP2. . .up"-iv

o xu (vupi -1 vP2. . . up"~ i vp» w)0 e Z,

1?17^. . . M P »~ i ^p» wt^w)01 e L

l - 2 vP2. . . up" -1 Ï;P« W^W)" G L

It now easy to show, iterating the previous calculus, that

weL ox(uPlvP2. . .M p »- i / " ) œ eL

<̂> x (MT;)60 e L.

So we have V(H>, w')e(x (u+ z;+)û>)x (x(w+ Ü + D , weLow'eL and since
, we have x(w+ i;+)e) c l . •
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THEOREM 6.2: The family of deterministic complete cyclically closed table-
transition automata which recognize a rational œ-language L is isomorphic to
the family offinite L-Landweber right congruences.

Proof: a. Let us prove that if sé = {QJ,k,J) is a deterministic cyclically
closed table-transition automaton, its associated finite right congruence ~ ö

is L-Landweber /. e.

Let x, u, ve X* such that x ~ Q xu ~ Q xv and let us suppose that
x{u,v}*tPeL.

Since ~q preserves the successors in L, xumsL.

Let T=t-mf(xuG>) and T' = t-mf(xvm). Since xu^eL, TsJ and since
x~xu~xv, Tand T' have a common state. Moreover, sé is cyclically closed
then V wex(v* uf, /-inf (w) = /-inf (x W 1 = ( T U r ) e / and x(v* uT ç L.

è. Let Le RAT and ~ a finite right L-Landweber congruence. We dénote
sé ̂  the deterministic complete table-transition automaton (Q ~, ƒ^ ,
A ^ , / Û ; ) where

and 7 - = { e / - }

ƒ - = { r c P(A)/3weUP(L): f-inf(w)= T}.

From the theorem 6.1, ĉ  saturâtes L fröm by the theorem 4.5,
L = L{sé~). It remains to prove J/C± is cyclically closed.

Let (r, T')eJ~ x P(A) such Tand T' have a common state. Let us prove
that (rur)e/-.

Let w = xu<ùeUP(L) such Mnf (w) = r e / - and let w'= x'TJ"eJT such
that r-inf(w')=r' andx^xw, x '^x'v.

Since 7", 71' have a common state, there exists v = v1v2 and u = u1u2 such
that r-inf(x/(ü1 w2w1ü2))

ö) = ( r u ̂ T') and x 'x^xw^ Since x'vx~x v1v2v1

and xw1c^xw1w2w1, we get xtv1(u2u^)~x'vx {v2v1) and, since ~ preserves
the successors in L, we have: x' v1 (u2 u^eL.

Since ^ is a finite L-Landweber right congruence and
x' v1 (u2 ux) ̂  x' v1 (v2 v±) and x' v1 (u2 u^ e L, we get:

x'
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Moreover, we have t-inf (xf {vx u2ux v2T) =T{J T\ so T\J T'e£~. •

COROLLARY 6.3: LeD-RAT iff there exists a finite L-Landweber right
congruence.

Proof: Since D-RAT ^ RAT, there exists a complete deterministic table-
transition automaton si such L = L(si) (theorem 2.1), so si is a deterministic
cyclically closed table cycle automata si (theorem 5.1) and from the theorem
6.2, there is an isomorphism between the family of complete deterministic
cyclically closed table cycle automata which recognize L and the family of
fïnite right congruences which saturate L, hence the result. •
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